
PURE VIRTUAL / FLAT BRAIDS AND REPRESENTATION STABILITY – Peter LeePURE VIRTUAL / FLAT BRAIDS AND REPRESENTATION STABILITY – Peter LeePURE VIRTUAL / FLAT BRAIDS AND REPRESENTATION STABILITY – Peter Lee

Virtual Braid Group vBnVirtual Braid Group vBnVirtual Braid Group vBn

Generators: σi :
. . . . . .

i i+1
(i=1,...,(n−1))

si :

??__
. . . . . .

i i+1
w/ braid group and Sn relations
Mixed Relations :

=
siσ

±1
i+1si

=si+1σ
±1
i si+1

(si,σj)=1, |i−j|≥2

i i+1 i+2 i i+1 i+2

Forbidden Moves :

=
‘Overcrossings

commute’
(‘OC’),

and ‘UC’
i i+1 i+2 i i+1 i+2

Welded BG: wBn = Σ+
n := vBn/OC

Theorem:Theorem:Theorem: Let Hk
n := Hk(PfBn,Q). As Sn-modules,

Hk
n =

⊕
α IndSn∏

i SioSαi

⊗
iAlti o (−1)i−1

where α :
∑
iαi = n and l(α) :=

∑
αi = n− k, and

(−1)i−1 := Alti or 1i according to parity of (i− 1)
Corollary:Corollary:Corollary: Hk

n is an FI#-module, and is uniformly
representation stable, in meaning of [CF], [CEF]

PvBnPvBnPvBn =
〈Rij〉1≤i6=j≤n

RijRikRjk = RjkRikRij (R III)

RijRkl = RklRij (Comm)

Rij = . . .

i j
PwBn = PΣn := PvBn/‘pure OC ′

PfBn := PvBn/ (RijRji = 1)

CohomologyCohomologyCohomology Hk
n = Λ•〈rij〉 subject to

1 ≤ i 6= j ≤ n, rij = −rji
rij ∧ rik = rij ∧ rjk
rij ∧ rik = rij ∧ rjk

i

j k__ ?? =
i

j k__ //

k

i j

?? __
=

k

i j//
__

[rij , rkl] = 0
Basis: Partitions of [n]
Action of Sn : σ : rij 7→ rσi,σj , σ ∈ Sn
Basic fact: Hn−1

n = Altn as Sn-modules

Plethystic Formulation:Plethystic Formulation:Plethystic Formulation: ch(V ) = Frob. characteristic of V

chHk
n =

∑
β

∏
t

vt,βt [et+1] · hn−k−l(β) (Pleth)

• β :
∑
tβt = k, l(β) ≤ n− k

• ep := s(1p), hp := s(p) the Schur functions
• vt,βt = eβt or hβt if t is odd or even

Other groups:Other groups:Other groups: (Pleth) works for PBn, PwBn = PΣn and
PvBnif we replace et+1 by chHn−1

n .

Limits on MultiplicitiesLimits on MultiplicitiesLimits on Multiplicities (by calculating plethysms)
• V (λ) := V(λ0≥λ1≥... ) occurs in Hk

n only if
∑
i≥1 λi ≥ k

• V (p) := V(p0≥p) never occurs in Hk
n, for p ≥ 0,

except for 1 copy of V (1) in degree 1

Sketch of Proof of TheoremSketch of Proof of TheoremSketch of Proof of Theorem
Whenever S ` [n], let S̄ be the induced partition of n
If α ` n, Sn acts transitively on {S : S ` [n], S̄ = α}
Let HSn = 〈mS〉,
(mS = basis element on S)
Then Hk

n =
⊕

α

⊕
S H

S
n

(α ` n, l(α) = n− k, and S̄ = α)

=
⊕

α IndSnStabSαH
Sα
n =

⊕
α IndSn∏

i SioSαi
⊗i HSin

( Sα ` [n] by consecutive subintervals of non-decreasing
length, Si the subpartitions with blocks of size i)
Write mS =

∏
imSi =

∏
im

i
1 ∧ . . . ∧mi

αi
Claim HSin

∼= Alti o (−1)i−1

Note, if Alti o (−1)i−1 = 〈ui〉 as vector space,
then (σ1, . . . , σαi , τ) · ui = εiui, εi = (−1)

∑
l |σl|+(i−1)|τ |

Also, (σ1, . . . , σαi , τ) · (mi
1 ∧ . . . ∧mi

αi)
= στ(1)mτ(1) ∧ . . . ∧ στ(αi)mτ(αi) = εimSi

Sketch of Proof of StabilitySketch of Proof of StabilitySketch of Proof of Stability (adapted from [Church-Farb])

There is a bijection:

 Partitions of n
into (n− k) parts
with j parts > 1

 oo //
{

Partitions
of k into j parts

}
(i.e., subtract/add 1 from/to each part)

Note: S1 o Sα1
∼= Sn−k−j acts trivially on Hk

n, hence

Hk
n =

⊕
1≤j≤n−k

⊕
α IndSn(

∏
i>1 SioSαi )×Sn−k−j

(
⊗

iAlti o (−1)i−1)⊗ 1n−k−j

where α :
∑
i iαi = n, α1 = n− k − j

=
⊕

1≤j≤n−k
⊕

β IndSn
(
∏

St+1 o Sβt)︸ ︷︷ ︸
Hβ

×Sn−k−j

(
⊗
t

Altt+1 o (−1)t)︸ ︷︷ ︸
Vβ

⊗1n−k−j

where β :
∑
t tβt = k, l(β) = j ≤ k. Hence, for n ≥ 2k,

Hk
n =

⊕
1≤j≤k

⊕
β IndSnHβ×Sn−k−j

Vβ ⊗ 1n−k−j . So [Hemmer] applies.
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