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Lecture #11 — Tuesday, February 10, 2004

ORTHOGONALITY
Definition

Let X, Y be vectors in R". The dot productis X -¥Y =X TyeR.

X M
. X2 Y2 N
So,if X=| |, Y=|""], X'Y=x1y1+x2y2+---+xnyn=ijyj.
=
Xn Yn
Definition

X1

The length of a vector X, denoted ||X||=\/XX .Soif X = x:z , ||X||=\/1512+)c22+~--+xn2 20.

Xn

Example

0 2 .
Let X = , Y= .Find X-Y and ||X||
2 3

4 -2

o X-¥=0)-1)+0)2)+(-2)3)+@)-2)=-15.

o x| =07 400 + (2P + (@) =421

Theorem
Let X, Y, Z be vectors in R". Then:
n n
1) X-Y=Y-X.(Proof: » x;y;=> y;x;)
j=1 j=1
2) X-(Y+2)=Xx-Y+X-Z.
3) ForacR, (aX)Y=X-(a¥)=a(XY).
H [x[z0, [x|=0ex=0.

Example
Let X be a vector in R”, X # 0. Find all Y € R" such that Y is collinear to X and is unitary.

1

1
o Let Y=aX,aeR. |Y|=|aX|=]|a||X]. We want |[r|=1,so |a|||X||=1:>|a|="X":a:im.

So, Y=t L X,
X
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Definition

Let X, Y be two vectors in R". X and Y are orthogonal iff XY =0.

Let {Xl,X2,~~,Xk} be a set of vectors in R”. {Xl,X2,~~,Xk} is orthogonal iff x; #0,i=12,---,k
and X,-Xj =0,i#j.

Moreover, if "Xj" =1,j=12,---,k, then {X|, X>,..., X;} is orthonormal.

Example
1 0 0
The standard basis of R" is a orthonormal set. E, =| 0|, E, =| 1|, E;=|0].
0 0
Definition

If {XI,X2,~--,Xk} is an orthogonal set, then {ale,azXz,---,aka} is also an orthogonal set if
a; #0,j=12,---,k.

For a; :L,the set {ale,a2X2,~~,aka} will be orthonormal.
[l

Example
2 0 1

Let X, =|1|, X, =|-3|, X5=|-1]|.Construct an orthonormal set.
1 3 -1

. {Xl , X5, X3} is an orthogonal set because:
e X, #0.
e X, X,=0, X;X5=0, X,X5;=0.

* Find a;,j=123 such that {ale,azXz,a3X3} is orthonormal:
| 1

_1 1 L I S I
Sl N S e N N V3

e So, {Xl X2 X3} is orthonormal.

NEER AN

Theorem (Pythagorean)

If X and Y are orthogonal, then ||X + Y||2 = "X"2 +||Y||2.
Proof

X and Y are orthogonal; it means X -Y =0. So,
X +Y[ = (X +Y)-(X+Y)=X - X + X Y+Y X +Y Y =X - X +0+0+7-¥ =|x|* +[r|’.
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Theorem
Every orthogonal set of vectors of R" is independent.

Proof

Let {Xl,Xz,m,Xk} be an orthogonal set. Consider Y =1, X, +#,X, +---+1, X, =0. We want to prove
that 7, =0.

X; Y=0=X, (64X, +6,Xy+ 4+, X, )=0,X - X j+1, X, X ;448X - X+ 41, X, =0

2
:>tj||Xj|| =0=1,=0

Theorem

If {El,Ez,m,En} is an orthogonal basis of R”, then VX e R",
x=XE g ([ XE Xk
= | T -
A A £,

Proof
LetXe R".Then X =1,E, +1,E, +---+1,E, becauseisa {E,,E,,--,E,} basisof R".
X-LE;

2
X-Ej=(t1E1+t2E2+--~tnEn)~Ej=t1E1-Ej+~--+tjEj-Ej+~--+tnEn-Ej=tj||Ej|| =t = 2’
£
Example
2 0 1
Let X, =|1|, X,=|-3|, X5=|-1].Show that {XI,XZ,X3} is an orthogonal basis of R’.
0 3 1

e Itisenoughtoprove X, X, =0, X, -X5=0, X, -X;=0 because:
. {Xl, X,, X3} is an orthogonal set, so X;, X,, X; are independent.

e dimR®=3.Soasetof3 linearly independent vectors is a basis.

Example
a 2 0 1
Write X =| b | asalinear combinationof X, =|1]|, X, =|-3|, X;=|-1|.
c 0 3 1

e  Since {XI,XZ,X3} is orthogonal,
:X-le X1+X'X22 X2+X'X23 X3:2a+bX1+—3b+cX +a—b+cX
X4 %] x5 > 6 3
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Theorem: Orthogonal Lemma

Let {E|,E,,---,E, } be an orthogonal setin R". For X € R",

X E, X E, X-E,
E,.=X- S E+ > Ey+e+——-E, |. Then:
[T I A [Enl

) E,, E;=0j=12--m.
2) If E,., =0,then Xespan(El,E2,~~,Em).
3) If E,. #0,then {El,Ez,---,Em,EmH} is an orthogonal set.

Proof
e  Suppose (1) is proven.
e If E,,, =0,then
—[X E21 1+X'E22 E2+---+X'E'; Em]= =>X= XE; E, +X'E22 E2+---+X'E'; E,
(221 I 11 £ (221 I 151 (12 .

=>Xe span(El,Ez,-u,Em)
e If E,,, #0,then(l)givesthat E, - -E;=0,j=12,---,m,and X,;X;=0,i# j<m.It means that

{EI,EZ,--~,Em,Em+1} is an orthogonal set.

E B =|x-|XEp XEp X Ep
" Y e N |

X-E, XE, . X~E,»E c X-E,
i R 2 B i Ej m Eje
& £, ;] £,

=X-E;—~X E; =0

J

Theorem

Let U be a subspace of R", and {X1 . CYSTEN Xm} is an orthogonal set of U. Then:
1) {Xl s Xos s X, } can be extended in a orthogonal basis of U.
2) If U #1{0}, then there are orthogonal basis.

Proof

1) Gram-Schmidt Orthogonalisation.
2) U=# {0} Let X,€U,X, #0. {Xl} is orthogonal and (1) gives the result.

Gram-Schmidt Orthogonalisation
Let U be a subspace of R". Let {X,,X,,---, X, } be a basis of U. We’ll construct {E,,E,,---,E,,}

orthogonal:
L4 El = Xl .
X, E|

I

E, =X, E;.
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Xk 'El Xk 'EZ
- E +
A =]

k=1 X;-E;

——F k<
el

X, E,_
E, =X, E2+---+k—"21Ek_l =X, -
|E |

Lecture #12 — Thursday, February 12, 2004

PROJECTIONS

Definition
Let U be a subspace of R". The orthogonal complement of U is denoted
Ut ={Xe R",X-Y =0foranyY e U}.

Proposition

1) U"is asubspace of R".
2) If U=span{X,,X,,~, X}, then U* ={XeR", X X, =0,j=12,-,k}.

Proof
1) U"is a subspace of R".
e 0cU': 0-Y=0,VYeU.
e IfX,Ye U',then X+YeU': VZeU, X-Z=0 and Y-Z=0.
(X+Y)Z=X-Z+Y-Z=0.S0 X+YeU".
e acR XeU' then aXeU™r: VZeU, X-Z=0. (aX)-Z=a(X-Z)=a(0)=0. So
aXeUTl.
2) If U=span{X,,X,,--,X,},then Ul={XeR",X-Xj=o,j=1,2,---,k}.
e Let V={XeR",X-X,=0,j=12k},and U* ={xeR", X ¥ =0forany v U}.
e Then Ut cV:Llet XcU?L. X~Xj:0 since XjeU.So Utcv.
e Also, VcU*.Let XeV and YeU=span{X1,X2,---,Xk}.

.So XeU? .
=1,(X, X)+1,(X,-X)+--+1,(X,-X)=0
e So, V=U"'.
Example
1 -1
Consider U =spans| -2 || 1 c R®. Find U*.
3 1
X 1 -1 x=15s
1 x—2y+3z=0
o Jet X=|y|leU .Itmeans X-[-2|=0 and X-| 1 |=0. So, & iy=4s,seR.
3 1 -x+y+2z=0
b4 z=S
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X 5 5

e X=|y|=s5/4].So, Ul:span 4

Z 1 1
Proposition

Let {E,,E,,---,E, } be an orthogonal basis of U e R".Define VX eR",
X-E X-E X -E
P(x)=—- !

m Then:

= L+ E +-+ E, .
21 o e "

1) P(X)eU and X-P(X)eU™.

2) P(X) isindependent of the choice of the orthogonal basis. P(X) is the orthogonal projection on U.
3) P(X) satisfies |X - P(X)|<|X -Y| forall YeU, Y =P(X).

4) dimU +dimU* =dimR".

Proof
1) Want X—P(X)e Ul.Enoughtoprovethat P(X)-Ej:O,j:LZ,n-,k.
2) Consider another orthogonal basis of U. Let P'=P'(X ) with the new basis.
Y=P-P'=P-X-(P'-~X).Since P,P’'eU, P-P'cU.Also, P-XeU™* and P’~XeU™.So
YeUNU'=Y-Y=0=Y=0.Since Y=P-P'=P=P.

ApPPLICATION: R®

e Equation of a line through P, and with direction v e R is L= {P, P_P(; =t,te R} (parametric equation
of L).
e  Plane in R® through P, with direction i, v € R’ independentis P = {P =Py +tu+sv,t,s€ R}. Plane

through P, orthogonal to 7€ R? is P= {P, P—P(; n= 0}.

a
o Let P0=(x0,y0,z0), n=|b|.Then
c

Xo—x)\ (a
P=4{P(x,y,z2) Yo=Y || b|=0;= {P(x, v, 2), a(xo —x)+b(y0 —y)+ c(zo —z)=0} (scalar
g —% c
equation of a plane).
Example
1
Plane through F, (— 1,2,—3) orthogonalto n=| 2
-3

o Plry,z)eP if PP-ii=0.S0 ()x+1)+2) y-2)+(3)z+3)=0= x+2y-3z=12.
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Example
P,Pye P, Py(~1,2,3). Find P parallel to P, ={(x, y,2)2x+3z=1}.

—_—

2
® Since n_(;J_PO, ng=01.
3

o ngLlP.So P=2x+3z=11.

Lecture #13 — Tuesday, February 24, 2004

Example

Let U be a subspace of R". Show that (U + )l =U.

e [Ut) =fxerxrv=ovrevt}.

e Let ve[Ut) Wewant YeU. VX, U, Y- X,=0=YeU",

e Also, since dim((Ul J* ) +dimUt)=n= dim((U L )lj =n—dim{U*) and
dim(U)+dim(U* )= n = dim(U)=n-dim(U ). This means U* c U, and since

dim(U):dim((UL)L), u=[Ut).

Example

Find an nxn matrix such that U =null A = {X e R" AX = O}.

Let {E1 JE, ,---,Ek} be an orthogonal basis of U. Let {F1 , F2,---,Fn_k} be an orthogonal basis of U".
Want: A such that U = {X eR" AX = 0}.

R, L1T
o Write A=| : ,RjeR".NOW, A=| : , L; are1xn matrices .
Rn Ll’lT
L’ L' E;
* Want: Asuch that AE; =0,j=1,--,k.So : E;=0=> : =0= L, E; =0. Since
L’ L' E,
F'
FoT
L, eU' sotake A= "* |FeU*t.
0
0
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Example

Provethat X e nullA.
e Jet V=nullA.

T T
F, F'X
: F," F,,'X
e Want: UcV .Since XeU, AX=| " X=|" =0.S0o, XenullA=V.
0
0 0
F-X
. Fn*k.X J_J-
e Want: VcU.Since XeV, AX = 0 =0. So, XE(U ) =U.
0

Proposition

Let U cV be subspaces in R". Then vicu*t.

Proof:
e Let XeV't.So, V¥eV, X-Y=0.
e let ZcU.Then, ZcV.So, X-Z=0=>XeU".

BEST APPROXIMATION

Theorem

Let A be an mxn matrix. Let Be R". We consider the system AX =B,X € R":

1) Any solution Z to the normal equation ATAZ = AT B is a best approximation to a solution of AX = B s
thatis |B—AZ|<|B-AX|. X eR".

2) If the columns of A are independent, then ATA is invertible, and Z is unique: Z = (ATA)7l ATB.

Proof:
o Let U:{AX,XG R"}:imA:colA.Then projection gives AZ =P (B)
e Since P;(B)-BeU™*,s0 VYeU, (P,;(B)-B)-Y=0=(P,(B)-B)-(AX)=0.
o (P(B)-B) (4x)=(AX )" (B, (B)-B)=x"[4" (B, (B)- B)]= x [a (p, (B)-B)]=0.
e Remark: If X-Y =0 foranyX,then Y =0. So,
A" (P,;(B)-B)=0=A"(AZ-B)=0=>ATAZ=A"B.

e Remark: If A is invertible, we know that the solution of AX =B is X = A7'B.

e  The solution of the normal equation is ATAZ = AT B . Since AT is invertible if A is invertible,

(a7)'aTaz=(a")'ATB= AZ=B=Z=4"B.
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Remark: If Z is the best approximation, ATAZ=ATB . If ZyenullA,thatis AZ,=0,then Z+Z, is
also a best approximation. ATA(Z +Z, )= AT (AZ +AZ, ) =AT (AZ) =ATAZ=A"B.

Example
x+y=5
Find the best approximation for <2x—y=1.
-x=0
1 1 5
e Let AX=B, A=|2 -1|, x:(x], B=|1].
“1 0 Y 0

6 -1 o121
e Consider ATAZ=ATB. AT A= —(ara)' =L . So,
12 16

I8

) |¥=—
z:(ATA)‘ATBz(;J: I
a 31
11 =

11
Example

Find U such that U =im A=1{AX, X € R?}.

¢ Find an orthogonal basis of U:

1 1
e U=colA=spans| 2 || -1
-1)10
e Apply the Gram-Schmidt Orthogonalisation:
1
e E =X,=|-1]|.
0
%
* E;= 2—X2.§l 1= %
I£:] -

—_

e So, {El , E2} is an orthogonal basis of U.

49

11
. PU(B):B'E;E1 B'_EiEzz % .
[E" e s

11

e Z, the best approximation is such that AZ = P, (B)
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xX+y=
ot 18
x 5 11
o Let Z= . We have to solve AZ=PU(B). 2x—y=ﬁ a1
y _31
CI GO

LEAST SQUARE APPROXIMATION
Definition
Let (xl, 1 ), (xz, Vs ),-~, (xn , yn) be the given data. Let me N . We look for a polynomial p(x) of degree

m such that (yl - p(xl ))2 + (yz - p(x2 ))2 +o (yn - p(xn ))2 is minimum. The p(x) satisfying this
condition is called the least square approximating polynomial of degree m.

Y1 P(xl)
o Let Y=| ! |, plx)=| :
Va plx,)
. (y1 - p()c1 ))2 + (y2 - p(x2 ))2 +- (yn - p(xn ))2 = ||Y— p(xm2 . In particular, we want to minimize
¥ = p(x).
1 x x> o x"
ay ; 1 12 1m
o Write plx)=ay+ax+a,x> ++a,x", R=| i [eR"™, M, (=], 2N 2| so
Clm ‘ 2 m
1 x, x, X,
now, p(x) =MR .
e  Welook for Re R™! that minimizes "Y—MR".
Theorem
)
) If Zz=| : is a solution to the normal equation M "™MZ=MTy , then
Zn

p(x) =zpt+tzx+ z2x2 +---+7z,,x™ is aleast square approximation polynomial of degree m.
-1
2) Ifatleast m+1 of the x; are distinct, then M ™ is invertible, so Z = (M ™™ ) MTY is unique.
Proof (#1): This is immediate and is given by the theorem above.

Proof (#2):
e Suppose x;,:--,X,,, aredistinct. We want to prove that the columns of M are linearly

independent.
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to +1 X, +1ax, " 441, x," =0

2 m

2 m
. . . . to +11Xy +toxy” +eoo+t,x, =0
o tolilHty] o+t P [Heer,| P =00 T2 T2 mi2 T

to +1,%, +1,%,° 441, x," =0

o Let glx)=ty+rx+1x% +--41,x" =0. So q(xj):O,j:1,~--,n.
e But x,---,x,,, aredistinct. So g has atleast m+1 distinct roots. So since the degree of g is m,
q =0. Therefore, t, =1, =---=t¢,, =0.

e  Therefore, the columns of M are linearly independent. So, M "M is invertible.

Example
Suppose given (— 1,1), (1,2), (0,3). Find the least square approximating polynomial of degree 1.

Want: p(x)= ag +a,x such that (1 - p(—l))2 +(2- p(l))2 + (3— p(O))2 is minimum.

1 -1 1 x 1
a
e Let R:[ Oj, M=|1 1 |=|1 x,|, Y=|2]|.Find R such that ||MR—Y|| 1S minimum.
a
: 1 0) (1 x 3
1) (-1
o Let U=colM =spanq|1|,| 1 |;.Apply Gram-Schmidt Orthogonalisation to find an orthogonal basis:
1)1 0
-1
e E =|1
0
X, E !
o E,=X,-—2_LE=|1].
£ 1
Y-E, . YE 7 6 e
o P(Y)=—"LtE+—"2E, =— 1= &
2 2 2 14 1
[E" & o) "l |2
ag—a __L
0N 14 ) 3
13 07y
e  Now solve the system MR=PU(Y):> ao—a1=ﬁ _—
3 (T2
ag =7

Therefore, the least square approximating polynomial is p(x) = F +§ .
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Lecture #14 — Thursday, February 26, 2004
Definition
Let ()c1 Y ),( Xy, ) TR (xn , yn) be the given data. Let f (x), fi (x),-u,fn (x) be the given functions. We
look for f(x)=myq fo (x)+m, f,(x)+---m,, f,,(x) such that

(y1 - f(x1 ))2 + (y2 —f(x2 ))2 +---+(y,, —f(x,Z ))2 is minimum. f'is the least approximating function.

Example

Given data (1,—2), (2,0), (0,3) and fo(x)zx, fl(x)=3x,findthe least approximating function.

o) AQ) (13 -2 .
o Let M= f0(2) f1(2) 02 9|, Y=| 0 [, Zz( 0j.Havetosolve M™MzZ=M"y .
z
£0) £0)) Lo 1 3 ‘
5 21 5 21 12 0) 520421z ) (-2
e M'M-= .So M"™MZ=M"Y= e 0 [=| 0TS :
21 91 21 91\ z 39 1 3 21z5+91z, -3
.= 17
= — 0~ "5
. , 5zy +21z, 2:> 2 .
21zy +91z, =3 . _21
' 40
N . 17 27 .
e Therefore, the least approximating function is f (x) Y +ES .

SUBSPACES ASSOCIATED TO MATRICES AND ORTHOGONALITY
R,
Let A be an mxn matrix, and A= (C1 C,,) or A=| : |.The subspaces associated to A are:
Rm
e nul(4)={xeR", AX =0}.
. col(A):im(A):span(Cj):{Ye R",Y:AX}.

] row(A): span(Rj )

Proposition

1) null(A) = (row(A))L — the rows are considered as vectors.
2) null(AT ): (col(A))*.
Proof 1:
¢ Dimension:
o Jet r= rank(A) = dim(col(A)) = dim(row(A)) .
e r+ dim(null(A)) =m= dim(null(A)) =m-—r.

. dim(row(A))+ dim((lrow(A))l ): m= dim((lrow(A))l ): m-—r.
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e So, dim((row (A))L )= dim(null(A)) .
. null(A) c (row(A))l :
e Let AXenull(A).So AX =0.

R, R X
e Let R, ,R, betherowsof A. Then AX =| ! |X=| : =0=>R;X=0.
R, R, X
mj
o Let RjT=(rjl rjn)T=Yj= :
m

[ ]
Z
@)
b=
PN
Se

[

[

=0. So X is orthogonal to Y}, so X is orthogonal to

span(Y f )= row (A) . Therefore null(A) c (row(A))L .

e Since dim((row(A))l ): dim(null(A)) and null(A) c (1row(A))l , null(A) = (1row(A))l .

Proof 2:

e We have null(A) = (1r0W(A))l = null(AT ): (row (AT ))L = null(AT ): (col(A))l .

Example
1 -2 10
-1 4 1
Let A=
-1 3 2 1 -
2 -3 51 5
row(A).

null(A)={X,AX =0}.Let X=|x;|. AX=0&

-7 -2 -1
-3 -1 -1
X=s 1|+t 0 [+r O
0 1 0
0 0 1

By row reduction, A — B =

3
1 . Calculate null(A) and row(A), and prove that null(A) is orthogonal to

Xp =Xy +x3+2x5=0

x

: Xy =Xy +4x3+x4 +3x5 =0
. So,

=X +3x, +2x5+ x4 —x5 =0

X
¢ 2x; =3x, +5x3 + x4 +5x5 =0
X5
1)(0
1 07 2 4
01
01 3 11
. So now, row(A)=span 71,13
000 00O
2111
00000
41
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null(A) is orthogonal to row(A):

dim(row(A))=2 = dim((row(A))l ): 5-2=3. Also, dim(null(A)).

For every vector in null(A) and row(A) , the dot product is 0. So, null(A) is orthogonal to

row(A).
Example
a’ 1Y(0)(1
Find ae R suchthat | —3a |espans|2|,| 1|3
-2 3)11)4

¢  Find an orthogonal basis:

0
o E =[1].
1
X, E 5[° w3
d 2 =X, -2 21E1_ _51=—%
EF 1) 20 |
X, E X,-E Mo 16 -3
e Ej=X,- 2'E1— 3 22E2:5—51 . -1
(2 |E.| 4l 2| 1

Lecture #15 — Tuesday, March 2, 2004
TRANSFORMATIONS

Definitions

1) A transformation T from R" to R" is a rule T(X ) that assigns to every X € R" a uniquely determined
vector in R”. We write 7:R” - R™ or R" —>5R™.

2) If T:R" - R"™, R"is the domain of T, and R" is the co-domain of 7.

Examples

2

-y

X
X
1) Find the domain and co-domain of 7 : R? 5 R’ such that ( J -
Y 2x+y

e  Domain of 7: R
e (Co-domain of T7: R

2) Describe T, : R? S R? , areflection in the y-axis.
® Tz(x, Y): (—x, )’)~
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3) Describe T; ‘R* S RY, the projection on the (x, y)-plane.
o Ti(xy.2)=(x0).

Example

Let A be an mxn matrix. T, :R" — R™ suchthat X — AX .

e T, is the transformation induced by A.
e If A=0, T,(X)=0 forany XeR".
o If A=1,, T,(X)=1,X=X. T,(X)=1,,.

LINEAR TRANSFORMATIONS
Definition

Let T:R" — R"™ be a transformation. T is linear iff for any vector X,Y € R" and scalar ae R we

have:
o (T1): T(X+Y)=T(X)+T(Y) —“T preserves the addition”.
e (T2 T(aX) = aT(X) — “T preserves the multiplication by a scalar”.

e Remark: For T:R" — R"™, Tis linearif T(0)=0 because a=0 in (T2).

Example

Let 7, :R" - R" suchthat X — X +Z.1Is T, linear?

o IfTyis linear, T(0)=0.Since T,(0)=0+Z,so if T, is linear, Z=0.

Example

2x+y
X
Consider T :R?* > R® such that ( J—) x—y |.Is T linear?
y

X

e  Condition (T1):

X2
o Jet, Y= .
B)
2(x1+x2)+(y1+y2) 2x+y+2x, +y,
° T1(X+Y):T1( J: (x1+x2)—(y1+y2) =S| XYt Y,
ity
X, +x, X, +x,
2x, +y, 2xy +y, 2x,+y, +2x, +y,
X X2
. Tl(X)‘FT(Y):T{y ]+T y J: Xp =y |+ X2 X =Yt Xy =Y
! 2 X X, X, +X,
e So T\(X+Y)=T,(X)+T,(Y) and (T1) is satisfied.
e  Condition (T2):

—
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X
e Let X=[ J, aeR.
y

2ax + ay 2x+y
ax
] Tl(aX)le( \Jz ax—ay |=a| x—y zaTl(X).
@ ax X
e So T,(aX)=aT,(X) and (T2) s satisfied.

¢ Since (T1) and (T2) are satisfied, T is linear.

Examples
x+1

X
1) Is T2:R2—>R2 such that ( ]%(
y Yy

J linear?

1
0

. T2(0)=[

0
j # [Oj . So T, is not linear.

2) Is T;:R* >R such that (XJ—> (x2 +y) linear?

y

x ax 2 o
e Check (T2): Let X = , aeR. T3(aX)=T3 =a“x" +ay,and
y ay

aT3(X)=a(x2+y)=ax2+ay.Pick a=2. T3(2X)=4x2+2y,but 2T3(X)=2x2+2y.

e So, since (T2) is not satisfied, 75 is not linear.

LINEAR COMBINATIONS AND LINEAR TRANSFORMATIONS

Theorem

If T:R" —R™ isalinear transformation. Then T(a, X, +---+a, X, )=a,T(X,)+--+a,T(X,) for any
a;eR and X,;eR".

Proof: We use induction on k.
e Basecase: k=1.
. T(alX] )= alT(Xl) since 7 is linear.
e  Assume true for k. Prove for k+1.
o T(a)X,++a, X +a,,X4)=Tla, X, ++a, X, )+T(a,,,X,,,) since T'is linear.
o Tl X, ++a, X )+T(ap X)) =a,T(X))+-+a,T(X, )+ T(a, X 1y) by
induction hypothesis.
o aT(X )+ +a T(X )T (@ X ) = aT(X )4+ 0, T(X )+ apq T(X ) since T
is linear.
* So, T(a]Xl +otap Xy +ak+1Xk+1):alT(Xl)+”'+akT(Xk)+ak+1T(Xk+1)-

e So, the theorem is proven.

Example

1 2 3 1 2
Let Tlinear be T:R* — R? such that T(zjz( J and T( J:[ 4).C0mpute T( 3).
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. (_23J=a(;]+b[jlj,then T@:a E;}w(jl].

e Solving for a and b, we obtain a=-1, b
2 1 3 2

e So, T =-T| |[+T =— +
-3 2 -1 -1

Theorem

Let R" =span{X,,---,X, }k>n.LetS and T be linear transformations R" — R" . Then:
1) Tisdefinedby T(X ;) j=1-k.

2) T=SeTx;)=sx,;)j=1k.

Proof of 1:
e Let XeR".LetT be linear such that T(Xj) are known.

L4 SIHCC X=a1X1+'-'+Clka,SO T(X)=T(a1X1+"'+Clka)=alT(X1)+'-'+ClkT(Xk) IS
known.
Proof of 2:
e Assume T=S, T(X)=S(X) forany X e R".So for X=X, T(Xj):S(Xj).
o Assume T(X;)=8(X,)j=1-k.Let XeR",s0 X =a;X,++a,X;.So
T(X)=a,T(X,)++a,T(X,)=a,S(X, )+ +a, (X, )=S(a, X, ++a, X, )=5(X).

e Remark: 7 is defined by T( ) {E,,-, En} is a basis of the domain of 7.

Example
X1 X3 Y122 = Y24

Let V,WeR?, V= yi |» W=|y, |.Define VoW =| z,x,—2,%, |. Show that for U, V, Win R,
2 22 X1Y2 =X

Un(Vaw)=U-wyV-(U-vW.

e Let T(U) =U n(V nW) and S(U)= (U -W)V —(U -V)W for V, W fixed. It can be proven that T, S are
linear.

¢  Using the theorem above, we only need to prove that T(E j )= S (E j ) where {E 1 Es, E3} is the standard
basis of R’.

° S(E])=(E1-W)V—(E1~V)W—x2 Y1 |=%1| Va2 XoY1=X1)2
X221 = X2y
1 Y122 = Y24
° T(E1)=E1 n(VnW)=|0|n Xy = 22X |F| X2 V1~ X1 )2
0) (xy,—xy X221 = X2y
e So T(E1)=S(E1).The same goes for E; and E5,s0 T =S .
e Therefore, Un(VaW)=U WV -U-VW.
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MATRIX OF A LINEAR TRANSFORMATION
Proposition

Let A be an mxn matrix. T, :R" - R™, X — AX is linear. (Proof: Properties of matrix multiplication).

Theorem

Let 7,:R" - R"™ be a transformation. Then:

1) Tis linear iff it is a matrix transformation.
2) If Tis linear, then T is induced by the (unique) matrix A defined by (in terms of its columns)
A= [T(El ) T(En )] where {El TN En} is the standard basis of R".

Proof of 1:
e [If T =T, then Tis linear by proposition.
e Let T be alinear transformation. Let A= [T(E1 ) T(En )] an nxn matrix. We want to prove
T=T,.
e By theorem above, it is enough to prove that T(Ej ): T, (Ej ), j=L-,n.
1 1

e E=V nE)=lE) - 1) |=T(E).

0
¢ Continuing this way, we obtain that T(Ej )= T, (Ej ), j=1-n,s0 T=T,.

Proof of 2:
o Assume T=T,=Tj.

e T,(X)=Tyx(X)vXeR".So AX =BX.
e B=BI,=B(E, -~ E,)=(BE, - BE,)=(AE, --- AE,)=Al

e So A is unique.

Corollary

If AX=BX forany XeR",then A=B.

Examples
X x+y
1) Let TI:R3—>R3, y|—>|z—x+2y|.Tis linear. Find matrix A, of T}.
z 3x—z
1 1 0
o A=) T(E,) T(E)]=|-1 2 1
3 0 -1

2) Let T,:R> —>R2,[xj—>(
y y

R e
270 1)

j a reflection in y-axis. T, is linear. Find matrix A, of 7.
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Example

1
Let P:R* 5> R? the orthogonal projection on span{(lj} . P is linear. Find matrix Mp of P.

y ;CJ . p(x):ﬂxojp@:

[l

2
! +
X
1 X Y

e So P:R? > R? such that P( J% 2
y x+y

1 0
e Sothe matrix of Pis M p = {P(Oj P IH =

2= =

= M=
~—

Example

Let Ry: R? > R? arotation of centre 0 and of angle 0 (ccw). Ry is linear. Find matrix My of Ry.

1 cos @ 0 —sin @
1 * RH = . B Rg = .
R, 0 sin @ 1 cos @
0
0 ®  So My the matrix of Ry is given by M, = [

»
>

»
P

cos@ —sin 9)

sin@ cos@

Lecture #16 — Thursday, March 4, 2004

COMPOSITION OF LINEAR TRANSFORMATION
Definition

Let S, T be two transformation such that dom(S)=codom(T) and R" ——R"™ —5R” . We define

composite of Sand 7 (SoT)(X)=S(T(X)) for XeR". SoT:R" - R”.

Theorem

Let T:R" -5 R"” and S:R"™ — R’ be linear transformations with matrix B and A respectively. Then
SoT:R" - R? islinear and its matrix is AB.

Proof: We have (ST )(X)=S(T(X))=S(BX)=A(BX)=(AB)X .
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Example
Let T be the reflection in x-axis and S be the reflection with respect to the line y = x. What is the matrix for
SoT?
: 10 y
e Matrixof T: B= . y=x
0 -1 (-y, x)
01 ®
e Matrix of S: A= . . .(X, y)
10 . !
i 0 1)1 O 0 -1 > :
e SoT hasmatrix AB= = . N
1 OA0 -1 1 0 N
®

INVERSE OF LINEAR TRANSFORMATION
Definition

Let T:R" — R" be alinear transformation. Then 7 is invertible iff 35 :R" — R" suchthat So7T = Lo
and ToS = an .

Theorem

Let 7:R" - R" be linear with matrix A. Then T is invertible iff A is invertible. In this case, the matrix of
T'isA! and so Tis unique.

Proof:
- e IfAisinvertible, T, oTA,, = (AA_I)X =X and TA,I oT, = (A_IA)X = X , so T'is invertible.
e If Tisinvertible, let T’ be an inverse (T~ is linear because for X =7'(X) and Y =T(¥),
7'(x +Y)=T (R )+TF) =1/ (X +7)=7"oT(¥ +7)= £+ ¥ =1/(X)+T(¥), and
T'(aX)= T'(aT()? ))= T'(T(a)? ))= (7o T)(a X )= aX =aT’(X)). let B be the matrix of T . then
ToT'=1,, = AB=1I, and T'oT=1,, = BA=1,.So B=A"' and A is invertible, and thus

T’ is unique.

Lecture #17 — Tuesday, March 9, 2004

THE DETERMINANT OF 1x1 AND 2x2 MATRICES
Definition

Let A= [a],ae R be an 1X1 matrix. Then detA=a.

b
Let A= [a d} a,b,c,d e R be an 2Xx2 matrix. Then det A= |A| =ad-bc.

c
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Examples

12
1) The determinant of A:(3 4J is detA=(1)4)-(2)3)=-2.

-1 5
2) The determinant of B 2( 3 2] is detB=(-1)-2)-(3)5)=-13.

Proposition
a b P . . . . -1 1 d _b
Let A= . Then A is invertible iff det A # 0. Moreover, in this case A~ = .
c detAl—c a

e Prove: detA#0 = Ais invertible.

J .Then AB=(detA)l, & A(

BJ =1, = Aisinvertible

-c a det A

) d
e Define B=
! B
det A
e Prove: A is invertible = detA#0.
e Assume det A=0.WantA cannot be invertible.

and A7 =

—-C a

, d —b
e Define B= .Then AB=(detA)l, =0.

e But A (AB)=B=0=a=b=c=d=0= A=0. Contradiction!

Example

Compute det A and A™' when it exists.

12
1) A1=[3 4].

o det(4,)=(1)4)-(3)2)=-2,s0 A, is invertible.

4 1 4 -2 -2 1
[ ] Al = = l _l .
detA{-3 1 > 3

o det(4,)= (— %j(— 4)-(3)(2)=0, so A, is not invertible.

Example

1 a
Let A= [ j . For which value of a€ R is the matrix A invertible? Compute A™ for those values.

o detA=(1)3)-(-2)a)=3+2a.So detA#=0 iff a;t—%.

3
o If ai—g, A7l = ! “ .
2 3-2a\2 1
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THE DETERMINANT FOR NxN MATRICE
Definition
Let A be nxn matrix. Let A; be the (n —1)>< (n —1) matrix formed from A by deleting row i and column j.

Then the (i,j)-cofactor is C; (A) (—1)i+j detA; € R.

e Remark: If i+ j iseven, (—l)i” =1.If i+ isodd, (—I)Hj =-1.

Example
1 -2 3
Let A=|4 1 —1|.Findthe (1,2) and (3,2) cofactors of A.
0 2 -4
1+2 4 -1
= sl e
’ ’ 0 —4
342 1 3
© Cyla)=(1) Xdet(A3’2)=_4 1=13,
Definition

e For n=12, the determinant of nxn matrices is defined.

e Assume we have defined the determinant for (n - l)x (n - 1) matrices. We want to define it for nxn
matrices.

® LetA be an nxn matrices. Let C; (A) be its cofactors. We define

detA=aqa,,Cy, (A)+ a,,Cy, (A)+---+ a,,C,, (A). This is the Laplace Expansion.

Example
1 3 -1
Let A=|{0 -1 2 |.Compute detA.
2 4 0
o detA=1xCy;(A)+0xC,, (A)+2xCy,(A4).
o =0 e =D s,

e So, detA=-8+2(5)=2.

PROPERTIES OF THE DETERMINANT

Theorem
Let A=a; beannxn matrix. Then the determinant of A is given by:

* detA=aq;,C;, (A)+ a;,C;5 (A)+--- +a;,C;, (A)i=1,---,n (expansion along row i).
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* detA=q;C; (A)+ a, ;C, ; (A)+---+a,,’jC,,’j (A), j=1,---,n (expansion along row j).

Example
1 0 1- 4
3 0 3 5 .
Let A= . Whatis detA?
1 -1 2 =2
4 0 -3 O

detA=a,C, (A)+ a,Cs (A)+ a3,Cs, (A)+ a4,Cy5 (4)= =Cs3, (4)
1 1 -4 |1 1 -4

=—(-123 3 5/=3 3 5|=A4,

4 -3 0 4 -3 0

303
4 -3

I 1

5_12+3
HEDT,

o det(A)=-4C 5(A))+5C,5(A))=—-4(-1)"" =—4(-21)-5(-7)=119.

Theorem

Let A be an nxn matrix. Then:

If A has a row (column) of 0’s, then detA=0.
If we interchange two rows (columns), then the resulting determinant is —det A . So
detlc, - ¢, ¢; - ¢,)=-detlc, - c; ¢ - C,)
If a row (column) of A is multiplied by u € R, then the determinant is multiplied by u. So
det(C, - uC, C,)=udet(C, - C, c,).
If two rows (columns) of A are equal, then detA=0.
If a multiple of a row i (column j) is added to a different row (column), then the determinant is the same. So
detlc, - ¢, ¢; - C,)=detlc, - ¢, C;+ac; - C,).
Examples
1 1 2 L3
Compute det| -3 0 3 |=-3(-1)*" R 3(1)=3
2 -1 -4
1 100 O
Compute detf 2 -1 0(=0.
15 3 0
Example
1 1 1
Let A=| x;, x, X3 |,X;,X,,%x3,x,€ R.Whatis detA?

2 2 2
Xy Xy X3
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detA=|x,

Corollary

2

X

Xo

0 0

Xy =X xy3—x (=0 (A): (_1)1+1

2

2 2 2

—X X3 TX

=(x2_x1)(x3_xl)( .

Xy +x1 X3 +x1

MAT223H1b.doc

A is an nxn matrix. Then det(uA) =u"detA,ucR.

Theorem

Let A be a triangle matrix (i.e.. a; =0 when i>j or i<j). Then detA is the product of the entries of

the main diagonal of A. So det A=a; Xa,, X---Xa, ,

3 -2 5|.Whatis detA?

1 2 3

1 2 3

—2 5|=-23 -2 s5/=-20 -8 -4|=

Example
4 3 2
Let A=
2 4 6
4
det A=23
1
1
=40(0
0

Theorem

. A
Consider C = {0

X

B

3 2
2 3
2 3
1 2
0 -3

4 3 2

=(40)(-3)=-120

Y

0 -5 -10

Xy =X X3 =X
2 2 2

2
X —Xp X3 X

= (Xz X )(x3 X )(x3 _xz)

A 0
} , D= [ B} for A, B square matrices. Then:

det C =det Axdet B.
det D =det AxdetB .

Example
1 3
2 -1
Let C=
0 0
[ ] C =

. What is detC ?

.So detC =

1 3

Page 24 of 51

1 23

0 2 1

1 2 3
(-2)-4)=5)0 2 1j=400 1 2
0 1 2

=(-7)-11)=77



MAT223H1b.doc

DETERMINANTS OF PRODUCT OF MATRICES

Theorem
Let A, B be nxn matrices. Then det(AB) =det AXdet B .

e Remark: If A, B are nxn matrices, det(A +B ) #det A+detB.

Corollary

Let A be an nxn matrix. Then det(Ak )= (det A)k .

Proof (by induction):
e Provefor k=1:

. det(A1 )= det A= (det A)1 . The corollary is true for k=1.
e Assume det(Ak)=(det A)* . Prove det(Ak+1)=(det A

. det(AkJr1 )= det(AkA)= det(Ak )x det A= (det A)k (det A) = (det A)kJrl . So the corollary is
true for k+1.

Lecture #18 — Thursday, March 11, 2004

DETERMINANTS AND MATRIX INVERSES

Theorem

Let A be an nxn matrix. A is invertible iff det A#0.

Corollary

. _ 1
If A is an nxn matrix that is invertible. Then det(A 1)= .
det A
Proof:
e Remark det(ln ): l,and A™'A= I,.

o det{aA)=det(r,)=1= (det A7 Jdet A)=1=> det A~ = —!

detA’
Example
1 0 -a
For which values of a€ R isthe matrix A=|2 3 1 invertible?
a 2a 1
Lo 0 3 1+2
~ a
e detA=]2 3 1+2a =1><CM(A)=(—1)1“2 L2 =3(1+a?)-Qa)1+24)=-(a® +2a-3).
a 2a 1+a* 4 “

e Aisinvertible when (a2 +2a-3)%0. A=(2)>-(4)-3)=16=4%.50 a,=-3, a, =1.
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e So A is invertible if a is different from -3 and 1.

Proposition

Let A be an nxn matrix. Then det(A) = det(AT )

Example

Let A, B be square matrices. If det A=2, detB=-3, compute det(AzBTAle3 )

. det(AzBTA”B3)= (det A)*(det B{ﬁ](det B)" =(2)-3)°’ =162.

Definition
A square matrix A is orthogonal iff ATl =AT (so A is invertible).

Proposition
If A is orthogonal, then det A==1.

Proof: AA™' =1 o AA" =1 = det(AAT ): det(l)=1 (detA)(detAT ): 1 (detA) =l det A=+1.

MATRIX ADJOINT
Definition

Let A be an nxn matrix. Let C; (A) be the cofactors of A. The adjoint of Ais adjA = [C i (A)]T .

Theorem
Let A be an nxn matrix. Then A(adj A) = (det A)I = (adj A)A . In particular, if det A#0, then

1
A7 dj(A).
AaJ()

adj(A) .

Proof: AxadjA = (det A)l = A(d ! 4 adj Aj =1,s0 Al =

et det A

Corollary
Let A be an nxn matrix. If det A#0, then det(adjA)=(det A)"".

Proof:
(A)adjA) = (det A)I = det(A adj A) = det((det A)I) = (det A)(det(adjA)) = (det A)" = det(adjA)=(det A)"".

Example
1 1 a

Let A=|—a 1 —a|.For whatvalues of a is A invertible? When it is the case, compute A™.
a -1 1
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1 0 0 5
e detA=|-a l+a -a+a? =l><(—l)lJrl I+a —a+az =l+a’
2 —1-a 1-a
a -1-a 1-a
e So A isinvertible when a # *1.
C,,(4) ¢,(4) c;5(4) l-a -l1-a -2a
o (adja) =] C,(4) Cpnla) Cy(a)|,and [c,(A)f =adia=|a-a® 1-a*> a-d?
Cy,(4) C,(4) C3(4) 0 l4+a l+a
l-a -1-a -2a
e When a#=l1, A7l = adjA = ! a-a’> 1-a*> a-a*
det A l—az
0 1+a 1+a

CRAMER’S RULE

Theorem: Cramer’s Rule

If A is an invertible matrix, then the solution of the system AX =B is X = A7'BIf

X
A=[c, -+ c,]C;eR" and X =| : |, consider A,=(C;, - C,;, B Cj; C,) Then
'xn
det(Aj)
Y ()
Example
3x +2xy +x53 =2
Solve x; for X, +x, +2x3=0.
X +2x, +x3 =1
3 21 2 X,
e Let A=| 1 1 2|, B=|0|, X=|x,|.Then AX=B.
-1 21 1 X3
2 21
01 2
e det(A)=-12.So x1=det(A‘)=1 2 _=3_1
det(A)  detA -12 4

Lecture #19 — Tuesday, March 16, 2004

PERMUTATIONS

Definition
Let §, = {1,2, X n} Amap o:S, — S, isapermutation if it is a one-to-one map (rearrangement).
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Examples

o,(1)=1 o,(1)=
1) If S3= {1 2 3} a possible permutation is 0 (2) =2 . Another possible permutation is &, 2)

— o N

o,(3)

Definition

Let 0:5, — S, beapermutation. ohas an inversion if there exists i< j in S, such that O'( )> O'( ])
e Wessay ois even if the number of inversions is even
. .

We say ¢ is odd if the number of inversions is odd

Example

o, \l)=1 0,1l
If S, = {1,2}, then all possible permutations are : ( ) 2( )
,(2)
Since o; has 0 inversions, o is even

Since o> has 1 inversion, o, is odd

Example

oll)=

Let S;=11,2,3} and o(2)=

2
1.Since 1<2 and 0'(1)> 0'(2), ohas 1 inversion, and so ois odd
o(3)=3

PERMUTATION AND DETERMINANTS

Proposition
ay o a
Let A be an nxn matrix. If A= ( i )— : ,then detA= Z (* l)(a] o) Xaa6(0) X" Xa, U(n))
anl DY ann O-:Xﬂ%f
and + if ois even, and - if ois odd

Example

Let A:(a“ alzj, S, ={1,2}. Find det A
dy; dp

. . o, (1)=1 o, (1)=2
e The possible permutations are (even) and (odd).
c,(2)=2 o,(2)=1

* So, detA= Z(+1)(a10' XAy 52 ) A,6,(1) XA2,6,(2) ~M,0,(1) X42,0,(2) = G11922 ~ Q12423
o={oy,0,}
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Proposition
Let A= (alj ) be an nxn matrix.
1) If A has a row (column) of 0, then detA=0.

2) If A isformed from A where R; was replaced by uR,; for ue R, then det A =udet A.
3) If A is formed from A where we exchange R; and R;, then det A =det A.

Proof of (1): We have det A= z (* 1)(a1,(,(1) ><--~><an’(,(n)).

05, s,

*  Suppose R, has only zero entries, that is aj = 0,k=12,---,n.Then

detA= 3 (£1)ay () XX o) XXty o) )= 0 since a q(;) =0.

s, o8,

Proof of (2):

,where A =(dy)=(ay) for k#l and @, =ua,,l=1,--,n for

k=1.
det A = Z(il)(al,o-(l)X"'Xaj,o-(j)X"‘Xan,o-(n)): Z(il)(al,o(l)x'”xuaj,o-(j)X”'Xan,o-(n))
o5, =S, 015, S,
=u Z(il)(a]’g(])><~--><aj’6(j)><~--><an,a(n))=udetA
s, o8,
Example
1 cosa cos2a

Compute D =|cosa cos2a cos3al,aeR.

cos2a cos3a cosda

1 0 0

.2 . .
41l —sin“a —sin 2asin a
D =|cosa cos 2a—cos’ a cos3a—cos2acosal = (—1)

. . .2
5 —sin2asina —sin” 2a
cos2a cos3a—cos2acosa cosda—cos” 2a

= (sin2 chXsin2 a)— (sin 2asin a)2 =0

PowER oF MATRICES

e Remark: A” exists only if A is square.

Definition

A matrix A is diagonal if all the entries are zero except the ones on the main diagonal.

Examples

1) A=1, isadiagonal matrix.
2) A=0 isadiagonal matrix.
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1 0
3) A=(O 4J is a diagonal matrix.

Example

ﬂok],kzm R.

0 k
Let A= (/Z;l } A1, A, € R . Prove that A* = [/1(‘)
2

Z

e Provefor k=1:

A 0 !
. A1=A=( 1 j:(/ll 0 J.Soitistruefor k=1.

0 2, 0 A’
k k+1
o Assume AF =[/1' OkJ-Prove AFH =[/11 2+1J:
k A 0 k+1
o A =aAkA= 4 Ok ( ! ]: 4 01<+1 . Soitis true for k+1.
Proposition
Let A be a diagonal matrix. A=| : . : |=diag(4,,4,.....4,). Then
0 - A,
A 0
Ak=diag(/11k,/12k,...,ﬂnk)= o for k>1.
0 A,k

Corollary

Let P be a polynomial. P(x)=a, x" +a,_x" "' +---+a,x+a,. We define
P(A)=a,A" +a, (A" ++aA+ayl . If A=diag(4,,...,4,), then P(A)=diag(P(4,)....,P(4,)).

DIAGONALIZATION

Definition

Let A be an nxn matrix. We say A is diagonalizable if there exists an invertible matrix P such that P'AP s
a diagonal matrix. P is called the diagonalizing matrix.

Theorem
Let A be a diagonalizable matrix. Let D be a diagonal matrix. If there exists P an invertible matrix such that

P'AP=D= A=PDP7' then A*¥ =pPD*pP7".

Proof by Induction:
e For k=1, Aisdiagonalizable,so A= PDP7!.
e Assume A¥ =pPD*P7!' Prove A**' =pp*p7!:
e A = AkA=pD*P~'pDP™' = PD*(P7'P)DP™ = PD PP = PD**' P
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Example

-1 0 0 1 . . o (-1 1 ‘
Let A= , P= . Computation gives P~ = . Caculate A".
-3 =2 11 1 0

. P‘lAP=[3 _OJzD.So A* =pp*p! =[(1) 3(2; (_?)k ](_11 éjz((_f)_kl)_kzk 20/{}

EIGENVALUES AND EIGENVECTORS

Definition
Let A be an nxn matrix. A€ R is an eigenvalue of A if there exists some vector X #0 such that
AX = AX . X is an eigenvector of A for 4. X is also called a A-eigenvector.A9

e Remark:If X =0, AX=0=A40 forall A€ R. This is meaningless!

e Remark: Let X be a A-eigenvector (X #0) forA, and a#0€ R. Then a(X ) #0 isalso a A-eigenvector.
Proof: A(aX)=a(AX)=alX = A(aX).

Proposition

Let A be an nxn matrix. Let A be an eigenvalue of A. Let X be a A-eigenvector. Then A* is an eigenvalue of A,
and X is a A-eigenvector for k >1.

Proof by Induction:
e For k=1,itisclear.
e Assume A" is an eigenvalue of A* and X is a A-eigenvector. Prove for k+1:

o AMX = AF(AX)= A*(AX)=Aak X = aa(F x )= A x

Example
) -1 0
Consider A= .
-3 -2
0 0 0 ) ) 0) . )
e A ) = ) =2 ) so 2 is an eigenvalue of A and ) is a 2-eigenvector of A.

1 -1 1 1
. A(J :( J = —1(1] , so -1 is an eigenvalue of A and (1] is a -1-eigenvector of A.

. 0 1 i 2 0
e Notice: P= such that P~ AP = .
1 1 0 -1

Lecture #20 — Thursday, March 18, 2004

Proposition

0 is an eigenvalue of A iff A is not invertible.
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Proof:
e Assume 0 is an eigenvalue of A. AX =0X =0. Since there exists non-trivial solutions, so A is not
invertible.
e Assume A is not invertible. There exists X #0 such that AX =0X . So 0 is an eigenvalue of A.
Definition

Let A be an nxn matrix. Let ¢, (x) = det(xl - A), xe R . ¢y is apolynomial of degree n. c, is the characteristic
polynomial of A.

Theorem

The eigenvalue of A are the roots of ¢, (x) That is A is an eigenvalue of A iff ¢, (/1) =0.

The A-eigenvectors X are the non-trivial solutions of the homogeneous system (/11 - A)X =0.

Proof (1): Let A be an eigenvalue of A. So3 X #0 such that AX = AX < (A/—A)X =0. Since AI—A
is not invertible, det(Al —A)=0=c,(1).So ¢,(1)=0.

Proof (2): Let Asuch that ¢,(1)=0 < det(A—A)=0.So A —A isnotinvertible. So3 X #0 such
that (I —A)X =0 & AX —AX =0 & AX = AX . So Ais an eigenvalue.

Example
-5 6 . . .
Let A= 9 10 . Whatis c, (x)?Fmd the A-eigenvectors.
x 0 -5 6 x+5 -6
o =detlx/—A)= - = =x25x+4=(x=4)x=1).
2 (5)= det(s1 — ) (O j (_9 10] 00 e seras (e a)e)
e So the eigenvectors of A are 4 and 1.
e  Want: The 4-eigenvectors:
e Xis a4-eigenvector if
9 -6\ x 9x, —6x, =0 x1=gt
AX=4X & 4I-A)X =0 =0 o 3.teR.
9 -6)\x, 9x, —6x, =0
x2 =1
X1 2 . .
e So X= =t i is an eigenvector for t#0.
X2
e  Want: The 1-eigenvectors:
® Xisa l-eigenvector if
6 —6) x 6x,—6x, =0 X, =t
(I-A)X=0& =0 PN JeR.
9 _9 x2 9)(:1 _9.)(:2 =O X2 =1
Xy 1) . .
e So X= =t is an eigenvector for ¢ #0.
X5 1
Proposition

Let A be an nxn matrix. Let A be an eigenvalue of A. Let Xj, Xi,..., X; be some A-eigenvectors. Then any
linear combinations of X; that is not 0 is a A-eigenvector.
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Proof: Let X =a;X;+a, X, +--+a, X, #0.Since AX =in,j=1,2,...,k,
AX = Ala, X, ++a, X, )=a,AX | ++a, AX; =a;AX | ++a, AX, = AMa, X, ++a, X, )=AX . So
X=aX+a,X,+--+a, X, #0 isa A-eigenvector.

Example
01 1

Let A=|1 0 1]|.Show A% =2I/+A.What are the possible eigenvalues of A?
1 10

2 1 1 1 00 01 1
A =1 2 1[=2/0 1 O|+|1 0 1|=2I+A.
1 1 2 0 0 1 1 10
e Let Abe an eigenvalue of A. Let X be a A-eigenvector. So AX = AX .
o A’X =AAX = A(AX)=AAX =JAX = 2*X and
A’X =(2I+A)X =2X +AX =2X +AX =2+ A)X .
X X
e So BX=02+A)Xx =>4 x, |=(2+1) x, |.Since X %0, sosuppose x, #0 . Then

X3 X3
Ax =2+ Ay => A2 =244
e If Ais an eigenvalue of A, then 4> —1-2=0 (1-2)(1+1)=0. So the possible eigenvalues of

A are -1 and 2.
-1 -1
e For A=-1,the-l-eigenvector X =s| 1 |+7 0 |(s,7)#(0,0).
0 1
1
e For A =2,the2-eigenvector X =¢1[,z#0.
1

Lecture #21 — Tuesday, March 23, 2004

EIGENSPACES

Note: A is an nXxn matrix.

Definition
Let A be an eigenvalue of A. Then the A-eigenspace is defined by E,;(A)=null(Al - A)={X € R, AX = AX}.

Proposition

Let X, ..., X, be the basic solution of (/11 - A)X =0.Then E; (A) = span(X1 s X ) . Moreover,
{Xl,...,Xk} is a basis of the subspace EA(A). (dim(Eﬁ(A))= k)
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Example
. 23
What are the eigenspaces of A= 0 2 ?
x=2 =3
e Eigenvalues: c,(x)=det(xI —A)= 0 2‘ =(x-2)*.S0 1=2.
x—

o E,(A): (1-A)X =£g _03)(2}:} {_hgzg: X =[gj = s((l)j .So
E,(A)= {X = s((l)j, se R} )

Proposition
Let A#u betwo eigenvalues of A. Then E; (A)m E, (A) = {O} (E, (A)@ E, (A))

AX =X

Proof: Let X e E;(A)nE, (A).S
roof: Le cE; (A)n ﬂ() OAX=,uX

}D(Z—,u)X=O:>X=O.

Theorem
Let A, ..., A be distinct eigenvalues of A. Let X1, ..., X be the eigenvectors of A. Then {X1 s Xk} are

linearly independent.

Proof (by induction):
e k=2:
* Since o X, € E, (A) anda, X, € E)) (A), and E, (A)r‘\EA2 (A)={o}. so a,X,=0,
and a,X,=0,s0 a;=a,=0.
e Assume X, ..., X; are linearly independent. We want to prove X|, ..., X, X;,1 are linearly
independent.
L4 a1X1+"'+aka +ak+1Xk+1=O Ll.
o Al X, + -+ X+, X,10)=02> 4 X+ A X A0 A X =0 Lo
o So, L —ALy =y (4 = A )X, +--ay (A4 = 2)X, =0
o (4, _/11(+1)=0
Since Xj, ..., X are linearly independent, Do ==a, =0.
(A = A441)=0

e So, fromL;, wehave o, X;,; =0=>a;,, =0.

Example
1 -3 3

Let A=|—1 —1 1 |.Show that there is a basis of R? of eigenvectors.
2 -2 2

e Eigenvalues: ¢, (x)=x(x+2)(x-4),s0 4, =0, 4, =-2, A;=4.
e Sosince X is the 0-eigenvector, X, the -2-eigenvector, X; the 4-eigenvector, and they corresponds

to 3 distinct, linearly independent eigenvectors, we have a basis. (dim R?=3)
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Example

2
Let A= (O j . Prove that there is no basis of eigenvectors.

e Eigenvalues: c¢,(x)= (x=2)*.S0 A=2.
1
e 2-eigenvectors: E, (A)= {X eR%* X = s(o}se R} .

e Since dim(E2 (A)) =1, there is no basis of eigenvectors.

DIAGONALIZATION OF MATRICES: SIMILAR MATRICES

Definition
Let A, B be two nxn matrices. We say that A and B are similar if there exists an invertible matrix P such that
B=P'AP.(B~A)

Remark

We can rewrite the definition of diagonalizable matrices: A is diagonalizable if there exists D a diagonal
matrix such that D and A are similar. (A~ D)

Proposition

1) Wehave A~A.
2) If A~B,then B~A.
3) If A~B and B~C,then A~C.

Proof:
) A=I"'AI=IAI=A.
2) B=P7'AP,Pisinvertible. Let Q=P ' then A=Q 'BQ=PBP'.
3) A~B means A=P'BP. B~C means B=P 'CP.So
A=pP'Bp=pP7! (Q“CQ)P = (P“Q‘1 )C(QP)(:) (oP)'c(oP),so A~C.

Corollary
If A is diagonalizable, and B ~ A, then B is also diagonalizable.

Proof: A is diagonalizable. Then there exists D diagonal matrix suchthat A~D. B~A~D=B~D.

Proposition
If A~ B, then:
D A'~Bh
2) AT ~BT.
3) Forany ke N, A* ~ B*.

Proof:
1) A~B=>A=P'BP.So A™' = (P‘lBP)_l = (P‘1 )(3‘1 XP‘I )_1 =P"'B'P=>A" ~B "

2 AT =(p7'8p) =PTB" (P} =P"BT(PT)"
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Definition

Let A be an nxn matrix, where A= (aij ) The trace of A is defined by tr(A)= Z ajj=ay tas +--+a,,.
j=

Proposition

We have:
1) tr(A+B)=1tr(A)+u(B).
2) If ueR, tr(ud)=utr(A).
3) tr(AB)=1tr(BA).

Proof:
1) Itis trivial.
2) Itis trivial.
3) Let A=la;), B=lp;), c=4aB=(c;). D=BA=(d;).

n
* a;= Zaikbkj =a;b; +---+a,b, .
k=1

n
o dy=) byay.
k=1

* tf(AB):Zsz :Z(ZambuJ: Zalkbkl = Zbklalk ZZEZbklalk]:dek :tr(BA).
I=1

I=1 \ k=1 k,l=1 k,l=1 k=1\I=1 k=1

Theorem

Let A and B be two similar matrices. Then:
1) detA=detB.
2) trA=trB.
3) CA(X):CB(X)'
4) Eigenvalues of A = eigenvalues of B.

Proof:
A and B are similar, so there exists P an invertible matrix such that A = P'BP.
1

et P

1) detA= det(P‘lBP)z det(P‘1 )>< det(B)xdet(P)= o p (et Bxdet P =detB.

2 wAa=ulpBP)=u(BP)P)=uB.
¢, (x)=det(x1 - A)= det(xl - P_IBP)= det(xP“P - P_IBP)= det(P“ (xl - B)P)
= det(P™ xdet(xd — B)xdet(P) = ¢ (x) ‘
4) Weknow c, (x) =cp (x) . Since the eigenvalues of A are the roots of ¢, (x), and the eigenvalues of B are

3)

the roots of cp (x , we have eigenvalues of A = eigenvalues of B.
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DIAGONALIZATION
Theorem
1) A is diagonalizable iff there exists a basis of eigenvectors of A. It means there exists eigenvectors
X,,...,X, suchthat P= (X1 Xn) is invertible.

2) Inthis case, D =P 'AP =diag(4,,...,A,) where A, is the eigenvalue corresponding to X;.

Method For Diagonalizing a Matrix

1) Find the eigenvalues — compute ¢, (x) and find the roots.
2) If Ais an eigenvalue, then find the basic solution of (/11 - A)X =0.
3) Do we have a basis of eigenvectors?
e [fno, then A is not diagonalizable.
o Ifyes,then X,,...,X, isabasisof eigenvectors. P=(X, - X,),and D=diag(4,,....4,)
such that AX; =4;X ;.

Example
. ) 5 -4
Diagonalize A= .
6 -5
-5 4
e c¢,(x)= x—6 o458 =x*-1.S0 A, =-1, A, =1.Since A, #4,, the eigenvectors X,, X, are

linearly independent.

—6x, +4x, =0
—6x; +4x, =0

—

xlzgt 2
3 ,teR.So X, =|3].

e -l-eigenvectors: (—I - A)X =0 {
x2 =t

. —4x,+4x, =0 X, =t 1
e l-eigenvectors: (I—A)X =0& & ,teR.So X, = .
—4x, +4x, =0 Xy =t 1

2 » -1 0
e P=(X, X,)=|3 "|.Sowehave PT'AP= .
11 0

1
Example
1 20
Diagonalize A={0 1 O
0 0
x=1 =2 0
o ()=l 0 x-1 0 |=(-1)"(x=3)x-1) =(x=3)(x-1)*.So 4 =3, 4, =1.(Remark:
0 0 x-3
If A is a triangle matrix, then the eigenvalues of A are the entries on the main diagonal)
0 0
e 3-eigenvectors: (SI—A)X =0=>X=s5/0|,seR.So X, =|0].
1 1
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1 1
e l-cigenvectors: (/I—A)X=0=X=s5/0|seR.So X,=|0].
0 0

e  Since there only X; and X, independent eigenvectors, it is not a basis of R’ SoAis not
diagonalizable.

MULTIPLICITY OF EIGENVALUES
Definition
Let A be an nxn matrix. Let A be an eigenvector of A. Suppose ¢4 (x) =0. We can write

ca(x)=(x=2)"-g(x). g(x)# 0. mis the multiplicity of A.

Proposition
Let A be an eigenvalue of A. Let m be its multiplicity. Then dim E (A)<m.

Lecture #22 — Thursday, March 25, 2004

Theorem
A is diagonalizable iff dim E, (A)=m(1) (the multiplicity of 1) for all A eigenvalue of A.

Proof:
® Assume A is diagonalizable. Prove dim E (A) = m(ﬂ)

e D=P'AP=diag(4,,...,4,),and A=PDP".
Cy (x)=det(xf — A)= cp (x)=det(xI - D).

x—x, - 0
o c,(x)=] o= omx N x=xy ) (x=x,).
0 e X=X,
e Let Abe an eigenvalue of A. The multiplicity of 1is m(4)=# {j, A= /1}.
¢  On the other hand, we know P:(Xl Xn) where AXj:ﬂij.

EA(A):span{Xj,AXj :ZXJ-}. So
dim E, (4)=#{j, AX ; = A ; }=#{j. 4, = A}=m(2).
e Assume dimE), (A) = m(/i) Prove A is diagonalizable.
e Let A,...,4; betheecigenvectors of A. Let a,...,a, be the multiplicity of
Apseos Ay suchthat ¢, (x)=(x=4,)" (x=4,)% - (x= 4, )% .
* Byassumption, dimE, (A)= m(ﬂj )= a;.
Let X, (A ),...,Xak (A4,) be abasis of E; (A).

..... k} is a linearly independent set.

[ ]
—
<

~.
—_
o~
}_/
IN
~
A
)
~
1l
—

e Thereare @, +---+a,; vectors. So {X j (/1, )} is a basis of R". So A is diagonalizable.
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Example
2 0 -1
Show that A=|1 1 -1/ isdiagonalizable.
00 1
e Compute the eigenvalues: c ,(x)=det(x/ —A)= (x=1)*(x-2). So A =1,m(4,)=2, and
2.2 = 2,m(22)=1.
1)(0
e Eigenspace for 4;: E, (A): span<| O |,| 1
110

e Since m(/il): dimE, (A), so A is diagonalizable.

PROPERTIES OF DIAGONALIZABLE MATRICES

Let A be a diagonalizable matrix.
1) If the eigenvalues of A are %1, the A is invertible and A=A,
e Proof: There exists P such that P~'AP =diag(4,,..., 4, ), A;=%1.50 A= Pdiag(4,,...,4,)P".
So A= P(diag(/ll,...,/ln ))ZP_1 = Pdiag(/7,12,...,/1,12)P_l . Since ﬂj =1, /1j2 =1.So
A? =Pdiag(l,...1))P"' =PIP"' =1.S0 A" =A.

2) If the eigenvalues of A are O or 1, then A=A,
e  Proof: A=Pdiag(/11,...,/1n)P_l,/1j=O,1.So Az=Pdiag(/112,...,/1n2)P_l.Since /?.j=0 or

2 2 . -1
A;=1, A;*=2;.80 A’ =Pdiag(4.....4,)P"' =A.

3) If the eigenvalues of A are non-negative, then there exists a matrix B such that A= B Z.
e Proof: A=Pdiag(4,,...,4,)P", 1, >0. Define p;=,JA;Vj . Let

B=Pdiag(y1,...,yn)P_l:>B2=Pdiag(/112,...,,un2)P_l=Pdiag(/11,...,/1n)P_1=A.
® Note: Can also take *u;.

4) If A*¥ =0 forsomek,then A=0.
e Proof: A=Pdiag(4,,....4,)P".
A* =Pdiag(zlk,...,/1,,")P“ =0=>4 =-=4"=0=>4=-=1,=0.S0 A=POP'=0.

e Remark: If A =0 for a matrix A non-diagonalizable, then the eigenvalues of A are 0, so

cp(x)=x".

Proposition

Let A be a diagonalizable matrix. Let 4,,..., 4, be its eigenvalues. Then
o detA=1 x4, x---x4,
e A=A +A,+-+4,.

Proof:
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e  Aisdiagonalizable means A= Pdiag(4,,...,4,)P" for P invertible.
o detA= det(P diag(4,,..., 4, )P )= det Pxdet(diag(4,,..., 4, ))xdet P™' = 4, x---x 4, .

e (rA= tr(P diag(4,,..., 4, )P ): tr((diag(l1 vors Ay )P )P):: tr(diag(4,,..., 4, ))= A +---

Lecture #23 — Tuesday, March 30, 2004

FUNCTION SPACES

Definition
A set V of object is a vector space if:
1) There exists an operation @ on VXV such that:
e (AlD)IfuandvareinV,then u®@v isinV.
(A2) u®@v=v®u forall uandv are in V (commutative).
(A3) u® (v @ w) = (u @ v)(—B w for all u, v, win V (associative).
(A4) An element 0 in V exists such that v®0=v=0®@v foreveryvin V.
(AS) For each v in V, an element -v in V exists such that -v@v=0=v@—v.
2) There exits a multiplication by scalar ® such that:
e (S1)For aeR and veV, a®veV.
° (52 a®(u®v)=a®u®a®v forae Randu,ve V.

e (33) (a+b)®v=a®v®b®v fora,be Randve V.
o (S4) (ab)®v=a®(p®v) fora,bec Randve V.
e (S5 1®v=vy forve V.

Example
Xy Y1 X1+ X ax, 0
V =R" isavector space if wedefine | : |®| : [=|x,+y, |, a®| : [=| ¢ |, 0=|:],
X, Y X3+ Y3 X, ax, 0
X1 —X
X —x

Non-Example

X Xy + ax
Let V =R?. Define [ 1)@[)}1J=( 2 hj and a®(y1j=( 1J.Is V still a vector space?
X Y2 Xty Y2 ax,

e (Al):Letu,ve R:Itisclearthat u®ve R2.

u; 2 Uy +v, Vo Uy
e (A2):Let u= , U= . u®yv= = =v®@u.
u, vy u, +v, v, +u,
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W] U, +V2 W] ul +Vl +W2
e (A3):Let w= . (u@v)@w= S = , but
Wy u +v, Wy Uy +v, +w;

u@(v@w):[wlj(a(vz+W2J:(u2+v2+W1j,so u@(v@w)i(u@v)@w.
Wy v, +w, u +v,+w,

e So (V,@,@) is not a vector space.

Example

Consider F[a,b]:{f:[a,b]%R}.Define (f@g)(x)zf(x)+g(x) and (a®g)(x)=a><f(x).ls F[a,b] a
VeCt()llspac(fj'%.l): Letf, ge F[a,b]. Itisclearthat f @ ge F[a,b].
o (A2: (f@g)x)=r(x)+glx)=glx)+ f(x)=(¢®f)x).S0 f@g=g@f.

. e o plopl V@@= flx)+(g@nx)= f(x)+(e(x)+hlx)
(Aietfizhe Flabl _ (0 () lo)=(r® o))+ 1) = (F @ ) one) >
fe(g@n)=(rog)®hn.

. (A4>[: Le]t (f ®@go)x)=f(x) e f(x)+go(x)=f(x)= go(x)=0.S0 go(x)=0(x) for
x€la,bl.

o (A5):Let (f@®g)x)=r(x)+g(x)=0(x)=0« glx)=-f(x). So -fis defined by
(= £ )x)= =1 ().

e  Similarly, F[a,b] will satisfy (S1) to (S5). So F[a,b] is a vector space.

Example

Let P be the set of polynomials. P = {p(x) =ay+ax+---+a,x", a;eR,ne N}. If we define
(p @ q)(x) = p(x)+ q(x) and (a ® p)(x) =ax p(x), then it can be proven that (P,C-B,@) is a vector space.

SUBSPACES

Definition
Let V be a vector space. Let U cV,U ;t{ } Then U is a subspace if:

(P1): u®veU forallu,ve V(stability of addition).
(P2): a®veU forallae Randve V(stability of addition).

Remark

1) U s a vector space.
2) {o}eu.

Example

Consider U c P, a set of polynomials with root4. U = {p e P, p(4) = 0}. Show that U is a subspace.
e (0eU because p(0)= 0.
e (Pl):Letp,ge U.ltmeans p(4)=0 and ¢(4)=0. (p®¢)4)=p(4)+4¢(4)=0,50 pDgeU.
e (P2:Letac Randpe U. (a® p)4)=axp(4)=ax0=0,s0 a®pelU .
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Example

The set of polynomials of degree less than n is a subspace of P.

Example

Let Q, c P be the set of polynomial of degree n. Show that O, is not a subspace.
e Define p,=x"€Q, and p,=-x"€Q,.
e p ®p,=0eQ, for n21.
e So Q,isnotasubspace when n>1.For n=0, Q, is a subspace.

Example
Let UcF [a,b] be the set of differentiable functions. Is U a subspace?
e (Pl):Letf,ge U. (f@g)/(x)=f'(x)+g'(x), so f@gel.
e (P2):Letac Randfe U. (a®f) (x)=axf(x),s0 a® feU .

e Therefore, U is a subspace.

Examples
1) Let Uc F[O,l] such that f(O): f(l). Is U a subspace?
e 00)=0=0(1).S00¢€ U.
e (Pl):Letf,ge U.ltmeans f(0)=7(1) and g(0)=g(1).

(0)
(f+2)0)= £ (0)+£(0)=f(1)+g1)=(f +£)1).So f+geU.
e (P2):Letae Randfe U. ( Xf)(O)zaXf( )=a><f()=(a><f)(l).So axfelU.
e Therefore, U is a subspace.

2) Let U c F[0,]] suchthat f(0)=1.1Is U a subspace?
. 0(1)= 0#1,s0 0¢ U . Therefore, U is not a subspace.

INDEPENDENT SETS OF VECTOR SPACE

Definition
Let {vl JVoseens vn} be a set in a vector space V. This set is (linearly )independent if

SVt Syvy +ot s, v, =085, =5, =---=5, =0.

Proposition

1) If veV,v#0,then {v} is independent.
2) If {v1 ,...,vn} an independent set, then {alvl,...,anvn },aj #0 is also independent.

3) If {vl,...,vn} is independent, then v; #0.

Proof of (1):
1 1
e If sv=0 and s#0,then —sv=—0=1.-v=v=0.Butsince v #0, this is impossible. So
K K
s=0 and {v} is independent.

Proof of (2):
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o Let sl(alvl)+---+sn(anvl)=O(:)(s1a1)v1+~-+(snan)vn=0.Since {vl,...,vn} is
independent, we have s,a; =---=s,a, =0.Since a; #0, s;a; =0=1s;=0.So0
{alvl,...,anvn },aj #0 1is independent.

Proof of (3):
® Suppose v, =0.Then sy +---+s,v, =0 for s, =0,j=k and s, =1, 50 {vl,...,vn} are

not independent. Therefore, v i * 0,j=1,...,n.

Example
Let P= {1, xx2,. 1" } Is P independent?

o Let p(x)= S -l+slx+s2x2 +---+s5,x" =0. Since p(x) has an infinite number of roots, p(x)

has to be the polynomial 0. So sy, =---=5s, =0.

Example

Let {pl s Poseees pn} be polynomials of distinct degree. Show that this set is independent.
® Letd, be the degree of p;. Assume that d, <d, <---<d,,.

o let OQ=s,p;+s,py+-+s,p, =0.Let ax® be the term of degree d, of p,, s0 a#0.

e Then the term of degree d, of Q is sn-a-xd",so s, a=0=s,=0.

e So QO=sp +s,py+-+5,1p,; =0. Apply the same idea for s,,_;.

Example
Consider im P, :{xz—l,x—l,x—i-Z}. Is im P, independent?
e Let sl(xz—l)+s2(x—l)+s3(x+2)=0<:>slxz+(s2+s3)x+(—s1—s2+2s3)=0,so
s;=0 s,=0
§y+53 =095, =0.
—85,—5, +255, =0 s3=0

e So imP, = {x2 —1,x—1,x+2} is independent.

Example
Is imF [0,27z] = {cos X, sin x} independent?
e Jet sycosx+s;sinx=0,xe [0,2%].

e When x=0, s5cos0+5,5in0=0=5,=0.
T T .
e  When x=3, sgpcos—+s,sin—=0=s, =0.

e So imF [0,27r] = {cos X, sin x} is independent.

SPANNING SETS OF VECTOR SPACE

Definition
Let {vl 3Voaeens vn} be in the vector space V. U = span{v1 yers vn} is the set of all linear combinations of the
v;'s. We say that U is spanned by the v;’s.
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Proposition

U= span{vl,...,vn} is a subspace of V.

Example

a+b b 1 0 1 1
e If AcU, A= fora, b € R. So A=a0 1+b Lol

a+b b . . .
Let U = ,a,be Ry c My, = {2><2 matrlces}. Show that U is a spanning set.
a

-b a

1 0 1 1 1 0 1 1
¢ So Aespan , ,and U cspan R .
0 1/{-1 0 0 1/{-1 0

1 0 1 1
e For a=1 and b=0, [0 1)eU.For a=0 and b=1, ( jeU.

-1 0
1 0 1 1
e So U =span , .

Lecture #24 — Thursday, April 1, 2004

BAsIs OF VECTOR SPACES

Definition

{el,ez,...,en}CV is a basis of Vif:
B {e1 ,...,en} are independent.
B2) Vc span{el,...,en}.

Theorem

If {el yeees en} is a basis of V, then any other basis has n vectors. We say that dimV =n.

Example
Let M, = {mxn matrices}. Show dim M, =mxn.
i el
e Let E, be matrices where Ej, =(e§l)= i .1 | suchthat e,»’;l =0 for i#k, j#I,and
en e
e =1,

ij

1<k<m | . .
e (Bl): Want {Ek, 2 1<i<n is independent. We write Z ayE, =0,04, € R. We can compute
=h= k.l

Zak, E, = (ak, )=0= o, =0Vk,l . So {Ek,} are independent.
k.l
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e (B2):Let Ae M,,, and g;be the (i, j)-entry of A, so A=(aij):>A=Za[jEij.So {E,d} span

Example

iJj
an'
Since #{E,; J<k<ml<I<n}=mxn,so dimM,, =mxn.

Let P,CP,P, ={a0+a1x+-~~+anx"},ajeR.Prove {l,x,...,x”} is a basis of P,.

Example

dimP, =n+1.

B1): {l, Xy, x" } is linearly independent (a polynomial with distinct degrees).

(B2): P, = {ao +ax+-+a,x" }= span{l, Xyeery X" }

So {l, x,...,x”} is the standard basis of P,. Also, #{l, X, .., x" }= n+l,s0 dimP, =n+1.

Let Uc My U=1Ae M,,, AT =—A}. Find dimU .

Example

a b T a c —a -b
Let AceU.So A= ,and A = , —A= .
c d b d —-c —-d

a=-a
a=0
T a c -a -b c=-b 0 b 0 1
Al =-As = s &4qc=-b.So A= =b =bM,.
b d -c —-d b=—c -b 0 -1 0
d=0
d=-d
So chpan{Mo}.
0 b

0 1
Let Be span{MO}.So B=bM,=> =

:>BT:—B,s0 BeU.So
-1 0

-b 0
span{MO}c U.

bM,=0=b=0, so M, is independent (B1). Also span{MO }= U (B2).So M, is a basis of U.
So dimU =1.

Consider P; c P, Py = {ao +a1x+a2x2 +a3x3},aj € R. Find a basis of P; that contains {1+x,2+x2}.

Since dim P; =4, so we need 2 more vectors.

{1, X, x2 s x3} is a basis of Ps.

Pick 1 and x°. {1,1 +x2+x%,x° } are independent because they are of different degrees.

Since {1,1 +x,2+ x2 s ¥ } are independent and #{l,l +x2+ x? s X3 }= 4 =dim P5, there is no need

to look for span{1,1+x,2+x2, X3 } So {l,l+x,2+x2 , x3} is a basis of Ps.

Lecture #25 — Tuesday, April 6, 2004

Proposition

If fand g are polynomials such that f-g =0, theneither f=0 or g=0.
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Proof:

e Suppose f#0 and g=#0.Denote x,...,x, therootsoff,and y,,...,y,; therootsof g.

flx)=0 “
g(x);tO’

n
o Jet xe¢ {xj,jzl,...,n, vl =1,...,k}. Then { (f-g)(x);tO. Contradiction!
Example

Let U= {(x2 —x)p(x), pe P, }c P, . Find a basis of U.

alx)=(x> ~x)- p() pe P,
Let ge U . So =(x2 —xXa0+a1x+a2leaO,al,a26R.

= ao(xz —x)+ a])c(x2 —x)+ azxz(x2 —x)

* So ‘ZESPan{(xz_xlx(xz—xlxz(xz—x)}::span{po,pl,pz}.Since PosP1-P2 €U, 50
Span{Po’Pppz}CU-

e  Since the degrees of py, pi, p, are of distinct degrees, so py, pi, p» are independent.
e Soabasisof Uis {po,pl,pz} and dim(U): 3.

Example
Let U ={peP,,pla)=0}ac R . Show {(x—a), (x—az),...,(x—a)"} is a basis of U.
e Since {(x - a), (x —a? l oo (x - a)" } have distinct degrees, they are independent.

e Let pk(x)=(x—a)k,k=l,...,n. pk(a)=0,so pr€P,,Vk<n.So p,eU.

e So span{pl,pz,...,pn}cU.So dimU >n.

e Also, UcP,=>dimU <dimP, =n+1.

e If dimU =n+l,itmeansthat U c P,. But dimU =dim P, means U = P,. This is
impossible. Consider p(x)=1e P,,but peU since p(O);tO.

e So the only possibility is dimU =n. So {pl,pz,...,pn}={(x—a),(x—az),...,(x—a)”} isa
basis of U.

VECTOR SPACES OF SOLUTIONS
Definition
Let fbe a function of a variable x€ R.Let f ™) be the n' derivative of /- An equation of the form

f(") +an_1f("_l) +an_2f("_2) +-+a, f +agf =0,ay,...,a, € R is called differential equation of order n.

Definition
Finding the solution of a differential equation f () 4 a,f () oy a,f’+ayf =0 such that
Fleo)=f

T f’(xo)=f1

is called an initial value problem. The conditions (I ) are called the initial condition.

f(n_l)(xo)= S
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FIRST ORDER DIFFERENTIAL EQUATIONS
Equations of the form f’+af =0 for ae R.

Theorem

Let U be the set of solution of f’+af =0. Then:
1) U s a subspace of F(R)={f:R—>R}.
2) {e“”‘} is a basis of U. dimU =1.

Proof (1):
o Let U={f,f +af =0}.Let f,geU,so f'+af =0 and g'+ag=0.
. (f+g),+a(f+g)=f'+g'+af+ag =f'+af +g'+ag=0+0=0.S0 f+geU.
e Let acR. (ogf)' +alaf)=of +aof =o{f +af)=a(0)=0.So af €U .
e So Uis a subspace.
Proof (2):
o Let f,(x)=e.
o fl(x)=—ae™™.So f.(x)+af,(x)=—ae™™ +ae™ ™ =0.S0 f,eU = span(f,)cU.
e Let gelU.So g'+ag=0.Write g(x)=e " -h(x)= g'(x)=-ae ™ -h(x)+e ™ -h'(x). So
0=g'(x)+ag(x)=—ae™™ -h(x)+e ™ -h'(x)+ae™™ -h(x)=e™ -h'(x) & h'(x)=0 = h(x)=c.
Finally, g(x)=e ™ -h(x)=ce™ ,s0 ge span(e_‘”): U cspan(f, ).
e Therefore, U = span( fa )
e Since f, is also independent, so {fa }= {e_“““} is abasis of U, and dimU =1.
Examples

Solve the initial value problems.

1) f'+af =0 and f(0)=c,.

Let f; be the solution. So  f;(x)=cxe™ .
f1(0)=cxe™ =c,s0 c=c,.

So f,(x)=coe™™.

2) f'+af =0 and f(2)=c,.

Let f, be the solution. So  f, (x)=cxe™
fr(2)=cxe™ = ¢y =ce™ = c=cye’.

So f,(x)=coe* xe™™ = coe_a(x_Z)) .

SECOND ORDER DIFFERENTIAL EQUATIONS

Equations of the form f”+a,f +a,f =0.
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Definition

The characteristic polynomial of this equation is p(x) =x+ ax+a,.

Theorem

Let U be the set of solutions of f”+a,f +a,f =0.Let Aand xbe the roots of p(x)=x*+a,x+a,. Then:
1) If A% u,then {eﬂ“,e”x} is a basis of U.

2) If A=u.then fe™ Ae™} is abasis of U.

Proof of (1): A# u
e  Weknow U is a subspace. We admit dimU =2.
o Let f(x)=e®™.So f;(x)=2e*,and f](x)=A%e™.
f/{'(x)+a1f/{(x)+a2f,1(x)=Z,ze’u+ﬂeﬂx+eﬂx=eﬂx(ﬂ,2+alﬂ,+a2)=eﬂxp(/1)=0,so fi€eU.
Similarly, f,(x)=e*eU.

Let s,f, (x)+ $2fu (x)=0= sle}“ +s,e* =0. Differentiating both sides, we obtain

Asy + s, =0 ~)s; =0

s;+5, =0 Sy, =—§ s, =0
s;Ae™ + 5, p1e™ =0 . Now let x=0. Then e z "o 1™ 7 so
(A-u §) =

tf/i’ f ﬂ} are independent.
e  Therefore, {fl(x), fu (x)}= {eﬂx,e"“} is a basis of U.
Proof of 2): A=u
o Let f,(x)=e®™ and g,(x)=xe™.So gﬁ(x)zeb+x(ﬂeb‘)=elx(l+/lx) and
g5 ()= ™ (14 Ax)+ e (1) = e (x42 +24).
. g5 (x)+a,g;(x)+ag(x ﬂx(xﬂz+21)+aleﬂ‘x(1+/lx)+a2xeb
/Lr

(x(/12 +a1/1+a2)+2/1+a1)= ™ (x- p(A)+ p'(/l))=0. 50

gleU.

=0
e Let slfﬂ(x)+s2gl(x)=03s1eﬂ‘x+s2xe}“ =O:>eix(s1 +xs2)=03s1+xs2 =O:>{sl
S2—

So {f;.g,} areindependent.
* So {fz(x),gg(x)}z{eix,xeﬂ‘x} is a basis of U.

Example

Find all the solutions to f”—4f"+3f=0.

e  The characteristic polynomial is p(x) =x>—4x+3= (x— 3)(x—1). The roots are 1 and 3.

So the solutions are given by f(x)=c,e* +c,e’*,c;,co € R .

Example

Find the solutionto f”+2f + f =0 suchthat f(1)=1, f’(1)=0.
e The characteristic polynomial p(x) =x? +2x+1= (x+ 1)2 . So the only root is -1.
e Thesolution f(x)=cje™ +coxe ™ =e " (c; +cyx)c;co € R, 50

f)=1=e"(c,+c,)=1=¢, +c, =e . Also,
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fx)==e"(c; +cox)+e ™ (cy)=e (=c; —crx+cy),s0 f1)=0=e(~¢;)=0=¢, =0.

Cl = 0 Cl = O
So = .
cit+cy=e c, =e
e Sothe solutionis f(x)=exe ™ =xe'™".

Theorem

Let U be the solutions of f”+a,f +a,f =0.1f p(x)=x>+a,x+a, hasa complex root

A=p+gqi,p,ge R (p—gqi isthe second root), then {e’”C cos(gx), e™ sin(qx)} is a basis of U.

Proof:
* Let f, (x)= e cos(gx). Then frg (x)=e" (p cos(gx)—gsin(gx)) and
£ 10 )= ((p? ~4* Jeos(ar) 2 pg sin(q)).
Fro)+afr, (x)+as £, (x)
eP” ((p2 - )cos(qx)—qu sin(qx))+ a,e™ (p cos(gx)— g sin(gx))+ a,e™ cos(gx). Since
e?* (cos(qx)(p2 —q* +a,p+a, )+ sin(gx)(-2pg - a]q))= 0
p(p+ig)=p> —q* +a,p+ay J+il- pa+aiq), fL,(p+ai)+a fl,(p+ai)+asf,,(p+4i)=0.

so f,, €U .Similarly, g, (x)=e? sin(gx)e U .

s, =0
! . So they are linearly independent.

o Let 51/, +528), =O:>{s
, =

Therefore, 1f,, (x) g v (x)}: {e ¥ cos(gx), e ™ sin(qx)} is a basis of U.

Corollary

Let g#0.Thesolutionto f”+ qu =0 are U= span{cos(qx), sin(qx)}.

Proof:
. p(x)=x2+q2=0:>x=iiq.
e Apply the Theorem with p=0.

Example

0)=
Find the solution of f”—4f"+5f =0 such that {f((”;

>)=2

. p(x)=x2 —4x+5=>x=24%i.

e So f(x)=ce* cosx+de* sinx,c,deR.

e Since f(0)=1:>ce00050+de0sin0=1:>c=l,and
f(%)=2:>ce” cosZ+de” sinZ=2=d=2e".

2x—7

e So f(x)=e* cosx+2e e sinx=e> cosx+2e sin x .

N O
~
Il

f 1
Remark: The condition {f( )_ 5 is called a boundary condition.
E— Z)=
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Lecture #26 — Thursday, April 8, 2004

SYSTEMS OF DIFFERENTIAL EQUATIONS

Definition
fi=anfitanf,+-a,f,
Let f,,f,,....f, befunctions. The system of the form : ,a; € R iscalled a
fn =anlf1 +an2f2 +“'annfn
system of differential equations.
fi I
Wewrite f=| : |, f'=|:
f Ia

, A= (aij ) Then the system can be written as  f" = Af .

Theorem

Let W be the set of vectors of functions. Then (W,+,><) is a vector space. Moreover:

’

D (f+g) =f'+g".

’

2) (af) =af’,acR.

Theorem
Assume A is diagonalizable. Let A,,4,,...,4, be the eigenvalues of A, and X,,X,,..., X, Dbe the
corresponding eigenvectors. Let U be the set of solutions of f’ = Af . Then:

1) U is asubspace of W.

2) Abasis of Uis {Xle“ X P X e }

Example
1 0 O
Find all the solutions of "= Af ,where A={0 3 -2].
0 -2 3
x-1 0 0
o c,(x)=det(xl;—A)=det| 0 x-3 2 =(x—1)((x—3)2—4)=(x—1)2(x—5).Sothe
0 2 x-3
eigenvalues are 5 and 1.
4 0 0)x 4x=0 x=0 0
o Let 5,-4A)X=0=|0 2 2| y|=0={2y+2z=0={y=-s,se R X =5/ -1|.S0a
0 2 2)\z 2y+2z=0 =5 1
0
5-eigenvectoris X5 =|—1/.
1
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1 0
e Similarly, the 1-eigenvectorsare X, =(0| and Y, =|1]|.
0 1

e  So the solutions are given by f(x)=aX se™* +bX e* +cY,e*,a,b,ce R .
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