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Complex n-Space C", Complex Matrices, Spectral Theorem

CoMPLEX NUMBERS
Definition

v—1=i isthe imaginary unit.

Definition

a+bi,a,be R is acomplex number (C). a is the real part, b is the imaginary part.

Properties of a Complex Number
1) (a+bi)=(a’+b%i) iff a=a’ and b=b".
2) (a+bi)+(@’ +b'i)=(a+a)+(b+b).
3) (a+bi)—(a"+b%)=(a—a")+(B-b")i.
4) (a+bi)a'+b'i)=(aa’—bb")+(ab’+ba’)i .
a+bi (aa'+bb') (a'b—ab') .
a +bi - (a,)z +(b,)2 (a')2 +(b,)2
6) (a+bi) is areal number iff b=0 (RcC).

5)

Definition

Let us denote z =a+bi. The conjugate of zis z =a—bi. The absolute value of z is |Z| —a?+b? .

Geometric Interpretation of a Complex Number

= / 2 . . .
z=a+bi & R*(a.b) * The absolute value |z|=+va®+b” is just the distance from
imaginary (a,b) to the origin.
(a, b) . |z1 —zz| is the distance from z; =a; +b;i to z, =a, +b,i.
1
1
1
]
]
:
real

Polar Coordinates

a=rcosé ) .. -
. . :>z=a+bl=rcos€+(rsm€)z=r(cost9+lsm€)=r-e
b=rsinf

e Note: r=|z|=Va2+b2.

b
e Note: @ =arctan— the argument of z.
a

i6

Definition

e =cos 6+ (sin6)i .
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Example
Write z=-2+2i in polar form.

o Let 2= re'? .
. =) =B =22
6= arctan(—gj = arctan(— 1) = 3—7[
[ ) 2 4

3z

. So 2=242i=2/2- 4

Theorem: Multiplication In Polar Coordinates
If z,= rlem‘ and z, = rzeiHZ‘ are complex numbers in polar form, then z;z, =rn rzei(Q‘WZ) .
Proof:
. _( i, x i, )_
212y =\ne' et |=nry e
o Want: ¢%e'® =10+8)

e'%e'® =(cos @, +isin 6, )(cos B, +isin 6, )

i0) ,ib;

= (cos 8, cos @, —sin 6, sin §, )+ (sin &, cos @, +cos @, sin 6, )i
= cos(é’1 +6, )+i sin(491 +6, ) '
_ ei(91+92)

Theorem: De Moivre’s Theorem

If @is any angle, then (ei ¢ )n =¢'(") holds for all integers n.
Proof (sketch):

e If n>0, use induction.
io |t AR T
e If n<0O,then -n>0.So (e ) =((e ) ) . Since

(eig)—l_L_ 1 cos@—isinf
e cos@+isin@ cos@—isin

(ei(_a) )_n ,n<0.

=cos @—isin @ = cos(—6)+isin(- )= ei?) , SO

[
RN
N
]
I

Example
Find (~1++3i) .
K
o Let —1++3i=re'® =2¢ 3 .
o =P HlE) =2

J Hzarctan(—\/g):%.
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27 )}
e So (—1+J§i)3=[2el3] =807 =38,

Theorem: The n™ Root of Unity

If n>1 isan integer, the n™ root of unity (the complex numbers z such that z" =1) are given by

1'271'E

z=e ",k=0l---,n-1.

Proof:
e Letusdenote z= re'? .
e  We want r and @such that

r"cos(n0)=1:r”=1:r=1
r"e™ =1= r"(cos(n@)+isin(n))=1=
(cos(u8)+isin(n6) F" sin(n8) =0 < 0 = 2%
n

e When k=0, d=0,and when k=n, 6=27=0.So k=0,---,n—1.

POLYNOMIALS

-b dac-b* .
— i
2a 2a

—_b_ dac—b?

e Notice that the roots of ax” +bx+c are X =
2a 2a

and x, = i.Xx;is the

conjugate of x, thatis x, =x, .

Complex Polynomials

Let us take p(x) =x? +ux+w,u,we C a quadratic polynomial. Let us assume u;, u, are the roots of p(x).
Then:

. Z may not be equal to u, .

® u tu,=-u.

® U Uy =W,

Theorem: Fundamental Theorem of Algebra

Every complex polynomial p(x) of degree n =1 has the form p(x) =u- ()c—u1 ) . (x—un ), where u,

uy,..., u, are complex numbers (u; # 0). The numbers uj,..., u, are the roots of p(x). u is the coefficient of
x".
Corollary

Every polynomial p(x) of positive degree with real coefficients can be factored as a product of linear and
irreducible quadratic factors (in real numbers).

Example

m ny

p(x)=H(x—ai)-H(x2 +b; +cj). Using previous theorem, p(x)= (X—Cli)'H(x_dj)' H(x_dj)-

i=1 j=1 i=1 j=1 j=1
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Proposition
If p(x) is a real polynomial (with real coefficients), then if ue C is aroot of p(x), then u# will also be a

root of p(x).

Proof:

b
S
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o

COMPLEX SPACES

We denote the set of all n-tuples of complex numbers by C".

Definition
Let v;,w;,uc C. The operations on C" are:
S T T o B (T T
o uly, o v, =uvy o ow, ]
Definition
Let v=[v1 vn]T and w=[w1 w,,]T.Theinnerproductofvandwis (v,w>=v1w_1+---+vnw_n.

Theorem: Properties of Inner Products

Let z,z;,w,w; € C" and AeC.

) <z+zl,w>=<z,w>+<z1,w> and <z,w+w1>=<z,w>+<z,w1>.

—_—

2) </1-z,w>:/1<z,w> and (z,/i-w>=z<z,w>.
3 (ew)=ra).
4) (2,2)20 and (z,7)=0¢z=0.
Definition
Let z=[z1 z,,]T.Wedefine norm(z)=||z||= <Z,Z>.

CoMPLEX MATRICES

Definitions
e Amatrix Z= lz UJ is called a complex matrix if every entry z; is a complex number.

e  The conjugate of a matrix Z = |.szJ is defined as Z = [Z_UJ

. o ) =\ ‘
e The conjugate transpose of a matrix is defined as (Z ) =7".

Page 4 of 17



MAT224H1a.doc

Theorem: Properties of Conjugate Transpose

Let Z, W denote complex matrices, and A€ C . Then:

y (z7) =z
2) (Z+w) =z"+w".
3y (z)=21.z"

4 (zw)y=w"z".

Definition

A square complex matrix H is called Hermitian if H = H * (natural generalization of real symmetric
matrices).

EIGENVALUES, EIGENVECTORS, AND ORTHOGONALITY

Definition
Let Z be an nxn matrix. A complex number A is called an eigenvalue of z if ZX = AX holds for some
column X #0 in C" X is called an eigenvector of Z corresponding to A.

Definition

The characteristic polynomial ¢, (x) of an nxn matrix Z is defined by ¢, (x) = det(xl -Z )

Definition
Two columns Z and W in C" are said to be orthogonal if <z, w) =0.

Theorem: Properties of Hermitian Matrices

1) An nxn complex matrix H is Hermitian iff (HZ, W) = (Z, HW), VZ,WeC".

2) The eigenvalues of a Hermitian matrix are real.
3) The eigenvectors corresponding to distinct eigenvalues are orthogonal.

Definition
A set of non-zero vectors {zl eers z,,} in C" is called orthogonal if <Zi , Zj> =0,i# j, and is orthonormal if,

in addition, |z;]|=(z;.2,)=1.

Theorem

The following are equivalent for an nxn matrix U:
D uvl=Uu".
2) The rows of U are an orthonormal set in C".

3) The columns of U are an orthonormal set in C".
Such a matrix is called unitary.

Definition

An nxn complex matrix Z is called unitary diagonalizable if U ‘ZU s diagonal for some unitary matrix U.
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Definition

A complex matrix is called upper triangle if every entry below the main diagonal is zero.

Theorem: Schur’s Theorem
If Z is any nxn complex matrix, there exists a unitary matrix U such that U "ZU =T is upper triangle.

Moreover, the entries in the main diagonal are the eigenvalues A,,..., 4, of Z (including multiplicities).

® Notice: detZ=A4; - A, and trZ=2,++4,.

n

Theorem: Spectral Theorem
If H is Hermitian, there is an unitary matrix U such that U "HU =D is diagonal.
Proof:

e By Schur’s Theorem, U "HU =T is upper triangle.

e T =W'HU) =U'HU =U'HU=T.

e Since T = T, Tis diagonal.

Definition

An nxn complex matrix N is called normal if NN "=N'N.

Theorem

An nxn complex matrix Z is unitarily diagonalizable if and only if Z is normal.

Orthogonal Diagonalization, Quadratic Forms, Positive
Definite Forms

ORTHOGONAL DIAGONALIZATION

Theorem

The following conditions are equivalent for an nxn matrix P:
1) Pisinvertible and pl=pT.
2) The rows of P are orthonormal.
3) The columns of P are orthonormal.

Such a matrix is called orthogonal.

Proof:
* 1&2: Assume PPT =1.Let X,,..., X, denote the rows of P. Then XjT is the /" column of P”,
lifi=j
So the (i, j)-entry of PP" is X;-X ;. Thus PP" =1 means that X;-X;= {0 £ ]_ , which
mwi#j
means the rows of P are orthonormal.
¢ 1&3: Follows similarly.
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Definition

An nxn matrix A is said to be orthogonally diagonalizable when an orthogonal matrix P can be found such
that P'AP=PTAP is diagonal.

Theorem: Principle Axis Theorem

The following conditions are equivalent for an nxn matrix A:
1) A has an orthogonal set of n eigenvectors.
2) A is orthogonally diagonalizable.
3) A is symmetric.

Proof:
e 12
e 2=1: A=P'DP=P"DP < AP" = P" D . This means the columns of P” are
eigenvectors, so A has an orthogonal set of n eigenvectors.
e 1=2: PT =[x, - X,] whereX;are eigenvectors. So
AP" =P"D= AP"P=P"DP= PAP" =D.
e 23
e 2=3:If PTAP=D isdiagonaland P” =P7' then A=PDP”.
T T
AT = (PDPT) =P" D"PT =PDP" =A.Since AT =A,Ais symmetric.
e 3=2: Use induction on the size of A.
e For n=1,itis trivial.
e Assume it is true for an (n - 1)>< (n - 1) matrix. Show it is true for an nxn matrix.
e Let A; be areal eigenvalue of A and X, be the associated eigenvector
such that ||X 1 || =1. Now use the Gram-Schmidt Algorithm to find an
orthonormal basis {X Lrees X } for R".
T A4 0 .
e Let P =[X1 Xn],then P AP, = 0 . Then there exists
1
an (n —l)x (n - 1) orthogonal matrix Q such that QTAIQ =D, is
1 0
diagonal. Hence P, ={0 Q} is orthogonal.
1 0|4 Of1 O
(P1P2)TA(P1P2)=P2T(PlTAP])Pz= T l
0 00 A0 Q
[ ] .
1o b
Theorem

If A is a symmetric matrix, then the eigenvectors of A corresponding to distinct eigenvalues are orthogonal.

Proof:
e ILet AX=A1X and AY =uY ,where A#u.

o AXY)=AX Y=AX-Y=X-AY =X -(u¥)=pu(X -Y)=>(A-u)X-¥Y)=0=(X-Y)=0 since
A+u.
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Example
8§ -2 2
Diagonalize A=|-2 5 4|.
2 4 5
o c,(A)=det(a-a1)= A(A—-9)?. So the eigenvalues are A, =0 and A, =9.
1
e For A, =0, the associated eigenvector is &, =% 2
-2

e Find &, & by Gram-Schmidt.

° P:[é:l & 53],and pPlAP=

oS o O
S o O
o O O

Theorem: Triangulation Theorem

If A is an nxn matrix with real eigenvalues, an orthogonal matrix P exists such that P” AP is upper triangle.

QUADRATIC FORMS

qg:R" ->R.

_ 2 2
gy x,)=ayx ot a,,x, Fagxx, £t axx e

_ 2 2 _ an A | Y| or
qx,50) = a1 + anx,® +apxx, + ayxx =[x xz{ }{ =X AX .

ayp Ay || X2
a,+a a, +a
Q(xpxz):auxlz +a22x22 +(“12 +a21)x1x2 = ‘111x12 +a22x22 +( L > 21)Xlxz +( 2l 12)x2x1
4 (a12 +ay,) . So
= [x X ! 2 o
b2 (ay +ay,) X,

q(X) =XTAX ,Aisa symmetric matrix.

Let us diagonalize A. A=PDP’ = q(X) =X"PDP"X .Take Y" = X" P (achange in variable). Then
q(¥)=Y"DY = A,y,> +---4,y,>, A are the eigenvalues of A.

Theorem

Let ¢=X"AX be a quadratic form in the variables X = [xl X, ]T and A is a symmetric nXn matrix.
Let P be an orthogonal matrix such that PT AP =D is diagonal, and define Y = [yl SRR U ]T by
Yy=P'X.

If g is expressed in terms of these new variables Y, then the result is q(Y) =1 y12 +-- 4, yn2 , A; are the
eigenvalues of A (repeated according to their multiplicities).
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Theorem

Consider the quadratic form q(x1 , Xy )= ax12 +bx;x, + cx22 where a, b, ¢ are not all zero. Then:

1) There is a counter-clockwise rotation of the coordinates axis about the origin such that, in the new system, g
has no cross terms.

2) The graph of ax,” +bx,x, +cx,” =1 isan ellipse if b* —4ac <0, and a hyperbola if b* —4ac>0.

Proof:

qlo.x)=[x x, ; %Ltj

2 (&
b 2
¢ = ; A . CA(X)ZXZ—(a+C)—bf44ac,sotheeigenvalues are
) c

4 =%(a+c—\lb2 +(a—c)2j and A, =%(a+c+\/b2 +(a—c)2). The eigenvectors are

1 at+c—d 1 —b
F, = and F, = where
b +(a+c—d)* b b +(a+c—d)? a+c—d

d=4b? +(a—c)? .So ax;? +bx;x,+cx,t =1 Ay, 2+ Ay, =1.

e It follows that if 4,4, >0, then it is an ellipse. Otherwise, if 4,4, <0, then it is an hyperbola.

PosiITIVE DEFINITE MATRICES
Definition

An nxn matrix is called positive definite if it is symmetric an all its eigenvalues are greater than 0.

Theorem

If A is positive definite, then it is invertible and det A>0.

Proof:
e By Triangulation Theorem, detA=A4, ---- A, >0, J; are the eigenvalues.

Theorem
A symmetric matrix A is positive definite if and only if X7 AX >0 for every column X #0 inR”".
Proof:

o Let PTAP=D=diag(4,....,4,), where P™' =PT and /4 are the eigenvalues of A.

e  Assume A is positive definite. Given X € R",
XTAX =XTPTAPX =Y DY = 4,y,> +--+2,y,” >0.

e Assume X'AX >0 when X #0.Let X =PE; #0, where E; is the column j of /. Then
X"Ax =E;"P"DPE; =1, >0.
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Vector Spaces and Subspaces

VECTOR SPACES

Definition

A vector space consists of a non-empty set V of object (called vectors) that can be added, that can be
multiplied by a number (called a scalar), for which certain axioms hold. (V, R,+,~).

Axioms for Addition

If v, w are two vectors in V, their sum is expressed as v+w and it satisfies the following axioms:
e Ap;IfuandvareinV,then u+v isinV.
e Ay u+v=v+u forall u,veV.
o Aj u+(v+w)=(u+v)+w,Vu,v,weV.
e A, Ancelement O in Vexists such that v+0=v=0+v,Vve V (0is called the zero vector).
e A Foreach veV ,anelement —v€V exists such that v+ (— v) =0 (-vis called the negative
of v).

Axioms for Multiplication
e S;:IfvisinV, a-veV,VaeR.
e S, a'(v+w)=a'v+a~w,Vv,weV,aeR.
e Si: (a+b)'v=a'v+b-v,VveV,a,be R.
e Sy a-(b-v)=(ab)-v,YveV,a,beR.
e Ss: lv=vy,VveV.

Example
Let V =R?. Define + as (xl, Y )+(x2, y2): (x] +x,5, 9, + yz). Define - as a-(x, y)=(ay,ax).Is Va
vector space?
. Sl: (x, y)— (ay,ax)e R?. Satisfied.
o Sy a-(v+w)=a-(x; +x5, 3, +y,)=(aly, +y,) alx, +x,)) and
av+a-w=(a ay;.a ) (ayz,axz)z (a(y] +y, ),a()c1 +x, ). Satisfied.
o S (a+b)- (( ) ,(a+b)x) and a-v+b-v=(ay,ax)+(by,bx)=((a+b)y,(a+b)x).
Satisfied.
e Sy a- (b . v) =a- (by, bx) = (abx, aby) but (ab)- v = (aby, abx) . Failed.
e S5 lwv= (y,x);t (x, y) . Failed.

Theorem: Cancellation

Let u,v,weV .If v+u=v+w,then u=w.

Theorem

If u,veV,theequation x+v=u has one and only one solution xeV givenby x=u—-v.
Proof:

Ay As Ay
. x+v=(u—v)+v=[u+ ]+v—u+( )+v=u+0=u.
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¢ Uniqueness: Suppose there is another solution x; # x. Then x;+v=u=x+v=x =x.

Contradiction!
Theorem
Let veV and ae R . Then:
1) 0-v=0.
2) a-0=0.
3) If a-v=0,theneither a=0 or v=0.
4) (~1)v=-v.
5) (—a)-vz—(a-v)za-(—v).
Proof 2:
A, A,
a-v=a~(0+v)=a-0+a-v )
. A < a-v+0=a-0+a-v. By cancellation, a-0=0.
2
av=a-v+0
Proof 5:

Examples of Vector Spaces
e R" with addition defined as (xl,...,x,, )+ (y1 yees Vi ) = (x1 + Vi X, Y, ), and multiplication by a scalar
defined as a-(xl,...,xn): (axl,...,axn).
e P, the set of polynomials of degree at most n, with addition defined as

Z aixi + Zbixi = Z (ai +b; )x',a,be R, and multiplication by a scalar defined as
i=0 i=0 i=0

a-Zaixi = Zaaixi .
i=0 i=0
® M, the set of all mxn matrices, with addition defined as la i J+ [bij J= la ity J , and multiplication by a
scalar defined as a- [a,-j J= laaij J
e F [a, b] the set of all functions defined in [a, b], with addition defined as ( f+ g)(x) =f (x)+ g(x), and
multiplication by a scalar defined as (a -f )(x) =a- ( f (x))

SUBSPACES

Definition
A subset U of a vector space V is called a subspace of Vif U itself is a vector space that uses the vector
addition and scalar multiplication of V.

Theorem: Subspace Test

Let U be a subset of a vector space V. Then U is a subspace if and only if it satisfies the following 3
conditions:

1) Oliesin U, where O is the zero vector in V.

2) Ifuy, upliesin U, then u; +u, liesin U.
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3) IfuliesinU,then a-u liesin Uforall ae R.

Example

Let U = {p(x)in Pl p(3): O}. Show that U is a subspace.
0(3)=0.So0isin U.

(, +uy )3)=u;3)+u,(3)=0+0=0.S0 u, +u, isin U.
(a-u)(3):a-u(3):a-0:o. So a-u isin U.

e So Uis asubspace.

Example
Show that the subset D[a,b] of all differentiable functions on [a, b] is a subspace of F [a, b].
e 0(x)=0 is the zero function in F [a, b]. 0 is differentiable because constant functions are
differentiable. So 0 is in Dla, b].

. (f+g),=f'+g' exists, so f+g isin Dla,b].

e (a-f) =a-f exists,so a-f isin Dla,b].

LINEAR COMBINATIONS AND SPANNING SETS

Definition

Let {vl yeees v,,} be a set of vectors in a vector space V. A vector v is called a linear combination of the

n
vectors vy,...,v, ifitcanbe expressed in the form v=av, +---+a,v, = Z a;v' , where q; are scalars

i=0
called the coefficients of v;.
Definition
The set of all linear combinations of the vectors vy,...,v, is called their span, and is denoted

span{v,,...,v, }.

Theorem

Let U = span{v1 yeens v,,} in a vector space V. Then:
1) U is asubspace of v containing each of vy,...,v,.

2) U is the smallest subspace containing these vectors in the sense that any subspace of V that contains each of

Vi,...,v, mustcontain U.

Proof 1:
e Uis asubspace:
. 0=0v1+-~+0vn:>0€span{vl,...,vn}.

e Let z=2aivi and W=Zbivi be in U. Then z+w=2(ai+bi)vi:>(z+w)eU.
i=0 i=0 i=0

n n
o Let ZZZaiviEU.Then c-zzc-Z(cai)vi:c-zeU.
i=0 i=0
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e U contains each of v,,...,v,:Take a, =0,...,qa;,_, =0,a; =1,a,,; =0,...,a, =0, then
v, eU,Vi.

Proof 2:
e Let Whbe a subspace of V that contains each of v,...,v, . Because Wis closed under scalar

multiplication, each of av; +---+a,v, e W,Va;e R.So W DU (it contains all the elements

in U).

The Dimension Theory

LINEAR INDEPENDENCE

Definition

A set of vectors {v1 yeees vn} is called linearly independent if it satisfies the following condition:

s+ +s,v, =0=>s5, =--=5, =0.

n-n
A set of vectors that is not linearly independent is said to be linearly dependent.

e The idea behind linear independence is that you cannot express one vector in the set {v1 yenes vn} as a linear

combination of the remain vectors (v; # av; +---+a,_v;_; +a; Vi +-a,Vv, ).

Example

Show that {1 +x,3x+ x? 2+x— x2 } is linearly independent in P,.

s1(1+x)+s2 (3x+x2)+s3(2+x—x2)=0:> (s1 +2s3)+(sl +3s, +s3))c+(s2 — 53 ))c2 =0
sp+2s5 =0

=35 +35,+53 =0=>5, =5, =55=0

SZ_S3 =O

Example
Show that {sin X, COS x} is linearly independent in the vector space F [0, 7[]
e Let g sinx+a,cosx=0.
x=0=>a,=0

e Take e =a, =a, =0,vxe|0,7].

Theorem
A set {v1 yenes vn} of vectors in V is linearly dependent if and only if some v; is a linear combination of the

others.

Proof:
e Want {v1 yeees vn} is linearly dependent = some v; is a linear combination of the others:

e  Some nontrivial combination vanishes a,v, +---+a,v, =0 where some coefficient is

not zero.
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_4 iy @ an . .
e Suppose a; #0=v, =—v, +--+——v,_ | +——V,; +---+—V, gives y; a linear
a .

a; i Aiyg a;

combination of the remaining vectors.
e  Want some v; is a linear combination of the others = {vl yenes vn} is linearly dependent:

Vi=o et 0 Vi 0 Vig T T 4y,
=S oVt vi v vy ot a,v, =0

e There is a nontrivial linear combination, so it is linearly dependent.

Theorem: Uniqueness of Representation

n
Let {vl yeees vn} a linearly independent set of vectors. If a vector v has two representations, v = z a;v; or
i=0

n
v= Z b;v; ,then a; =b; (there is only one linear combination).
i=0

Theorem: Fundamental Theorem

Suppose a vector space V can be spanned by n vectors. If any set of m vectors in V is linearly independent,
then m<n.

Proof:
o Let V= span{vl,...,vn } Suppose {vl,...,vn} is an independent set in V.

n
e Then u, :zalivi and assume a;; #0 because u; #0.So now V=span{ul,v2,...,vn} (to
i=1

see this, take any element veV,

n n Vl n al bl n al
V=Zbivi =Zbivi +b, ——Z—’vi =—u, +Z b, —b, —= |v; , which means
i=1 i=2 11 =2 %1 ay i=2 ap

{ul,vz,...,vn} spans V).

n
e Hence, write u, =a21v1+2a2ivi and assume a,; #0,i=2,...,n because {ul,MZ} are

i=2
linearly independent.
* For convenience, say a,, #0.Sonow, V = span{u1 MUy, V3, Y,
e If m>n, this procedure will continue until all the vectors v; are replaced by u,,...,u, , and

V= span{u1 yeees Uy }. Then U,.p,----U, canbe represented as a linear combination of

m

{ul el } This is a contradiction because u; are linearly independent. So m<n .

Steinitz Exchange Lemma

If v= span{vl yenes vn} and if {ul ,...,um} is a independent set in V (m < n ), then m of the vectors v; can be

replaced by u,,...,u,, and the resulting set will still span V.

m

Definition
Aset {e,,...,e,} of vectors in a vector space V is called a basis of V if it satisfies the following two

conditions:
1) {el e en} is linearly independent.

2) V=span{el,...,en}.
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Theorem
Let {el,...,en} and {fl,...,fm} be two bases of V. Then n=m .

Definition

V is called finite dimensional if V =0 or V has a finite basis.

Examples

e M,,has dimension m-n.
e P, hasdimension n+1.
s F [a, b] is not finite dimensional.

Example

11
Let A= [0 O} and consider the subspace U ={X € M »n AX = XA}. Show that dimU =2 and find a

basis.

(a b
Denote X = } .
K5 d

atc=a=>a=a
(a+c b+d a a b+d=a=b=a-d a a—d
= = jX .SO
0 0 c=0
c=0

e AX=XA=>

c

=0
11 0 -1 o 1 1o -1 .
o Let s 00 +5, 0 1 =0=4s5, -5, =0=s5,=5,=0.So0 o oflo 1 is linearly
SZZO
independent.
1 1({0 -1 . . .
e Therefore s is abasis and dimU =2.
0 0|0 1

Theorem

Let V be a vector space and assume that dimV =n>0.
1) No set of more than n vectors can be linearly independent.
2) No set of fewer than n vectors can span V.

Proof 1: Fundamental Theorem.

Proof 2: Follows from Invariance Theorem. Assume V = span{f1 yeees fm} is linearly independent and

m<n . Then {f1 yeees fm} is a basis. By Invariance Theorem, m =n . Contradiction.
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PROCEDURE TO CREATE A BAsIs

Given S, = {v1 yeees Vi }, we can complete a basis by taking an element Vi, outside span S, , then create a

new set S, = {v1 oo Vi Vi } and repeat the procedure until there is no element outside span S P

How can you find v,,,?
1) Represent all possible linear combinations as a;v; +---+a; v, .
by - by,
2) Provide a general expression for an element in V, denoted v (ex: by +bjx+---+b,x", | * . i |).
b b

nl nn

n

3) Create a system of equations v = Z a;v; where the unknowns will be a; and the coefficients will be b;.
i=1

4) Show this system has no solution for some b;, then take this b; as the extra vector.

EXISTENCE OF BASES

Theorem

Let {vl yees vn} be a linearly independent set of vectors in a vector space V. The following conditions are

equivalent for a vector vin V:
1) {v, Viseees Vy, } is linearly independent.

2) v does not lie in span{v1 yeeesVy }

Theorem

Let V #0 be a vector space spanned by n vectors.
1) Each set of linearly independent vectors is part of a basis.
2) Each spanning set for V contains a basis of V.
3) Vhasabasisand dimV =n.

Proof 1: Follows from previous theorem because you can add elements to {v1 yeesV k} where v; is linearly

independent until you span V (so until you get a basis).

Proof 2: Let V = span{v1 yeensVy }, v, #0.If {v1 yeres vn} is linearly independent, then it is itself a basis. If
not, then one of these vectors, say vy, lie in the span of the other. Then V = span{v2 yeees V), } Repeat until you

get a linearly independent set.

Proof 3: It follows from 2 because if the spanning set of vectors is not linearly independent, then we can
remove one in order to find a basis.

Theorem

Let V be a vector space and assume that dimV =n >0 . Let U and W denote subspaces of V.
1) Any set of n linearly independent vectors in V is a basis.
2) Any spanning set of n non-zero vectors in V is a basis.
3) U s finite dimensional and dimU <n.
4) Any basis of U is part of a basis of V.
5) IfUisasubsetof Wand dimU =dimW ,then U =W .
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Example

Let a be a number, and let W = span{p(x)l p(x)e P,, p(a) = O}. Show S = {(x—a),...,(x—a)"} is a basis of
Ww.
o Let b(x—a)+-—-+b,(x—a)' =0=b,x" +(b,_, —ab, Jx" "' +---=0=b, =---=b, =0.So0 S is
linearly independent.
e Because S is linearly independent, dimW =2n.But dimP, =n+1,so dimW =n or
dimW =n+1.
e Assume dimW =n+1.Then W =P,, but this a contradiction because p(x) =be P, (x) but
p(x)=beW.So dimW =n.
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