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Lecture #11 – Tuesday, February 10, 2004 

ORTHOGONALITY 

Definition 

Let X, Y be vectors in Rn. The dot product is R∈=⋅ YXYX T . 

So, if 
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Definition 

The length of a vector X, denoted XXX ⋅= . So if 

�
�
�
�
�

�

�

�
�
�
�
�

�

�

=

nx

x

x

X
�

2

1

, 022
2

2
1 ≥+++= nxxxX � . 

 

Example 

Let 
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Y . Find YX ⋅  and X . 

 
• ( )( ) ( )( ) ( )( ) ( )( ) 1524322011 −=−+−++−=⋅YX . 

• ( ) ( ) ( ) ( ) 214201 2222 =+−++=X . 

 

Theorem 

Let X, Y, Z be vectors in Rn. Then: 

1) XYYX ⋅=⋅ . (Proof: ��
==

=
n

j
jj

n

j
jj xyyx

11

) 

2) ( ) ZXYXZYX ⋅+⋅=+⋅ . 
3) For a ∈ R, ( ) ( ) ( )YXaaYXYaX ⋅=⋅=⋅ . 

4) 0≥X , 00 =⇔= xX . 

 

Example 

Let X be a vector in Rn, X ≠ 0. Find all Y ∈ Rn such that Y is collinear to X and is unitary. 
 

• Let R∈= aaXY , . XaaXY == . We want 1=Y , so 
X

a
X

aXa
11

1 ±=�=�= . 

• So, X
X

Y
1±= . 
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Definition 

Let X, Y be two vectors in Rn. X and Y are orthogonal iff 0=⋅YX . 
Let { }kXXX ,,, 21 �  be a set of vectors in Rn. { }kXXX ,,, 21 �  is orthogonal iff kixi ,,2,1,0 �=≠  
and jiXX ji ≠= ,0 . 

Moreover, if kjX j ,,2,1,1 �== , then {X1, X2,…, Xk} is orthonormal. 

 

Example 

The standard basis of Rn is a orthonormal set. 
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Definition 

If { }kXXX ,,, 21 �  is an orthogonal set, then { }kk XaXaXa ,,, 2211 �  is also an orthogonal set if 
kja j ,,2,1,0 �=≠ . 

For 
j

j
X

a
1= , the set { }kk XaXaXa ,,, 2211 �  will be orthonormal. 

 

Example 
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• { }321 ,, XXX  is an orthogonal set because: 

• 0≠iX . 

• 021 =XX , 031 =XX , 032 =XX . 
 

• Find 3,2,1, =ja j  such that { }332211 ,, XaXaXa  is orthonormal: 

( ) ( ) ( ) 6

1
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3

1
3 =a . 
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6
321 XXX

 is orthonormal. 

 

Theorem (Pythagorean) 

If X and Y are orthogonal, then 222 YXYX +=+ . 

 

Proof 

X and Y are orthogonal; it means 0=⋅YX . So,  

( ) ( ) 222 00 YXYYXXYYXYYXXXYXYXYX +=⋅+++⋅=⋅+⋅+⋅+⋅=+⋅+=+ . 
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Theorem 

Every orthogonal set of vectors of Rn is independent. 
 

Proof 

Let { }kXXX ,,, 21 �  be an orthogonal set. Consider 02211 =+++= kk XtXtXtY � . We want to prove 
that 0=jt . 
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Theorem 

If { }nEEE ,,, 21 �  is an orthogonal basis of Rn, then nX R∈∀ , 
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Proof 

Let X ∈ Rn. Then nn EtEtEtX +++= �2211  because is a { }nEEE ,,, 21 �  basis of Rn. 
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Example 

Let 
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3X . Show that { }321 ,, XXX  is an orthogonal basis of R3. 

 
• It is enough to prove 021 =⋅ XX , 032 =⋅ XX , 031 =⋅ XX  because: 

• { }321 ,, XXX  is an orthogonal set, so X1, X2, X3 are independent. 

• 3dim 3 =R . So a set of 3 linearly independent vectors is a basis. 
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• Since { }321 ,, XXX  is orthogonal, 
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Theorem: Orthogonal Lemma 

Let { }mEEE ,,, 21 �  be an orthogonal set in Rn. For nX R∈ , 
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1) mjEE jm ,,2,1,01 �==⋅+ . 

2) If 01 =+mE , then ( )mEEEX ,,,span 21 �∈ . 
3) If 01 ≠+mE , then { }121 ,,,, +mm EEEE �  is an orthogonal set. 

 

Proof 

• Suppose (1) is proven. 
• If 01 =+mE , then 
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• If 01 ≠+mE , then (1) gives that mjEE jm ,,2,1,01 �==⋅+ , and mjiXX ji ≤≠= ,0 . It means that 

{ }121 ,,,, +mm EEEE �  is an orthogonal set. 
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Theorem 

Let U be a subspace of Rn, and { }mXXX ,,, 21 �  is an orthogonal set of U. Then: 
1) { }mXXX ,,, 21 �  can be extended in a orthogonal basis of U. 
2) If { }0≠U , then there are orthogonal basis. 

 

Proof 

1) Gram-Schmidt Orthogonalisation. 
2) { }0≠U . Let 0, 11 ≠∈ XUX . { }1X  is orthogonal and (1) gives the result. 

 

Gram-Schmidt Orthogonalisation 

Let U be a subspace of Rn. Let { }mXXX ,,, 21 �  be a basis of U. We’ll construct { }mEEE ,,, 21 �  
orthogonal: 

• 11 XE = . 

• 12
1

12
22 E

E

EX
XE

⋅
−= . 
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Lecture #12 – Thursday, February 12, 2004 

PROJECTIONS 

Definition 

Let U be a subspace of Rn. The orthogonal complement of U is denoted 
{ }UYYXXU n ∈=⋅∈=⊥ any for  0,R . 

 

Proposition 

1) U⊥ is a subspace of Rn. 
2) If { }kXXXU ,,,span 21 �= , then { }kjXXXU j

n ,,2,1,0, �==⋅∈=⊥ R . 

 

Proof 

1) U⊥ is a subspace of Rn. 
• ⊥∈U0 : UYY ∈∀=⋅ ,00 . 

• If X, Y ∈ UT, then ⊥∈+ UYX : UZ ∈∀ , 0=⋅ ZX  and 0=⋅ ZY . 
( ) 0=⋅+⋅=⋅+ ZYZXZYX . So ⊥∈+ UYX . 

• ⊥∈∈ UXa ,R , then ⊥∈UaX : UZ ∈∀ , 0=⋅ ZX . ( ) ( ) ( ) 00 ==⋅=⋅ aZXaZaX . So 
TUaX ∈ . 

2) If { }kXXXU ,,,span 21 �= , then { }kjXXXU j
n ,,2,1,0, �==⋅∈=⊥ R . 

• Let { }kjXXXV j
n ,,2,1,0, �==⋅∈= R , and { }UYYXXU n ∈=⋅∈=⊥ any for  0,R . 

• Then VU ⊂⊥ : Let ⊥⊂ UX . 0=⋅ jXX  since UX j ∈ . So VU ⊂⊥ . 

• Also, ⊥⊂ UV . Let VX ∈  and { }kXXXUY ,,,span 21 �=∈ . 

( )
( ) ( ) ( ) 012211

22112211

=⋅++⋅+⋅=
++⋅=⋅�++=
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k
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�
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. So ⊥∈UX . 

• So, ⊥= UV . 
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Proposition 

Let { }mEEE ,,, 21 �  be an orthogonal basis of nU R∈ . Define nX R∈∀ , 

( ) m

m

m E
E

EX
E

E

EX
E

E

EX
XP

212
1

1
12

1

1 ⋅
++

⋅
+

⋅
= � . Then: 

1) ( ) UXP ∈  and ( ) ⊥∈− UXPX . 
2) ( )XP  is independent of the choice of the orthogonal basis. ( )XP  is the orthogonal projection on U. 

3) ( )XP  satisfies ( ) YXXPX −<−  for all UY ∈ , ( )XPY ≠ . 

4) nUU Rdimdimdim =+ ⊥ . 
 

Proof 

1) Want ( ) ⊥∈− UXPX . Enough to prove that ( ) kjEXP j ,,2,1,0 �==⋅ . 

2) Consider another orthogonal basis of U. Let ( )XPP ′=′  with the new basis. 

( )XPXPPPY −′−−=′−= . Since UPP ∈′, , UPP ∈′− . Also, ⊥∈− UXP  and ⊥∈−′ UXP . So 

00 =�=⋅�∩∈ ⊥ YYYUUY . Since PPPPY ′=�′−= . 
 
 

APPLICATION: R3 

• Equation of a line through P0 and with direction 3R∈v
�

 is { }R∈== tvtPPPL ,, 0
�

 (parametric equation 
of L). 

• Plane in R3 through P0 with direction 3, R∈vu
��

 independent is { }RstvsutPPP ∈++== ,,0
��

. Plane 

through P0 orthogonal to 3R∈n
�

 is { }0, 0 =⋅= nPPPP
�

. 

• Let ( )0000 ,, zyxP = , 
�
�
�

�

�

�
�
�

�

�

=
c

b

a

n
�

. Then 

( ) ( ) ( ) ( ) ( ){ }0,,,0,,, 000

0

0

0

=−+−+−=
�
	

�
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�

=
�
�
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�

�

�
�
�

�

�

⋅
�
�
�

�

�

�
�
�

�

�

−
−
−

= zzcyybxxazyxP

c

b

a

zz

yy

xx

zyxPP  (scalar 

equation of a plane). 
 

Example 

Plane through ( )3,2,10 −−P  orthogonal to 
�
�
�

�

�

�
�
�

�

�

−
=

3
2
1

n
�

. 

 

• ( ) PzyxP ∈,,  if 00 =⋅ nPP
�

. So ( )( ) ( )( ) ( )( ) 12320332211 =−+�=+−+−++ zyxzyx . 
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Example 

PPP ∈0, , ( )3,2,10 −P . Find P parallel to ( ){ }132,,,0 =+= zxzyxP . 
 

• Since 00 Pn ⊥ , 
�
�
�

�

�

�
�
�

�

�

=
3
0
2

0n . 

• Pn ⊥0 . So 1132 =+= zxP . 
 
 
 

Lecture #13 – Tuesday, February 24, 2004 
Example 

Let U be a subspace of Rn. Show that ( ) UU =
⊥⊥ . 

 

• ( ) { }⊥⊥⊥ ∈∀=⋅∈= UYYXXU 0,R . 

• Let ( )⊥⊥∈ UY . We want UY ∈ . ⊥∈∀ UX 0 , ⊥∈�=⋅ UYXY 00 . 

• Also, since ( ) ( ) ( ) ( )⊥⊥⊥⊥⊥⊥ −=�
�
�

�
�
��=+�

�
�

�
�
� UnUnUU dimdimdimdim  and 

( ) ( ) ( ) ( )⊥⊥ −=�=+ UnUnUU dimdimdimdim . This means UU ⊂⊥ , and since 

( ) ( ) �
�
�

�
�
�=

⊥⊥UU dimdim , ( )⊥⊥= UU . 

 

Example 

Find an n×n matrix such that { }0,null =∈== AXXAU nR . 
 

• Let { }kEEE ,,, 21 �  be an orthogonal basis of U. Let { }knFFF −,,, 21 �  be an orthogonal basis of U⊥. 

• Want: A such that { }0, =∈= AXXU nR . 

• Write n
j

n

R

R

R

A R∈
�
�
�

�

�

�
�
�

�

�

= ,
1

� . Now, matrices 1 are ,
1

nL

L

L

A j
T

n

T

×
�
�
�
�

�

�

�
�
�
�

�

�

= � . 

• Want: A such that kjAE j ,,1,0 �== . So 000
11

=�=
�
�
�
�

�

�

�
�
�
�

�

�

⋅

⋅
�=

�
�
�
�

�

�

�
�
�
�

�

�

jk

j
T

n

j
T

j
T

n

T

EL

EL

EL

E

L

L

�� . Since 

⊥∈ULk , so take ⊥− ∈

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

= UF
F

F

A i

T
kn

T

,

0

0

1

�

�

. 
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Example 

Prove that AX null∈ . 
• Let AV null= . 

• Want: VU ⊂ . Since UX ∈ , 0

0

0

0

0

11

=

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

=

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

= −−

�

�

�

�

XF

XF

X
F

F

AX
T

kn

T

T
kn

T

. So, VAX =∈ null . 

• Want: UV ⊂ . Since VX ∈ , 0

0

0

1

=

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

�

⋅

⋅

= −

�

�

XF

XF

AX kn . So, ( ) UUX =∈
⊥⊥ . 

 

Proposition 

Let VU ⊂  be subspaces in Rn. Then ⊥⊥ ⊂ UV . 
 
Proof: 

• Let ⊥∈VX . So, VY ∈∀ , 0=⋅YX . 
• Let UZ ⊂ . Then, VZ ⊂ . So, ⊥∈�=⋅ UXZX 0 . 

 
 

BEST APPROXIMATION 

Theorem 

Let A be an m×n matrix. Let nB R∈ . We consider the system nXBAX R∈= , : 

1) Any solution Z to the normal equation BAAZA TT =  is a best approximation to a solution of BAX = , 
that is nXAXBAZB R∈−≤− , . 

2) If the columns of A are independent, then AAT  is invertible, and Z is unique: ( ) BAAAZ TT 1−
= . 

 
Proof: 

• Let { } AAXAXU n colim, ==∈= R . Then projection gives ( )BPAZ U= . 

• Since ( ) ⊥∈− UBBPU , so UY ∈∀ , ( )( ) ( )( ) ( ) 00 =⋅−�=⋅− AXBBPYBBP UU . 

• ( )( ) ( ) ( ) ( )( ) ( )( )[ ] ( )( )[ ] 0=−⋅=−=−=⋅− BBPAXBBPAXBBPAXAXBBP U
T

U
TT

U
T

U . 
• Remark: If 0=⋅YX  for any X, then 0=Y . So, 

( )( ) ( ) BAAZABAZABBPA TTT
U

T =�=−�=− 00 . 
 

• Remark: If A is invertible, we know that the solution of BAX =  is BAX 1−= . 
• The solution of the normal equation is BAAZA TT = . Since AT is invertible if A is invertible, 

( ) ( ) BAZBAZBAAAZAA TTTT 111 −−−
=�=�= . 
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Remark: If Z is the best approximation, BAAZA TT = . If AZ null0 ∈ , that is 00 =AZ , then 0ZZ +  is 

also a best approximation. ( ) ( ) ( ) BAAZAAZAAZAZAZZAA TTTTT ===+=+ 00 . 
 

Example 

Find the best approximation for 
�
�

�



�

=−
=−
=+

0
12
5

x

yx

yx

. 

 

• Let BAX = , 
�
�
�

�

�

�
�
�

�

�

−
−=
01
12

11
A , ��

�

�
��
�

�
=

y

x
X , 

�
�
�

�

�

�
�
�

�

�

=
0
1
5

B . 

• Consider BAAZA TT = . ( ) ��
�

�
��
�

�
=���

�

�
��
�

�

−
−

=
−

61
12

11
1

21
16 1

AAAA TT . So, 

( )
�
�
�

��



�

=

=
�
�
�

�

�

�
�

�

�
==

−

11
31
11
18

11
31
11
181

y

x
BAAAZ TT . 

 

Example 

Find U such that { }2,im R∈== XAXAU . 
 

• Find an orthogonal basis of U: 

• 
�
	

�



�

�
�

�



�

�
�
�

�

�

�
�
�

�

�

−
�
�
�

�

�

�
�
�

�

�

−
==

0
1

1
,

1
2
1

spancol AU . 

• Apply the Gram-Schmidt Orthogonalisation: 

• 
�
�
�

�

�

�
�
�

�

�

−==
0
1

1

11 XE . 

• 
��
�
�

�

�

��
�
�

�

�

−
=

⋅
−=

1
2
3
2
3

12
1

12
22 E

E

EX
XE . 

• So, { }21 , EE  is an orthogonal basis of U. 

• ( )
��
�
�

�

�

��
�
�

�

�

−
=

⋅
+

⋅
=

11
18

11
8
11
49

22
2

2
12

1

1 E
E

EB
E

E

EB
BPU . 

• Z, the best approximation is such that ( )BPAZ U= . 
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• Let ��
�

�
��
�

�
=

y

x
Z . We have to solve ( )BPAZ U= . 

�
�
�

��



�

=

=
�

�
�
�

�

�
�
�




�

−=−

=−

=+

11
31
11
18

11
18

11
5

2

11
49

y

x

x

yx

yx

. 

 
 

LEAST SQUARE APPROXIMATION 

Definition 

Let ( ) ( ) ( )nn yxyxyx ,,,,,, 2211 �  be the given data. Let N∈m . We look for a polynomial ( )xp  of degree 

m such that ( )( ) ( )( ) ( )( )22
22

2
11 nn xpyxpyxpy −++−+− �  is minimum. The ( )xp  satisfying this 

condition is called the least square approximating polynomial of degree m. 
 

• Let 
�
�
�

�

�

�
�
�

�

�

=

ny

y

Y �

1

, ( )
( )

( )�
�
�

�

�

�
�
�

�

�

=

nxp

xp

xp �

1

. 

• ( )( ) ( )( ) ( )( ) ( ) 222
22

2
11 xpYxpyxpyxpy nn −=−++−+− � . In particular, we want to minimize 

( )xpY − . 

• Write ( ) m
m xaxaxaaxp ++++= �

2
210 , 1

0
+∈

�
�
�

�

�

�
�
�

�

�

= m

ma

a

R R� , ( )

�
�
�
�
�

�

�

�
�
�
�
�

�

�

=+×

m
nnn

m

m

mn

xxx

xxx

xxx

M

�

�����

�

�

2

2
2

22

1
2

11

1

1

1
1

. So 

now, ( ) MRxp = . 

• We look for 1+∈ mR R  that minimizes MRY − . 

 

Theorem 

1) If 
�
�
�

�

�

�
�
�

�

�

=

nz

z

Z �

0

 is a solution to the normal equation YMMZM TT = , then 

( ) m
m xzxzxzzxp ++++= �

2
210  is a least square approximation polynomial of degree m. 

2) If at least 1+m  of the xj are distinct, then MM T  is invertible, so ( ) YMMMZ TT 1−
=  is unique. 

 
Proof (#1): This is immediate and is given by the theorem above. 
 
Proof (#2): 

• Suppose 11 ,, +mxx �  are distinct. We want to prove that the columns of M are linearly 
independent. 
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• 

�
�

�

�
�




�

=++++

=++++

=++++

�=
�
�
�
�

�

�

�
�
�
�

�

�

++
�
�
�
�

�

�

�
�
�
�

�

�

+
�
�
�

�

�

�
�
�

�

�

+
�
�
�

�

�

�
�
�

�

�

0

0

0

0
1

1

2
210

2
2

22210

1
2

12110
1

2

2
1

2

1

10

m
nmnn

m
m

m
m

m
n

m

m

nn
xtxtxtt

xtxtxtt

xtxtxtt

x

x

t

x

x

t

x

x

tt

�

�

�

�

����� . 

• Let ( ) 02
210 =++++= m

m xtxtxttxq � . So ( ) njxq j ,,1,0 �== . 

• But 11 ,, +mxx �  are distinct. So q has at least 1+m  distinct roots. So since the degree of q is m, 
0=q . Therefore, 010 ==== mttt � . 

• Therefore, the columns of M are linearly independent. So, MM T  is invertible. 
 
 

Example 

Suppose given ( )1,1− , ( )2,1 , ( )3,0 . Find the least square approximating polynomial of degree 1. 
 

• Want: ( ) xaaxp 10 +=  such that ( )( ) ( )( ) ( )( )222 031211 ppp −+−+−−  is minimum. 

• Let ��
�

�
��
�

�
=

1

0

a

a
R , 

�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

� −
=

3

2

1

1
1
1

01
11
11

x

x

x

M , 
�
�
�

�

�

�
�
�

�

�

=
3
2
1

Y . Find R such that YMR −  is minimum. 

• Let 
�
	

�



�

�
�

�



�

�
�
�

�

�

�
�
�

�

�−

�
�
�

�

�

�
�
�

�

�

==
0
1
1

,
1
1
1

spancol MU . Apply Gram-Schmidt Orthogonalisation to find an orthogonal basis: 

• 
�
�
�

�

�

�
�
�

�

�−
=

0
1
1

1E . 

• 
�
�
�

�

�

�
�
�

�

�

=
⋅

−=
1
1
1

12
1

12
22 E

E

EX
XE . 

• ( )
��
�
�

�

�

��
�
�

�

�−
=

�
�
�

�

�

�
�
�

�

�

+
�
�
�

�

�

�
�
�

�

�−
=

⋅
+

⋅
=

7
3

14
13

14
1

22
2

2
12

1

1

1
1
1

14
6

0
1
1

2
1

E
E

EY
E

E

EY
YPU . 

• Now solve the system ( )
�
�
�

��



�

==

=
�

�
�
�

�

�
�
�




�

=

=−

−=−

�=

2
1

14
7
7
3

7
3

14
13
14
1

1

0

0

10

10

a

a

a

aa

aa

YPMR U . 

• Therefore, the least square approximating polynomial is ( )
27

3 x
xp += . 
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Lecture #14 – Thursday, February 26, 2004 
Definition 

Let ( ) ( ) ( )nn yxyxyx ,,,,,, 2211 �  be the given data. Let ( ) ( ) ( )xfxfxf n,,, 10 �  be the given functions. We 
look for ( ) ( ) ( ) ( )xfmxfmxfmxf mm�++= 1100  such that 

( )( ) ( )( ) ( )( )22
22

2
11 nn xfyxfyxfy −++−+− �  is minimum. f is the least approximating function. 

 

Example 

Given data ( )2,1 − , ( )0,2 , ( )3,0  and ( ) xxf =0 , ( ) xxf 31 = , find the least approximating function. 
 

• Let 
( ) ( )
( ) ( )
( ) ( ) �

�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

=
10
92
31

0
00
22
11

10

10

10

ff

ff

ff

M , 
�
�
�

�

�

�
�
�

�

�−
=

3
0
2

Y , ��
�

�
��
�

�
=

1

0

z

z
Z . Have to solve YMMZM TT = . 

• ��
�

�
��
�

�
=

9121
215

MM T . So ��
�

�
��
�

�

−
−

=��
�

�
��
�

�

+
+

�
�
�
�

�

�

�
�
�

�

�−

��
�

�
��
�

�
=��

�

�
��
�

�
��
�

�
��
�

�
�=

3
2

9121
215

3
0
2

193
021

9121
215

10

10

1

0

zz

zz

z

z
YMMZM TT . 

• So, 

�
�
�

��



�

=

−=
�

�


�

−=+
−=+

40
21

2
17

39121

2215

1

0

10

10

z

z

zz

zz
. 

• Therefore, the least approximating function is ( ) xxxf 3
40
27

2
17 +−= . 

 
 

SUBSPACES ASSOCIATED TO MATRICES AND ORTHOGONALITY 

Let A be an m×n matrix, and ( )nCCA �1=  or 
�
�
�

�

�

�
�
�

�

�

=

mR

R

A �

1

.The subspaces associated to A are: 

• ( ) { }0,null =∈= AXXA nR . 

• ( ) ( ) ( ) { }AXYYCAA n
j =∈=== ,spanimcol R . 

• ( ) ( )jRA spanrow = . 

 

Proposition 

1) ( ) ( )( )⊥= Arownull A  – the rows are considered as vectors. 

2) ( ) ( )( )⊥= Acolnull TA . 
 
Proof 1: 

• Dimension: 
• Let ( ) ( )( ) ( )( )AAAr rowdimcoldimrank === . 
• ( )( ) ( )( ) rmAmAr −=�=+ nulldimnulldim . 

• ( )( ) ( )( )( ) ( )( )( ) rmAmAA −=�=+ ⊥⊥ rowdimrowdimrowdim . 
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• So, ( )( )( ) ( )( )AA nulldimrowdim =⊥ . 

• ( ) ( )( )⊥⊂ AA rownull : 
• Let ( )AAX null∈ . So 0=AX . 

• Let mRR ,,1 �  be the rows of A. Then 00
11

=�=
�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

= XR

XR

XR

X

R

R

AX j

mm

�� . 

• Let ( )
�
�
�
�

�

�

�
�
�
�

�

�

===

jn

j

j
T

jnj
T

j

m

m

YrrR ��

1

1 . 

• Now, 0
11

=
�
�
�

�

�

�
�
�

�

�

⋅

⋅
=

�
�
�
�

�

�

�
�
�
�

�

�

=
XY

XY

XY

XY

AX

m
T

m

T

�� . So X is orthogonal to Yj, so X is orthogonal to 

( ) ( )AY j rowspan = . Therefore ( ) ( )( )⊥⊂ AA rownull . 

• Since ( )( )( ) ( )( )AA nulldimrowdim =⊥  and ( ) ( )( )⊥⊂ AA rownull , ( ) ( )( )⊥= Arownull A . 
 
Proof 2: 

• We have ( ) ( )( ) ( ) ( )( ) ( ) ( )( )⊥⊥⊥ =�=�= AcolnullArownullArownull TTT AAA . 
 

Example 

Let 

�
�
�
�
�

�

�

�
�
�
�
�

�

�

−
−−

−
−

=

51532
11231

31411
20121

A . Calculate ( )Anull  and ( )Arow , and prove that ( )Anull  is orthogonal to 

( )Arow . 
 

• ( ) { }0,null == AXXA . Let 

�
�
�
�
�
�

�

�

�
�
�
�
�
�

�

�

=

5

4

3

2

1

x

x

x

x

x

X . 

�
�

�

�
�




�

=+++−
=−+++−
=+++−
=++−

⇔=

05532

023

034

02

0

54321

54321

54321

5321

xxxxx

xxxxx

xxxxx

xxxx

AX . So, 

�
�
�
�
�
�

�

�

�
�
�
�
�
�

�

�

−
−

+

�
�
�
�
�
�

�

�

�
�
�
�
�
�

�

�

−
−

+

�
�
�
�
�
�

�

�

�
�
�
�
�
�

�

�

−
−

=

1
0
0
1
1

0
1
0
1
2

0
0
1
3
7

rtsX . 

• By row reduction, 

�
�
�
�
�

�

�

�
�
�
�
�

�

�

=→

00000
00000
11310
42701

BA . So now, ( )

�
�
�

	

�
�
�




�

�
�
�

�

�
�
�




�

�
�
�
�
�
�

�

�

�
�
�
�
�
�

�

�

�
�
�
�
�
�

�

�

�
�
�
�
�
�

�

�

=

1
1
3
1
0

,

4
2
7
0
1

spanrow A . 
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• ( )Anull  is orthogonal to ( )Arow : 
 

• ( )( ) ( )( )( ) 325rowdim2rowdim =−=�= ⊥AA . Also, ( )( )Anulldim . 
• For every vector in ( )Anull  and ( )Arow , the dot product is 0. So, ( )Anull  is orthogonal to 

( )Arow . 
 

Example 

Find R∈a  such that 
�
	

�



�

�
�

�



�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

∈
��
�
�

�

�

��
�
�

�

�

−
−

4
3
1

,
1
1
0

,
3
2
1

span
2

3

2

a

a

. 

 
• Find an orthogonal basis: 

• 
�
�
�

�

�

�
�
�

�

�

=
1
1
0

1E . 

• 
��
�
�

�

�

��
�
�

�

�

−
−

=
�
�
�

�

�

�
�
�

�

�

−
�
�
�

�

�

�
�
�

�

�

=
⋅

−=

2
1

2
1
2
3

12
1

12
22

1
1
0

2
5

3
2
1

E
E

EX
XE . 

• 
��
�
�

�

�

��
�
�

�

�

−
−

+
�
�
�

�

�

�
�
�

�

�

−
�
�
�

�

�

�
�
�

�

�

=
⋅

−
⋅

−=

2
1

2
1
2
3

22
2

23
12

1

13
33 11

16

1
1
0

2
9

4
5
1

E
E

EX
E

E

EX
XE . 

 
 
 

Lecture #15 – Tuesday, March 2, 2004 

TRANSFORMATIONS 

Definitions 

1) A transformation T from Rn to Rm is a rule ( )XT  that assigns to every X ∈ Rn a uniquely determined 

vector in Rm. We write mnT RR →:  or mTn RR → . 
2) If mnT RR →: , Rn is the domain of T, and Rm is the co-domain of T. 

 

Examples 

1) Find the domain and co-domain of 32
1 : RR →T  such that 

��
�
�

�

�

��
�
�

�

�

+
−→��

�

�
��
�

�

yx

y

x

y

x

2

2

. 

• Domain of T1: R2. 
• Co-domain of T1: R3. 

 
2) Describe 22

2 : RR →T , a reflection in the y-axis. 

• ( ) ( )yxyxT ,,2 −= . 
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3) Describe 33

3 : RR →T , the projection on the (x, y)-plane. 
• ( ) ( )0,,,,3 yxzyxT = . 

 

Example 

Let A be an m×n matrix. mn
AT RR →:  such that AXX → . 

 
• TA is the transformation induced by A. 
• If 0=A , ( ) 0=XTA  for any nX R∈ . 

• If nIA = , ( ) XXIXT nA == . ( ) nXTA R1= . 

 
 

LINEAR TRANSFORMATIONS 

Definition 

Let mnT RR →:  be a transformation. T is linear iff for any vector nYX R∈,  and scalar R∈a  we 
have: 

• (T1): ( ) ( ) ( )YTXTYXT +=+  – “T preserves the addition”. 
• (T2): ( ) ( )XaTaXT =  – “T preserves the multiplication by a scalar”. 

 
• Remark: For mnT RR →: , T is linear if ( ) 00 =T  because 0=a  in (T2). 

 

Example 

Let nn
ZT RR →:  such that ZXX +→ . Is TZ linear? 

 
• If TZ is linear, ( ) 00 =T . Since ( ) ZTZ += 00 , so if TZ is linear, 0=Z . 

 

Example 

Consider 32
1 : RR →T  such that 

�
�
�

�

�

�
�
�

�

�

−
+

→��
�

�
��
�

�

x

yx

yx

y

x
2

. Is T linear? 

 
• Condition (T1): 

• Let, ��
�

�
��
�

�
=

2

2

y

x
Y . 

• ( )
( ) ( )

( ) ( )
�
�
�

�

�

�
�
�

�

�

+
−+−

+++
=

�
�
�

�

�

�
�
�

�

�

+
+−+
+++

=��
�

�
��
�

�

+
+

=+

21

2211

2211

21

2121

2121

21

21
11

222

xx

yxyx

yxyx

xx

yyxx

yyxx

yy

xx
TYXT . 

• ( ) ( )
�
�
�

�

�

�
�
�

�

�

+
−+−

+++
=

�
�
�

�

�

�
�
�

�

�

−
+

+
�
�
�

�

�

�
�
�

�

�

−
+

=��
�

�
��
�

�
+��
�

�
��
�

�
=+

21

2211

2211

2

22

22

1

11

11

2

2
1

1

1
11

2222

xx

yxyx

yxyx

x

yx

yx

x

yx

yx

y

x
T

y

x
TYTXT . 

• So ( ) ( ) ( )YTXTYXT 111 +=+  and (T1) is satisfied. 
• Condition (T2): 
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• Let ��
�

�
��
�

�
=

y

x
X , R∈a . 

• ( ) ( )XaT

x

yx

yx

a

ax

ayax

ayax

ay

ax
TaXT 111

22
=

�
�
�

�

�

�
�
�

�

�

−
+

=
�
�
�

�

�

�
�
�

�

�

−
+

=��
�

�
��
�

�
= . 

• So ( ) ( )XaTaXT 11 =  and (T2) is satisfied. 
• Since (T1) and (T2) are satisfied, T1 is linear. 

 

Examples 

1) Is 22
2 : RR →T  such that ��

�

�
��
�

� +
→��

�

�
��
�

�

y

x

y

x 1
 linear? 

• ( ) ��
�

�
��
�

�
≠��

�

�
��
�

�
=

0
0

0
1

02T . So T2 is not linear. 

 

2) Is RR →2
3 :T  such that ( )yx

y

x
+→��

�

�
��
�

� 2  linear? 

• Check (T2): Let ��
�

�
��
�

�
=

y

x
X , R∈a . ( ) ayxa

ay

ax
TaXT +=��

�

�
��
�

�
= 22

33 , and 

( ) ( ) ayaxyxaXaT +=+= 22
3 . Pick 2=a . ( ) yxXT 242 2

3 += , but ( ) yxXT 222 2
3 += . 

• So, since (T2) is not satisfied, T3 is not linear. 
 
 

LINEAR COMBINATIONS AND LINEAR TRANSFORMATIONS 

Theorem 

If mnT RR →:  is a linear transformation. Then ( ) ( ) ( )kkkk XTaXTaXaXaT ++=++ �� 1111  for any 

R∈ja  and n
jX R∈ . 

 
Proof: We use induction on k. 

• Base case: 1=k . 
• ( ) ( )1111 XTaXaT =  since T is linear. 

• Assume true for k. Prove for 1+k . 
• ( ) ( ) ( )11111111 ++++ +++=+++ kkkkkkkk XaTXaXaTXaXaXaT ��  since T is linear. 

• ( ) ( ) ( ) ( ) ( )11111111 ++++ +++=+++ kkkkkkkk XaTXTaXTaXaTXaXaT ��  by 
induction hypothesis. 

• ( ) ( ) ( ) ( ) ( ) ( )11111111 ++++ +++=+++ kkkkkkkk XTaXTaXTaXaTXTaXTa ��  since T 
is linear. 

• So, ( ) ( ) ( ) ( )11111111 ++++ +++=+++ kkkkkkkk XTaXTaXTaXaXaXaT �� . 
• So, the theorem is proven. 

 

Example 

Let T linear be 23: RR →T  such that ��
�

�
��
�

�

−
=��

�

�
��
�

�

1
2

2
1

T  and ��
�

�
��
�

�

−
=��

�

�
��
�

�

− 4
1

1
3

T . Compute ��
�

�
��
�

�

− 3
2

T . 
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• If ��
�

�
��
�

�

−
+��
�

�
��
�

�
=��

�

�
��
�

�

− 1
3

2
1

3
2

ba , then ��
�

�
��
�

�

−
+��
�

�
��
�

�
=��

�

�
��
�

�

− 1
3

2
1

3
2

bTaTT . 

• Solving for a and b, we obtain 1−=a , 1=b . 

• So, ��
�

�
��
�

�

−
−

=��
�

�
��
�

�

−
+��
�

�
��
�

�

−
−=��

�

�
��
�

�

−
+��
�

�
��
�

�
−=��

�

�
��
�

�

− 3
1

4
1

1
2

1
3

2
1

3
2

TTT . 

 

Theorem 

Let { } nkXX k
n ≥= ,,,span 1 �R . Let S and T be linear transformations mn RR → . Then: 

1) T is defined by ( ) kjXT j ,,1, �= . 

2) ( ) ( ) kjXSXTST jj ,,1, �==⇔= . 

 
Proof of 1: 

• Let nX R∈ . Let T be linear such that ( )jXT  are known. 

• Since kk XaXaX ++= �11 , so ( ) ( ) ( ) ( )kkkk XTaXTaXaXaTXT ++=++= �� 1111  is 
known. 

 
Proof of 2: 

• Assume ST = , ( ) ( )XSXT =  for any nX R∈ . So for jXX = , ( ) ( )jj XSXT = . 

• Assume ( ) ( ) kjXSXT jj ,,1, �== . Let nX R∈ , so kk XaXaX ++= �11 . So 

( ) ( ) ( ) ( ) ( ) ( ) ( )XSXaXaSXSaXSaXTaXTaXT kkkkkk =++=++=++= ��� 111111 . 
 

• Remark: T is defined by ( )jET , { }nEE ,,1 �  is a basis of the domain of T. 

 

Example 

Let 3, R∈WV , 
�
�
�

�

�

�
�
�

�

�

=

1

1

1

z

y

x

V , 
�
�
�

�

�

�
�
�

�

�

=

2

2

2

z

y

x

W . Define 
�
�
�

�

�

�
�
�

�

�

−
−
−

=

1221

1221

1221

n
yxyx

xzxz

zyzy

WV . Show that for U, V, W in R3, 

( ) ( ) ( )WVUVWUWVU ⋅−⋅=nn . 
 

• Let ( ) ( )WVUUT nn=  and ( ) ( ) ( )WVUVWUUS ⋅−⋅=  for V, W fixed. It can be proven that T, S are 
linear. 

• Using the theorem above, we only need to prove that ( ) ( )jj ESET =  where { }321 ,, EEE  is the standard 

basis of R3. 

• ( ) ( ) ( )
�
�
�

�

�

�
�
�

�

�

−
−=

�
�
�

�

�

�
�
�

�

�

−
�
�
�

�

�

�
�
�

�

�

=⋅−⋅=

2112

2112

2

2

2

1

1

1

1

2111

0

zxzx

yxyx

z

y

x

x

z

y

x

xWVEVWEES . 

• ( ) ( )
�
�
�

�

�

�
�
�

�

�

−
−=

�
�
�

�

�

�
�
�

�

�

−
−
−

�
�
�

�

�

�
�
�

�

�

==

2112

2112

1221

1221

1221

11

0
n

0
0
1

nn
zxzx

yxyx

yxyx

xzxz

zyzy

WVEET . 

• So ( ) ( )11 ESET = . The same goes for E2 and E3, so ST = . 

• Therefore, ( ) ( ) ( )WVUVWUWVU ⋅−⋅=nn . 
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MATRIX OF A LINEAR TRANSFORMATION 

Proposition 

Let A be an m×n matrix. AXXT mn
A →→ ,: RR  is linear. (Proof: Properties of matrix multiplication). 

 

Theorem 

Let mn
AT RR →:  be a transformation. Then: 

1) T is linear iff it is a matrix transformation. 
2) If T is linear, then T is induced by the (unique) matrix A defined by (in terms of its columns) 

( ) ( )[ ]nETETA �1= , where { }nEE ,,1 �  is the standard basis of Rn. 
 
Proof of 1: 

• If ATT =  then T is linear by proposition. 

• Let T be a linear transformation. Let ( ) ( )[ ]nETETA �1=  an n×n matrix. We want to prove 

ATT = . 
• By theorem above, it is enough to prove that ( ) ( ) njETET jAj ,,1, �== . 

• 

�
�
�
�
�

�

�

�
�
�
�
�

�

�

=

0

0
1

1
�

E . ( ) ( ) ( )[ ] ( )111

0

0
1

ETETETET nA =

�
�
�
�
�

�

�

�
�
�
�
�

�

�

=
�

� . 

• Continuing this way, we obtain that ( ) ( ) njETET jAj ,,1, �== , so ATT = . 

 
Proof of 2: 

• Assume BA TTT == . 

• ( ) ( ) n
BA XXTXT R∈∀= . So BXAX = . 

• ( ) ( ) ( ) AAIAEAEBEBEEEBBIB nnnnn ====== ��� 111 . 
• So A is unique. 

 

Corollary 

If BXAX =  for any nX R∈ , then BA = . 
 

Examples 

1) Let 
�
�
�

�

�

�
�
�

�

�

−
+−

+
→

�
�
�

�

�

�
�
�

�

�

→
zx

yxz

yx

z

y

x

T

3
2,: 33

1 RR . T1 is linear. Find matrix A1 of T1. 

• ( ) ( ) ( )[ ]
�
�
�

�

�

�
�
�

�

�

−
−==

103
121
011

3211 ETETETA . 

 

2) Let ��
�

�
��
�

�−
→��

�

�
��
�

�
→

y

x

y

x
T ,: 22

2 RR  a reflection in y-axis. T2 is linear. Find matrix A2 of T2. 

• ��
�

�
��
�

�−
=

10
01

2A . 
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Example 

Let 22: RR →P  the orthogonal projection on 
�	

�


�

��

�


�

��
�

�
��
�

�

1
1

span . P is linear. Find matrix MP of P. 

 

 

• ( )
�
�
�
�

�

�

�
�
�
�

�

�

+

+

=��
�

�
��
�

��
�
�

�
��
�

�
⋅��
�

�
��
�

�

=��
�

�
��
�

�
�

⋅
=

2

2
1
1

2

1
1

0
0

0
yx

yx
y

x

y

x
PX

X

XX
XP . 

• So 22: RR →P  such that 
�
�
�
�

�

�

�
�
�
�

�

�

+

+

→��
�

�
��
�

�

2

2
yx

yx

y

x
P . 

• So the matrix of P is 
�
�

�

�

�
�

�

�
=

�
�
�

�

�
�
�

�
��
�

�
��
�

�
��
�

�
��
�

�
=

2
1

2
1

2
1

2
1

1
0

0
1

PPM P . 

 

Example 

Let 22: RR →θR  a rotation of centre 0 and of angle θ (ccw). Rθ is linear. Find matrix Mθ of Rθ. 
 

 

• ��
�

�
��
�

�
=��

�

�
��
�

�

θ
θ

θ sin
cos

0
1

R , ��
�

�
��
�

�−
=��

�

�
��
�

�

θ
θ

θ cos
sin

1
0

R . 

• So Mθ the matrix of Rθ is given by ��
�

�
��
�

� −
=

θθ
θθ

θ cossin
sincos

M . 

 
 
 

Lecture #16 – Thursday, March 4, 2004 

COMPOSITION OF LINEAR TRANSFORMATION 

Definition 

Let S, T be two transformation such that ( ) ( )TS codomdom =  and pSmTn RRR →→ . We define 

composite of S and T ( )( ) ( )( )XTSXTS =�  for nX R∈ . pnTS RR →:� . 
 

Theorem 

Let mnT RR →:  and pmS RR →:  be linear transformations with matrix B and A respectively. Then 
pnTS RR →:�  is linear and its matrix is AB. 

 
Proof: We have ( )( ) ( )( ) ( ) ( ) ( )XABBXABXSXTSXTS ====� . 
 

θ 
θ 

��
�

�
��
�

�

0
1

θR  

x 

y 

��
�

�
��
�

�

1
1

 

��
�

�
��
�

�

y

x
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Example 

Let T be the reflection in x-axis and S be the reflection with respect to the line xy = . What is the matrix for 
TS � ? 

 

• Matrix of T: ��
�

�
��
�

�

−
=

10
01

B . 

• Matrix of S: ��
�

�
��
�

�
=

01
10

A . 

• TS �  has matrix ��
�

�
��
�

� −
=��

�

�
��
�

�

−��
�

�
��
�

�
=

01
10

10
01

01
10

AB . 

 
 

INVERSE OF LINEAR TRANSFORMATION 

Definition 

Let nnT RR →:  be a linear transformation. Then T is invertible iff nnS RR →∃ :  such that nTS R1=�  

and nST R1=� . 

 

Theorem 

Let nnT RR →:  be linear with matrix A. Then T is invertible iff A is invertible. In this case, the matrix of 
T-1 is A-1, and so T is unique. 
 
Proof: 

• If A is invertible, ( ) XXAATT AA == −
−

1
1�  and ( ) XXAATT AA == −

−
1

1 � , so T is invertible. 

• If T is invertible, let T ′  be an inverse (T ′  is linear because for ( )XTX ′=~
 and ( )YTY ′=~

, 

( ) ( ) ( )( ) ( )( ) ( ) ( ) ( )YTXTYXYXTTYXTTYTXTTYXT ′+′=+=+′=+′=+′=+′ ~~~~~~~~
� , and 

( ) ( )( ) ( )( ) ( )( ) ( )XTaXaXaTTXaTTXaTTaXT ′==′=′=′=′ ~~~~
� ). let B be the matrix of T ′ . then 

nIABTT n =�=′
R1�  and nIBATT n =�=′

R1� . So 1−= AB  and A is invertible, and thus 

T ′  is unique. 
 
 
 

Lecture #17 – Tuesday, March 9, 2004 

THE DETERMINANT OF 1××××1 AND 2××××2 MATRICES 

Definition 

Let [ ] R∈= aaA ,  be an 1×1 matrix. Then aA =det . 

Let R∈�
�

�
�
�

�
= dcba

dc

ba
A ,,,,  be an 2×2 matrix. Then bcadAA −==det . 

 

xy =  

x 

y 

(x, y) 

(-y, x) 
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Examples 

1) The determinant of ��
�

�
��
�

�
=

43
21

A  is ( )( ) ( )( ) 23241det −=−=A . 

2) The determinant of ��
�

�
��
�

�

−
−

=
23

51
B  is ( )( ) ( )( ) 135321det −=−−−=B . 

 

Proposition 

Let ��
�

�
��
�

�
=

dc

ba
A . Then A is invertible iff 0det ≠A . Moreover, in this case ��

�

�
��
�

�

−
−

=−

ac

bd

A
A

det
11 . 

 
Proof: 

• Prove: 0det ≠A  � A is invertible. 

• Define ��
�

�
��
�

�

−
−

=
ac

bd
B . Then ( ) 22 det

1
det IB

A
AIAAB =�

�

�
�
�

�⇔=  � A is invertible 

and B
A

A
det

11 =− . 

• Prove: A is invertible � 0det ≠A . 
• Assume 0det =A . Want A cannot be invertible. 

• Define ��
�

�
��
�

�

−
−

=
ac

bd
B . Then ( ) 0det 2 == IAAB . 

• But ( ) 0001 =�====�==− AdcbaBABA . Contradiction! 
 

Example 

Compute Adet  and A-1 when it exists. 
 

1) ��
�

�
��
�

�
=

43
21

1A . 

• ( ) ( )( ) ( )( ) 22341det 1 −=−=A , so A1 is invertible. 

• �
�
�

�
�
�
�

�

−
−

=��
�

�
��
�

�

−
−

=−

2
1

2
3

1
1

12

13
24

det
1

A
A . 

 

2) �
�
�

�
�
�
�

�

−
−

=
42

32
3

2A . 

• ( ) ( ) ( )( ) 0234
2
3

det 2 =−−�
�

�
�
�

�−=A , so A2 is not invertible. 

 

Example 

Let ��
�

�
��
�

�

−
=

32
1 a

A . For which value of R∈a  is the matrix A invertible? Compute A-1 for those values. 

• ( )( ) ( )( ) aaA 23231det +=−−= . So 0det ≠A  iff 
2
3−≠a . 

• If 
2
3−≠a , ��

�

�
��
�

� −
−

=−

12
3

23
11 a

a
A . 
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THE DETERMINANT FOR N××××N MATRICE 

Definition 

Let A be n×n matrix. Let Aij be the ( ) ( )11 −×− nn  matrix formed from A by deleting row i and column j. 

Then the ( )ji, -cofactor is ( ) ( ) R∈−= +
ij

ji
ij AAC det1 . 

 

• Remark: If ji +  is even, ( ) 11 =− + ji . If ji +  is odd, ( ) 11 −=− + ji . 
 

Example 

Let 
�
�
�

�

�

�
�
�

�

�

−
−

−
=

420
114

321
A . Find the ( )2,1  and ( )2,3  cofactors of A. 

• ( ) ( ) ( ) 16
40
14

det1 2,1
21

2,1 =
−
−

−=×−= + AAC . 

• ( ) ( ) ( ) 13
14

31
det1 2,3

23
2,3 =

−
−=×−= + AAC . 

 

Definition 

• For 2,1=n , the determinant of n×n matrices is defined. 
• Assume we have defined the determinant for ( ) ( )11 −×− nn  matrices. We want to define it for n×n 

matrices. 
• Let A be an n×n matrices. Let ( )ACij  be its cofactors. We define 

( ) ( ) ( )ACaACaACaA nn 1,1,1,21,21,11,1det +++= � . This is the Laplace Expansion. 

 

Example 

Let 
�
�
�

�

�

�
�
�

�

�

−
−

=
042
210
131

A . Compute Adet . 

• ( ) ( ) ( )ACACACA 1,31,21,1 201det ×+×+×= . 

• ( ) ( ) 8
04
21

1 11
1,1 −=

−
−= +AC . ( ) ( ) 5

21
13

1 13
1,3 =

−
−

−= +AC . 

• So, ( ) 2528det =+−=A . 
 
 

PROPERTIES OF THE DETERMINANT 

Theorem 

Let ijaA =  be an n×n matrix. Then the determinant of A is given by: 

• ( ) ( ) ( ) niACaACaACaA niniiiii ,,1,det ,,2,2,1,1, �� =+++=  (expansion along row i). 
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• ( ) ( ) ( ) njACaACaACaA jnjnjjjj ,,1,det ,,,2,2,1,1 �� =+++=  (expansion along row j). 

 

Example 

Let 

�
�
�
�
�

�

�

�
�
�
�
�

�

�

−
−−

−

=

0304
2211

5303
4101

A . What is Adet ? 

• 

( ) ( ) ( ) ( ) ( )

( ) 1
23

2,32,42,42,32,32,22,22,12,1

:
034
533
411

034
533
411

1

det

A

ACACaACaACaACaA

=
−

−
=

−

−
−−=

−=+++=

+ . 

• ( ) ( ) ( ) ( ) ( ) ( ) ( ) 11975214
34

11
15

34
33

1454det 3231
13,213,11 =−−−−=

−
−+

−
−−=+−= ++ACACA . 

 

Theorem 

Let A be an n×n matrix. Then: 
1) If A has a row (column) of 0’s, then 0det =A . 
2) If we interchange two rows (columns), then the resulting determinant is Adet− . So 

( ) ( )nijnji CCCCCCCC ���� 11 detdet −= . 

3) If a row (column) of A is multiplied by R∈u , then the determinant is multiplied by u. So 
( ) ( )nini CCCuCuCC ���� 11 detdet = . 

4) If two rows (columns) of A are equal, then 0det =A . 
5) If a multiple of a row i (column j) is added to a different row (column), then the determinant is the same. So 

( ) ( )nijinji CaCCCCCCCC ���� += 11 detdet . 

 

Examples 

1) Compute ( ) ( ) 313
21

31
13

412
303
211

det 12 ==
−−

−−=
�
�
�

�

�

�
�
�

�

�

−−
− + . 

2) Compute 0
0315
012
01001

det =
�
�
�

�

�

�
�
�

�

�

− . 

 
 
 

Example 

Let R∈
�
�
�

�

�

�
�
�

�

�

= 4321
2

3
2

2
2

1

321 ,,,,
111

xxxx

xxx

xxxA . What is Adet ? 
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( ) ( )

( )( ) ( )( )( )231312
1312

1312

2
1

2
3

2
1

2
2

131211
1,1

2
1

2
3

2
1

2
2

2
1

13121

11

1
001

det

xxxxxx
xxxx

xxxx

xxxx

xxxx
AC

xxxxx

xxxxxA

−−−=
++

−−=

−−
−−

−==
−−
−−= +

. 

 

Corollary 

A is an n×n matrix. Then ( ) R∈= uAuuA n ,detdet . 
 

Theorem 

Let A be a triangle matrix (i.e.: 0=ija  when ji >  or ji < ). Then Adet  is the product of the entries of 

the main diagonal of A. So nnaaaA ,2,21,1det ×××= �  

 

Example 

 

Let 
�
�
�

�

�

�
�
�

�

�

−=
642
523
234

A . What is Adet ? 

( )( )( )

( )( ) 120340
300

210
321

40

120
210
321

40
210
120
321

542
1050
480

321
2

234
523
321

2
321
523
234

2det

−=−=
−

=

=−−−=
−−
−−−=−−=−=A

 

 

Theorem 

Consider �
�

�
�
�

�
=

B

XA
C

0
, �

�

�
�
�

�
=

BY

A
D

0
 for A, B square matrices. Then: 

• BAC detdetdet ×= . 
• BAD detdetdet ×= . 

 

Example 

Let 

�
�
�
�
�

�

�

�
�
�
�
�

�

�

−
−

−

=

5100
1200
4312
1231

C . What is Cdet ? 

• 

�
�
�
�
�

�

�

�
�
�
�
�

�

�

−
−

−

=

5100
1200
4312
1231

C . So ( )( ) 77117
51
12

12
31

det =−−=
−

×
−

=C . 
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DETERMINANTS OF PRODUCT OF MATRICES 

Theorem 

Let A, B be n×n matrices. Then ( ) BAAB detdetdet ×= . 
 

• Remark: If A, B are n×n matrices, ( ) BABA detdetdet +≠+ . 
 

Corollary 

Let A be an n×n matrix. Then ( ) ( )kk AA detdet = . 
 
Proof (by induction): 

• Prove for 1=k : 

• ( ) ( )11 detdetdet AAA == . The corollary is true for 1=k . 

• Assume ( ) ( )kk AA detdet = . Prove ( ) ( ) 11 detdet ++ = kk AA . 

• ( ) ( ) ( ) ( ) ( ) ( ) 11 detdetdetdetdetdetdet ++ ==×== kkkkk AAAAAAAA . So the corollary is 
true for 1+k . 

 
 
 

Lecture #18 – Thursday, March 11, 2004 

DETERMINANTS AND MATRIX INVERSES 

Theorem 

Let A be an n×n matrix. A is invertible iff 0det ≠A . 
 

Corollary 

If A is an n×n matrix that is invertible. Then ( )
A

A
det

1
det 1 =− . 

 
Proof: 

• Remark ( ) 1det =nI , and nIAA =−1 . 

• ( ) ( ) ( )( )
A

AAAIAA n det
1

det1detdet1detdet 111 =�=�== −−− . 

 

Example 

For which values of R∈a  is the matrix 
�
�
�

�

�

�
�
�

�

� −
=

12
132

01

aa

a

A  invertible? 

• ( ) ( ) ( ) ( )( ) ( )3221213
12

213
1

~
1

12
2132

001
det 22

2
11

11
2

−+−=+−+=
+
+

−=×=
+
+= + aaaaa

aa

a
AC

aaa

aA . 

• A is invertible when ( ) 0322 ≠−+− aa . ( ) ( )( ) 22 416342 ==−−=∆ , so 31 −=a , 12 =a . 
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• So A is invertible if a is different from -3 and 1. 
 

Proposition 

Let A be an n×n matrix. Then ( ) ( )TAA detdet = . 
 

Example 

Let A, B be square matrices. If 2det =A , 3det −=B , compute ( )312det BABA T − . 

• ( ) ( ) ( ) ( ) ( )( ) 16232det
det

1
detdetdet 542312 =−=�

�

�
�
�

�=− B
A

BABABA T . 

 

Definition 

A square matrix A is orthogonal iff TAA =−1  (so A is invertible). 
 

Proposition 

If A is orthogonal, then 1det ±=A . 
 

Proof: ( ) ( ) ( )( ) ( ) 1det1det1detdet1detdet 21 ±=⇔=⇔=⇔==�=⇔=− AAAAIAAIAAIAA TTT . 
 
 

MATRIX ADJOINT 

Definition 

Let A be an n×n matrix. Let ( )ACij  be the cofactors of A. The adjoint of A is ( )[ ]Tij ACA =adj . 

 

Theorem 

Let A be an n×n matrix. Then ( ) ( ) ( )AAIAAA adjdetadj == . In particular, if 0det ≠A , then 

( )A
A

A adj
det

11 =− . 

 

Proof: ( ) IA
A

AIAAA =�
�

�
�
�

�
�=× adj

det
1

detadj , so ( )A
A

A adj
det

11 =− . 

 

Corollary 

Let A be an n×n matrix. If 0det ≠A , then ( ) ( ) 1detadjdet −= nAA . 
 
Proof: 

( )( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( ) ( ) 1detadjdetdetadjdetdetdetdetadjdetdetadj −=�=�=�= nn AAAAAIAAAIAAA . 
 

Example 

Let 
�
�
�

�

�

�
�
�

�

�

−
−−=
11

1
11

a

aa

a

A . For what values of a is A invertible? When it is the case, compute A-1. 
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• ( ) 2
2

2
11

2

2 1
11

1
11

11
1

001
det a

aa

aaa

aaa

aaaaA +=
−−−

+−+−×=
−−−

+−+−= +  

• So A is invertible when 1±≠a . 

• ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )�

�
�

�

�

�
�
�

�

�

=
ACACAC

ACACAC

ACACAC

A T

333231

232221

131211

adj , and ( )[ ]
�
�
�

�

�

�
�
�

�

�

++
−−−

−−−−
==

aa

aaaaa

aaa

AAC T
ij

110
1

211
adj 222 . 

• When 1±≠a , 
�
�
�

�

�

�
�
�

�

�

++
−−−

−−−−

−
==−

aa

aaaaa

aaa

a
A

A
A

110
1

211

1

1
adj

det
1 222

2
1 . 

 
 

CRAMER’S RULE 

Theorem: Cramer’s Rule 

If A is an invertible matrix, then the solution of the system BAX =  is BAX 1−= . If 

[ ] n
jn CCCA R∈= ,1 �  and 

�
�
�

�

�

�
�
�

�

�

=

nx

x

X �

1

, consider ( )njjj CCBCCA 111 +−= �  Then 

( )
( )A

A
x j

j det

det
= . 

 

Example 

Solve x1 for 
�
�

�



�

=++−
=++
=++

12

02

223

321

321

321

xxx

xxx

xxx

. 

• Let 
�
�
�

�

�

�
�
�

�

�

−
=

121
211
123

A , 
�
�
�

�

�

�
�
�

�

�

=
1
0
2

B , 
�
�
�

�

�

�
�
�

�

�

=

3

2

1

x

x

x

X . Then BAX = . 

• ( ) 12det −=A . So 
( )
( ) 4

1
12
3

det

121
210
122

det
det 1

1 =
−
−===

AA
A

x . 

 
 
 

Lecture #19 – Tuesday, March 16, 2004 

PERMUTATIONS 

Definition 

Let { }nS n ,,2,1 �= . A map nn SS →:σ  is a permutation if it is a one-to-one map (rearrangement). 
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Examples 

1) If { }3,2,13 =S , a possible permutation is 

( )
( )
( ) 33

22

11

1

1

1

=
=
=

σ
σ
σ

. Another possible permutation is 

( )
( )
( ) 13

32

21

2

2

2

=
=
=

σ
σ
σ

. 

 

2) If { }2,12 =S , the possible permutations are 
( )
( ) 22

11

1

1

=
=

σ
σ

 and 
( )
( ) 12

21

2

2

=
=

σ
σ

. 

 

Definition 

Let nn SS →:σ  be a permutation. σ has an inversion if there exists ji <  in Sn such that ( ) ( )ji σσ > . 
• We say σ is even if the number of inversions is even. 
• We say σ is odd if the number of inversions is odd. 

 

Example 

If { }2,12 =S , then all possible permutations are 
( )
( ) 22

11

1

1

=
=

σ
σ

 and 
( )
( ) 12

21

2

2

=
=

σ
σ

. 

• Since σ1 has 0 inversions, σ1 is even. 
• Since σ2 has 1 inversion, σ2 is odd. 

 

Example 

Let { }3,2,13 =S  and 

( )
( )
( ) 33

12
21

=
=
=

σ
σ
σ

. Since 21 <  and ( ) ( )21 σσ > , σ has 1 inversion, and so σ is odd. 

 
 
 

PERMUTATION AND DETERMINANTS 

Proposition 

Let A be an n×n matrix. If ( )
�
�
�

�

�

�
�
�

�

�

==

nnn

n

ij

aa

aa

aA

�

���

�

1

111

, then ( ) ( ) ( ) ( )( )nn
ss

aaaA
nn

σσσ
σ

,2,21,1
:

1det ×××±= �
→

�  

and + if σ is even, and - if σ is odd. 
 

Example 

Let ��
�

�
��
�

�
=

2221

1211

aa

aa
A , { }2,12 =S . Find Adet . 

• The possible permutations are 
( )
( ) 22

11

1

1

=
=

σ
σ

 (even) and 
( )
( ) 12

21

2

2

=
=

σ
σ

 (odd). 

• So, ( )
{ }

( ) ( )( ) ( ) ( ) ( ) ( ) 211222112,21,12,21,12,21,1
,

2211

21

1det aaaaaaaaaaA −=×−×=×±= �
=

σσσσσσ
σσσ

. 
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Proposition 

Let ( )ijaA =  be an n×n matrix. 

1) If A has a row (column) of 0, then 0det =A . 
2) If A

~
 is formed from A where Rj was replaced by uRj for u∈R, then AuA

~
detdet = . 

3) If A
~

 is formed from A where we exchange Rk and Rl, then AA
~

detdet = . 
 
Proof of (1): We have ( ) ( ) ( )( )nn

ss

aaA
nn

σσ
σ

,1,1
:

1det ××±= �
→

� . 

• Suppose Rj has only zero entries, that is nka jk ,,2,1,0 �== . Then 

( ) ( ) ( ) ( )( ) 01det ,,1,1
:

=××××±= �
→

nnjj
ss

aaaA
nn

σσσ
σ

��  since ( ) 0, =jja σ . 

 
Proof of (2): 

• If 

�
�
�
�
�
�

�

�

�
�
�
�
�
�

�

�

=

n

j

R

R

R

A

�

�

1

, 

�
�
�
�
�
�

�

�

�
�
�
�
�
�

�

�

=

n

j

R

uR

R

A

�

�

1

~
, where ( ) ( )klkl aaA == ~~

 for lk ≠  and nluaa klkl ,,1,~
�==  for 

lk = . 

• 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) Auaaau

auaaaaaA

nnjj
ss

nnjj
ss

nnjj
ss

nn

nnnn

det1

1~~~1
~

det

,,1,1
:

,,1,1
:

,,1,1
:

=××××±=

××××±=××××±=

�

��

→

→→

σσσ
σ

σσσ
σ

σσσ
σ

��

����

. 

 

Example 

Compute R∈= a

aaa

aaa

aa

D ,
4cos3cos2cos
3cos2coscos
2coscos1

. 

• 
( )

( )( ) ( ) 0sin2sinsin2sin

2sinsin2sin
sin2sinsin

1
2cos4coscos2cos3cos2cos
cos2cos3coscos2coscos

001

222

2

2
11

2

2

=−=

−−
−−−=

−−
−−= +

aaaa

aaa

aaa

aaaaaa

aaaaaaD
. 

 
 

POWER OF MATRICES 
• Remark: A2 exists only if A is square. 

 

Definition 

A matrix A is diagonal if all the entries are zero except the ones on the main diagonal. 
 

Examples 

1) nIA =  is a diagonal matrix. 
2) 0=A  is a diagonal matrix. 
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3) ��
�

�
��
�

�
=

40
01

A  is a diagonal matrix. 

 

Example 

Let R∈��
�

�
��
�

�
= 21

2

1 ,,
0

0
λλ

λ
λ

A . Prove that R∈≥
�
�

�

�

�
�

�

�
= 1,

0
0

2

1 kA k

k
k

λ
λ

. 

• Prove for 1=k : 

• 
�
�

�

�

�
�

�

�
=��

�

�
��
�

�
== 1

2

1
1

2

11

0
0

0
0

λ
λ

λ
λ

AA . So it is true for 1=k . 

• Assume 
�
�

�

�

�
�

�

�
= k

k
kA

2

1

0
0

λ
λ

. Prove 
�
�

�

�

�
�

�

�
= +

+
+

1
2

1
11

0
0
k

k
kA

λ
λ

: 

• 
�
�

�

�

�
�

�

�
=��

�

�
��
�

�
�
�

�

�

�
�

�

�
== +

+
+

1
2

1
1

2

1

2

11

0
0

0
0

0
0

k

k

k

k
kk AAA

λ
λ

λ
λ

λ
λ

. So it is true for 1+k . 

 

Proposition 

Let A be a diagonal matrix. ( )n

n

A λλλ
λ

λ
,,,diag:

0

0

21

1

�

�

���

�

=
�
�
�

�

�

�
�
�

�

�

= . Then 

( )
�
�
�
�

�

�

�
�
�
�

�

�

==
k

n

k

k
n

kkkA

λ

λ
λλλ

�

���

�

�

0

0
,,,diag

1

21  for 1≥k . 

 

Corollary 

Let P be a polynomial. ( ) 01
1

1 axaxaxaxP m
m

m
m ++++= −

− � . We define 

( ) IaAaAaAaAP m
m

m
m 01

1
1 ++++= −

− � . If ( )nA λλ ,,diag 1 �= , then ( ) ( ) ( )( )nPPAP λλ ,,diag 1 �= . 
 
 

DIAGONALIZATION 

Definition 

Let A be an n×n matrix. We say A is diagonalizable if there exists an invertible matrix P such that APP 1−  is 
a diagonal matrix. P is called the diagonalizing matrix. 
 

Theorem 

Let A be a diagonalizable matrix. Let D be a diagonal matrix. If there exists P an invertible matrix such that 
11 −− =�= PDPADAPP , then 1−= PPDA kk . 

 
Proof by Induction: 

• For 1=k , A is diagonalizable, so 1−= PDPA . 
• Assume 1−= PPDA kk . Prove 111 −++ = PPDA kk : 

• ( ) 1!111111 −+−−−−−+ ===== PPDDPPDDPPPPDPDPPPDAAA kkkkkk . 



MAT223H1b.doc 

Page 31 of 51 

 

Example 

Let ��
�

�
��
�

�

−−
−

=
23

01
A , ��

�

�
��
�

�
=

11
10

P . Computation gives ��
�

�
��
�

�−
=−

01
111P . Caculate Ak. 

• DAPP =��
�

�
��
�

�

−
=−

10
021 . So ( )

( )
( ) �

�

�

�

�
�

�

�

−−
−=��

�

�
��
�

�−
�
�
�

�
�
�
�

�

−��
�

�
��
�

�
== −

kkk

k

k

k
kk PPDA

221
01

01
11

10
02

11
101 . 

 
 

EIGENVALUES AND EIGENVECTORS 

Definition 

Let A be an n×n matrix. R∈λ  is an eigenvalue of A if there exists some vector 0≠X  such that 
XAX λ= . X is an eigenvector of A for λ. X is also called a λ-eigenvector.A9 

 
• Remark: If 0=X , 00 λ==AX  for all R∈λ . This is meaningless! 

 
• Remark: Let X be a λ-eigenvector ( 0≠X ) for A, and R∈≠ 0a . Then ( ) 0≠Xa  is also a λ-eigenvector. 

Proof: ( ) ( ) ( )aXXaAXaaXA λλ === . 
 

Proposition 

Let A be an n×n matrix. Let λ be an eigenvalue of A. Let X be a λ-eigenvector. Then λk is an eigenvalue of Ak, 
and X is a λk-eigenvector for 1≥k . 
 
Proof by Induction: 

• For 1=k , it is clear. 
• Assume λk is an eigenvalue of Ak and X is a λk-eigenvector. Prove for 1+k : 

• ( ) ( ) ( ) XXXAXAAXAXA kkkkkk 11 ++ ===== λλλλλ . 
 

Example 

Consider ��
�

�
��
�

�

−−
−

=
23

01
A . 

• ��
�

�
��
�

�
=��

�

�
��
�

�
=��

�

�
��
�

�

1
0

2
2
0

1
0

A , so 2 is an eigenvalue of A and ��
�

�
��
�

�

1
0

 is a 2-eigenvector of A. 

• ��
�

�
��
�

�
−=��

�

�
��
�

�

−
−

=��
�

�
��
�

�

1
1

1
1
1

1
1

A , so -1 is an eigenvalue of A and ��
�

�
��
�

�

1
1

 is a -1-eigenvector of A. 

• Notice: ��
�

�
��
�

�
=

11
10

P  such that ��
�

�
��
�

�

−
=−

10
021 APP . 

 
 
 

Lecture #20 – Thursday, March 18, 2004 
Proposition 

0 is an eigenvalue of A iff A is not invertible. 
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Proof: 

• Assume 0 is an eigenvalue of A. 00 == XAX . Since there exists non-trivial solutions, so A is not 
invertible. 

• Assume A is not invertible. There exists 0≠X  such that XAX 0= . So 0 is an eigenvalue of A. 
 

Definition 

Let A be an n×n matrix. Let ( ) ( ) R∈−= xAxIxc A ,det . cA is a polynomial of degree n. cA is the characteristic 
polynomial of A. 
 
 

Theorem 

1) The eigenvalue of A are the roots of ( )xc A . That is λ is an eigenvalue of A iff ( ) 0=λAc . 

2) The λ-eigenvectors X are the non-trivial solutions of the homogeneous system ( ) 0=− XAIλ . 
 

• Proof (1): Let λ be an eigenvalue of A. So ∃ 0≠X  such that ( ) 0=−⇔= XAIXAX λλ . Since AI −λ  

is not invertible, ( ) ( )λλ AcAI ==− 0det . So ( ) 0=λAc . 
• Proof (2): Let λ such that ( ) ( ) 0det0 =−⇔= AIc A λλ . So AI −λ  is not invertible. So ∃ 0≠X  such 

that ( ) AXXAXXXAI =⇔=−⇔=− λλλ 00 . So λ is an eigenvalue. 
 

Example 

Let ��
�

�
��
�

�

−
−

=
109
65

A . What is ( )xc A ? Find the λ-eigenvectors. 

• ( ) ( ) ( )( )1445
109
65

109
65

0
0

det 2 −−=+−=
−
−+

=��
�

�
��
�

�

−
−

−��
�

�
��
�

�
=−= xxxx

x

x

x

x
AxIxc A . 

• So the eigenvectors of A are 4 and 1. 
• Want: The 4-eigenvectors: 

• X is a 4-eigenvector if 

( ) R∈
��

�



�

=

=
⇔

�


�

=−
=−

⇔=��
�

�
��
�

�
��
�

�
��
�

�

−
−

⇔=−⇔= t
tx

tx
xx

xx

x

x
XAIXAX ,3

2

069

069
0

69
69

044

2

1

21

21

2

1 . 

• So �
�
�

�
�
�
�

�
=��

�

�
��
�

�
=

1
3
2

2

1 t
x

x
X  is an eigenvector for 0≠t . 

• Want: The 1-eigenvectors: 
• X is a 1-eigenvector if 

( ) R∈
�


�

=
=

⇔
�


�

=−
=−

⇔=��
�

�
��
�

�
��
�

�
��
�

�

−
−

⇔=− t
tx

tx

xx

xx

x

x
XAI ,

099

066
0

99
66

0
2

1

21

21

2

1 . 

• So ��
�

�
��
�

�
=��

�

�
��
�

�
=

1
1

2

1 t
x

x
X  is an eigenvector for 0≠t . 

 

Proposition 

Let A be an n×n matrix. Let λ be an eigenvalue of A. Let X1, X1,…, Xk be some λ-eigenvectors. Then any 
linear combinations of Xj that is not 0 is a λ-eigenvector. 
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Proof: Let 02211 ≠+++= kk XaXaXaX � . Since kjXAX jj ,,2,1, �== λ , 

( ) ( ) XXaXaXaXaAXaAXaXaXaAAX kkkkkkkk λλλλ =++=++=++=++= ���� 11111111 . So 
02211 ≠+++= kk XaXaXaX �  is a λ-eigenvector. 

 

Example 

Let 
�
�
�

�

�

�
�
�

�

�

=
011
101
110

A . Show AIA += 22 . What are the possible eigenvalues of A? 

• AIA +=
�
�
�

�

�

�
�
�

�

�

+
�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

= 2
011
101
110

100
010
001

2
211
121
112

2 . 

• Let λ be an eigenvalue of A. Let X be a λ-eigenvector. So XAX λ= . 

• ( ) XAXXAAXAAAXXA 22 λλλ =====  and 

( ) ( )XXXAXXXAIXA λλ +=+=+=+= 22222 . 

• So ( ) ( )
�
�
�

�

�

�
�
�

�

�

+=
�
�
�

�

�

�
�
�

�

�

�+=

3

2

1

3

2

1
22 22

x

x

x

x

x

x

XX λλλλ . Since 0≠X , so suppose 01 ≠x . Then 

( ) λλλλ +=�+= 22 2
11

2 xx  

• If λ is an eigenvalue of A, then ( )( ) 012022 =+−⇔=−− λλλλ . So the possible eigenvalues of 
A are -1 and 2. 

• For 1−=λ , the -1-eigenvector ( ) ( )0,0,,
1
0
1

0
1
1

≠
�
�
�

�

�

�
�
�

�

�−
+
�
�
�

�

�

�
�
�

�

�−
= tstsX . 

• For 2=λ , the 2-eigenvector 0,
1
1
1

≠
�
�
�

�

�

�
�
�

�

�

= ttX . 

 
 
 

Lecture #21 – Tuesday, March 23, 2004 

EIGENSPACES 
Note: A is an n×n matrix. 
 

Definition 

Let λ be an eigenvalue of A. Then the λ-eigenspace is defined by ( ) ( ) { }XAXXAIAE λλλ =∈=−= ,null R . 
 

Proposition 

Let X1, …, Xk be the basic solution of ( ) 0=− XAIλ . Then ( ) ( )kXXAE ,,span 1 �=λ . Moreover, 
{ }kXX ,,1 �  is a basis of the subspace ( )AEλ . ( ( )( ) kAE =λdim ) 
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Example 

What are the eigenspaces of ��
�

�
��
�

�
=

20
32

A ? 

• Eigenvalues: ( ) ( ) ( )22
20

32
det −=

−
−−

=−= x
x

x
AxIxc A . So 2=λ . 

• ( )AE2 : ( ) ��
�

�
��
�

�
=��

�

�
��
�

�
=�

�


�

=
=−

���
�

�
��
�

�
��
�

�
��
�

� −
=−

0
1

000

03

00
30

2 2

2

1 s
s

X
x

x

x
XAI . So 

( )
�	

�


�

��

�


�

∈��
�

�
��
�

�
== RssXAE ,

0
1

2 . 

 

Proposition 

Let µλ ≠  be two eigenvalues of A. Then ( ) ( ) { }0=∩ AEAE µλ . ( ( ) ( )AEAE µλ ⊕ ) 

 

Proof: Let ( ) ( )AEAEX µλ ∩∈ . So ( ) 00 =�=−�
	


�

=
=

XX
XAX

XAX
µλ

µ
λ

. 

 

Theorem 

Let λ1, …, λk be distinct eigenvalues of A. Let X1, …, Xk be the eigenvectors of A. Then { }kXX ,,1 �  are 
linearly independent. 
 
Proof (by induction): 

• 2=k : 
• 2211212211 ,,0 XXXX αααααα −=�∈=+ R . 

• Since ( )AEX
111 λα ∈  and ( )AEX

222 λα ∈ , and ( ) ( ) { }0
22

=∩ AEAE λλ . So 011 =Xα , 

and 022 =Xα , so 021 == αα . 
• Assume X1, …, Xk are linearly independent. We want to prove X1, …, Xk, Xk+1 are linearly 

independent. 
• 01111 =+++ ++ kkkk XXX ααα �  L1. 

• ( ) 00 1111111111 =+++�=+++ +++++ kkkkkkkkkk XXXXXXA λαλαλαααα ��  L2. 

• So, ( ) ( ) 0111111211 =−+−=− +++ kkkkk XXLL λλαλλαλ � . 

• Since X1, …, Xk are linearly independent, 

( )

( )
0

0

0

1

11

111

===�
�
	

�



�

=−

=−

+

+

k

kk

k

αα
λλα

λλα
�� . 

• So, from L1, we have 00 111 =�= +++ kkk X αα . 
 

Example 

Let 
�
�
�

�

�

�
�
�

�

�

−
−−
−

=
222
111
331

A . Show that there is a basis of R3 of eigenvectors. 

• Eigenvalues: ( ) ( )( )42 −+= xxxxc A , so 01 =λ , 22 −=λ , 43 =λ . 
• So since X1 is the 0-eigenvector, X2 the -2-eigenvector, X3 the 4-eigenvector, and they corresponds 

to 3 distinct, linearly independent eigenvectors, we have a basis. ( 3dim 3 =R ) 
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Example 

Let ��
�

�
��
�

� −
=

20
32

A . Prove that there is no basis of eigenvectors. 

• Eigenvalues: ( ) ( )22−= xxc A . So 2=λ . 

• 2-eigenvectors: ( )
�	

�


�

��

�


�

∈��
�

�
��
�

�
=∈= RR ssXXAE ,

0
1

,2
2 . 

• Since ( )( ) 1dim 2 =AE , there is no basis of eigenvectors. 
 
 

DIAGONALIZATION OF MATRICES: SIMILAR MATRICES 

Definition 

Let A, B be two n×n matrices. We say that A and B are similar if there exists an invertible matrix P such that 
APPB 1−= . ( AB ~ ) 

 

Remark 

We can rewrite the definition of diagonalizable matrices: A is diagonalizable if there exists D a diagonal 
matrix such that D and A are similar. ( DA ~ ) 
 

Proposition 

1) We have AA ~ . 
2) If BA ~ , then AB ~ . 
3) If BA ~  and CB ~ , then CA ~ . 

 
Proof: 

1) AIAIAIIA === −1 . 
2) APPB 1−= , P is invertible. Let 1−= PQ , then 11 −− == PBPBQQA . 

3) BA ~  means BPPA 1−= . CB ~  means CPPB 1−= . So 

( ) ( ) ( ) ( ) ( )QPCQPQPCQPPCQQPBPPA 111111 −−−−−− ⇔⇔== , so CA ~ .  
 

Corollary 

If A is diagonalizable, and AB ~ , then B is also diagonalizable. 
 
Proof: A is diagonalizable. Then there exists D diagonal matrix such that DA ~ . DBDAB ~~~ � . 
 

Proposition 

If BA ~ , then: 
1) 11 ~ −− BA . 
2) TT BA ~ . 
3) For any N∈k , kk BA ~ . 

 
Proof: 

1) BPPABA 1~ −=� . So ( ) ( )( )( ) 11111111111 ~ −−−−−−−−−−− �=== BAPBPPBPBPPA . 

2) ( ) ( ) ( ) 111 −−− === TTTTTTTT PBPPBPBPPA . 



MAT223H1b.doc 

Page 36 of 51 

 

Definition 

Let A be an n×n matrix, where ( )ijaA = . The trace of A is defined by ( ) nn

n

j

aaaajjA +++==�
=

�2211tr . 

 

Proposition 

We have: 
1) ( ) ( ) ( )BABA trtrtr +=+ . 
2) If R∈u , ( ) ( )AuuA trtr = . 
3) ( ) ( )BAAB trtr = . 

 
Proof: 

1) It is trivial. 
2) It is trivial. 
3) Let ( )ijaA = , ( )ijbB = , ( )ijcABC == , ( )ijdBAD == . 

• njinii

n

k
kjikij bababaa ++==�

=
�11

1

. 

• �
=

=
n

k
kjjkij abd

1

. 

• ( ) ( )BAdababbabacAB
n

k
kk

n

k

n

l
lkkl

n

lk
lkkl

n

lk
kllk

n

l

n

k
kllk

n

l
ll trtr

11 11,1,1 11

==�
�

�

�

�
�

�

�
===�

�

�

�

�
�

�

�
== �� ���� ��

== ==== ==
. 

 

Theorem 

Let A and B be two similar matrices. Then: 
1) BA detdet = . 
2) BA trtr = . 
3) ( ) ( )xcxc BA = . 
4) Eigenvalues of A = eigenvalues of B. 

 
Proof: 
A and B are similar, so there exists P an invertible matrix such that BPPA 1−= . 

1) ( ) ( ) ( ) ( ) BPB
P

PBPBPPA detdetdet
det

1
detdetdetdetdet 11 =××=××== −− . 

2) ( ) ( )( )( ) BPBPBPPA trtrtrtr 11 === −− . 

3) 
( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )xcPBxIP

PBxIPBPPPxPBPPxIAxIxc

B

A

=×−×=

−=−=−=−=
−

−−−−

detdetdet

detdetdetdet
1

1111

. 

4) We know ( ) ( )xcxc BA = . Since the eigenvalues of A are the roots of ( )xc A , and the eigenvalues of B are 
the roots of ( )xcB , we have eigenvalues of A = eigenvalues of B. 
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DIAGONALIZATION 

Theorem 

1) A is diagonalizable iff there exists a basis of eigenvectors of A. It means there exists eigenvectors 
nXX ,,1 �  such that ( )nXXP �1=  is invertible. 

2) In this case, ( )nAPPD λλ ,,diag 1
1

�== −  where λj is the eigenvalue corresponding to Xj. 
 

Method For Diagonalizing a Matrix 

1) Find the eigenvalues – compute ( )xc A  and find the roots. 
2) If λ is an eigenvalue, then find the basic solution of ( ) 0=− XAIλ . 
3) Do we have a basis of eigenvectors? 

• If no, then A is not diagonalizable. 
• If yes, then nXX ,,1 �  is a basis of eigenvectors. ( )nXXP �1= , and ( )nD λλ ,,diag 1 �=  

such that jjj XAX λ= . 

 

Example 

Diagonalize ��
�

�
��
�

�

−
−

=
56
45

A . 

• ( ) 1
56

45 2 −=
+−

−
= x

x

x
xc A . So 11 −=λ , 12 =λ . Since 21 λλ ≠ , the eigenvectors X1, X2 are 

linearly independent. 

• -1-eigenvectors: ( ) R∈
��

�



�

=

=
⇔

�


�

=+−
=+−

⇔=−− t
tx

tx
xx

xx
XAI ,3

2

046

046
0

2

1

21

21 . So �
�
�

�
�
�
�

�
=

1
3
2

1X . 

• 1-eigenvectors: ( ) R∈
�


�

=
=

⇔
�


�

=+−
=+−

⇔=− t
tx

tx

xx

xx
XAI ,

044

044
0

2

1

21

21 . So ��
�

�
��
�

�
=

1
1

2X . 

• ( ) �
�
�

�
�
�
�

�
==

11
13

2

21 XXP . So we have ��
�

�
��
�

�−
=−

10
011 APP . 

 

Example 

Diagonalize 
�
�
�

�

�

�
�
�

�

�

=
300
010
021

A . 

• ( ) ( ) ( )( ) ( )( )2233 13131
300

010
021

−−=−−−=
−

−
−−

= + xxxx

x

x

x

xc A . So 31 =λ , 12 =λ . (Remark: 

If A is a triangle matrix, then the eigenvalues of A are the entries on the main diagonal) 

• 3-eigenvectors: ( ) R∈
�
�
�

�

�

�
�
�

�

�

=�=− ssXXAI ,
1
0
0

03 . So 
�
�
�

�

�

�
�
�

�

�

=
1
0
0

1X . 



MAT223H1b.doc 

Page 38 of 51 

• 1-eigenvectors: ( ) R∈
�
�
�

�

�

�
�
�

�

�

=�=− ssXXAI ,
0
0
1

0 . So 
�
�
�

�

�

�
�
�

�

�

=
0
0
1

2X . 

• Since there only X1 and X2 independent eigenvectors, it is not a basis of R3. So A is not 
diagonalizable. 

 
 

MULTIPLICITY OF EIGENVALUES 

Definition 

Let A be an n×n matrix. Let λ be an eigenvector of A. Suppose ( ) 0=xc A . We can write 

( ) ( ) ( ) ( ) 0, ≠⋅−= xgxgxxc m
A λ . m is the multiplicity of λ. 

 

Proposition 

Let λ be an eigenvalue of A. Let m be its multiplicity. Then ( ) mAE ≤λdim . 
 
 
 

Lecture #22 – Thursday, March 25, 2004 
Theorem 

A is diagonalizable iff ( ) ( )λλ mAE =dim  (the multiplicity of λ) for all λ eigenvalue of A. 
 
Proof: 

• Assume A is diagonalizable. Prove ( ) ( )λλ mAE =dim . 

• ( )nAPPD λλ ,,diag 1
1

�== − , and 1−= PDPA . 
• ( ) ( ) ( ) ( )DxIxcAxIxc DA −==−= detdet . 

• ( ) ( )( ) ( )n

n

A xxxxxx

xx

xx

xc −−−=
−

−
= �

�

���

�

21

1

0

0
. 

• Let λ be an eigenvalue of A. The multiplicity of λ is ( ) { }λλλ == jjm ,# . 

• On the other hand, we know ( )nXXP �1=  where jjj XAX λ= . 

• ( ) { }jjj XAXXAE λλ == ,span . So 

( ) { } { } ( )λλλλλ mjXAXjAE jjj ===== ,#,#dim . 

• Assume ( ) ( )λλ mAE =dim . Prove A is diagonalizable. 

• Let kλλ ,,1 �  be the eigenvectors of A. Let kαα ,,1 �  be the multiplicity of 

kλλ ,,1 �  such that ( ) ( ) ( ) ( ) k
kA xxxxc ααα λλλ −−−= �21

21 . 
• By assumption, ( ) ( ) jjmAE

j
αλλ ==dim . 

• Let ( ) ( )kk k
XX λλ αα ,,

1
�  be a basis of ( )AE

kλ . 

• ( ){ }kljiX llj ,,1,, �=≤≤ αλ  is a linearly independent set. 

• There are kαα ++�1  vectors. So ( ){ }ljX λ  is a basis of Rn. So A is diagonalizable. 
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Example 

Show that 
�
�
�

�

�

�
�
�

�

�

−
−

=
100
111
102

A  is diagonalizable. 

• Compute the eigenvalues: ( ) ( ) ( ) ( )21det 2 −−=−= xxAxIxc A . So ( ) 2,1 11 == λλ m , and 
( ) 1,2 22 == λλ m . 

• Eigenspace for λ1: ( )
�
	

�



�

�
�

�



�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

=
0
1
0

,
1
0
1

span
1

AEλ . 

• Since ( ) ( )AEm
1

dim1 λλ = , so A is diagonalizable. 

 
 

PROPERTIES OF DIAGONALIZABLE MATRICES 
Let A be a diagonalizable matrix. 
 

1) If the eigenvalues of A are ±1, the A is invertible and AA =−1 . 
• Proof: There exists P such that ( ) 1,,,diag 1

1 ±==−
jnAPP λλλ � . So ( ) 1

1 ,,diag −= PPA nλλ � . 

So ( )( ) ( ) 122
1

12
1

2 ,,diag,,diag −− == PPPPA nn λλλλ �� . Since 1±=jλ , 12 =jλ . So 

( ) IPIPPPA === −− 112 1,,1diag � . So AA =−1 . 
 

2) If the eigenvalues of A are 0 or 1, then AA =2 . 

• Proof: ( ) 1,0,,,diag 1
1 == −

jn PPA λλλ � . So ( ) 122
1

2 ,,diag −= PPA nλλ � . Since 0=jλ  or 

1=jλ , jj λλ =2 . So ( ) APPA n == −1
1

2 ,,diag λλ � . 

 
3) If the eigenvalues of A are non-negative, then there exists a matrix B such that 2BA = . 

• Proof: ( ) 0,,,diag 1
1 ≥= −

jn PPA λλλ � . Define jjj ∀= λµ . Let 

( ) ( ) ( ) APPPPBPPB nnn ===�= −−− 1
1

122
1

21
1 ,,diag,,diag,,diag λλµµµµ ��� . 

• Note: Can also take jµ± . 

 
4) If 0=kA  for some k, then 0=A . 

• Proof: ( ) 1
1 ,,diag −= PPA nλλ � . 

( ) 000,,diag 11
1

1 ===�===�== −
n

k
n

kk
n

kk PPA λλλλλλ ��� . So 00 1 == −PPA . 

• Remark: If 0=kA  for a matrix A non-diagonalizable, then the eigenvalues of A are 0, so 
( ) n

A xxc = . 
 

Proposition 

Let A be a diagonalizable matrix. Let nλλ ,,1 �  be its eigenvalues. Then 
• nA λλλ ×××= �21det  

• nA λλλ +++= �21tr . 
 
Proof: 
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• A is diagonalizable means ( ) 1
1 ,,diag −= PPA nλλ �  for P invertible. 

• ( )( ) ( )( ) nnn PPPPA λλλλλλ ××=××== −−
��� 1

1
1

1
1 det,,diagdetdet,,diagdetdet . 

• ( )( ) ( )( )( ) ( )( ) nnnn PPPPA λλλλλλλλ ++===== −−
���� 11

1
1

1
1 ,,diagtr,,diagtr,,diagtrtr . 

 
 
 

Lecture #23 – Tuesday, March 30, 2004 

FUNCTION SPACES 

Definition 

A set V of object is a vector space if: 
1) There exists an operation ⊕ on V×V such that: 

• (A1) If u and v are in V, then vu ⊕  is in V. 
• (A2) uvvu ⊕=⊕  for all u and v are in V (commutative). 
• (A3) ( ) ( ) wvuwvu ⊕⊕=⊕⊕  for all u, v, w in V (associative). 

• (A4) An element 0 in V exists such that vvv ⊕==⊕ 00  for every v in V. 
• (A5) For each v in V, an element -v in V exists such that vvvv −⊕==⊕− 0 . 

2) There exits a multiplication by scalar ⊗ such that: 
• (S1) For R∈a  and Vv ∈ , Vva ∈⊗ . 
• (S2) ( ) vauavua ⊗⊕⊗=⊕⊗  for a ∈ R and u, v ∈ V. 

• (S3) ( ) vbvavba ⊗⊕⊗=⊗+  for a, b ∈ R and v ∈ V. 

• (S4) ( ) ( )vbavab ⊗⊗=⊗  for a, b ∈ R and v ∈ V. 

• (S5) vv =⊗1  for v ∈ V. 
 

Example 

nV R=  is a vector space if we define 
�
�
�

�

�

�
�
�

�

�

+
+
+

=
�
�
�

�

�

�
�
�

�

�

⊕
�
�
�

�

�

�
�
�

�

�

33

22

1111

yx

yx

yx

y

y

x

x

nn

�� , 
�
�
�

�

�

�
�
�

�

�

=
�
�
�

�

�

�
�
�

�

�

⊗

nn ax

ax

x

x

a ��

11

, 
�
�
�

�

�

�
�
�

�

�

=
0

0
0 � , 

�
�
�

�

�

�
�
�

�

�

−

−
=

�
�
�

�

�

�
�
�

�

�

−

nn x

x

x

x

��

11

. 

 

Non-Example 

Let 2R=V . Define ��
�

�
��
�

�

+
+

=��
�

�
��
�

�
⊕��
�

�
��
�

�

11

22

2

1

2

1

yx

yx

y

y

x

x
 and ��

�

�
��
�

�
=��

�

�
��
�

�
⊗

2

1

2

1

ax

ax

y

y
a . Is V still a vector space? 

• (A1): Let u, v ∈ R2. It is clear that 2R∈⊕ vu . 

• (A2): Let ��
�

�
��
�

�
=

2

1

u

u
u , ��

�

�
��
�

�
=

2

1

v

v
u . uv

uv

uv

vu

vu
vu ⊕=��

�

�
��
�

�

+
+

=��
�

�
��
�

�

+
+

=⊕
11

22

11

22 . 
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• (A3): Let ��
�

�
��
�

�
=

2

1

w

w
w . ( ) ��

�

�
��
�

�

++
++

=��
�

�
��
�

�
⊕��
�

�
��
�

�

+
+

=⊕⊕
122

211

2

1

11

22

wvu

wvu

w

w

vu

vu
wvu , but 

( ) ��
�

�
��
�

�

++
++

=��
�

�
��
�

�

+
+

⊕��
�

�
��
�

�
=⊕⊕

211

122

11

22

2

1

wvu

wvu

wv

wv

w

w
wvu , so ( ) ( ) wvuwvu ⊕⊕≠⊕⊕ . 

• So ( )⊗⊕,,V  is not a vector space. 
 

Example 

Consider [ ] [ ]{ }R→bafbaF ,::, . Define ( )( ) ( ) ( )xgxfxgf +=⊕  and ( )( ) ( )xfaxga ×=⊗ . Is [ ]baF ,  a 
vector space? 

• (A1): Let f, g ∈ [ ]baF , . It is clear that [ ]baFgf ,∈⊕ . 

• (A2): ( )( ) ( ) ( ) ( ) ( ) ( )( )xfgxfxgxgxfxgf ⊕=+=+=⊕ . So fggf ⊕=⊕ . 

• (A3): Let f, g, h ∈ [ ]baF , . 
( )( )( ) ( ) ( )( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( ) ( ) ( )( )( )xhgfxhxgfxhxgxf

xhxgxfxhgxfxhgf

⊕⊕=+⊕=++=
++=⊕+=⊕⊕

. So 

( ) ( ) hgfhgf ⊕⊕=⊕⊕ . 
• (A4): Let ( )( ) ( ) ( ) ( ) ( ) ( ) 0000 =�=+⇔=⊕ xgxfxgxfxfxgf . So ( ) ( )xxg 00 =  for 

[ ]bax ,∈ . 
• (A5): Let ( )( ) ( ) ( ) ( ) ( ) ( )xfxgxxgxfxgf −=⇔==+=⊕ 00 . So -f is defined by 

( )( ) ( )xfxf −=− . 
• Similarly, [ ]baF ,  will satisfy (S1) to (S5). So [ ]baF ,  is a vector space. 

 

Example 

Let P be the set of polynomials. ( ){ }NR ∈∈+++== naxaxaaxpP j
n

n ,,10 � . If we define 

( )( ) ( ) ( )xqxpxqp +=⊕  and ( )( ) ( )xpaxpa ×=⊗ , then it can be proven that ( )⊗⊕,,P  is a vector space. 
 
 

SUBSPACES 

Definition 

Let V be a vector space. Let { }≠⊂ UVU , . Then U is a subspace if: 
(P1): Uvu ∈⊕  for all u, v ∈ V (stability of addition). 
(P2): Uva ∈⊗  for all a ∈ R and v ∈ V (stability of addition). 

 

Remark 

1) U is a vector space. 
2) { } U∈0 . 

 

Example 

Consider PU ⊂ , a set of polynomials with root 4. ( ){ }04, =∈= pPpU . Show that U is a subspace. 
• U∈0  because ( ) 00 =p . 

• (P1): Let p, q ∈ U. It means ( ) 04 =p  and ( ) 04 =q . ( )( ) ( ) ( ) 0444 =+=⊕ qpqp , so Uqp ∈⊕ . 

• (P2): Let a ∈ R and p ∈ U. ( )( ) ( ) 0044 =×=×=⊗ apapa , so Upa ∈⊗ . 
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Example 

The set of polynomials of degree less than n is a subspace of P. 
 

Example 

Let PQn ⊂  be the set of polynomial of degree n. Show that Qn is not a subspace. 

• Define n
n Qxp ∈=1  and n

n Qxp ∈−=2 . 
• nQpp ∉=⊕ 021  for 1≥n . 

• So Qn is not a subspace when 1≥n . For 0=n , Qn is a subspace. 
 

Example 

Let [ ]baFU ,⊂  be the set of differentiable functions. Is U a subspace? 

• (P1): Let f, g ∈ U. ( ) ( ) ( ) ( )xgxfxgf ′+′=′⊕ , so Ugf ∈⊕ . 

• (P2): Let a ∈ R and f ∈ U. ( ) ( ) ( )xfaxfa ′×=′⊗ , so Ufa ∈⊗ . 
• Therefore, U is a subspace. 

 

Examples 

1) Let [ ]1,0FU ⊂  such that ( ) ( )10 ff = . Is U a subspace? 
• ( ) ( )10000 == . So 0 ∈ U. 
• (P1): Let f, g ∈ U. It means ( ) ( )10 ff =  and ( ) ( )10 gg = . 

( )( ) ( ) ( ) ( ) ( ) ( )( )111000 gfgfgfgf +=+=+=+ . So Ugf ∈+ . 
• (P2): Let a ∈ R and f ∈ U. ( )( ) ( ) ( ) ( )( )1100 fafafafa ×=×=×=× . So Ufa ∈× . 
• Therefore, U is a subspace. 

 
2) Let [ ]1,0FU ⊂  such that ( ) 10 =f . Is U a subspace? 

• ( ) 1010 ≠= , so U∉0 . Therefore, U is not a subspace. 
 
 

INDEPENDENT SETS OF VECTOR SPACE 

Definition 

Let { }nvvv ,,, 21 �  be a set in a vector space V. This set is (linearly )independent if 
00 212211 ====�=+++ nnn sssvsvsvs �� . 

 

Proposition 

1) If 0, ≠∈ vVv , then { }v  is independent. 
2) If { }nvv ,,1 �  an independent set, then { } 0,,,11 ≠jnn avava �  is also independent. 

3) If { }nvv ,,1 �  is independent, then 0≠jv . 

 
Proof of (1): 

• If 0=sv  and 0≠s , then 010
11 ==⋅�= vv
s

sv
s

. But since 0≠v , this is impossible. So 

0=s  and { }v  is independent. 
Proof of (2): 
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• Let ( ) ( ) ( ) ( ) 00 111

S4

1111 =++⇔=++ nnnnn vasvasvasvas �� . Since { }nvv ,,1 �  is 
independent, we have 011 === nn asas � . Since 0≠ja , 00 =�= jjj sas . So 

{ } 0,,,11 ≠jnn avava �  is independent. 

Proof of (3): 
• Suppose 0=kv . Then 011 =++ nnvsvs �  for kjs j == ,0  and 1=ks , so { }nvv ,,1 �  are 

not independent. Therefore, njv j ,,1,0 �=≠ . 

 

Example 

Let { }nxxxP ,,,,1 2
�= . Is P independent? 

• Let ( ) 01 2
210 =++++⋅= n

n xsxsxssxp � . Since ( )xp  has an infinite number of roots, ( )xp  
has to be the polynomial 0. So 00 === nss � . 

 

Example 

Let { }nppp ,,, 21 �  be polynomials of distinct degree. Show that this set is independent. 
• Let dj be the degree of pj. Assume that nddd <<< �21 . 

• Let 02211 =+++= nn pspspsQ � . Let ndax  be the term of degree dn of pn, so 0≠a . 

• Then the term of degree dn of Q is nd
n xas ⋅⋅ , so 00 =�=⋅ nn sas . 

• So 0112211 =+++= −− nn pspspsQ � . Apply the same idea for 1−ns . 
 

Example 

Consider { }2,1,1im 2
2 +−−= xxxP . Is 2im P  independent? 

• Let ( ) ( ) ( ) ( ) ( ) 020211 32132
2

132
2

1 =+−−+++⇔=++−+− sssxssxsxsxsxs , so 

�
�

�



�

=
=
=

⇔
�
�

�



�

=+−−
=+
=

0

0

0

02

0

0

3

2

1

321

32

1

s

s

s

sss

ss

s

. 

• So { }2,1,1im 2
2 +−−= xxxP  is independent. 

 

Example 

Is [ ] { }xxF sin,cos2,0im =π  independent? 
• Let [ ]π2,0,0sincos 10 ∈=+ xxsxs . 

• When 0=x , 000sin0cos 010 =�=+ sss . 

• When 
2
π=x , 00

2
sin

2
cos 110 =�=+ sss

ππ
. 

• So [ ] { }xxF sin,cos2,0im =π  is independent. 
 
 

SPANNING SETS OF VECTOR SPACE 

Definition 

Let { }nvvv ,,, 21 �  be in the vector space V. { }nvvU ,,span 1 �=  is the set of all linear combinations of the 
vj’s. We say that U is spanned by the vj’s. 



MAT223H1b.doc 

Page 44 of 51 

 

Proposition 

{ }nvvU ,,span 1 �=  is a subspace of V. 
 

Example 

Let { }matrices 22,, 22 ×=⊂
�	

�


�

��

�


�

∈��
�

�
��
�

�

−
+

= ×Mba
ab

bba
U R . Show that U is a spanning set. 

• If UA ∈ , ��
�

�
��
�

�

−
+

=
ab

bba
A  for a, b ∈ R. So ��

�

�
��
�

�

−
+��
�

�
��
�

�
=

01
11

10
01

baA . 

• So 
�	

�


�

��

�


�

��
�

�
��
�

�

−��
�

�
��
�

�
∈

01
11

,
10
01

spanA , and 
�	

�


�

��

�


�

��
�

�
��
�

�

−��
�

�
��
�

�
⊂

01
11

,
10
01

spanU . 

• For 1=a  and 0=b , U∈��
�

�
��
�

�

10
01

. For 0=a  and 1=b , U∈��
�

�
��
�

�

− 01
11

. 

• So 
�	

�


�

��

�


�

��
�

�
��
�

�

−��
�

�
��
�

�
=

01
11

,
10
01

spanU . 

 
 
 

Lecture #24 – Thursday, April 1, 2004 

BASIS OF VECTOR SPACES 

Definition 

{ } Veee n ⊂,,, 21 �  is a basis of V if: 
(B1) { }nee ,,1 �  are independent. 
(B2) { }neeV ,,span 1 �⊂ . 
 

Theorem 

If { }nee ,,1 �  is a basis of V, then any other basis has n vectors. We say that nV =dim . 
 

Example 

Let { }matrices nmM mn ×= . Show nmM mn ×=dim . 

• Let Ekl be matrices where ( )
��
�
�

�

�

��
�
�

�

�

==
kl
nn

kl
n

kl
n

kl

kl
ijkl

ee

ee

eE

�

���

�

1

111

 such that 0=kl
ije  for ki ≠ , lj ≠ , and 

1=kl
ije . 

• (B1): Want { }
nl

mk
Ekl ≤≤

≤≤
1
1

,  is independent. We write R∈=� kl
lk

klkl E αα ,0
,

. We can compute 

( ) lkE klkl
lk

klkl ,00
,

∀=�==� ααα . So { }klE  are independent. 
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• (B2): Let mnMA∈  and aj be the (i, j)-entry of A, so ( ) �=�=
ji

ijijij EaAaA
,

. So { }klE  span 

Mmn. 
• Since { } nmnlmkEkl ×=≤≤≤≤ 1,1,# , so nmM mn ×=dim . 

 

Example 

Let { } R∈+++=⊂ j
n

nnn axaxaaPPP ,, 10 � . Prove { }nxx ,,,1 �  is a basis of Pn. 

• 1dim += nPn . 

• (B1): { }nxx ,,,1 �  is linearly independent (a polynomial with distinct degrees). 

• (B2): { } { }nn
nn xxxaxaaP ,,,1span10 �� =+++= . 

• So { }nxx ,,,1 �  is the standard basis of Pn. Also, { } 1,,,1# += nxx n
� , so 1dim += nPn . 

 

Example 

Let { }AAMAUMU T −=∈=⊂ ,, 2222 . Find Udim . 

• Let UA∈ . So ��
�

�
��
�

�
=

dc

ba
A , and ��

�

�
��
�

�
=

db

ca
AT , ��

�

�
��
�

�

−−
−−

=−
dc

ba
A . 

�
�

�



�

=
−=

=
⇔

�
�

�

�
�




�

−=
−=
−=
−=

⇔��
�

�
��
�

�

−−
−−

=��
�

�
��
�

�
⇔−=

0

0

d

bc

a

dd

cb

bc

aa

dc

ba

db

ca
AAT . So 001

10
0

0
bMb

b

b
A =��

�

�
��
�

�

−
=��

�

�
��
�

�

−
= . 

So { }0span MU ⊂ . 

• Let { }0span MB ∈ . So BB
b

b
bbMB T −=���

�

�
��
�

�

−
=��

�

�
��
�

�

−
==

0
0

01
10

0 , so UB ∈ . So 

{ } UM ⊂0span . 
• 000 =�= bbM , so M0 is independent (B1). Also { } UM =0span  (B2). So M0 is a basis of U. 

So 1dim =U . 
 

Example 

Consider { } R∈+++=⊂ jaxaxaxaaPPP ,, 3
3

2
21033 . Find a basis of P3 that contains { }22,1 xx ++ . 

• Since 4dim 3 =P , so we need 2 more vectors. 

• { }32 ,,,1 xxx  is a basis of P3. 

• Pick 1 and x3. { }32 ,2,1,1 xxx ++  are independent because they are of different degrees. 

• Since { }32 ,2,1,1 xxx ++  are independent and { } 3
32 dim4,2,1,1# Pxxx ==++ , there is no need 

to look for { }32 ,2,1,1span xxx ++ . So { }32 ,2,1,1 xxx ++  is a basis of P3. 
 
 
 

Lecture #25 – Tuesday, April 6, 2004 
Proposition 

If f and g are polynomials such that 0=⋅ gf , then either 0=f  or 0=g . 
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Proof: 

• Suppose 0≠f  and 0≠g . Denote nxx ,,1 �  the roots of f, and kyy ,,1 �  the roots of g. 

• Let { }klynjxx lj ,,1,,,,1, �� ==∉ . Then 
( )
( )�



�

≠
≠

0
0

xg

xf
, so ( )( ) 0≠⋅ xgf . Contradiction! 

 

Example 

Let ( ) ( ){ } 42
2 , PPpxpxxU ⊂∈−= . Find a basis of U. 

• Let Uq ∈ . So 

( ) ( ) ( )
( )( )

( ) ( ) ( )xxxaxxxaxxa

aaaxaxaaxx

Ppxpxxxq

−+−+−=

∈++−=

∈⋅−=

22
2

2
1

2
0

210
2

210
2

2
2

,,,

,

R . 

• So ( ) ( ) ( ){ } { }210
2222 ,,span:,,span pppxxxxxxxxq =−−−∈ . Since Uppp ∈210 ,, , so 

{ } Uppp ⊂210 ,,span . 
• Since the degrees of p0, p1, p2 are of distinct degrees, so p0, p1, p2 are independent. 
• So a basis of U is { }210 ,, ppp  and ( ) 3dim =U . 

 

Example 

Let ( ){ } R∈=∈= aapPpU n ,0, . Show ( ) ( ) ( ){ }naxaxax −−− ,,, 2
�  is a basis of U. 

• Since ( ) ( ) ( ){ }naxaxax −−− ,,, 2
�  have distinct degrees, they are independent. 

• Let ( ) ( ) nkaxxp k
k ,,1, �=−= . ( ) 0=apk , so nkPp nk ≤∀∈ , . So Upk ∈ . 

• So { } Uppp n ⊂,,,span 21 � . So nU ≥dim . 

• Also, 1dimdim +=≤�⊂ nPUPU nn . 

• If 1dim += nU , it means that nPU ⊂ . But nPU dimdim =  means nPU = . This is 

impossible. Consider ( ) nPxp ∈= 1 , but Up ∉  since ( ) 00 ≠p . 

• So the only possibility is nU =dim . So { } ( ) ( ) ( ){ }n
n axaxaxppp −−−= ,,,,,, 2

21 ��  is a 
basis of U. 

 
 

VECTOR SPACES OF SOLUTIONS 

Definition 

Let f be a function of a variable R∈x . Let ( )nf  be the nth derivative of f. An equation of the form 
( ) ( ) ( ) R∈=+′++++ −

−
−

− n
n

n
n

n
n aafafafafaf ,,,0 001

2
2

1
1 ��  is called differential equation of order n. 

 

Definition 

Finding the solution of a differential equation ( ) ( ) 001
1

1 =+′+++ −
− fafafaf n

n
n

�  such that 

( )

( )
( )

( ) ( )�
�

�

�
�




�

=

=′
=

−
−

10
1

10

0

n
n fxf

fxf

fxf

I
�

 is called an initial value problem. The conditions ( )I  are called the initial condition. 
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FIRST ORDER DIFFERENTIAL EQUATIONS 
Equations of the form 0=+′ aff  for R∈a . 
 

Theorem 

Let U be the set of solution of 0=+′ aff . Then: 
1) U is a subspace of ( ) { }RRR →= :fF . 

2) { }axe−  is a basis of U. 1dim =U . 
 
Proof (1): 

• Let { }0, =+′= afffU . Let Ugf ∈, , so 0=+′ aff  and 0=+′ agg . 

• ( ) ( ) 000 =+=+′++′=++′+′=++′+ aggaffagafgfgfagf . So Ugf ∈+ . 

• Let R∈α . ( ) ( ) ( ) ( ) 00 ==+′=+′=+′ αααααα afffaffaf . So Uf ∈α . 
• So U is a subspace. 

 
Proof (2): 

• Let ( ) ax
a exf −= . 

• ( ) ax
a aexf −−=′ . So ( ) ( ) 0=+−=+′ −− axax

aa aeaexafxf . So ( ) UfUf aa ⊂�∈ span . 

• Let Ug ∈ . So 0=+′ agg . Write ( ) ( ) ( ) ( ) ( )xhexhaexgxhexg axaxax ′⋅+⋅−=′�⋅= −−− . So 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) cxhxhxhexhaexhexhaexagxg axaxaxax =⇔=′⇔′⋅=⋅+′⋅+⋅−=+′= −−−− 00 . 

Finally, ( ) ( ) axax cexhexg −− =⋅= , so ( ) ( )a
ax fUeg spanspan ⊂�∈ − . 

• Therefore, ( )afU span= . 

• Since fa is also independent, so { } { }ax
a ef −=  is a basis of U, and 1dim =U . 

 

Examples 

Solve the initial value problems. 
1) 0=+′ aff  and ( ) 00 cf = . 

• Let f1 be the solution. So ( ) axecxf −×=1 . 

• ( ) cecf a =×= − 0
1 0 , so 0cc = . 

• So ( ) axecxf −= 01 . 
 

2) 0=+′ aff  and ( ) 02 cf = . 

• Let f2 be the solution. So ( ) axecxf −×=2 . 

• ( ) aaa ecccececf 2
0

2
0

2
2 2 =�=�×= −− . 

• So ( ) ( ))2
0

2
02

−−− =×= xaaxa eceecxf . 
 
 

SECOND ORDER DIFFERENTIAL EQUATIONS 
Equations of the form 021 =+′+′′ fafaf . 
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Definition 

The characteristic polynomial of this equation is ( ) 21
2 axaxxp ++= . 

 

Theorem 

Let U be the set of solutions of 021 =+′+′′ fafaf . Let λ and µ be the roots of ( ) 21
2 axaxxp ++= . Then: 

1) If µλ ≠ , then { }xx ee µλ ,  is a basis of U. 

2) If µλ = , then { }xx ee λλ λ,  is a basis of U. 
 
Proof of (1): µλ ≠  

• We know U is a subspace. We admit 2dim =U . 

• Let ( ) xexf λ
λ = . So ( ) xexf λ

λ λ=′ , and ( ) xexf λ
λ λ2=′′ . 

( ) ( ) ( ) ( ) ( ) 021
22

21 ==++=++=+′+′′ λλλλλ λλλλλ
λλλ peaaeeeexfaxfaxf xxxxx , so Uf ∈λ . 

Similarly, ( ) Uexf x ∈= µ
µ . 

• Let ( ) ( ) 00 2121 =+�=+ xx esesxfsxfs µλ
µλ . Differentiating both sides, we obtain 

021 =+ xx eses µλ µλ . Now let 0=x . Then ( ) �


�

=
=

⇔
�


�

=−
−=

⇔
�


�

=+
=+

0

0

00

0

2

1

1

12

21

21

s

s

s

ss

ss

ss

µλµλ
. So 

{ }µλ ff ,  are independent. 

• Therefore, ( ) ( ){ } { }xx eexfxf µλ
µλ ,, =  is a basis of U. 

 
Proof of (2): µλ =  

• Let ( ) xexf λ
λ =  and ( ) xxexg λ

λ = . So ( ) ( ) ( )xeexexg xxx λλ λλλ
λ +=+=′ 1  and 

( ) ( ) ( ) ( )λλλλλ λλλ
λ 21 2 +=++=′′ xeexexg xxx . 

• 
( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( )( ) 02

12

121
2

21
2

21

=′+⋅=++++=

++++=+′+′′

λλλλλ

λλλ
λλ

λλλ
λλ

ppxeaaaxe

xeaxeaxexgaxgaxg
xx

xxx

. So 

Ug ∈λ . 

• Let ( ) ( ) ( )
�


�

=
=

�=+�=+�=+�=+
0

0
0000

2

1
21212121 s

s
xssxssexesesxgsxfs xxx λλλ

λλ . 

So { }λλ gf ,  are independent. 

• So ( ) ( ){ } { }xx xeexgxf λλ
λλ ,, =  is a basis of U. 

 

Example 

Find all the solutions to 034 =+′−′′ fff . 

• The characteristic polynomial is ( ) ( )( )13342 −−=+−= xxxxxp . The roots are 1 and 3. 

• So the solutions are given by ( ) R∈+= 21
3

21 ,, ccececxf xx . 
 

Example 

Find the solution to 02 =+′+′′ fff  such that ( ) 11 =f , ( ) 01 =′f . 

• The characteristic polynomial ( ) ( )22 112 +=++= xxxxp . So the only root is -1. 

• The solution ( ) ( ) R∈+=+= −−−
212121 ,, ccxccexececxf xxx , so 

( ) ( ) eccccef =+�=+�= −
2121

1 111 . Also, 
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( ) ( ) ( ) ( )221221 cxccecexccexf xxx +−−=++−=′ −−− , so ( ) ( ) 0001 11
1 =�=−�=′ − ccef . 

So 
�


�

=
=

�
�


�

=+
=

ec

c

ecc

c

2

1

21

1 00
. 

• So the solution is ( ) xx xeexexf −− == 1 . 
 

Theorem 

Let U be the solutions of 021 =+′+′′ fafaf . If ( ) 21
2 axaxxp ++=  has a complex root 

R∈+= qpqip ,,λ  ( qip −  is the second root), then ( ) ( ){ }qxeqxe pxpx sin,cos  is a basis of U. 
 
Proof: 

• Let ( ) ( )qxexf px
pq cos= . Then ( ) ( ) ( )( )qxqqxpexf px

pq sincos −=′  and 

( ) ( ) ( ) ( )( )qxpqqxqpexf px
pq sin2cos22 −−=′′ . 

• 

( ) ( ) ( )
( ) ( ) ( )( ) ( ) ( )( ) ( )

( )( ) ( )( )( ) 02sincos

cossincossin2cos

121
22

21
22

21

=−−+++−=

+−+−−=

+′+′′

qapqqxapaqpqxe

qxeaqxqqxpeaqxpqqxqpe

xfaxfaxf

px

pxpxpx

pqpqpq

. Since 

( ) ( ) ( )qapqiapaqpiqpp 121
22 +−+++−=+ , ( ) ( ) ( ) 021 =+++′++′′ qipfaqipfaqipf pqpqpq . 

so Uf pq ∈ . Similarly, ( ) ( ) Uqxexg px
pq ∈= sin . 

• Let 
�


�

=
=

�=+
0

0
0

2

1
21 s

s
gsfs pqpq . So they are linearly independent. 

• Therefore, ( ) ( ){ } ( ) ( ){ }qxeqxexgxf pxpx
pqpq sin,cos, =  is a basis of U. 

 

Corollary 

Let 0≠q . The solution to 02 =+′′ fqf  are ( ) ( ){ }qxqxU sin,cosspan= . 
 
Proof: 

• ( ) iqxqxxp ±=�=+= 022 . 

• Apply the Theorem with 0=p . 
 

Example 

Find the solution of 054 =+′−′′ fff  such that 
( )
( )��

�


�

=

=

2

10

2
πf

f
. 

• ( ) ixxxxp ±=�+−= 2542 . 

• So ( ) R∈+= dcxdexcexf xx ,,sincos 22 . 

• Since ( ) 110sin0cos10 00 =�=+�= cdecef , and 

( ) ππππππ −=�=+�= eddecef 22sincos2 222 . 

• So ( ) xexexeexexf xxxx sin2cossin2cos 2222 ππ −− +=+= . 
 

Remark: The condition 
( )
( )��

�


�

=

=

2

10

2
πf

f
 is called a boundary condition. 
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Lecture #26 – Thursday, April 8, 2004 

SYSTEMS OF DIFFERENTIAL EQUATIONS 

Definition 

Let nfff ,,, 21 �  be functions. The system of the form R∈
�
�

�



�

++=′

++=′

ij

nnnnnn

nn

a

fafafaf

fafafaf

,

2211

12121111

�

�

�

 is called a 

system of differential equations. 

We write 
�
�
�

�

�

�
�
�

�

�

=

nf

f

f �

1

, 
�
�
�

�

�

�
�
�

�

�

′

′
=′

nf

f

f �

1

, ( )ijaA = . Then the system can be written as Aff =′ . 

 

Theorem 

Let W be the set of vectors of functions. Then ( )×+,,W  is a vector space. Moreover: 

1) ( ) gfgf ′+′=′+ . 

2) ( ) R∈′=′ afaaf , . 
 

Theorem 

Assume A is diagonalizable. Let nλλλ ,,, 21 �  be the eigenvalues of A, and nXXX ,,, 21 �  be the 
corresponding eigenvectors. Let U be the set of solutions of Aff =′ . Then: 

1) U is a subspace of W. 

2) A basis of U is { }x
n

xx neXeXeX λλλ ,,, 21
21 � . 

 

Example 

Find all the solutions of Aff =′ , where 
�
�
�

�

�

�
�
�

�

�

−
−=
320
230

001
A . 

• ( ) ( ) ( ) ( )( ) ( ) ( )51431
320

230
001

detdet 22
3 −−=−−−=

�
�
�

�

�

�
�
�

�

�

−
−

−
=−= xxxx

x

x

x

AxIxc A . So the 

eigenvalues are 5 and 1. 

• Let ( )
�
�
�

�

�

�
�
�

�

�

−=⇔∈
�
�

�



�

=
−=

=
⇔

�
�

�



�

=+
=+
=

⇔=
�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

�
�
�

�

�

⇔=−
1
1

0
,

0

022
022
04

0
220
220
004

05 3 sXs

sz

sy

x

zy

zy

x

z

y

x

XAI R . So a 

5-eigenvector is 
�
�
�

�

�

�
�
�

�

�

−=
1
1

0

5X . 
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• Similarly, the 1-eigenvectors are 
�
�
�

�

�

�
�
�

�

�

=
0
0
1

1X  and 
�
�
�

�

�

�
�
�

�

�

=
1
1
0

1Y . 

• So the solutions are given by ( ) R∈++= cbaecYebXeaXxf xxx ,,,11
5

5 . 


