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Lecture #1 — Tuesday, January 6, 2004

1.1 SOLUTIONS AND ELEMENTARY OPERATIONS

Example

Create a diet from fish and meal that contains 193g of proteins and 83g of carbohydrate. We know that fish
contains 70% protein and 10% carbohydrate, and meal contains 30% protein and 60% carbohydrate.

0.7x+0.3y =193

we obtain .
{0.1x+0.6y =83

e Assume that the diet contains xg of fish and yg of meal,
Definition
A linear equation is an equation of the form a,x, +...+a,x, =b where:
® Xx,...,x,are variables;
® q,,..., a,are real numbers called coefficients;

e ) is the constant term.

Examples
1) ax+by=c.
2) 3x;+2x, —x3=0.

3) 2)c12 +x, =1 —not a linear equation.

Definition

A finite collection of linear equations in the variables x;,

Examples

/|
|

Definition

x =1
x2=3.

3)(:1 _XZ =0

..., X, is called a system of linear equations.

Given a linear equation a,x, +...+a,x, =b, a sequence of n real numbers s,..., s, is called a solution to the

linear equation if a;s; +...+a, s, =b. Similarly, this also applies to a given system of linear equations.

Example

i x =1
Given (S 1 and (S )
XZ = 3

(1, 3) is a solution of (S;).

2x, +4x, =14

, what is
3x,—x, =

Page 1

the solution to (S;) and (S,)?

(1, 3) is also a solution of (S,) because 2(1)+4(3) =14 and 3(1)— (3) =0.
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Example

+y=1
e (s 3 ){x Y has no solution.

x+y=
Example
S| =—+s5—t
. S, =38 ) . X =3xy +x3—x, =1
Prove that for any s, 7 in R, is a solution to the system .
1
§4=——2s
2

] 51 =35, +53 =84 =%+s—t—3s+t—[%—2sjZ%—%+s—3s+s—t+t=1.

3 1 3.1
® s +s,+s3+8, =E+s—t+s+t+5—2s=E+E+s+s—2s—t+t=2.

Definition
s, t are called parameters. sy,..., S4 described this way is said to be given in parametric form and is called the
general solution of the system.

Remarks

¢  When only 2 variables are involved, solution to
systems of linear equations can be described

geometrically because a linear equation
L:ax+by=c isastraight line if a, b are not - -/
1

both 0. P(s,,s,) isinLifitis a solution of

ax+by=c.

e  If there are two linear equations, L, :ax+by=c and L, :dx+ey= f ,then the solution to the system

ax+by=c . .
S is the intersection of L; and L,.
dx+ey=f

e The solution of (S) is (Sl’SZ) where

S~ Plsi,s,)=L L,
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e The solution of (S) are given by the (Sl’ S2)
L such that as; +bs, =c (and this implies that

/ ds, +es, =f).

¢ (S) has no solution.

"

.

Definition
The elementary operations are:
1) Interchange 2 equations.

2) Multiply one equation by a non-zero number.
3) Add a multiple of one equation to a different equation.

Definition

Two systems of linear equations are said to be equivalent iff the solutions of the systems are the same.

Theorem

Suppose that an elementary operation is performed on a system of linear equations, then the resulting system
is equivalent to the original one.

Example
+2y=1
Solve: ey .
3x—-y=4
x+2y=1 R, x+2y=1 R, x+2y=1 R, 7x=9 R/=R)
@ ’ @ ” I<:> 4
3x-y=4 R, 6x—-2y=8 R, =2R, 7x=9 R, =R, +R, x+2y=1 R, =R,
o 9 9
xX== xX==
7 7
< 9 27 1
Iy=1—-2=_2 —_2
Y 7 7 Y 7

e  The solution of the system is (g ,—%).
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Definition
3x+3x5 —x3—x, =2
Consider the specific system X, —x, +3x3 =4 of 3 linear equations in 4 variables. We define the
X, +2xy + x5 +4x, =5
33 -1 —-1|2
array of numbers associated to this systemas |1 —1 3 0 | 4/. Thisis called the augmented matrix
1 2 1 415

associated to the system.

Example
x+2y=1

Write the augmented matrix of the system .
3x—y=4

I 21
The corresponding augmented matrix is [3 | ‘ 4} .

Example

x+2y=1 . .
Solve using augmented matrix.
3x—-y=4

1 2 1]R, [1 2 |1]R 1 2| 1]R, 7 0]9
s , A ” » =
10 gRl’:lRl 10| 2 |R 10| 2 |R
A 7 7 Ad 2 ”_ p” , < 1 R”N_lR”’
1
So x==, y=——.
Y 7
Definition

The elementary operations for the augmented matrix are:
1) Interchange 2 rows.

2) Multiply one row by a non-zero number.
3) Add a multiple of a row to a different row.

Example

Solve using augmented matrix.
X tx, +2x5 =1

21 -11]0 21 -11|0 21 -11]0
L4 = (=1 .

11 211 2 2 4 |2(x2 01 5|2
{le +x,—x3=0

x2+5)C3 =2'

x3=s5,5€R.
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* x,=2-5s.
. 2x1=—x2+x3=—(2—5s)+s=—2+6s:x1=—1+3s.

x, =3x-1
e So, yx,=2-5s ,seR.
X3 =8

1.2 GAUSSIAN ELIMINATION

Definition

A matrix is said to be in row echelon form (and will be a row echelon matrix) if it satisfies the three
conditions:
1) All zero rows are at the bottom.
2) The first non-zero entry from the left is 1 and is called a “leading 1” for that row.
3) Each “leading 17 is to the right of all the “leading 1°s” in the row above.
Moreover, a row echelon matrix is said to be in reduced row echelon form if it also satisfy the last condition:
4) Each “leading 1” is the only non-zero entry of its column.

Examples
(0 1 = %= % %= = e This matrix is in row echelon form.
0 0 1 % = x =
00 001
0000000
(0 1 0 = 0 ¢  This matrix is in reduced row echelon form.
001 = 0
00 0 01
00 00O
Theorem

Every matrix can be brought to row (reduced) echelon form by a series of elementary row operations.

Examples
1 00 ¢ Row echelon matrix.
01 0 e Reduced row echelon matrix.
0 01
1 2010 e  Not a row echelon matrix.
001 21
0000 2
1 2010 e Row echelon matrix.
001 2 1 e Not a reduced row echelon matrix.
0 0001
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Lecture #2 — Thursday, January 8, 2004

Definition

Let (S) be a system of linear equations and M be the corresponding augmented matrix when M has been
brought to the reduced row echelon form, variables corresponding to the column containing a leading 1 are
called leading variables.

e Remark: The non-leading variables end up as parameters in the final solution.

Example
x+2y—z=2
Solve {2x+5y+2z=-1.
x+3y+3z=-3
1 2 -1| 2 )\R, 1 2 —-1| 2)\R, 1 2 -1| 2 )\R,
o 25 2|-1|R,be|0 1 4 |-5(R,-2R |0 1 4 |-5|R,
xX+2y—z=2 x=12+409s
. y+4z=-5c<y=-5-45,5e R.
0=0 z=s
Example
x+2y—z=2
Solve <2x+5y+2z=-1.
x+3y+3z=2
1 2 -1| 2R 1 2 —-1| 2 )\R, 1 2 —-1| 2)\R, 1 2 -1| 2)\R,

e (25 2|-1|R, |0 1 4|-5|R,—2R, &|0 1 4 [-5|R, |0 1 4|-5|R,
13 3[2)R; 0 1 4] 0)R-R 00 0|5JR,-R; |0 0 0]5)Lg,

x+2y—z=2
. y+4z=-5. The system has no solution
0=1

Gaussian Algorithm

Let M be an augmented matrix of a system.
1) If M =0 (.e. all entries are 0), stop.
2) Otherwise, find the first column from the left containing a non-zero entry (call it @), and move the row
containing that entry to the top position.

. 1 .
3) Now multiply that row by — #0 to create a leading 1.
a
4) By subtracting multiples of that row from rows below, make each entry below the leading 1 zero.

5) Repeat steps 1 to 4 on the matrix consisting of the remaining rows.

Example

Bring the following matrix to row echelon form using the Gaussian Algorithm:
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00 3 1 4 0 2 -4 2 0)\R, 01—210%R101—210%Rl
02—420_)00314R1 00 3 1 4 _)00314
01 -210 01 -210 01 -210 00 0 O O|R Ry
04 -9 0 3 04 -9 03 04 -9 0 3 0 0 -1 -4 3)R,—R,
01 -2 1 0 01 -2 1 0
1 41 1 4
. oo 1 35 3 §R2_) 00 1 3T 3
0 0 -1 -4 3|R, 00 O —1—31 1—33 R, + R,
00 0 0 O/Rs 00 O 0 o
01 -21 0
1 4
R 00 1 3 313 .
00 0 I —53|-78
00 0 0 O
Definition
A system of linear equations that has no solution is called inconsistent. A system that has solution is
consistent.
Example

x+2y+z=a

Consider (S 2x—y+3z=> . Find condition on (a, b, ¢) so that (S) is consistent.

Sy—z=c

1 2 1 |a) (1 2

2 -1 3 |b|&|0 =5
0 5 -1]c 0 5
x+2y+z=a
1, _2a-b
Y75 5
O=2a—b—c
5
Definition

1
1
-1

a

b-2a

c

=4

S o =
—_ =N
|

It can be proven the reduced row echelon form of matrix A is uniquely determined by A. The number r of
leading 1 is called the rank of A (r =rank A).

Example

Determine to rank of the matrix:

3 4
-1 0].
2 4
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1 2 3 4
e  Applying the Gaussian Algorithm, we obtain this row echelon matrix: |0 1 % % .So rank A=2.
0000

e Remark: The number of leading 1’s is the same for the reduced row echelon matrix and the row echelon
matrix.

Theorem

Suppose a system of m equations and n variables has a solution. If the rank of the corresponding row echelon
matrix is 7, then the set of solution involves exactly n—r parameters.

1.3 SYSTEM OF HOMOGENEOUS EQUATIONS

Definition
A system of linear equations is homogeneous if all the constant terms are 0 (a;x; +a,x, +...+a,x, =0), (0,
0, ..., 0) is a solution of homogenous system. It is called the trivial solution. A non-trivial solution is any

other solution.

Theorem
If a homogenous system of linear equations has more variables than equations, then it has a non-trivial
solution.

Lecture #3 — Tuesday, January 13, 2004

2.1 MATRIX ADDITION, SCALAR MULTIPLICATION, AND TRANSPOSITION

Definition

A rectangular array of number is called a matrix, and the numbers are the entries. A mXn matrix is a matrix
with m rows and n columns.

A 1Xn matrix is a row matrix.

A mx1 matrix is a column matrix.

Examples

1 2 4) . .
1) A= is a 2X3 matrix.
5 -1 0

0 1) . .
2) 3 is a 2X2 matrix.

-1
1
3) 4 | is a column matrix with size 3x1.
-1
Definition

The (i, j)-entry of a matrix is the number lying simultaneously in row i and column j.

Page 8 of 38



MAT223H1a.doc

Notation
ap  ap ayy
L . . _ |9 G ... Ay (s
et A be a mxn matrix. We denote a; the (i, j)-entry of A so that A=| . : T, A= (l, ]) .
aAm ) A
Example

1 4 5 0
If A= [0 5 1 2) , the (1, 2)-entry of A is 4, and the (2, 4)-entry of A is -2.

Definition

A matrix nxn is called a square matrix.
Let A= (aii) be a nxn matrix. The entries ayy, ds,..., a,, are said to lie on the main diagonal of A.

Definition
Let A, B be two matrices A= (aU ), b= (bu) A=B iff:
e A and B have the same size.

®  Their corresponding entries are equal: a; =b;; .

Example

a b 1 4 5 1 2 . o
Let A= , B= , C= . Discuss the possibility that A=B, A=C.
c d 0o -1 2 -1 -2

A =B isimpossible: A is a 2X2 matrix, but B is a 2X3 matrix.
A=C iff a=1, b=2, c=-1, d=-2.

Definition
Let A= (aij) and b= (b[j ) , two mxn matrices. We define C=A+B= (aU +bij) and
D=A-B= (aU —b;; ) , where C, D are mxn matrices.

Remark: Addition is not defined for matrices of different sizes.

Example
1 2 1 -1 1+1 2-1 21
If A= , B= ,then A+B= = .
0 3 4 =2 0+4 3-2 4 1

Example

1 2 -1 3
Solve +X =
-3 1 -2 -4

X must be a 2X2 matrix.
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. a b -1 3 1 2 a b a+l b+2
e Write X = . We want = + =
c d -2 -4 -3 1 c d c-3 d+1
—1=a+l1 a=-2

3=2+b b=1 -2 1
e So = —> X = .
-2=-3+c c=1

—4=1+d d=-5

.. . -1 3 1 2 -2 1
e Similarly, we could have written X = — = .
-2 -4 -3 1 1 -5

Definition

Let k be a number and A= (a i ) a matrix. Then kA is the matrix B = (kaij )

Example
(2 —1] 3
Let A= . Compute —A.
3 1 2
I N
3(3) 30) > 7
Example

If kA=0, show that either k=0 or A=(0)=0.

e Suppose A:(aij),then kA:(kaij).Sothen kA=0 ka; =0 foralli,j.

e If k=0, there is nothing to do.
o If k#0,then ka; =0=a; =0 foralli,j.So A=(a;)=0.

Theorem

Let A, B, C be mxn matrices. Let k, pe R. Then:
1) A+B=B+A - commutative.
2) A+(B+C): (A+B)+C — associative.
3) 0+A=A.
4) A+(-A4)=0.
5) k(A+B)=kA+kB.
6) (k+p)A=kA+pA.
7 (kp)A=k(pA).
8) IxA=A.

Example
Let A, B, C, be mxn matrices. Simplify 6(A+3B)-2(C —B)+4[22A-B+C)+4(B+2C).

Page 10 of 38



MAT223H1a.doc

e  We calculate:
6A+18B—2C+2B+4(4A—-2B+2C +4B+8C)

=6A+20B-2C+16A+8B+40C
=22A+28B+38¢

Example
X+y=02 -1 3)

Find X, Y such that .
X-2vr=(-1 2 3)

e X+Y-(x-2v)=(2 -1 3)-(-1 2 3)e3¥r=3 -3 0)eor=01 -1 0).
e Xx=02 -1 3)-vy=02 -1 3)-(1 -1 0)=(1 0 3).

Defintion

Let A be a mxn matrix, A= (aij ) The transpose of A, written AT is the nxm matrix given by AT = (a i )

Example
1 2 17
1 -1 0 6 1 3 )
Let A=[2 3 -4 0| bea3x4matrix. Then AT = 0 4 5 is a 4X3 matrix.
7 1 -2 3
6 0 3
Theorem

Let A, B be matrices of the same size. Let k€ R . Then:
(a7 =a.
2) (k)" =k(aT).
3) (A+B)" =AT +BT.

Definition

A matrix A is called symmetric if A= AT
e Remark: A symmetric matrix is necessarily square.

Example

a

b
Let A =( d] . When is A symmetric.

c

o AT =9 | 50 A=A" iff b=c.
b d

Example

Let A, B be two symmetric matrices. Show that A+ B is symmetric.

. (A+B)T =AT +BT =A+B,since A=A" and B=B" (definition of symmetric).
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e So, since (A+B)T =A+B, A+B issymmetric.

Example

Suppose that A is a mxn matrix such that AT =3A . Showthat A=0.

e (A7) =A,50 BAV =4 3AT)=A©3(34)=A094=Ao84=0= A=0.

2.2 MATRIX MULTIPLICATION

Definition
Let A= (a[j) be a mxn matrix, and B = (blj) be a nxk matrix. Then C = (C[j ): A-B is a mxk matrix such

that C[j B ailblj + aizsz +...+ ambnj .

Example
1 o ) 31 -1 1
Let A= (2 1 0 J , B=|0 -4 2 0 |.Compute the (1, 2)-entry and (2, 3)-entry of AB.
1 2 3 -1

Let C= cjj = AB . Cis a 2x4 matrix. We want to compute ¢y, and ¢53.

Cpp = 01+ (0)-4)+(=2)2)=-3.
€3 = 2)=1)+(=1)2)+(0)3)=—4.

Example

1 2 0 1
Let A= , B= . Compute AB and BA.
-1 1 -2 3

((M0)+2)-2)  OW)+Q)3) \ (-4 7
AB‘[(—I)(0)+(1)—2) (—1)(1)+(1)(—3)j_[—2 2)'

-1 1
 BA= :

e Notice AB# BA.

Example

6 9 5
Let A= 6 .Compute A" =A-A.

» (00
e A= =0 although A#0.
00

Definition
Let A, B be two matrices such that they can be multiplied. If AB = BA, we say that A and B commute.
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Example

A commutes with A (hence AT=A-A ).

Definition

For ne N, I, is the identity matrix defined by 1, =|. . . . |, where I, is a nxXn matrix.

00 ... 1

Examples

Theorem

Let k be a scalar and A, B, C be matrices of sizes such that the indicated operations can be performed. Then:
1) IA=A, IB=B.
2) A(BC)=(AB)C.
3) A(B+C)=AB+AC, (B+C)A=BA+CA —distributive laws.
4) k(AB)=(kA)B = A(kB).

5) (AB)" =BTAT.
Example
Let A, B, C be matrices such that A and B commute with C. Show that AB commutes with C.

e Since A and B commute with C, AC=CA and BC=CB.
e (AB)c=A(BC)=A(CB)=(AC)B=(CA)B=C(AB). Since (AB)C =C(AB), AB commutes with C.

Lecture #4 — Thursday, January 15, 2004

MATRICES AND LINEAR SYSTEMS

Example

Consider the system .
X, +2xy —4x; =b,
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e It can be written as = or Xy |= .
X +2x, —4x5 b, 1 2 -4 b,
e [Ithasthe form AX =B.

Definition
AX =B is called the matrix form of the system.
® A is the coefficient matrix.

e  Bis the constant matrix.
X;isasolutionif AX,=B.

Definition

Given a system AX = B, the system AX =0 is called the associated homogeneous system.

Theorem

Let X, be a particular solution of AX = B . Then every solution X, to AX =B has the form X, =X, + X,
for some solution X, to AX =0.

Proof

* X, isasolutionof AX =B .Itmeansthat AX,=B.

e Let’s consider X, any solution of AX =B.So AX,=B8B.

e Define X,=X,-X,.S0 AX,=A(X,-X,)=A4X,-AX,=B-B=0.
e S0 AX)=0=X,=X,+X,.

Example
x—y+z=1
Consider the system <x+ y+2z=0. Gaussian Elimination gives the row-echelon augmented matrix:
x—=3y=2
—1_3
1 -1 1] 1 X=5758
1]_1 =——1_1
1 3 3 sothat {y= > 2s,seR.
0 0 0O z=s
1 _3
X 2 2
* x,=|y| isasolutioniff x,=| 3 |+5 —3 |=x +x,.
z 0 1
1 _3
2 2
e Remark: This method gives x; = —% a particular solution, x, = —% the solution to the associated
0 1

homogeneous system.
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Example
-2 1 -4
Solve AX =0 where A=|{0 1 -3 2
-1 -2 =2

1 -2 1 -4]0 1 -2 1 -4
e The augmented matrixis (O 1 -3 2 [0|—=|0 1 -3 2
-1 -2 =210 1 0 0 O

0
0
0
X Ss 5 0
Xy ) 3s—2t 3 -2
e So X-= , the solutions are X = ,5,te R.So X =35 +1 =sX, +1X,
X3 s 1 0
Xy t 0 [ 1
Definition
X, and X, are called the basic solutions of AX =0. X =sX, +1X, is a linear combination of the basic

solutions X, and X5.

Theorem

Consider the homogeneous system AX =0 inn variables, where rank A =r . Then:
1) The system has exactly n—r basic solutions.
2) Every solution is a linear combination of the basic solution.

BLOCK MULTIPLICATION

Theorem
X1
. . T X .
Let A= (cl,cz,...,cn) be a mxn matrix with columns ¢y, ¢,,...,c,. If X = (xl,xz,...,xn) =| . 1s any
xn
X1
X

2
AX=(c1,c2,...,cn S |FExc e ot

Page 15 of 38



MAT223H1a.doc

Example
1 00 O O
o 110 0 O I, 23 . . . .
Let A= = , P is a 2x2 matrix and Q is a 2X3 matrix. Let
1 3|1-21 0 P
-2 411 3 -1
1 -1
2 4
B=|1 3 |= [—j , X is a 2x2 matrix and Y is a 3x2 matrix.
-2 2
1 -5
I 0)X IX +0Y X
e  We can calculate AB = = = .
P O\Y PX +QY PX +QY
Theorem

B X B X
Suppose that A = (0 C] , A= (01 Clj are nxn matrices where B and B, are pxp matrices and C and
1 1

i BB, B X, +XC,
C, are gxq matrices (n= p+gq ). Then we can conclude that AA, = .

0 cc,

Lecture #5 — Tuesday, January 20, 2004

2.3 MATRIX INVERSES

Definition

If A is a square matrix, a matrix B is called an inverse of A iff AB =1 = BA. A then is called an invertible
matrix.

Example

2 1) . . 1 -1
Show that B = 11 is an inverse of A = .

-1 2
I -1)2 1
e Compute AB= =1
-1 2 A1 1

.. 2 1Y 1 -1
e Similarly, BA= =1.
1 1A-1 2

Example

01
Show that A:[O 4) has no inverse.
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b
e Let B= (a d] be an arbitrary matrix. We want to solve AB=1 and BA=1.
c
c=1 c=1
0 1)a b 1 0 d=0 c=0 . .
e AB= =1= = = , therefore, there is no solution.
0 4\c d 01 4c=0 d=0
4d =1 d=4

Theorem
If B and C are both inverses of A, then B = C.

Proof

e “Band C are both inverses of A” means AB=1=BA, AC=1=CA.
e Hence, C=CI=C(AB)=(CA)B=IB=B.

Definition

If A is invertible, we denote A" as the unique inverse of A.

Example
-1
-1

) (0 -1 3.2 (1 0)
AT =AXA= AV =A"XA= =1.
1 -1 01

0 -1
So A3=A2><A=I=A><A2:>A‘1=A2=(1 J.

1
Let A :[ Oj . Show that A® =1 and deduce A™".

Example

a b ] 1 d -b
If A= , where ad —bc #0,showthat A~ = .
c d ad—-bc\—c a

e  Wehavetoprovethat AA™ =7 and A™'A=1.

4 [a b 1 d -b 1 ad —bc 0
AAT = X = =1
c d) ad—bc\—-c a ad —bc 0 ad —bc

AT A 1 d -b o a by 1 ad —bc 0 _7
ad—-bcl-c a ¢ d) ad-bc 0 ad —bc)

INVERSES AND LINEAR SYSTEMS

Theorem

Suppose a system of n equations and m variables is written in matrix form: AX =B, A is of size mxm. If A is
invertible, the system has the unique solution X = A7'B.
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Example

x=y=2

1
Let A:[

21
1 2 j We know that A™! = [1 J . Use it to solve the system {

—x+y=4

X 2
o Jet X :[ j , B= (4) The system can be written AX =B .
y

e )

X

=8
¢  Finally, we have { .
y=6

MATRIX INVERSION ALGORITHM

If A is an invertible matrix, there exists a sequence of elementary row operations that carry A to the identity
matrix of the same size, written A — [ . Then the same series of row operations carries [ — A7". We write

[A 1 ] - lI A_IJ and perform the row operations on A and / simultaneously.

e Remark: If A cannot be brought to 7, then A is not invertible.

Example

1 0 4
Use the Inversion Algorithm to find the inverse of A={2 1 0].
I 11

1 0 41 00 1 ool & -4
o Wewrte [A I]=|2 1 0|0 1 O|>[0 1 0|-2 -3 & |=[1 4].
11 1{oo0 1 (o0 1|+ -1 1
1 4 -4
e SoA'=1_2 _3 3
1 -1 1

Theorem

Let A be a nxn matrix. There are 2 possibilities:
1) We can reduce A to I by elementary row operations and obtain A™ by the Inversion Algorithm.
2) We cannot reduce A to I, and then A is not invertible.

Example

—1 T
If A is an invertible matrix, show that A!is also invertible and (AT) = (A_l) .

e Wehave A4 =1.50 (447} =17 =1 . Finally, (a7} (A) =1.

e Similarly, AA”" =7 gives AT(a7) =1 =(a7)" = (a7) .
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Example

Let A, B, be invertible matrices. Show that AB is invertible and (AB)_1 =B'A™".

Let us calculate (AB)(B_IA_1 ): A(BB_l )A_l =AA =1,
Similarly, (B~'A™'AB)=1.

Theorem

All the following matrices are square matrices of the same size:

lisinvertibleand 17 =1.

If A is invertible, A" is also invertible and (A‘l )_l =A.

If A and B are invertible, so is AB and (AB)_1 =B7'A™".

If Ay, Ay,..., A are invertible, then (A;,A,,..., A, )" =4, .. A"

—1 k
If A is invertible, sois A*,k >1, and (Ak) = (A_l) .
If A is invertible and a # 0 , then aA is invertible. (aA)™ = La,
a
—1

If A is invertible, so is A" and (AT) = (A_1 )T .
Corollary
A square matrix A is invertible iff A is invertible.
Example

1
-1 - 0
Find A if (A‘l —31) =[ 2 }
-1
-1
. Sy (Lo 2 0 , 2 0y (50 51
a7 —3r=[(a7=31)" )= X = .So AT =3I+ = ,and A=
-5 1 11 11 1 4 0 4

Theorem

Let A be a nxn matrix. Then the following conditions are equivalent:
A is invertible.
The homogeneous system AX =0 has only the trivial solution X =0.
A can be carried to / by elementary row operations.
For every column B, the system AX =B has at least one solution.
There exists a nxn matrix C such that AC =1, .

Corollary

If AC=1,,then CA=1, forA, C nxn matrices. In particular, A and C are invertible and Al=C s
C'=A.
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Example

4 =2
Show that A=

has no inverse.
-10 5

1 0
e Remark that A(Zj = (Oj , S0 there exist a non-trivial solution. Therefore, A has no inverse.

2.4 ELEMENTARY MATRICES

Definition

A nxn matrix is an elementary matrix if it is obtained from the nxn identity by an elementary row operation.

Examples
10 1 00 1 30

E =1 0 0|, E,=|0 5 0|, E;=|0 1 0| areelementary matrices.
01 0 01 0 01

Theorem

Let A be a mxn matrix. Let E be a mxm elementary matrix corresponding to some elementary row operation.
If the same elementary row operation is performed on A, the resulting matrix is EA.

Example
31 4 =2 1 00 31 4 -2

Let A=|{0 3 -1 1|, E=|2 1 O0|.Then EA={6 5 7 -3| isobtained also by adding
4 -2 3 5 0 01 4 -2 3 5

two times R, to R;.

Theorem

An elementary matrix E is invertible. E”' is the elementary matrix corresponding to the elementary row
operation that transformed the matrix FA into A.

Example
1 00 1 00 1 05
Write the inversesof E; =|0 0 1|, E,={0 1 0|, E;5=/{0 1 0
010 0 0 2 0 0 1
1 00 1 00 1 0 -5
e ET'=E=|00 1|, E,'=|0 1 0], Es'=|0 1 0
010 001 00
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Lecture #6 — Thursday, January 22, 2004

Theorem

Let A be a mxn matrix. Assume that A can be carried to a matrix B by elementary row operations. Then:
1) B=UA, where U is invertible, U is mxm matrix.
2) U=EgxXEL X---XE| where E; are elementary matrices.

3) Wehave [A I,,]—>[B U]
Example
21 3
A= i
1 4 -2
21 3|10 1 4 =210 1
. - .
1 4 -2]0 1 01 -1]-1

1 4 -2 0
e So B= =UA, U=| |
01 -1 -

M~ G

Qo =

Corollary

A square matrix A is invertible iff A is the product of elementary matrices.

Example

[3
Let A=
1

, 3 -2 1 0 1 0 10 0 1 1 0 1 0
e Since - - - ,80 E| = , E,= , Ey=
1 0 3 -2 0 -2) (o1 0 -3 1 0 -
-1 B -1 0 1 -1 Lo
o EE,E\A=1= A=(E;E,E)" =E,'E,'E;”",and E,”' =E, = , B, = ,
g [0
o -2)

0 1)1 oY1 o
[ ] A: .

1 0)3 10 -2

e Remark: A_1:E3E2E1.

j . Write A as a product of elementary matrices.

—

Operation Inverse Operaton
e Interchange row p and row gq. ¢ Exchange row p and row gq.

e Multiplerowp by c#0. e Multiple row p by 1
¢

e Add k times row p to row gq. e  Subtract k times row p to row gq.
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Lecture #7 — Tuesday, January 27, 2004

VECTOR SPACE IN R": VECTORS AND LINES

Definition
A vector v in R" is an ordered sequence of n real numbers called n-tuples. We will consider v as an nx1
matrix (or 1Xn matrix).

Example
1 -1
InR", u= , v= .
2 4
e O =initial point of u, v

- ¢ A =terminal point of u
® B =terminal point of v

v
B u u
| | |
I I I I
Definition
The magnitude (length) of a vector is the distance between the initial point and the terminal point. We denote
it ||v].
Example

1 1
InR", u =(2]. So |u] = (12 +22)2 =5
* Remark: 0= (0 0) is the only vector such that ||0|| =0.

Definition

Addition and multiplication by a scalar are defined as for the matrices.

Theorem 1

Let u, v, w be vectors in R". Then:
1) u+v=v+u.
2) u+(v+w)=(v+u)+w.

3) u+0=u.
4) lu=u.
5) u+(-u)=0.

6) albu)=(ab,a,beR.
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7 (a+b)u)=au+bu.

8) a(u+v)=au+av.

Example
) -1 2 —-1+2 1
InR", u= , V= . W=u+v= = .
2 2 2+2 4
ISRV i
,/ V\\
N v
| | | |
| | | |
Proposition

Let u=R"” and ae R.Then ||au|| = |a|||u||

Definition

v is a unit-vector if "V" =1.

Example

1 . .
If v#0,then — v is a unit vector.
IV
Proposition

Let u, v be non-zero vectors in R". Then u, v are parallel iff 3ae R such that u=av.

VECTOR SPACE IN R": SuBsPACES oF R"

Definition
A set U is a subspace of R" iff:

1) 0eU.
2) Ifu,varein U, then u+ve U . U is closed under the addition.

3) Ifue U,ae R,then aue U . U is closed under the multiplication of scalar.

Example
1) U= {0} is a subspace.
2) U=R" isasubspace.
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Definition
Any subspaces different from {0} and R" are called proper subspaces.

Example
Let A be a mxn matrix. Define:
e nullA= {X eR": AX = O}, the null space of A.

e imA={reR":¥=AX,X e R"}, the image of A.

Show that nullA is a subspace of R".
1) X =0 satisfy AX=0,s0 0enullA.
2) LetX,and X, be in nullA. Then AX, =0 and AX, =0.Let X=X,+X,.So

AX =A(X,+X,)=AX,+AX, =0+0=0.S0 X=X, +X,enullA.
3) LetX, e nulld,ae R.So AX,=0. A(aX,)=a(AX,)=a0=0.So aX, € nullA.

Counter-Example
Let U ={(x,y).x>0}.Prove UcR".

o Let U =(2)eU.
e -—1.U,= (-1,-2)¢ U . So U is not a subspace.

VECTOR SPACE IN R": SPANNING SETS

Definition

Let X1, X,,..., X; be vectors in R". Let x=rX, +7,X, +---+7.X,,r; € R be alinear combination of xi, X,,...,
X, 77 is called the coefficient of x; in the linear combination. The set of all linear combinations of X;, X,,..., X,
is called the span of X, X5...., X;.

Span(Xl,Xz,"',Xk )={X= VIXI +}’2X2 +"-+}’ka}.

Theorem

Let X, X,,..., X; be vectors in R". Then:
1) span(x,,X,,--,X,) is asubspace of R".

2) Ifxy, Xy,..., X; are in W, a subspace of R”, then span(xl,xz,---,xk)gW.

Corollary

span(xl,xz,---,xk ) is the smallest subspace that contains X, Xp,..., X;.

Example
Let X and Y be vectors in R". Show that span{X, Y}= span{X +Y.X —Y}.

e X+Ye span{X, Y} and X-Ye span{X, Y}, SO span{X +Y,X- Y}; span{X, Y} .
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Since X = % (X+Y)+(X-Y))= % (X + Y)+%(X—Y), so Xe span{X+Y,X-Y}. Similarly,
Y :%((X+Y)—(X—Y)):%(X+Y)—%(X—Y), so Yespan{X+Y,X-Y}. Thus

span{X, Y} c span{X +Y,X- Y} .

Since span{X +Y,X- Y} c span{X, Y} and span{X, Y} c span{X +Y,X- Y} ,

span{X, Y} = span{X +Y,X- Y}.

Definition

If U is a subspace, U = span{Xl, X,, -, X, }, Xj € R". We say that X, X,..., X} is the spanning set of U.
U is spanned by X, Xo,..., X;.

Example

Show that im A = {Ye R":Y=AX,X¢€ R"} is a subspace of R". Also prove that
imA=span{C1,C2,---,Cn}.

Let Cy, Cy,..., C, be the columns of A. So A=(C,,C,,+-,C,). Then im A=span(C;,C,,"-,C,)
0cimA. 0=A0.

Let Y, Y, € imA. There is X;, X, € R"such that Y, = AX,, Y, = AX,.

Y, +Y, = AX, +AX, = A(X,; +X,).S0 Y, +Y, =AX with X=X,+X,.S0 Y, +Y,cimA.
Let Y € imA and a € R. By definition, Y = AX,Xe R".So aY =aAX = A(aX)= AX" with

X' =aXe R".Thus, aYeimA.

1 1
0 0 = =
A l=(c,.C,,-,C,) . |=Cy, 50 Cp € imA. A : (Cl’cz’ - Ca : C2,soC261mA.
0 0 0 0
Therefore, Cy, C,,..., C, € imA. Since imA is a subspace, span(Cl, Cy,ee ,Cn); imA.
X1
Let Y € imA. It means that 3 X € R such that AX=Y.Let X = | . |»%¥,; € R
X

n
X1
X
Y =AX=(C,.Cy.+.C, ) " |[=x,C +x,Cy ++-+x,C, . Since Y e span(C,.C,.+.C,). so

Xn

imAgspan(Cl,Cz,---,Cn).
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VECTOR SPACE IN R": INDEPENDENCE
Definition

A set {Xl . CYSITR Xk} of vectors in R" is independent if it satisfies:

X, +6 X, + 4+, X =01 =1, = =1, =0.
Example
0 3
4 0 1 4 o
InR", X, = 3| X, = nE X; = | . Prove {X|, X,, X3} is independent.
-5 2 -2
0 3 0
o X, +6,X,+6:X;, St O+t 1+t 4—0
14*1 2422 34%3 1 3 2 —4 3 1 - 0 .
-5 2 -2 0
t;+3t;=0 t+3t3=0 1 +3t3=0 t;+3t;=0 f120
t,+4t, =0 t,+4t, =0 |t +4t, =0 |t, +4t, =0 r
° So 2 3 AN 2 3 PEN 2 3 PEN 2 3 JEN l‘2=0
3t —4t, +1; =0 —4t, =8t; =0 8t;=0 8t;=0 .
—5t, =21, =2, =0 | 21, +131; =0 71, =0 713 =0 T

e Since 1, X, +6,X,+6:X3=0=1 =1, =t; =0, so {X,, X,, X3} is independent.

Theorem

If Xy, X,..., Xy are independent, then Xe span{X1 , X5, X k} has a unique representation as a linear
combination of X;, X,..., X;. Soif X=nX, +nX, +---+r. X, , thenry, ry,..., r, are unique.

Example
Let X and Y be independent vectors of R”. Prove X—Y and X+3Y are also independent.

o Let ,(X=Y)+1,(X+3Y)=0=1,X-1,Y+1,X+3,Y=0 (t, +1, )X+ (-1, +31,)Y =0.

) t+t, =0 t+t, =0 t, =0
e Because X and Y are independent, = = .
-t +3t, =0 4t, =0 t, =0

e Therefore, X-Y and X+3Y are independent.

Theorem

Let A be an nxn matrix. Then the following conditions are equivalent:
1) Aisinvertible.
2) The columns of A are independent.
3) The rows of A are independent.
4) The columns of A span R".
5) The rows of A span R".

Example
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2 7 1
Consider X, =|1]|, X, =|4]|, X;=|-1].Prove that X;, X,, X; are independent.
1 3 0
2 7 1
e Prove A=|1 4 -1]| isinvertible.
1 3 0

VECTOR SPACE IN R": BAsIS AND DIMENSION

Definition

Let U be a subspace of R". A set {X, X,,..., X;} of vectors is a basis of U iff:
1) {X, X,..., X;} is independent.
2) U=span{X1,X2,---,Xk}.

e Remark: If X e U,then X=rX,+nX, +--+rX,.

Theorem
Let U be a subspace of R". Let {X, X,,..., X} and {Y, Y,..., Y} be two basis of U. Then k = m.

Definition

The dimension of a subspace U is the number of vectors in a basis. It is denoted dimU .

Lecture #8 — Thursday, January 29, 2004

Definition

Let E|, E,,..., E, be the columns of I,. Then {E,, E,,..., E,} is the standard basis of R". Then dimR" =n.

Example
Let U = {(x y x): X, ye R}. Prove U is a subspace of R®. Find a basis of U.

e Letue U,so03x,ye Rsuch that u=(x y x)=x(1 0 1)+y(0 1 O)=xu1+yu2.Since
u= span(ul ,u, ) , so U is a subspace.
e Areuy, u, independent? Let #ju, +¢t,u, =0= (tl t, t1)= © o0 0)= t,=0=t,.

e Sou;, u are basis of U, and dimU =2.

Theorem

Let U, W be subspaces of R". Then:
1) U has asubspace and dimU <n.
2) IfUc W, then dimU <dimW .
3) fUcWand dimU =dimW ,then U =W .
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Theorem

Let U be a subspace of R”, dimU =m. Let B be a set of m vectors. Then B is independent iff B spans U. B is
then a basis of U.

Example
-1 2 1
3 0 3 o4 . 4.

Let X, = ol X, = Ll X, = ) be vectors in R". Find a basis of R* with X, X, Xj;.
4 3 0

e LetE, E,, E;, E, be the standard basis of R*.
¢ IsE, independent with X, X,, X3? Let #, X, +5,E; +5,E, +s;E; =0.So

4 -5 2s, S5 0 =S5 =25, +53=0 t =8 =25, +5;=0 t, =0

0 3 0 3 0 35, +3s3 =0 =- =
5 NECAE - 51 +353 - SI=783 )

0 0 -8 2S3 0 -8 +253 =0 AP =2S3 Sy, =

0 4s, 3s, 0 0 4s,+3s, =0 25, =0 53 =

e So{E, X, X, X;} is a basis of R*.

DIMENSION 2 AND 3: GEOMETRIC APPLICATIONS

Example

Consider ABCD a quadrilateral. Show that the
quadrilateral from by the midpoints E, F, G, His a
parallelogram.

e [tis enough to prove EH = FG.
. E;:am:éa%@:é(lﬁ@):%ﬁ

l— 1== 1= =\ 1=
. FG=FC+CG=EBC+ECD=E(BC+CD)=§BD.

e So ﬁ=ﬁ
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COORDINATES IN R®

Definition

A point P(x, Y, z), X, y, Z are unique.

Defintion

Given a point in R, the position vector Pis p=OP . A

P(x,y,z) isthen p=(x y z).

Theorem

MAT223H1a.doc

A

Given P;, P, points in R’, Pl(xl,yl,zl), Pz(xz,yz,zz),then Plez(xz—x1 Yo =) 12_21)~

e Remark: So if P1=0(0,0,0), 07%:(;;2 Y Zz)-

Example

Let A (xl » V1,21 ), P, (x2 » Y2520 ) . Let I be the midpoint of P, P,. What are the coordinates of I?

o mzl_}i.Suppose I=(x,y,z).So Eizﬁ:(x—xl y—n Z—Zl)Z(xz—x Yo=Yy Zz—z).So

.x_xl =x2—x

Y=Y =Y,y 2y=yty, &

i—231 =23, =%

Proposition

2x =x; + X,

2z=27,+2,

Xt

2

Nty
2

Zl+Zz
2

y:

The line L is parallel to the vector 1*)(\21 v, v3) passing through the point Po(xo,yo,zo) is

L= {Po +1,te R}. The parametric equation of Lis L= P(x, Y, z): y=yo+tv,,teR

Z=2Zyttvy
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RANK OF MATRICES
Definition

R
. R, .
Let A be a mxn matrix. Let Ry, R,,...,R, be the rows of A. So A=| . |. The row space of A is

R

row A = span(Rl,Rz,---,Rn ) c R". Similarly, if A= (Cl, C,,--,C, ), C;is the columns of A, then
colA = span(C1 ,Cypyo,C, ) c R"™ is the column space of A.

Theorem

Let A, B, C be matrices of sizes mxn, pxm, nxq respectively. Then:
1) col(AC) c col(A) , with equality if C is invertible.
2) row(BA) c row(A) , with equality if B is invertible.

Theorem: Rank Theorem

Let A be a mxn matrix. Then dim(A) = dim(row A).

Let R be the row-echelon form of A. Then r =rank A is the number of leading s in R, and

dim(col A) = dim(row A) =r.

Moreover, the r non-zero rows of R are a basis of row A.

Let Cy, C,,...,C, be the columns with a leading 1 in R. Then the columns Cy, C,,...,C, of A is a basis of col A.

Example
1 2 -1 4
Let A=| 2 4 1 3 |. Find the basis of col A and row A.
-1 -2 5 1
1 0 0
1 2 -1 4 ) 0 0
e A—-R=|0 0 1 —% , rank A =3. The basis of row A is L 1o . The basis of col A is
00 0 1 s
4 -3 1
-1\ (4
2 L0113
-1J15 1

Corollary

1) rank A=rank AT .

2) If Ais a mxn matrix, then rank A<m and rank A<n.
3) rank A =rank AU =rank VA if U, V are invertible.

4) If A is a nxn matrix, then A is invertible iff rank A=n.
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Example
1 0 1
Let U =span||—-2||—1}|| O |]|.Find a basis of U.
1 3)\-5
1 -2 1 1 2 1
e Consider A={0 -1 3 |[.Now, U=rowA. A—R=[{0 1 -3|.Soabasisof Uis
1 0 -5 00 O
1 0
=201
1 ){-3
Example
1 1 1 =2
If A=|2 -1 1 0 |,findabasisof nullA={X:AX =0}cR".
1 -2 0 2
1 11 -2]0
e  The augmented matrixis [A 0]=]0 1 T -310].
000 0]0
X x4=—%s+%t
- = N
o Let x=| 2| 5o {NFRTNTNE0 Lo =S g,
X3 3xy +x3—4x, =0 Xy =
X4 Xy =t
2 2
3 3
1 4
e So X=s| 3|+13|=5X,+1X,.
1 0
0 1
e So nullAcspan(Xl,Xz).Moreover, X, enullA and X, enullA, so span(Xl,X2)=nu11A a
subspace.
2 2
-3 3] (0
_1 41 lo
* X, X,areindependent: #X,+7,X,=0=>1 13 +1, (3) =0 =1 =t,=0.
0 1 0

Theorem

Let A be a mxn matrix, r =rank A.
1) If X, X,,..., X,.. are basic solutions of AX =0, then it is a basis of null A.

2) Since im A=colA, in particular...???
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Theorem

I. 0
Let A be a mxn matrix. Then rank A =r iff there exists invertible matrices such that UAV = [ 4 j .

0 0
Example
0 1 0 1
Let A={1 O 2 4/|.FindrankA.
2 -1 4 8

I,
e Method: (A I;)— (R U). Then, (RT 14)—{6 0 VT).

0 1 0 1|1 00 1 02 4|0 1 0
e (A L)=[1 0 2 4/01 0[=|010 1|1 0 0|=(R U).
2 -1 4 80 0 1 000 1|1 =21
1 00[1 000 1 001 0 00
(T 01 0(0 100 01 0[0 1 00| (I, ,
-R14)_ - = vl
200/(0010 00 1|-4 -1 0 1| |0
4 1 1/0 0 01 00 0[-2 0 10
1 0 -4 -2
0 1 0 01 -1 o 1000
e So, U=[1 0 0 andeOO 0 1.UAV=0100=(13 0).So rank A=3.
1 -2 1 0010
00 1 0

Theorem

Let A be a mxn matrix. Then the following conditions are equivalent:
1) AX =0 has only the trivial solution.
2) The columns of A are independent ( dim(col A) =n).
3) rankA=n<m.
4) ATA isinvertible.

Theorem

Let A be a mxn matrix. Then the following conditions are equivalent:
1) AX =B hasasolution forany Be R™.
2) The columns of A span R” (colA=R"™).
3) rankA=m.
4) AAT isinvertible.

Example

2
Let A=
1 0 2

j . What is rank A?
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2 1
2 0 -1
o AAT=(1 0 2] 0 0|=5I,. Since (512)_1=§(12)_1=%12,soAATisinvertible,and rank A=2.
-1 2

Lecture #9 — Tuesday, February 3, 2004

CoMPLEX NUMBERS
Definition

A complex number ze Cis given by z=a+bi, a,be R, iisarootof 2 +1=0=i%=-1.
e a=Rez isthereal part of z.
e bH=Imz isthe imaginary part of z.

e Remark:If ae R,then a=a+0ieC.
e Remark: O0+bi isa pure imaginary number. i is the imaginary unit.

Definition
o a+ib=da'+ib’ iff a=a’ an b=0".
(a+ib)+(a" +ib")=(a+a)+i(b+D").
(a+ib)a’+ib")=aa’—bb +i(ab’+a’b).

Example
Let z=2+i, w=3-2i.

1) z-w=—1+3i.
2) w=6+42-4i+3i=8—i.

11 1 i
3) —z=—Q2+i)==+—.
) gy ri)=gy
Example

Find all complex number z such that =i

e Let z=a+ib.So z>=a’+2abi—b*=—i.

s a2—b2=0<=> a=—b,-_-ab<0(:) b:—al So 2 S z —_L+L
2ab=-1 2a* =1 a=i—2' R N RN
Definition

Let z=a+bi be acomplex number. The conjugate of zis z =a —bi. The modulus of z is |z| =va’+b? .

e Remark: |z|2 =a’+b? =7zz.
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Remark: |z|2 =0 7=0.

If z#0, l=

If z=a+ib, —= .
z a’+b?

Example

i .
= in the form a+bi.
—1i

L:ﬂ.s() _3+l:(3+i 1+i =1+72i.
1-i 2 1-i 2

Proposition

|Z + w| < |Z| + |w| (“triangle inequality”).

THE COMPLEX PLANE

Db p-mmmm--
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PoLAR Form oF ComPLEX NUMBERS

e —r<f<rm.
i o P(cos 6,sin 0) =cos@+isind.
€/ singl- . (cos 6,5in 6) o |P|=VC0829+sin20=1.
CA Examples
-1 cosd |1 .
1) 6=0: cosf+isinf=1.
2) 0:%: cos@+isinf=i.
! 3) O=7x: cos@+isind=-1.
4) 0=377[: cos@+isinf=—i.
Definition
] Z
Let z=a+ib#0.Then P:i:le,and |P|:i:U:1.SincePe C, so there exists a @such
ENNPENE Kl

that P =cos@+isin@. fis the principle argument of z, denoted arg z.

e Remark: If is the principle argument of z, 8+ 2kx,ke Z is an argument of z.

Lecture #10 — Thursday, February 5, 2004

Definition

We write cos@+isin@=e' . If |z|:r and arg z =@, then the polar form is z=re'.

Example

Write z; =3-3i and z, =2i ins polar form.

1
V2 2
.
o Let r2=|zz|=\/02+22 =2.So0 zlzrz(O—i):2e 2.

. iz
e Let 1’1:|zl|:\/32+32 =3v2.50 11:”1{ : )23\/56‘ 4.

Theorem

If z,= rleie' , 29 = rzei‘g2 , then:
) zjz,= rlrzei(9‘+92).
2) |zlzz| =|zl||zz|.

3)  arg(zyz,)=arg(z )+arg(z,).
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Example

Multiply (1—i)(1+J§i).

o |1—i|=\/5,so 1—i=\/_[ J x/_e 4 ‘1+\/_z‘ 2,50 1+\/_z [—+%1J—2e3 So,

NER
(1—i)(1+\/§i)={x/5e_izJ{Zelz] Zx/_e 12 —Zx/_(cos +isin ;;j

. 3+1 oz A3-1
e Since (1-1i 1+\/§i = \/§+1 +\/§—1’,weknow cos£=\/_ and sin—=———.
( )( ) ( ) ( )l 12 2@ 12 2\/5

0 . .. ; 1 1 .
Remark: If z=re'? is given in polar form, then 22 =r2e?, 3 =13% and —=—e7"7.
Z r
Theorem: De Moivre’s Theorem
(eie)n =¢™® forne Z.So (cos @+isin B)" = cos(n@)+isin(nd).
Example
Calculate (1—i)4.
oz AN
o |1—i|:\/§,so 1—i:\/Ee 4 Hence, (—z) \/_e 4| =4 =4,
Example
Find the 4" root of unity, i.e. all z € C such that 24 -1.
e  We write z=re“9,so 2 =rtet?
e Y=1=¢" gives r*=1=r=1.
krx
o 40=0:>40=2k7r,keZ:>0=7.
e When k=0, d=0,s0 z5=1.
T
/4 5.
e When k=1, 923,30 71=e?=i.
e When k=2, f=7x,50 z,=e" =—1.
371'
e When k=3, 19— 5 280 B =e [
e When k=4, 6=27,s50 z4 =e 7 =0 = z,. Therefore, there are no more roots.

Theorem
i2kz
If m=>1, then the m™ roots of unity are z, =e ™ ,k=0,1,---,m-1.
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Example

Find the 3" roots of 4 +4«/§i .

We look for z such that z3 =4+ 4«/51' .

K3
‘4+4\/§i‘=8, so 4+443i=8e 3 .

7z
If z=re®, 73 =r%% =8¢ 3.S0 r3>=8=r=2,and 3a=§+2k7z:>9=§+2k7”.
V.4 I in—ﬂ

i— i—
So, zg=2e?, z;=2¢ %, z,=2¢ 7 .

Definition

A real quadratic is given by ax® +bx+c,a,b,ce R#0. aroot of the quadratic is a complex number such

_—bEAA

a

that au’ +bu+c=0. u , where A=b%—4ac is the discriminate. If A>0,ue R.If A<O,

Jr=+if]A| and {fec.
u

eC

Example

Find a real quadratic such that u =3+2i isaroot.
(x - u)(x - 17) is the solution. So the quadratic is (x -3- 2i)(x -3+ 2i) =x? —6x+13.

Complex Quadratic

ax? +bx+c,a,b,ce C,a#0.
A=b%—dace C,and VA=7z.

Ml = N uz = .
2a 2a
Example

Find the roots of x” +(2—i)x+1—i .

— s _ —i . =_1 ‘
z=%i\/z. A=(2-i) =4(1-i)=-1,50 JA =%i.So Zz%:}{a 1+l'
iy =—

Remark: x> +(2—i)x+1—i=x2 —(zl +zz)x+ 2125 =(x—zl)(x—zz).

Theorem

Every polynomial of positive degree with complex coefficient has a complex root. If f such a polynomial,
then f(x)= a(x—ul )(x—u2 )---(x—un ) for some a, u; € C.

Corollary

If f'has real coefficient, f can be factored as a product of linear and inducible quadratic factors.
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