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Lecture #1 – Tuesday, January 6, 2004 

1.1 SOLUTIONS AND ELEMENTARY OPERATIONS 

Example 

Create a diet from fish and meal that contains 193g of proteins and 83g of carbohydrate. We know that fish 
contains 70% protein and 10% carbohydrate, and meal contains 30% protein and 60% carbohydrate. 
 

• Assume that the diet contains xg of fish and yg of meal, we obtain 
�
�
�

=+
=+

836.01.0
1933.07.0

yx

yx
. 

 

Definition 

A linear equation is an equation of the form bxaxa nn =++ ...11  where: 
• x1,…, xn are variables; 
• a1,…, an are real numbers called coefficients; 
• b is the constant term. 

 

Examples 

1) cbyax =+ . 
2) 023 321 =−+ xxx . 

3) 12 2
2

1 =+ xx  – not a linear equation. 
 

Definition 

A finite collection of linear equations in the variables x1,…, xn is called a system of linear equations. 
 

Examples 

1) 
�
�
�

=
=

3

1

2

1

x

x
. 

2) 
�
�
�

=−
=+

03

1442

21

21

xx

xx
 

 

Definition 

Given a linear equation bxaxa nn =++ ...11 , a sequence of n real numbers s1,…, sn is called a solution to the 
linear equation if bsasa nn =++ ...11 . Similarly, this also applies to a given system of linear equations. 
 

Example 

Given ( )
�
�
�

=
=

3

1

2

1
1 x

x
S  and ( )

�
�
�

=−
=+

03

1442

21

21
2 xx

xx
S , what is the solution to (S1) and (S2)? 

 
• (1, 3) is a solution of (S1). 
• (1, 3) is also a solution of (S2) because ( ) ( ) 143412 =+  and ( ) ( ) 0313 =− . 
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Example 

• ( )
�
�
�

=+
=+

2
1

3 yx

yx
S  has no solution. 

 

Example 

Prove that for any s, t in R, 

�
�
�

�

�
�
�

�

�

−=

=
=

−+=

ss

ts

ss

tss

2
2
1

2
3

4

3

2

1

 is a solution to the system 
�
�
�

=+++
=−+−

2

13

4321

4321

xxxx

xxxx
. 

 

• 13
2
1

2
3

2
2
1

3
2
3

3 4321 =+−+−+−=�
�

�
�
	


 −−+−−+=−+− ttsssststsssss . 

• 22
2
1

2
3

2
2
1

2
3

4321 =+−−+++=−+++−+=+++ ttsssststsssss . 

 

Definition 

s, t are called parameters. s1,…, s4 described this way is said to be given in parametric form and is called the 
general solution of the system. 
 

Remarks 

• When only 2 variables are involved, solution to 
systems of linear equations can be described 
geometrically because a linear equation 

cbyaxL =+:  is a straight line if a, b are not 
both 0. ( )21 , ssP  is in L if it is a solution of 

cbyax =+ . 

 
 

• If there are two linear equations, cbyaxL =+:1  and feydxL =+:2 , then the solution to the system 

( )
�
�
�

=+
=+

feydx

cbyax
S  is the intersection of L1 and L2. 

 

• The solution of (S) is ( )21 , ss  where 
( ) 2121 , LLssP ∩= . 
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• The solution of (S) are given by the ( )21 , ss  
such that cbsas =+ 21  (and this implies that 

fesds =+ 21 ). 

 

• (S) has no solution. 

 

Definition 

The elementary operations are: 
1) Interchange 2 equations. 
2) Multiply one equation by a non-zero number. 
3) Add a multiple of one equation to a different equation. 

 

Definition 

Two systems of linear equations are said to be equivalent iff the solutions of the systems are the same. 
 

Theorem 

Suppose that an elementary operation is performed on a system of linear equations, then the resulting system 
is equivalent to the original one. 
 

Example 

Solve: 
�
�
�

=−
=+

43
12

yx

yx
. 

 

• 

�
�
�

��
�

�

−=

=
⇔

�
�
�

��
�

�

−=−=

=
⇔

�
�
�

=′′′=+
′′=′=

⇔
�
�
�

′+=′′=
=+

⇔
�
�
�

=′=−
=+

⇔
�
�
�

=−
=+

7
1

7
9

7
2

7
9

12

7
9

12

97

97

12

2826

12

43

12

12

21

212

1

22

1

2

1

y

x

y

x

RRyx

RRx

RRRx

Ryx

RRyx

Ryx

Ryx

Ryx

 

• The solution of the system is �
�

�
�
	


 −
7
1

,
7
9

. 

 

L
1 
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Definition 

Consider the specific system 
�
�

�
�

�

=+++
=+−
=−−+

542

43

233

4321

321

4321

xxxx

xxx

xxxx

 of 3 linear equations in 4 variables. We define the 

array of numbers associated to this system as 
�
�
�

�




�
�
�

�

�

−
−−

54121
40311
21133

. This is called the augmented matrix 

associated to the system. 
 

Example 

Write the augmented matrix of the system 
�
�
�

=−
=+

43
12

yx

yx
. 

 

• The corresponding augmented matrix is �
�



�
�

�

− 413
121

. 

 

Example 

Solve 
�
�
�

=−
=+

43
12

yx

yx
 using augmented matrix. 

 

• 

22
1

2

1

7
1

7
9

122

1

7
2

7
9

2

11

212

1

22

1

2

1

10
01

20
01

7
1

121
7
9

01

121
907

907
121

2826
121

413
121

RR

R

RRR

R

R

RR

RRR

R

RR

R

R

R

′′′=′′′′
′

�
�
�




�
�
�

�

−
⇔

′−′′=′′′
′

�
�
�




�
�
�

�

−
⇔

′′

=′
�
�

�




�
�

�

�
⇔

�
�



�
�

�
⇔

′′+=′′�
�



�
�

�
⇔

=′�
�



�
�

�

−
⇔�

�



�
�

�

−
 

• So 
7
9=x , 

7
1−=y . 

 

Definition 

The elementary operations for the augmented matrix are: 
1) Interchange 2 rows. 
2) Multiply one row by a non-zero number. 
3) Add a multiple of a row to a different row. 

 

Example 

Solve 
�
�
�

=++
=−+

12

02

321

321

xxx

xxx
 using augmented matrix. 

 

• �
�



�
�

� −
⇔

×��



�
�

� −
⇔�

�



�
�

� −
2510
0112

22422
0112

1211
0112

. 

• 
�
�
�

=+
=−+

25

02

32

321

xx

xxx
. 

• R∈= ssx ,3 . 
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• sx 522 −= . 
• ( ) sxsssxxx 3162522 1321 +−=�+−=+−−=+−= . 

• So, R∈
�
�

�
�

�

=
−=
−=

s

sx

sx

xx

,52

13

3

2

1

. 

 
 

1.2 GAUSSIAN ELIMINATION 

Definition 

A matrix is said to be in row echelon form (and will be a row echelon matrix) if it satisfies the three 
conditions: 

1) All zero rows are at the bottom. 
2) The first non-zero entry from the left is 1 and is called a “leading 1” for that row. 
3) Each “leading 1” is to the right of all the “leading 1’s” in the row above. 

Moreover, a row echelon matrix is said to be in reduced row echelon form if it also satisfy the last condition: 
4) Each “leading 1” is the only non-zero entry of its column. 

 

Examples 

�
�
�
�

�




�
�
�
�

�

�

∗∗
∗∗∗∗
∗∗∗∗∗

0000000
10000

100
10

 

• This matrix is in row echelon form. 

�
�
�
�

�




�
�
�
�

�

�

∗
∗

00000
10000
0100
0010

 

• This matrix is in reduced row echelon form. 

 

Theorem 

Every matrix can be brought to row (reduced) echelon form by a series of elementary row operations. 
 

Examples 

�
�
�

�

�

�
�
�

	




100
010
001

 

• Row echelon matrix. 
• Reduced row echelon matrix. 

�
�
�

�

�

�
�
�

	




20000
12100
01021

 

• Not a row echelon matrix. 

�
�
�

�

�

�
�
�

	




10000
12100
01021

 

• Row echelon matrix. 
• Not a reduced row echelon matrix. 
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Lecture #2 – Thursday, January 8, 2004 
Definition 

Let (S) be a system of linear equations and M be the corresponding augmented matrix when M has been 
brought to the reduced row echelon form, variables corresponding to the column containing a leading 1 are 
called leading variables. 
 

• Remark: The non-leading variables end up as parameters in the final solution. 
 

Example 

Solve 
�
�

�
�

�

−=++
−=++

=−+

333
1252

22

zyx

zyx

zyx

. 

 

• 

32

2

1

13

12

1

3

2

1

0000
5410

2121
2

5410
5410

2121

3331
1252

2121

RR

R

R

RR

RR

R

R

R

R

−�
�
�

�

�

�
�
�

	




−
−

⇔
−
−

�
�
�

�

�

�
�
�

	




−
−

−
⇔

�
�
�

�

�

�
�
�

	




−
−

−
. 

• R∈
�
�

�
�

�

=
−−=
+=

⇔
�
�

�
�

�

=
−=+

=−+
s

sz

sy

sx

zy

zyx

,45
912

00
54

22
. 

 

Example 

Solve 
�
�

�
�

�

=++
−=++

=−+

233
1252

22

zyx

zyx

zyx

. 

 

• 

25
1

2

1

32

2

1

13

12

1

3

2

1

5000
5410

2121

5000
5410

2121
2

0410
5410

2121

2331
1252

2121

R

R

R

RR

R

R

RR

RR

R

R

R

R

�
�
�

�

�

�
�
�

	




−
−

⇔
−�

�
�

�

�

�
�
�

	




−
−

⇔
−
−

�
�
�

�

�

�
�
�

	




−
−

⇔
�
�
�

�

�

�
�
�

	




−
−

 

• 
�
�

�
�

�

=
−=+

=−+

10
54

22
zy

zyx

. The system has no solution 

 

Gaussian Algorithm 

Let M be an augmented matrix of a system. 
1) If 0=M  (i.e. all entries are 0), stop. 
2) Otherwise, find the first column from the left containing a non-zero entry (call it a), and move the row 

containing that entry to the top position. 

3) Now multiply that row by 0
1 ≠
a

 to create a leading 1. 

4) By subtracting multiples of that row from rows below, make each entry below the leading 1 zero. 
5) Repeat steps 1 to 4 on the matrix consisting of the remaining rows. 

 

Example 

Bring the following matrix to row echelon form using the Gaussian Algorithm: 
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311
3

11
13
3
4

3
1

323
13

3
11

3
4

3
1

3

4

23
1

3
4

3
1

14

31

12
1

12
1

1

2

00000
1000

100
01210

00000
000
100

01210

00000
34100

100
01210

34100
00000
41300
01210

30940
01210
41300
01210

30940
01210
41300
02420

30940
01210
02420
41300

R

RR
R

R

R

RR

RR

RR
R

R

−
�
�
�
�
�

�

�

�
�
�
�
�

	




−

−

→

+
�
�
�
�
�

�

�

�
�
�
�
�

	




−

−

→

�
�
�
�
�

�

�

�
�
�
�
�

	




−−

−

→

−
−

�
�
�
�
�

�

�

�
�
�
�
�

	




−−

−

→

�
�
�
�
�

�

�

�
�
�
�
�

	




−
−

−

→

�
�
�
�
�

�

�

�
�
�
�
�

	




−
−

−

→

�
�
�
�
�

�

�

�
�
�
�
�

	




−
−
−

 

 

Definition 

A system of linear equations that has no solution is called inconsistent. A system that has solution is 
consistent. 
 

Example 

Consider ( )
�
�

�
�

�

=−
=+−
=++

czy

bzyx

azyx

S

5
32

2
. Find condition on (a, b, c) so that (S) is consistent. 

 

• 
��
�
�

�

�

��
�
�

	




−⇔
��
�
�

�

�

��
�
�

	




−
−⇔

�
�
�

�

�

�
�
�

	




−
−−⇔

�
�
�

�

�

�
�
�

	




−
−

−−

−−

5
2

5
2

5
1

55
1

5
2

5
1

000
10

121

10
10

121

150
2150

121

150
312
121

cba

ba

c

ba

aa

c

ab

a

c

b

a

. 

• 

�
�
�

�

�
�
�

�

�

−−=

−=−

=++

5
2

0

5
2

5
1

2

cba

ba
zy

azyx

. 

 

Definition 

It can be proven the reduced row echelon form of matrix A is uniquely determined by A. The number r of 
leading 1 is called the rank of A ( Ar rank = ). 
 

Example 

Determine to rank of the matrix: 
�
�
�

�

�

�
�
�

	




−
4233
0112
4321

. 
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• Applying the Gaussian Algorithm, we obtain this row echelon matrix: 
�
�
�

�

�

�
�
�

	




0000
10

4321

3
8

3
7 . So 2rank =A . 

 
• Remark: The number of leading 1’s is the same for the reduced row echelon matrix and the row echelon 

matrix. 
 

Theorem 

Suppose a system of m equations and n variables has a solution. If the rank of the corresponding row echelon 
matrix is r, then the set of solution involves exactly rn −  parameters. 
 
 

1.3 SYSTEM OF HOMOGENEOUS EQUATIONS 

Definition 

A system of linear equations is homogeneous if all the constant terms are 0 ( 0...2211 =+++ nn xaxaxa ), (0, 
0, …, 0) is a solution of homogenous system. It is called the trivial solution. A non-trivial solution is any 
other solution. 
 

Theorem 

If a homogenous system of linear equations has more variables than equations, then it has a non-trivial 
solution. 
 
 

Lecture #3 – Tuesday, January 13, 2004 

2.1 MATRIX ADDITION, SCALAR MULTIPLICATION, AND TRANSPOSITION 

Definition 

A rectangular array of number is called a matrix, and the numbers are the entries. A m×n matrix is a matrix 
with m rows and n columns. 
A 1×n matrix is a row matrix. 
A m×1 matrix is a column matrix. 
 

Examples 

1) ��
�

�
��
	




−
=

015
421

A  is a 2×3 matrix. 

2) ��
�

�
��
	




− 31
10

 is a 2×2 matrix. 

3) 
�
�
�

�

�

�
�
�

	




−1
4
1

 is a column matrix with size 3×1. 

 

Definition 

The (i, j)-entry of a matrix is the number lying simultaneously in row i and column j. 
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Notation 

Let A be a m×n matrix. We denote aij the (i, j)-entry of A so that 

�
�
�
�
�

�

�

�
�
�
�
�

	




=

mnmm

n

n

aaa

aaa

aaa

A

�

���

�

�

21

22221

11211

, ( )jiA ,= . 

 

Example 

If ��
�

�
��
	




−
=

2120
0541

A , the (1, 2)-entry of A is 4, and the (2, 4)-entry of A is -2. 

 

Definition 

A matrix n×n is called a square matrix. 
Let ( )ijaA =  be a n×n matrix. The entries a11, a22,…, ann are said to lie on the main diagonal of A. 

 

Definition 

Let A, B be two matrices ( )ijaA = , ( )ijbb = . BA =  iff: 

• A and B have the same size. 
• Their corresponding entries are equal: ijij ba = . 

 

Example 

Let ��
�

�
��
	



=

dc

ba
A , ��

�

�
��
	




−
=

210
541

B , ��
�

�
��
	




−−
=

21
21

C . Discuss the possibility that BA = , CA = . 

 
• BA =  is impossible: A is a 2×2 matrix, but B is a 2×3 matrix. 
• CA =  iff 1=a , 2=b , 1−=c , 2−=d . 

 

Definition 

Let ( )ijaA =  and ( )ijbb = , two m×n matrices. We define ( )ijij baBAC +=+=  and 

( )ijij baBAD −=−= , where C, D are m×n matrices. 

• Remark: Addition is not defined for matrices of different sizes. 
 

Example 

If ��
�

�
��
	



=

30
21

A , ��
�

�
��
	




−
−

=
24
11

B , then ��
�

�
��
	



=��

�

�
��
	




−+
−+

=+
14
12

2340
1211

BA . 

 

Example 

Solve ��
�

�
��
	




−−
−

=+��
�

�
��
	




− 42
31

13
21

X  

 
• X must be a 2×2 matrix. 
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• Write ��
�

�
��
	



=

dc

ba
X . We want ��

�

�
��
	




+−
++

=��
�

�
��
	



+��
�

�
��
	




−
=��

�

�
��
	




−−
−

13
21

13
21

42
31

dc

ba

dc

ba
 

• So ��
�

�
��
	




−
−

=→

�
�

�

�
�

�

�

−=
=
=

−=

⇔

�
�

�

�
�

�

�

+=−
+−=−

+=
+=−

51
12

5
1
1

2

14
32

23
11

X

d

c

b

a

d

c

b

a

. 

 

• Similarly, we could have written ��
�

�
��
	




−
−

=��
�

�
��
	




−
−��
�

�
��
	




−−
−

=
51

12
13
21

42
31

X . 

 

Definition 

Let k be a number and ( )ijaA =  a matrix. Then kA is the matrix ( )ijkaB = . 

 

Example 

Let ��
�

�
��
	


 −
=

13
12

A . Compute A
2
3

. 

 

• 
( ) ( )
( ) ( ) �

�

�

�

�
�

	


 −
=

�
�

�

�

�
�

	


 −
=

2
3

2
9

2
3

2
3

2
3

2
3

2
3 3

13
12

2
3

A . 

 

Example 

If 0=kA , show that either 0=k  or ( ) 00 ==A . 
 

• Suppose ( )ijaA = , then ( )ijkakA = . So then 00 =⇔= ijkakA  for all i, j. 

• If 0=k , there is nothing to do. 
• If 0≠k , then 00 =�= ijij aka  for all i, j. So ( ) 0== ijaA . 

 

Theorem 

Let A, B, C be m×n matrices. Let R∈pk, . Then: 
1) ABBA +=+  – commutative. 
2) ( ) ( ) CBACBA ++=++  – associative. 
3) AA =+0 . 
4) ( ) 0=−+ AA . 
5) ( ) kBkABAk +=+ . 
6) ( ) pAkAApk +=+ . 
7) ( ) ( )pAkAkp = . 
8) AA =×1 . 

 

Example 

Let A, B, C, be m×n matrices. Simplify ( ) ( ) ( ) ( )[ ]CBCBABCBA 24224236 +++−+−−+ . 
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• We calculate: 
( )

cBA

CBACBA

CBCBABCBA

382822
408162206

84224422186

++=
+++−+=

+++−++−+
. 

 

Example 

Find X, Y such that 
( )

( )3212
312

−=−
−=+

YX

YX
. 

 
• ( ) ( ) ( ) ( ) ( )01103333213122 −=⇔−=⇔−−−=−−+ YYYXYX . 
• ( ) ( ) ( ) ( )301011312312 =−−−=−−= YX . 

 

Defintion 

Let A be a m×n matrix, ( )ijaA = . The transpose of A, written AT, is the n×m matrix given by ( )ji
T aA = . 

 

Example 

Let 
�
�
�

�

�

�
�
�

	




−
−

−
=

3217
0432
6011

A  be a 3×4 matrix. Then 

�
�
�
�
�

�

�

�
�
�
�
�

	




−−
−

=

306
240

131
721

TA  is a 4×3 matrix. 

 

Theorem 

Let A, B be matrices of the same size. Let R∈k . Then: 

1) ( ) AA
TT = . 

2) ( ) ( )TT AkkA = . 

3) ( ) TTT BABA +=+ . 
 

Definition 

A matrix A is called symmetric if TAA = . 
• Remark: A symmetric matrix is necessarily square. 

 

Example 

Let ��
�

�
��
	



=

dc

ba
A . When is A symmetric. 

 

• ��
�

�
��
	



=

db

ca
AT , so TAA =  iff cb = . 

 

Example 

Let A, B be two symmetric matrices. Show that BA +  is symmetric. 
 

• ( ) BABABA TTT +=+=+ , since TAA =  and TBB =  (definition of symmetric). 
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• So, since ( ) BABA T +=+ , BA +  is symmetric. 
 

Example 

Suppose that A is a m×n matrix such that AAT 3= . Show that 0=A . 
 

• ( ) AA
TT = , so ( ) ( ) ( ) 00893333 =�=⇔=⇔=⇔=⇔= AAAAAAAAAA TT . 

 
 

2.2 MATRIX MULTIPLICATION 

Definition 

Let ( )ijaA =  be a m×n matrix, and ( )ijbB =  be a n×k matrix. Then ( ) BAcC ij ⋅==  is a m×k matrix such 

that njinjijiij bababac +++= �2211 . 

 

Example 

Let ��
�

�
��
	




−
−

=
012
201

A , 
�
�
�

�

�

�
�
�

	




−
−

−
=

1321
0240
1113

B . Compute the (1, 2)-entry and (2, 3)-entry of AB. 

 
• Let ABcC ij == . C is a 2×4 matrix. We want to compute c12 and c23. 

• ( )( ) ( )( ) ( )( ) 322401112 −=−+−+=c . 
• ( )( ) ( )( ) ( )( ) 430211223 −=+−+−=c . 

 

Example 

Let ��
�

�
��
	




−
=

11
21

A , ��
�

�
��
	




−
=

32
10

B . Compute AB and BA. 

 

• 
( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( ) ( )( ) ��
�

�
��
	




−
−

=��
�

�
��
	




−+−−+−
+−+

=
22
74

31112101
32112201

AB . 

• ��
�

�
��
	




−−
−

=
15

11
BA . 

• Notice BAAB ≠ . 
 

Example 

Let ��
�

�
��
	




−−
=

64
96

A . Compute AAA ⋅=2 . 

 

• 0
00
002 =��
�

�
��
	



=A  although 0≠A . 

 

Definition 

Let A, B be two matrices such that they can be multiplied. If BAAB = , we say that A and B commute. 
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Example 

A commutes with A (hence AAA ⋅=2 ). 
 

Definition 

For N∈n , In is the identity matrix defined by 

�
�
�
�
�

�

�

�
�
�
�
�

	




=

100

010
001

�

����

�

�

nI , where In is a n×n matrix. 

 

Examples 

1) ��
�

�
��
	



=

10
01

2I . 

2) 
�
�
�

�

�

�
�
�

	




=
100
010
001

3I . 

 

Theorem 

Let k be a scalar and A, B, C be matrices of sizes such that the indicated operations can be performed. Then: 
1) AIA = , BIB = . 
2) ( ) ( )CABBCA = . 
3) ( ) ACABCBA +=+ , ( ) CABAACB +=+  – distributive laws. 
4) ( ) ( ) ( )kBABkAABk == . 

5) ( ) TTT ABAB = . 
 

Example 

Let A, B, C be matrices such that A and B commute with C. Show that AB commutes with C. 
 

• Since A and B commute with C, CAAC =  and CBBC = . 
• ( ) ( ) ( ) ( ) ( ) ( )ABCBCABACCBABCACAB ===== . Since ( ) ( )ABCCAB = , AB commutes with C. 

 
 

Lecture #4 – Thursday, January 15, 2004 

MATRICES AND LINEAR SYSTEMS 

Example 

Consider the system 
�
�
�

=−+
=+−

2321

1321

42

23

bxxx

bxxx
. 
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• It can be written as ��
�

�
��
	



=��

�

�
��
	




−+
+−

2

1

321

321

42
23

b

b
xxx

xxx
 or ��

�

�
��
	



=

�
�
�

�

�

�
�
�

	




��
�

�
��
	




−
−

2

1

3

2

1

421
213

b

b

x

x

x

. 

• It has the form BAX = . 
 

Definition 

BAX =  is called the matrix form of the system. 
• A is the coefficient matrix. 
• B is the constant matrix. 

X1 is a solution if BAX =1 . 
 

Definition 

Given a system BAX = , the system 0=AX  is called the associated homogeneous system. 
 

Theorem 

Let X1 be a particular solution of BAX = . Then every solution X2 to BAX =  has the form 012 XXX +=  
for some solution X0 to 0=AX . 

 

Proof 

• X1 is a solution of BAX = . It means that BAX =1 . 
• Let’s consider X2 any solution of BAX = . So BAX =2 . 
• Define 120 XXX −= . So ( ) 012120 =−=−=−= BBAXAXXXAAX . 

• So 0120 0 XXXAX +=�= . 
 

Example 

Consider the system 
�
�

�
�

�

=−
=++
=+−

23
02
1

yx

zyx

zyx

. Gaussian Elimination gives the row-echelon augmented matrix: 

�
�
�

�




�
�
�

�

�

−
−

0000
10

1111

2
1

2
1  so that R∈

�
�
�

��
�

�

=

−−=

−=

s

sz

sy

sx

,2
1

2
1

2
3

2
1

. 

 

• 
�
�
�

�

�

�
�
�

	




=
z

y

x

x2  is a solution iff 012
1
2
3

2
1

2
1

2

10
xxsx +=

��
�
�

�

�

��
�
�

	




−
−

+
��
�
�

�

�

��
�
�

	




−= . 

• Remark: This method gives 
��
�
�

�

�

��
�
�

	




−=
0

2
1

2
1

1x  a particular solution, 
��
�
�

�

�

��
�
�

	




−
−

=
1

2
1
2
3

0x  the solution to the associated 

homogeneous system. 
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Example 

Solve 0=AX  where 
�
�
�

�

�

�
�
�

	




−−−
−

−−
=

2211
2310
4121

A . 

 

• The augmented matrix is 
�
�
�

�




�
�
�

�

�

−
−−

→
�
�
�

�




�
�
�

�

�

−−−
−

−−

00001
02310
04121

02211
02310
04121

. 

• So 

�
�
�
�
�

�

�

�
�
�
�
�

	




=

4

3

2

1

x

x

x

x

X , the solutions are R∈

�
�
�
�
�

�

�

�
�
�
�
�

	




−
= ts

t

s

ts

s

X ,,
23

5

. So 21

1
0
2

0

0
1
3
5

tXsXtsX +=

�
�
�
�
�

�

�

�
�
�
�
�

	




−
+

�
�
�
�
�

�

�

�
�
�
�
�

	




=  

 

Definition 

X1 and X2 are called the basic solutions of 0=AX . 21 tXsXX +=  is a linear combination of the basic 
solutions X1 and X2. 
 

Theorem 

Consider the homogeneous system 0=AX  in n variables, where rA =rank . Then: 
1) The system has exactly rn −  basic solutions. 
2) Every solution is a linear combination of the basic solution. 

 

BLOCK MULTIPLICATION 

Theorem 

Let ( )ncccA ,,, 21 �=  be a m×n matrix with columns c1, c2,…, cn. If ( )
�
�
�
�
�

�

�

�
�
�
�
�

	




==

n

T
n

x

x

x

xxxX
�

�
2

1

21 ,,,  is any 

( ) nn

n

n cxcxcx

x

x

x

cccAX +++=

�
�
�
�
�

�

�

�
�
�
�
�

	




= �
�

� 2211
2

1

21 ,,, . 
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Example 

Let ��
�

�
��
	



=

�
�
�
�
�

�

�

�
�
�
�
�

	




−−
−

= ×

QP

I
A 322 0

13142
01231
00010
00001

, P is a 2×2 matrix and Q is a 2×3 matrix. Let 

��
�

�
��
	



=

�
�
�
�
�
�

�

�

�
�
�
�
�
�

	




−
−

−

=
Y

X
B

51
22
31
42
11

, X is a 2×2 matrix and Y is a 3×2 matrix. 

 

• We can calculate ��
�

�
��
	




+
=��

�

�
��
	




+
+

=��
�

�
��
	



��
�

�
��
	



=

QYPX

X

QYPX

YIX

Y

X

QP

I
AB

00
. 

 

Theorem 

Suppose that ��
�

�
��
	



=

C

XB
A

0
, ��

�

�
��
	



=

11

11
1 0 C

XB
A  are n×n matrices where B and B1 are p×p matrices and C and 

C1 are q×q matrices ( qpn += ). Then we can conclude that ��
�

�
��
	


 +
=

1

1111
1 0 CC

XCXBBB
AA . 

 
 

Lecture #5 – Tuesday, January 20, 2004 

2.3 MATRIX INVERSES 

Definition 

If A is a square matrix, a matrix B is called an inverse of A iff BAIAB == . A then is called an invertible 
matrix. 
 

Example 

Show that ��
�

�
��
	



=

11
12

B  is an inverse of ��
�

�
��
	




−
−

=
21
11

A . 

 

• Compute IAB =��
�

�
��
	



��
�

�
��
	




−
−

=
11
12

21
11

. 

• Similarly, IBA =��
�

�
��
	




−
−

��
�

�
��
	



=

21
11

11
12

. 

 

Example 

Show that ��
�

�
��
	



=

40
10

A  has no inverse. 
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• Let ��
�

�
��
	



=

dc

ba
B  be an arbitrary matrix. We want to solve IAB =  and IBA = . 

• 

�
�

�

�
�

�

�

=
=
=
=

�

�
�

�

�
�

�

�

=
=

=
=

⇔��
�

�
��
	



==��

�

�
��
	



��
�

�
��
	



=

4
0
0
1

14
04

0
1

10
01

40
10

d

d

c

c

d

c

d

c

I
dc

ba
AB , therefore, there is no solution. 

 

Theorem 

If B and C are both inverses of A, then B = C. 
 

Proof 

• “B and C are both inverses of A” means BAIAB == , CAIAC == . 
• Hence, ( ) ( ) BIBBCAABCCIC ===== . 

 

Definition 

If A is invertible, we denote A-1 as the unique inverse of A. 
 

Example 

Let ��
�

�
��
	




−
−

=
01
11

A . Show that IA =3  and deduce A-1. 

 

• ��
�

�
��
	




−
−

=×=
11
102 AAA . IAAA =��

�

�
��
	



=×=

10
0123 . 

• So ��
�

�
��
	




−
−

==�×==×= −

11
1021223 AAAAIAAA . 

 

Example 

If ��
�

�
��
	



=

dc

ba
A , where 0≠− bcad , show that ��

�

�
��
	




−
−

−
=−

ac

bd

bcad
A

11 . 

 
• We have to prove that IAA =−1  and IAA =−1 . 

• I
bcad

bcad

bcadac

bd

bcaddc

ba
AA =��

�

�
��
	




−
−

−
=��

�

�
��
	




−
−

−
×��
�

�
��
	



=−

0
0111 . 

• I
bcad

bcad

bcaddc

ba

ac

bd

bcad
AA =��

�

�
��
	




−
−

−
=��

�

�
��
	



×��
�

�
��
	




−
−

−
=−

0
0111 . 

 
 

INVERSES AND LINEAR SYSTEMS 

Theorem 

Suppose a system of n equations and m variables is written in matrix form: BAX = , A is of size m×m. If A is 
invertible, the system has the unique solution BAX 1−= . 
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Example 

Let ��
�

�
��
	




−
−

=
21
11

A . We know that ��
�

�
��
	



=−

11
121A . Use it to solve the system 

�
�
�

=+−
=−

4
2

yx

yx
. 

 

• Let ��
�

�
��
	



=

y

x
X , ��

�

�
��
	



=

4
2

B . The system can be written BAX = . 

• So ��
�

�
��
	



=��

�

�
��
	



��
�

�
��
	



== −

6
8

4
2

11
121BAX . 

• Finally, we have 
�
�
�

=
=

6
8

y

x
. 

 
 

MATRIX INVERSION ALGORITHM 
If A is an invertible matrix, there exists a sequence of elementary row operations that carry A to the identity 
matrix of the same size, written IA → . Then the same series of row operations carries 1−→ AI . We write 
[ ] [ ]1−→ AIIA  and perform the row operations on A and I simultaneously. 
 

• Remark: If A cannot be brought to I, then A is not invertible. 
 

Example 

Use the Inversion Algorithm to find the inverse of 
�
�
�

�

�

�
�
�

	




=
111
012
401

A . 

 

• We write [ ] [ ]AIIA =
�
�
�

�




�
�
�

�

�

−
−−

−
→

�
�
�

�




�
�
�

�

�

=

5
1

5
1

5
1

5
8

5
3

5
2

5
4

5
4

5
1

100
010
001

100111
010012
001401

. 

• So 
�
�
�

�

�

�
�
�

	




−
−−

−
=−

111
832
441

5
11A . 

 

Theorem 

Let A be a n×n matrix. There are 2 possibilities: 
1) We can reduce A to I by elementary row operations and obtain A-1 by the Inversion Algorithm. 
2) We cannot reduce A to I, and then A is not invertible. 

 

Example 

If A is an invertible matrix, show that A-1 is also invertible and ( ) ( )TT AA 11 −−
= . 

 

• We have IAA =−1 , so ( ) IIAA TT
==−1 . Finally, ( ) ( ) IAA TT

=−1 . 

• Similarly, IAA =−1  gives ( ) ( ) ( )TTTT AAIAA 111 −−− =�= . 
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Example 

Let A, B, be invertible matrices. Show that AB is invertible and ( ) 111 −−− = ABAB . 
 

• Let us calculate ( )( ) ( ) IAAABBAABAB === −−−−− 11111 . 

• Similarly, ( )( ) IABAB =−− 11 . 
 

Theorem 

All the following matrices are square matrices of the same size: 
1) I is invertible and II =−1 . 

2) If A is invertible, A-1 is also invertible and ( ) AA =
−− 11 . 

3) If A and B are invertible, so is AB and ( ) 111 −−− = ABAB . 

4) If A1, A2,…, Ak are invertible, then ( ) 1
1

11
21 ,,,,, −−− = AAAAA kk �� . 

5) If A is invertible, so is 1, ≥kAk , and ( ) ( )kk AA 11 −−
= . 

6) If A is invertible and 0≠a , then aA is invertible. ( ) 11 1 −− = A
a

aA . 

7) If A is invertible, so is AT and ( ) ( )TT AA 11 −−
= . 

 

Corollary 

A square matrix A is invertible iff AT is invertible. 
 

Example 

Find A if ( )
�
�

�

�

�
�

	




−
=−

−−

1
0

3
2
1

2
111 IA . 

 

• ( ) ��
�

�
��
	



=

�
�

�

�

�
�

	




−
=�

�
�

�
	

 −=−

−
−−−

11
02

1
0

33
1

2
1

2
1111 IAIA . So ��

�

�
��
	



=��

�

�
��
	



+=

41
05

11
02

3IAT , and ��
�

�
��
	



=

40
15

A . 

 

Theorem 

Let A be a n×n matrix. Then the following conditions are equivalent: 
1) A is invertible. 
2) The homogeneous system 0=AX  has only the trivial solution 0=X . 
3) A can be carried to I by elementary row operations. 
4) For every column B, the system BAX =  has at least one solution. 
5) There exists a n×n matrix C such that nIAC = . 

 

Corollary 

If nIAC = , then nICA =  for A, C n×n matrices. In particular, A and C are invertible and CA =−1 , 

AC =−1 . 
 



MAT223H1a.doc 

Page 20 of 38 

Example 

Show that ��
�

�
��
	




−
−

=
510
24

A  has no inverse. 

 

• Remark that ��
�

�
��
	



=��

�

�
��
	




0
0

2
1

A , so there exist a non-trivial solution. Therefore, A has no inverse. 

 
 

2.4 ELEMENTARY MATRICES 

Definition 

A n×n matrix is an elementary matrix if it is obtained from the n×n identity by an elementary row operation. 
 

Examples 

�
�
�

�

�

�
�
�

	




=
100
001
010

1E , 
�
�
�

�

�

�
�
�

	




=
100
050
001

2E , 
�
�
�

�

�

�
�
�

	




=
100
010
031

3E  are elementary matrices. 

 

Theorem 

Let A be a m×n matrix. Let E be a m×m elementary matrix corresponding to some elementary row operation. 
If the same elementary row operation is performed on A, the resulting matrix is EA. 
 

Example 

Let 
�
�
�

�

�

�
�
�

	




−
−

−
=

5324
1130
2413

A , 
�
�
�

�

�

�
�
�

	




=
100
012
001

E . Then 
�
�
�

�

�

�
�
�

	




−
−
−

=
5324
3756
2413

EA  is obtained also by adding 

two times R2 to R1. 
 

Theorem 

An elementary matrix E is invertible. E-1 is the elementary matrix corresponding to the elementary row 
operation that transformed the matrix EA into A. 
 

Example 

Write the inverses of 
�
�
�

�

�

�
�
�

	




=
010
100
001

1E , 
�
�
�

�

�

�
�
�

	




=
200
010
001

2E , 
�
�
�

�

�

�
�
�

	




=
100
010
501

3E . 

 

• 
�
�
�

�

�

�
�
�

	




==−

010
100
001

1
1

1 EE , 
��
�
�

�

�

��
�
�

	




=−

2
1

1
2

00
010
001

E , 
�
�
�

�

�

�
�
�

	


 −
=−

100
010
501

1
3E . 
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Lecture #6 – Thursday, January 22, 2004 
Theorem 

Let A be a m×n matrix. Assume that A can be carried to a matrix B by elementary row operations. Then: 
1) UAB = , where U is invertible, U is m×m matrix. 
2) 11 EEEU RR ×××= − �  where Ej are elementary matrices. 
3) We have [ ] [ ]UBIA m → . 

 

Example 

��
�

�
��
	




−
=

241
312

A . 

 

• �
�



�
�

�

−−
−

→�
�



�
�

�

− 7
2

7
1110

10241

10241
01312

. 

• So UAB =��
�

�
��
	




−
−

=
110
241

, �
�
�

�
�
�
	




−
=

7
2

7
1

10
U . 

 

Corollary 

A square matrix A is invertible iff A is the product of elementary matrices. 
 

Example 

Let ��
�

�
��
	


 −
=

01
23

A . Write A as a product of elementary matrices. 

 

• Since ��
�

�
��
	



→��

�

�
��
	




−
→��

�

�
��
	




−
→��

�

�
��
	


 −
10
01

20
01

23
01

01
23

, so ��
�

�
��
	



=

01
10

1E , ��
�

�
��
	




−
=

13
01

2E , �
�
�

�
�
�
	




−
=

2
12 0

01
E . 

• ( ) 1
3

1
2

1
1

1
123123

−−−− ==�= EEEEEEAIAEEE , and ��
�

�
��
	



==−

01
10

1
1

1 EE , ��
�

�
��
	



=−

13
011

2E , 

��
�

�
��
	




−
=−

20
011

3E . 

• ��
�

�
��
	




−��
�

�
��
	



��
�

�
��
	



=

20
01

13
01

01
10

A . 

• Remark: 123
1 EEEA =− . 

 
Operation Inverse Operaton 

• Interchange row p and row q. • Exchange row p and row q. 
• Multiple row p by 0≠c . 

• Multiple row p by 
c
1

. 

• Add k times row p to row q. • Subtract k times row p to row q. 
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Lecture #7 – Tuesday, January 27, 2004 

VECTOR SPACE IN RN: VECTORS AND LINES 

Definition 

A vector v in Rn is an ordered sequence of n real numbers called n-tuples. We will consider v as an n×1 
matrix (or 1×n matrix). 
 

Example 

In Rn, ��
�

�
��
	



=

2
1

u , ��
�

�
��
	


−
=

4
1

v . 

 

 

• O = initial point of u, v 
• A = terminal point of u 
• B = terminal point of v 

 

Definition 

The magnitude (length) of a vector is the distance between the initial point and the terminal point. We denote 
it v . 
 

Example 

In Rn, ��
�

�
��
	



=

2
1

u . So ( ) 521 2
1

22 =+=u . 

 
• Remark: ( )00=0  is the only vector such that 0=0 . 

 

Definition 

Addition and multiplication by a scalar are defined as for the matrices. 
 

Theorem 1 

Let u, v, w be vectors in Rn. Then: 
1) uvvu +=+ . 
2) ( ) ( ) wuvwvu ++=++ . 
3) u0u =+ . 
4) uu =1 . 
5) ( ) 0uu =−+ . 
6) ( ) ( ) Ruu ∈= baabba ,, . 

u
�

 u
�

 

v
�
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7) ( )( ) uuu baba +=+ . 
8) ( ) vuvu aaa +=+ . 

 

Example 

In R2, ��
�

�
��
	


−
=

2
1

u , ��
�

�
��
	



=

2
2

v . ��
�

�
��
	



=��

�

�
��
	




+
+−

=+=
4
1

22
21

vuw . 

 
 

Proposition 

Let nRu =  and R∈a . Then uu aa = . 
 

Definition 

v is a unit-vector if 1=v . 
 

Example 

If 0v ≠ , then v
v
1

 is a unit vector. 

 

Proposition 

Let u, v be non-zero vectors in Rn. Then u, v are parallel iff ∃a∈R such that vu a= . 
 
 

VECTOR SPACE IN RN: SUBSPACES OF RN 

Definition 

A set U is a subspace of Rn iff: 
1) 0 ∈ U. 
2) If u, v are in U, then U∈+ vu . U is closed under the addition. 
3) If u ∈ U, a ∈ R, then Ua ∈u . U is closed under the multiplication of scalar. 

 

Example 

1) { }0=U  is a subspace. 

2) nU R=  is a subspace. 
 

u
�

 

u
�

 

v
�

 

v
�

 

w
�
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Definition 

Any subspaces different from {0} and Rn are called proper subspaces. 
 

Example 

Let A be a m×n matrix. Define: 
• { }0:null =∈= AXXA nR , the null space of A. 

• { }nn XAXYYA RR ∈=∈= ,:im , the image of A. 
 
Show that nullA is a subspace of Rn. 

1) 0=X  satisfy 0=AX , so Anull∈0 . 
2) Let X1 and X2 be in nullA. Then 01 =AX  and 02 =AX . Let 21 XXX += . So 

( ) 0002121 =+=+=+= AXAXXXAAX . So AXXX null21 ∈+= . 
3) Let X1 ∈ nullA, a ∈ R. So 01 =AX . ( ) ( ) 0011 === aAXaaXA . So aX1 ∈ nullA. 

 

Counter-Example 

Let ( ){ }0,, ≥= xyxU . Prove U ⊂ Rn. 
 

• Let ( ) UU ∈= 2,11 . 
• ( ) UU ∉−−=⋅− 2,11 1 . So U is not a subspace. 

 
 

VECTOR SPACE IN RN: SPANNING SETS 

Definition 

Let x1, x2,…, xk be vectors in Rn. Let Rxxxx ∈+++= ikk rrrr ,2211 �  be a linear combination of x1, x2,…, 
xk. rj is called the coefficient of xj in the linear combination. The set of all linear combinations of x1, x2,…, xk 
is called the span of x1, x2,…, xk. 

( ) { }kkk rrr xxxxxxx +++== �� 221121 ,,,span . 
 

Theorem 

Let x1, x2,…, xk be vectors in Rn. Then: 
1) ( )kxxx ,,,span 21 �  is a subspace of Rn. 
2) If x1, x2,…, xk are in W, a subspace of Rn, then ( ) Wk ⊆xxx ,,,span 21 � . 

 

Corollary 

( )kxxx ,,,span 21 �  is the smallest subspace that contains x1, x2,…, xk. 
 

Example 

Let X and Y be vectors in Rn. Show that { } { }YXYXYX −+= ,span,span . 
 

• { }YXYX ,span∈+  and { }YXYX ,span∈− , so { } { }YXYXYX ,span,span ⊆−+ . 
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• Since ( ) ( )( ) ( ) ( )YXYXYXYXX −++=−++=
2
1

2
1

2
1

, so { }YXYXX −+∈ ,span . Similarly, 

( ) ( )( ) ( ) ( )YXYXYXYXY −−+=−−+=
2
1

2
1

2
1

, so { }YXYXY −+∈ ,span . Thus 

{ } { }YXYXYX −+⊆ ,span,span . 
• Since { } { }YXYXYX ,span,span ⊆−+  and { } { }YXYXYX −+⊆ ,span,span , 

{ } { }YXYXYX −+= ,span,span . 
 

Definition 

If U is a subspace, { } n
jkU RXXXX ∈= ,,,,span 21 � . We say that X1, X2,…, Xk is the spanning set of U. 

U is spanned by X1, X2,…, Xk. 
 

Example 

Show that { }nn XAXYYA RR ∈=∈= ,:im  is a subspace of Rn. Also prove that 
{ }nCCCA ,,,spanim 21 �= . 

 
• Let C1, C2,…, Cn be the columns of A. So ( )nCCCA ,,, 21 �= . Then ( )nCCCA ,,,spanim 21 �=  
1) 0 ∈ imA. 00 A= . 
2) Let Y1, Y2 ∈ imA. There is X1, X2 ∈ Rn such that 11 XY A= , 22 XY A= . 

( )212121 XXXXYY +=+=+ AAA . So XYY A=+ 21  with 21 XXX += . So Aim21 ∈+ YY . 

3) Let Y ∈ imA and a ∈R. By definition, nA RXXY ∈= , . So ( ) XXXY ′=== AaAaAa  with 
na RXX ∈=′ . Thus, Aa im∈Y . 

 

• ( ) 121

0

0
1

,,,

0

0
1

CCCCA n =

�
�
�
�
�

�

�

�
�
�
�
�

	




=

�
�
�
�
�

�

�

�
�
�
�
�

	




�
�

�
, so C1 ∈ imA. ( ) 221

0

1
0

,,,

0

1
0

CCCCA n =

�
�
�
�
�

�

�

�
�
�
�
�

	




=

�
�
�
�
�

�

�

�
�
�
�
�

	




�
�

� , so C2 ∈ imA. 

Therefore, C1, C2,…, Cn ∈ imA. Since imA is a subspace,  ( ) ACCC n im,,,span 21 ⊆� . 

• Let Y ∈ imA. It means that ∃ X ∈ R such that YX =A . Let RX ∈

�
�
�
�
�

�

�

�
�
�
�
�

	




= j

n

x

x

x

x

,2

1

� . 

( ) 222211
2

1

21 ,,, CxCxCx

x

x

x

CCCA

n

n +++=

�
�
�
�
�

�

�

�
�
�
�
�

	




== �
�

�XY . Since ( )nCCC ,,,span 21 �∈Y , so 

( )nCCCA ,,,spanim 21 �⊆ . 
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VECTOR SPACE IN RN: INDEPENDENCE 

Definition 

A set { }kXXX ,,, 21 �  of vectors in Rn is independent if it satisfies: 
00 212211 ====�=+++ kkk tttttt �� XXX . 

 

Example 

In R4, 

�
�
�
�
�

�

�

�
�
�
�
�

	




−

=

5
3
0
1

1X , 

�
�
�
�
�

�

�

�
�
�
�
�

	




−
=

2
4

1
0

2X , 

�
�
�
�
�

�

�

�
�
�
�
�

	




−

=

2
1
4
3

3X . Prove {X1, X2, X3} is independent. 

 

• 

�
�
�
�
�

�

�

�
�
�
�
�

	




=

�
�
�
�
�

�

�

�
�
�
�
�

	




−

+

�
�
�
�
�

�

�

�
�
�
�
�

	




−
+

�
�
�
�
�

�

�

�
�
�
�
�

	




−

⇔++

0
0
0
0

2
1
4
3

2
4

1
0

5
3
0
1

321332211 tttttt XXX . 

• So 
�
�

�
�

�

=
=
=

⇔

�
�

�

�
�

�

�

=
=
=+
=+

⇔

�
�

�

�
�

�

�

=
=
=+
=+

⇔

�
�

�

�
�

�

�

=+
=−−
=+
=+

⇔

�
�

�

�
�

�

�

=−−−
=+−
=+
=+

0

0

0

07

08

04

03

07

08

04

03

0132

084

04

03

0225

043

04

03

3

2

1

3

3

32

31

3

3

32

31

32

32

32

31

321

321

32

31

t

t

tt

t

t

tt

tt

t

t

tt

tt

tt

tt

tt

tt

ttt

ttt

tt

tt

. 

• Since 00 321332211 ===�=++ tttttt XXX , so {X1, X2, X3} is independent. 
 

Theorem 

If X1, X2,…, Xk are independent, then { }kXXXX ,,,span 21 �∈  has a unique representation as a linear 
combination of X1, X2,…, Xk. So if kkrrr XXXX +++= �2211 , then r1, r1,…, rk are unique. 
 

Example 

Let X and Y be independent vectors of Rn. Prove YX −  and YX 3+  are also independent. 
 

• Let ( ) ( ) ( ) ( ) 030303 2121221121 =+−++⇔=++−⇔=++− YXYXYXYXYX tttttttttt . 

• Because X and Y are independent, 
�
�
�

=
=

⇔
�
�
�

=
=+

⇔
�
�
�

=+−
=+

0

0

04

0

03

0

2

1

2

21

21

21

t

t

t

tt

tt

tt
. 

• Therefore, YX −  and YX 3+  are independent. 
 

Theorem 

Let A be an n×n matrix. Then the following conditions are equivalent: 
1) A is invertible. 
2) The columns of A are independent. 
3) The rows of A are independent. 
4) The columns of A span Rn. 
5) The rows of A span Rn. 

 

Example 
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Consider 
�
�
�

�

�

�
�
�

	




=
1
1
2

1X , 
�
�
�

�

�

�
�
�

	




=
3
4
7

2X , 
�
�
�

�

�

�
�
�

	




−=
0
1

1

3X . Prove that X1, X2, X3 are independent. 

 

• Prove 
�
�
�

�

�

�
�
�

	




−=
031
141

172
A  is invertible. 

 
 

VECTOR SPACE IN RN: BASIS AND DIMENSION 

Definition 

Let U be a subspace of Rn. A set {X1, X2,…, Xk} of vectors is a basis of U iff: 
1) {X1, X2,…, Xk} is independent. 
2) { }kU XXX ,,,span 21 �= . 

 
• Remark: If X ∈ U, then kkrrr XXXX +++= �2211 . 

 

Theorem 

Let U be a subspace of Rn. Let {X1, X2,…, Xk} and {Y1, Y2,…, Yk} be two basis of U. Then k = m. 
 

Definition 

The dimension of a subspace U is the number of vectors in a basis. It is denoted Udim . 
 
 

Lecture #8 – Thursday, January 29, 2004 
Definition 

Let E1, E2,…, En be the columns of In. Then {E1, E2,…, En} is the standard basis of Rn. Then nn =Rdim . 
 

Example 

Let ( ){ }R∈= yxxyxU ,: . Prove U is a subspace of R3. Find a basis of U. 
 

• Let u ∈ U, so ∃ x, y ∈ R such that ( ) ( ) ( ) 21010101 uuu yxyxxyx +=+== . Since 
( )21 ,span uuu = , so U is a subspace. 

• Are u1, u2 independent? Let ( ) ( ) 211212211 00000 ttttttt ==�=�=+ uu . 

• So u1, u2 are basis of U, and 2dim =U . 
 

Theorem 

Let U, W be subspaces of Rn. Then: 
1) U has a subspace and nU ≤dim . 
2) If U ⊆ W, then WU dimdim ≤ . 
3) If U ⊆ W and WU dimdim = , then WU = . 
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Theorem 

Let U be a subspace of Rn, mU =dim . Let B be a set of m vectors. Then B is independent iff B spans U. B is 
then a basis of U. 
 

Example 

Let 

�
�
�
�
�

�

�

�
�
�
�
�

	


−

=

4
0
3
1

1X , 

�
�
�
�
�

�

�

�
�
�
�
�

	




−
=

3
1

0
2

2X , 

�
�
�
�
�

�

�

�
�
�
�
�

	




=

0
2
3
1

3X  be vectors in R4. Find a basis of R4 with X1, X2, X3. 

 
• Let E1, E2, E3, E4 be the standard basis of R4. 
• Is E1 independent with X1, X2, X3? Let 033221111 =+++ EEEX ssst . So 

�
�

�

�
�

�

�

=
=
=
=

⇔

�
�

�

�
�

�

�

=
=

−=
=+−−

⇔

�
�

�

�
�

�

�

=+
=+−
=+
=+−−

�

�
�
�
�
�

�

�

�
�
�
�
�

	




=

�
�
�
�
�

�

�

�
�
�
�
�

	




+

�
�
�
�
�

�

�

�
�
�
�
�

	




−
+

�
�
�
�
�

�

�

�
�
�
�
�

	


−

+

�
�
�
�
�

�

�

�
�
�
�
�

	




0

0

0

0

02

2

02

034

02

033

02

0
0
0
0

0
2
3

3

0
2

4
0

3

0
0
0

3

2

1

1

3

32

31

3211

21

32

31

3211

3

3

3

2

2

2

1

1

11

s

s

s

t

s

ss

ss

ssst

ss

ss

ss

ssst

s

s

s

s

s

s

s

s

st

. 

• So {E1, X1, X2, X3} is a basis of R4. 
 
 

DIMENSION 2 AND 3: GEOMETRIC APPLICATIONS 

Example 

Consider ABCD a quadrilateral. Show that the 
quadrilateral from by the midpoints E, F, G, H is a 
parallelogram. 

 
 

• It is enough to prove FGEH = . 

• ( ) BDADBAADBAAHEAEH
2
1

2
1

2
1

2
1 =+=+=+= . 

• ( ) BDCDBCCDBCCGFCFG
2
1

2
1

2
1

2
1 =+=+=+= . 

• So FGEH = . 
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COORDINATES IN R3 

Definition 

A point ( )zyxP ,, , x, y, z are unique. 
 

Defintion 

Given a point in R3, the position vector P is OPp =
�

. 
( )zyxP ,,  is then ( )zyxp =

�
. 

 
 

Theorem 

Given P1, P2 points in R3, ( )1111 ,, zyxP , ( )2222 ,, zyxP , then ( )12121221 zzyyxxPP −−−= . 
 

• Remark: So if ( )0,0,001 =P , ( )2222 zyxOP = . 
 

Example 

Let ( )1111 ,, zyxP , ( )2222 ,, zyxP . Let I be the midpoint of P1, P2. What are the coordinates of I? 
 

• 21 IPIP = . Suppose ( )zyxI ,,= . So ( ) ( )zzyyxxzzyyxxIPIP −−−=−−−�= 22211121 . So 

�
�
�

�

�
�
�

�

�

+
=

+
=

+
=

⇔
�
�

�
�

�

+=
+=
+=

⇔
�
�

�
�

�

−=−
−=−
−=−

2

2

2

2

2

2

21

21

21

21

21

21

21

21

21

zz
z

yy
y

xx
x

zzz

yyy

xxx

zzzz

yyyy

xxxx

. 

 

Proposition 

The line L is parallel to the vector ( )321 vvvv  passing through the point ( )0000 ,, zyxP  is 

{ }R∈+= tvtPL ,0
�

. The parametric equation of L is ( )
�
�

�
�

�

�
�

�
�

�

∈
+=
+=
+=

= Rt

tvzz

tvyy

tvxx

zyxPL ,:,,

30

20

10

. 

 
 

p
�
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RANK OF MATRICES 

Definition 

Let A be a m×n matrix. Let R1, R2,…,Rn be the rows of A. So 

�
�
�
�
�

�

�

�
�
�
�
�

	




=

nR

R

R

A
�

2

1

. The row space of A is 

( ) n
nRRRA R⊂= ,,,spanrow 21 � . Similarly, if ( )nCCCA ,,, 21 �= , Cj is the columns of A, then 

( ) m
nCCCA R⊂= ,,,spancol 21 �  is the column space of A. 

 

Theorem 

Let A, B, C be matrices of sizes m×n, p×m, n×q respectively. Then: 
1) ( ) ( )AAC colcol ⊂ , with equality if C is invertible. 
2) ( ) ( )ABA rowrow ⊂ , with equality if B is invertible. 

 

Theorem: Rank Theorem 

Let A be a m×n matrix. Then ( ) ( )AA rowdimdim = . 
Let R be the row-echelon form of A. Then Ar rank=  is the number of leading 1s in R, and 

( ) ( ) rAA == rowdimcoldim . 
Moreover, the r non-zero rows of R are a basis of row A. 
Let C1, C2,…,Cr be the columns with a leading 1 in R. Then the columns C1, C2,…,Cr of A is a basis of col A. 
 

Example 

Let 
�
�
�

�

�

�
�
�

	




−−

−
=

1521
3142
4121

A . Find the basis of col A and row A. 

 

• 
�
�
�

�

�

�
�
�

	




−
−

=→
1000

100
4121

3
5RA , 3rank =A . The basis of row A is 

�
�

�

�
�

�

�

�
�

�

�
�

�

�

�
�
�
�
�

�

�

�
�
�
�
�

	




�
�
�
�
�

�

�

�
�
�
�
�

	




−�
�
�
�
�

�

�

�
�
�
�
�

	




−
1
0
0
0

,
1
0
0

,

4
1

2
1

3
5

. The basis of col A is 

�
�

�
�

�

�
�

�
�

�

�
�
�

�

�

�
�
�

	




�
�
�

�

�

�
�
�

	


−

�
�
�

�

�

�
�
�

	




− 1
3
4

,
5
1
1

,
1

2
1

. 

 

Corollary 

1) TAA rankrank = . 
2) If A is a m×n matrix, then mA ≤rank  and nA ≤rank . 
3) VAAUA rankrankrank ==  if U, V are invertible. 
4) If A is a n×n matrix, then A is invertible iff nA =rank . 
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Example 

Let 
�
�
�

�

�

�
�
�

	




�
�
�

�

�

�
�
�

	




−�
�
�

�

�

�
�
�

	




−
�
�
�

�

�

�
�
�

	




−=
5

0
1

,
3
1

0
,

1
2

1
spanU . Find a basis of U. 

 

• Consider 
�
�
�

�

�

�
�
�

	




−
−
−

=
501

310
121

A . Now, AU row= . 
�
�
�

�

�

�
�
�

	




−=→
000
310

121
RA . So a basis of U is 

�
�

�
�

�

�
�

�
�

�

�
�
�

�

�

�
�
�

	




−�
�
�

�

�

�
�
�

	




−
3

1
0

,
1
2

1
. 

 

Example 

If 
�
�
�

�

�

�
�
�

	




−
−

−
=

2021
0112
2111

A , find a basis of { } 40:null R⊂== AXXA . 

 

• The augmented matrix is [ ]
�
�
�

�




�
�
�

�

�

−
−

=
00000
010
02111

0 3
4

3
1A . 

• Let 

�
�
�
�
�

�

�

�
�
�
�
�

	




=

4

3

2

1

x

x

x

x

X . So R∈

�
�

�

�
�

�

�

=
=

+−=

+−=

⇔
�
�
�

=−+
=−++

ts

tx

sx

tsx

tsx

xxx

xxxx
,,

043

02

4

3

3
4

3
1

2

3
2

3
2

4

432

4321 . 

• So 21
3
4
3
2

3
1
3
2

1
0

0
1

tXsXtsX +=

�
�
�
�
�

�

�

�
�
�
�
�

	




+

�
�
�
�
�

�

�

�
�
�
�
�

	




−
−

= . 

• So ( )21 ,spannull XXA ⊂ . Moreover, AX null1 ∈  and AX null2 ∈ , so ( ) AXX null,span 21 =  a 
subspace. 

• X1, X2 are independent: 0

0
0
0
0

1
0

0
1

0 21
3
4
3
2

2
3
1
3
2

12211 ==�

�
�
�
�
�

�

�

�
�
�
�
�

	




=

�
�
�
�
�

�

�

�
�
�
�
�

	




+

�
�
�
�
�

�

�

�
�
�
�
�

	




−
−

�=+ ttttXtXt . 

 

Theorem 

Let A be a m×n matrix, Ar rank= . 
1) If X1, X2,…, Xn-r are basic solutions of 0=AX , then it is a basis of null A. 
2) Since AA colim = , in particular…??? 
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Theorem 

Let A be a m×n matrix. Then rA =rank  iff there exists invertible matrices such that ��
�

�
��
	



=

00
0rI

UAV . 

 

Example 

Let 
�
�
�

�

�

�
�
�

	




−
=

8412
4201
1010

A . Find rank A. 

 

• Method: ( ) ( )URIA →3 . Then, ( ) ��
�

�
��
	



→ TrT V

I
IR

00
0

4 . 

• ( ) ( )URIA =
�
�
�

�

�

�
�
�

	




−
→

�
�
�

�

�

�
�
�

	




−
=

1211000
0011010
0104201

1008412
0104201
0011010

3 . 

• ( ) ��
�

�
��
	



=

�
�
�
�
�

�

�

�
�
�
�
�

	




−
−−

→

�
�
�
�
�

�

�

�
�
�
�
�

	




= TrT V
I

IR
0

0102000
1014100
0010010
0001001

1000114
0100002
0010010
0001001

4 . 

• So, 
�
�
�

�

�

�
�
�

	




−
=

121
001
010

U  and 

�
�
�
�
�

�

�

�
�
�
�
�

	




−
−−

=

0100
1000
0110
2401

V . ( )0
0100
0010
0001

3IUAV =
�
�
�

�

�

�
�
�

	




= . So 3rank =A . 

 

Theorem 

Let A be a m×n matrix. Then the following conditions are equivalent: 
1) 0=AX  has only the trivial solution. 
2) The columns of A are independent ( ( ) nA =coldim ). 
3) mnA ≤=rank . 
4) AAT  is invertible. 

 

Theorem 

Let A be a m×n matrix. Then the following conditions are equivalent: 
1) BAX =  has a solution for any mB R∈ . 
2) The columns of A span Rm ( mA R=col ). 
3) mA =rank . 
4) TAA  is invertible. 

 

Example 

Let ��
�

�
��
	


 −
=

201
102

A . What is rank A? 
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• 25
21
00
12

201
102

IAAT =
�
�
�

�

�

�
�
�

	




−
��
�

�
��
	


 −
= . Since ( ) ( ) 2

1
2

1
2 5

1
5
1

5 III == −− , so AAT is invertible, and 2rank =A . 

 
 
 

Lecture #9 – Tuesday, February 3, 2004 

COMPLEX NUMBERS 

Definition 

A complex number z∈C is given by biaz += , R∈ba, , i is a root of 101 22 −=�=+ ix . 
• za Re=  is the real part of z. 
• zb Im=  is the imaginary part of z. 

 
• Remark: If R∈a , then C∈+= iaa 0 . 
• Remark: bi+0  is a pure imaginary number. i is the imaginary unit. 

 

Definition 

• biaiba ′+′=+  iff aa ′=  an bb ′= . 
• ( ) ( ) ( ) ( )bbiaabiaiba ′++′+=′+′++ . 

• ( )( ) ( )babaibbaabiaiba ′+′+′−′=′+′+ . 
 

Example 

Let iz += 2 , iw 23 −= . 
 

1) iwz 31+−=− . 
2) iiizw −=+−+= 83426 . 

3) ( )
42

1
2

4
1

4
1 i

iz +=+= . 

 

Example 

Find all complex number z such that iz −=2 . 
 

• Let ibaz += . So ibabiaz −=−+= 222 2 . 

• So 
�
�

�
�

�

±=

−=
⇔

��

�
�
�

=

<−=
⇔

��

�
�
�

−=
=−

2

1
12

0,

12
0

2

22

a

ab

a

abba

ab

ba �
. So 

22

1
1

i
z −= , 

22

1
2

i
z +−= . 

 

Definition 

Let biaz +=  be a complex number. The conjugate of z is biaz −= . The modulus of z is 22 baz += . 

 

• Remark: zzbaz =+= 222 . 
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• Remark: 002 =⇔= zz . 

 

• If 0≠z , 
2

1

z

z
zz
z

z
== . 

• If ibaz += , 
22

1

ba

iba
z +

−= . 

 

Example 

Write 
i
i

−
+

1
3

 in the form bia + . 

 

• 
2

1
1

1 i
i

+=
−

. So ( ) i
i

i
i
i

21
2

1
3

1
3 +=�

�

�
�
	


 ++=
−
+

. 

 

Proposition 

1) wzwz ±=± . 

2) wzzw ⋅= . 

3) 
w
z

w
z =�
�

�
�
	


 . 

4) ( ) zz = . 
5) R∈�= zzz . 
6) wzzw = . 

7) 
w

z

w
z = . 

8) wzwz +≤+  (“triangle inequality”). 

 
 

THE COMPLEX PLANE 

 
 
 

z  

ww −=  

wz +  
b 

a 

-b 

ibaz +=  

ibaz −=  
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POLAR FORM OF COMPLEX NUMBERS 

 

• πθπ ≤<− . 
• ( ) θθθθ sincossin,cos iP += . 

• 1sincos 22 =+= θθP . 

 

Examples 

1) 0=θ : 1sincos =+ θθ i . 

2) 
2
πθ = : ii =+ θθ sincos . 

3) πθ = : 1sincos −=+ θθ i . 

4) 
2

3πθ = : ii −=+ θθ sincos . 

 

Definition 

Let 0≠+= ibaz . Then 
22 ba

iba
z
z

P
+

+== , and 1===
z

z

z
z

P . Since P ∈ C, so there exists a θ such 

that θθ sincos iP += . θ is the principle argument of z, denoted zarg . 
 

• Remark: If θ is the principle argument of z, Z∈+ kk ,2 πθ  is an argument of z. 
 
 
 

Lecture #10 – Thursday, February 5, 2004 
Definition 

We write θθθ iei =+ sincos . If rz =  and θ=zarg , then the polar form is θirez = . 

 

Example 

Write iz 331 −=  and iz 22 =  ins polar form. 
 

• Let 2333 22
11 =+== zr . So 4

11 23
22

1
π

i
e

i
rz

−
=��

�

�
�
�
	



−= . 

• Let 220 22
22 =+== zr . So ( ) 2

21 20
π

i
eirz =−= . 

 

Theorem 

If 1
11

θierz = , 2
22

θierz = , then: 

1) ( )21
2121

θθ += ierrzz . 

2) 2121 zzzz = . 

3) ( ) ( ) ( )2121 argargarg zzzz += . 
 

( )θθ sin,cosP  θsin  

θcos  1 

i 

-i 

-1 
θ 

C 
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Example 

Multiply ( )( )ii 311 +− . 
 

• 21 =− i , so 42
22

1
21

π
i

e
i

i
−

=��
�

�
�
�
	



−=− . 231 =+ i , so 32

2
3

2
1

231
π

i
eii =

�
�

�

�

�
�

	



+=+ . So, 

( )( ) �
�

�
�
	


 +==
�
�

�

�

�
�

	




�
�

�

�

�
�

	



=+−

−

12
sin

12
cos222222311 1234 πππππ

ieeeii
iii

. 

• Since ( )( ) ( ) ( )iii 1313311 −++=+− , we know 
22

13
12

cos
+=π

 and 
22

13
12

sin
−=π

. 

 

Remark: If θirez =  is given in polar form, then θierz 222 = , θierz 333 = , and θie
rz

−= 11
. 

 

Theorem: De Moivre’s Theorem 

( ) θθ inni ee =  for n ∈ Z. So ( ) ( ) ( )θθθθ nini n sincossincos +=+ . 
 

Example 

Calculate ( )41 i− . 
 

• 21 =− i , so 421
π

i
ei

−
=− . Hence, ( ) 4421

4

44 −==
�
�

�

�

�
�

	



=− −− π

π
ii

eei . 

 

Example 

Find the 4th root of unity, i.e. all z ∈ C such that 14 −z . 
 

• We write θirez = , so θierz 444 = . 

• 04 1 iez ==  gives 114 =�= rr . 

• 
2

,2404
πθπθθ k

kk =�∈=�= Z . 

• When 0=k , 0=θ , so 10 =z . 

• When 1=k , 
2
πθ = , so iez

i
== 2

1

π

. 

• When 2=k , πθ = , so 12 −== πiez . 

• When 3=k , 
2

3πθ = , so iez
i

−== 2
3

3

π

. 

• When 4=k , πθ 2= , so 0
2

4 0 zez i === π . Therefore, there are no more roots. 
 

Theorem 

If 1≥m , then the mth roots of unity are 1,,1,0,
2

−== mkez m
ki

k �

π

. 
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Example 

Find the 3rd roots of i344 + . 
 

• We look for z such that iz 3443 += . 

• 8344 =+ i , so 38344
π

i
ei =+ . 

• If θirez = , 3333 8
π

θ i
i eerz == . So 283 =�= rr , and 

3
2

9
2

3
3

ππθππθ k
k +=�+= . 

• So, 9
0 2

π
i

ez = , 9
7

1 2
π

i
ez = , 9

13

2 2
π

i
ez = . 

 

Definition 

A real quadratic is given by 0,,,2 ≠∈++ Rcbacbxax . a root of the quadratic is a complex number such 

that 02 =++ cbuau . 
a

b
u

2
∆±−= , where acb 42 −=∆  is the discriminate. If 0≥∆ , u ∈ R. If 0<∆ , 

∆±= ir  and 
�
�
�

∈
∈

C
C

u

u
. 

 

Example 

Find a real quadratic such that iu 23 +=  is a root. 
 

• ( )( )uxux −−  is the solution. So the quadratic is ( )( ) 1362323 2 +−=+−−− xxixix . 
 

Complex Quadratic 

• 0,,,,2 ≠∈++ acbacbxax C . 

• C∈−=∆ acb 42 , and z=∆ . 

• 
a

zb
u

2
1

1
+−

= , 
a

zb
u

2
2

2
+−

= . 

 

Example 

Find the roots of ( ) ixix −+−+ 122 . 
 

• 
( )

2
2 ∆±−−= i

z . ( ) ( ) 1142 2 −=−−−=∆ ii , so i±=∆ . So 
( )

�
�
�

−=
+−=

�
±−−=

1

1

2
2

2

1

z

izii
z . 

• Remark: ( ) ( ) ( )( )212121
22 12 zxzxzzxzzxixix −−=++−=−+−+ . 

 

Theorem 

Every polynomial of positive degree with complex coefficient has a complex root. If f such a polynomial, 
then ( ) ( )( ) ( )nuxuxuxaxf −−−= �21  for some a, ui ∈ C. 
 

Corollary 

If f has real coefficient, f can be factored as a product of linear and inducible quadratic factors. 


