THE PURE VIRTUAL BRAID GROUP IS QUADRATIC - Peter Lee

Quadraticity

G = FreeGp (X)/N, K = QG,

I :=ker (x—1, x € X)

G is quad. if gri K = @psol% /I0 is quad.
i.e., graded, generated in degree 1
relations generated in degree 2

q(griK) == (R)? V= Ik /1%,

R:=ker (VaV 5 I12/13)

G is quad. <= p:q(gr;K) — grrK is ISO.

Expansion for a group G

Z —_—
K = q(grK)
grZ grZouis 1dent1ty
/‘/ = p is ISO.
griK

i.e. Expansion = quad.

Braid gp. B, : Kontsevich integral
[BEER]: PuB,, has no (H.A.) expansion
[Lee]: PuB, is quadratic.

PB,, =
" (Riy)i<itj<n

RinikRjk = RijikRij (R HI)
Rinkl = RklRij (Comm)
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R III becomes: R”Rszjk R; kﬁikﬁij
+R’L]R’Lk + RZJR]k‘ + Rsz]k

- ijzk - R]ksz Rszz]
Mod ]%7: = (CXB): o

[Rij, Rix] + [Rij, Rjx] + [Rix, Rjx] = 0

Also [R;j, Ri] = 0(comm)
where r;; = R;;

mod I%

Checking PVH for PuB,,

B .
= 8= Telescopic sum

(Bo—By)+...

BQ‘§311>314 +(Bl4—Bl)+"' =0
Arrows B = B’ give (B— B’) € 9(F.T.F)
Thus we get a syzygy in K
Replace R;; — Eij + 1, expand, pass

to ass. graded: get a syz. in q(gr;K)
FACT: all non-trivial syz. in q(gr;K)

arise this way (= PuB,, is quad.)

PVH Criterion
F := FreeAlg.(X), Ir :=ker (z = 1, z € X),
M CI% st K = F/M.
Let T 3 F freely generate M
Claim : e X generates K and ¢(gr;K)
o generates M and R
PVH Criterion : G is quad. IF:
all ‘syzygies’ of ¢(griK)
ie. ker gr(F.Y.F) %y
are induced from syzygies of K
ic. ker FY.F S F
Koszulness: if ¢(gr;K) is Koszul
e.g. [BEER]: ¢q(grQPuvB,,), then
enough to check criterion in deg. 2,3
Due to Hutchings (for B,,), Positselski-Vishik

Proof of PVH for PuB,,
View F as: TX, X :=={(z—1):z € X}
F is graded, filtered. Complete F
With R := F.T.F and deg. T = 2,
R is graded, filtered
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Snake Lemma LES:

—q(griK)?

7‘_Syz
P
0*}]{567’8"—)]{167'97'84)(9[(%7%
Hp Xz
OKER>
~ _XZP xzptl
L oq(griK)" = g5, /1 DT Vo

xX=p
- Mp(m)

x=ptl

— q(griK)» — 0

2. The compositions p), : e m>

— -+ — I%. are surjective,
and are all injective iff the p, are all injective
<= the ’/TSyZ are all surjective (=PVH)

>p

Thus PVH <« I}, & aKm> Vp
— qlgriK)P = If, /Ierl

Koszulness
Let Ry; :=V® @ R@ V®P~i-2

®icj(Rpi N Ryj) 25 ©iRyi 2 VEP 5 publ — 0

For Koszul algebra, e.g. [BEER]: pvb,,, this is exact

Reduction to Degree 3

Forj>i+1, Ry;NR,; =V® @ Ro V®I~i-2g Rg Vpi-i-
R,iNR, ;i1 = Ve g (RIVNV®R)® V®P—i-3 G5 Koszul —> syzygies det’d in deg. < 3

Clearly lift to K




