PURE VIRTUAL / FLAT BRAIDS AND REPRESENTATION STABILITY - Peter Lee

Virtual Braid Group vB,

Generators: o; : ‘ % ‘
1 i+1
(i=1,...,(n—1))
7 1+1

w/ braid group and S,, relations
Mixed Relations

10L+1 84
—81+1U Sit1
(si,o5)=1, |i—j|=>2

i 141 z+2 i i+1i42
Forbldden Moves

‘Overcrossings
commute

% 7,+1'L+2 7 z+1 ‘UC’
Welded BG: wB,, = E =B, /0C

PB,, =
" (Ri)i<iti<n

RinikRjk = RijikRij (R HI)
Rinkl = RklRij (Comm)
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PuwB,, = PY%,, := PuB,,/‘pure OC’

Theorem: Let H* := H*(PfB,,,Q). As S,-modules,
HY = @, Indp} 5,5, &, Alti 2 (=1)""

where a : Y io; =n and I(a) == Y. a; = n — k, and
(—1)*t := Alt; or 1; according to parity of (i — 1)
Corollary: HY is an FI#-module, and is uniformly
representation stable, in meaning of [CF], [CEF]

Plethystic Formulation: ch(V) = Frob. characteristic of V'
chHy = Z H ve g, lerv1] - h (Pleth)
Bt

e B: Y=k, I(B)<n—k

® ¢, := S(1p), hp 1= 5(,) the Schur functions

® v 3, =eg, or hg, if t is odd or even
Other groups: (Pleth) works for PB,,, PuB, = P%,, and
PuB,,if we replace e;+1 by chH? L.

n—k—1(8)

Limits on Multiplicities (by calculating plethysms)
o V(A) := Vag>a,>...) occurs in HE only if 3,01 X >k
o V(p) 1= V{py>p) never occurs in HF, for p >0,

except for 1 copy of V(1) in degree 1

Cohomology H} = A*(r;;) subject to

1§z7é]§n, T‘ijifT’ji
] k — k
rij/\rik:rij/\rjlg\‘/ = j\
i i
Tij NTik = Ti5 NTjk k _ k\
[rij, ] =0 4 j i—>]
Basis: Partitions of [n]
Action of Sy, : 0 1 15 = 1605, 0 E Sy

Basic fact: H"~1 = Alt,, as S,-modules

Sketch of Proof of Theorem

Whenever S I [n], let S be the induced partition of n
If a Fn, S, acts transitively on {S: S+ [n], S = a}
Let HS = (ms),

(mgs = basis element on S)

Then Hﬁ:@a@st B
(aFn, (o) =n—k, andS—a)
=@, ndgy, s HS» = D, IndH s, ©i HE:

( Sa F [n] by consecutlve subintervals of non—decreasing
length, S; the subpartitions with blocks of size )
Write mgs = [, ms, = [[;mi A... Ami,
Claim HS' = Alt; 1 (—1)i!
Note, if Alt; 1 (—=1)""1 = (u;) as vector space,
then (01,...,00,,7)  u; = €u;, € = (*1)2’ loal+ (=Dl
Also, (01,...,0a,,7) - (mi A ... AME )
= 0r()Mr1) N - N Or(a))Mer(a;) = €S,

There is a bijection:

Sketch of Proof of Stability (adapted from [Church-Farb))
Partitions of n
into (n —
with j parts > 1
(i.e., subtract/add 1 from/to each part)
Note: S10S84, = Sn_k—; acts trivially on HY, hence

k) parts

Sh,
k_EB1<g<n k@ Ind(n 15280, )X Sn_p— (® Alt; 2( )Z 1)®1n—k—j
where o : )", ia; = n, al—n—k—]
=Digjcn-1 sl Altpy1 0 (=1)") @1y g
1<j<n—k g H5t+125ﬁ,)xsn o ® -3

Hg
where 3 : ), tf; =k, I(8) = j < k. Hence, for n > 2k,
Sn
Hy = Dii<r DsIndyy w5, V3 ® Lnk—.

Partitions
<> . .
of k into j parts

n?

Vs

So [Hemmer] applies.




