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Linear Transformations 

EXAMPLES AND ELEMENTARY PROPERTIES 

Definition 

If V and W are two vector spaces, a function WVT →:  is called a linear transformation if it satisfies the 
following axioms: 

T1: ( ) ( ) ( ) ( ) ( ) WvTVTVvvvTVTvvT WV ∈∈+=+ 1111 ,,,, . 
T2: ( ) ( ) VvrvTrvrT WV ∈∈⋅=⋅ ,, R . 

 

Example 

Define 222: MPT → , and ( ) �
�

�
�
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2
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• T1: 
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• T2: 

• 

( ) ( )

( )vTr
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r
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• Therefore, T is linear. 
 

Example 

The following are linear transformations: 

• 1: −→ nn PPD  where ( )( ) ( )( )′= xpxpD nn  – ex: ( ) 3232 +=+ xxxD . 

• 1; +→ nn PPI  where ( )( ) ( )�=
x

a nn dyypxpI . 

 

Theorem 

Let WVT →:  be a linear transformation. 
1) ( ) WVT 00 = . 
2) ( ) ( ) VvvTvT ∈∀−=− , . 

3) ( )��
==

⋅=	
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Theorem 

Let WVT →:  and WVS →:  be two linear transformations. Suppose that { }nvvV ,,span 1 �= . If 
( ) ( ) ivSvT ii ∀= , , then ST = . 

 

Proof: Let Vvav
n

i
ii ∈⋅=�

=1

. So ( ) ( )��
==

⋅=	
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, and 

( ) ( )��
==
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11

. Thus, ( ) ( )vSvT = . 

 

Theorem 

Let V and W be vector spaces, and { }nee ,,1 �  a basis of V. Given any vector Www n ∈,,1 � , there exits a 
unique linear transformation WVT →:  satisfying ( ) iweT ii ∀= , . In fact, the action of T is as follows: 

Given Vvav
n

i
ii ∈⋅=�

=1

, then ( ) ( )�
=

⋅=
n

i
ii vTavT

1

. 

 

Example 

Find a linear transformation 222: MPT →  such that ( ) �
�
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• ( ) ( ) ( ){ }22 1,,1 xxxx +++  is a basis of P2. 
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KERNEL AND IMAGE OF A LINEAR TRANSFORMATION 

Definition 

Let WVT →:  be a linear transformation. Then: 
• ( ){ }0|ker =∈= vTVvT . 
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• ( ){ }VvvTT ∈= |im . 
 

Theorem 

If WVT →:  is a linear transformation, then Tker  is a subspace of V, and Tim  is a subspace of W. 
 

Definition 

( ) ( )TT kerdimnullity = . 
( ) ( )TT imdimrank = . 

 

Example 

Given an m×n matrix A, show that ATA colim =  (so ATA rankrank = ), where 

( ) AXXTT mn
A =→ |: RR . 

• Write [ ]nCCA �1=  where Ci are columns, and [ ] R∈= i
T

n xxxX ,1 � . 

• Then [ ][ ] ACxCxxxCCAXA nn
T

nn colim 1111 =+=== ��� . 
 
 

ONE-TO-ONE AND ONTO TRANSFORMATION 

Definition 

Let WVT →:  be a linear transformation. Then: 
• T is said to be onto if WT =im . 
• T is said to be one-to-one if ( ) ( ) 11 vvvTvT =�=  (each vector in W corresponds to only one 

element in V). 
 

Theorem 

If WVT →:  is a linear transformation, then T is one-to-one if and only if 0ker =T . 
 
Proof: 

• Want: T is one-to-one � 0ker =T . 
• Let Tv ker∈ . 
• ( ) ( ) 000 =�== vTvT  because T is one-to-one. So 0ker =T . 

• Want: 0ker =T  � T is one-to-one. 
• Let ( ) ( ) ( ) 011 =−�= vvTvTvT . 
• But since 0ker =T , 11 0 vvvv =�=− . So T is one-to-one. 

 

Example 

Given ( ) ( )xyxyxyxTT ,,,|: 32 −+=→ RR , show that T is one-to-one but not onto. 
• Want: T is one-to-one. 

• ( ) ( ){ }0,|,ker == yxTyxT . 

• ( ) ( )
�
�
�

=
=

�
�
�

�
�

�

=
=−
=+

�=−+=
0
0

0
0
0

0,,,
y

x

x

yx

yx

xyxyxyxT . So 0ker =T . 

• Since 0ker =T , T is one-to-one. 
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• Want: T is not onto. 
• Consider ( ) 31,0,0 R∈=w . 

• ( ) ( )1,0,0=vT  is not possible because 
�
�

�
�

�

−=
=
=

�
�
�

�
�

�

=
=−
=+

1
1
1

1
0
0

y

y
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yx

yx

 has no solution. 

• So T is not onto. 
 

Theorem 

Let A be an m×n matrix and let mn
AT RR →:  be the linear transformation induced by A, that is, 

( ) n
A XAXXT R∈∀= , . Then: 

1) TA is onto if and only if mA =rank . 
2) TA is one-to-one if and only if nA =rank . 

 
 

THE DIMENSION THEOREM 

Theorem: Dimension Theorem 

Let WVT →:  be a linear transformation and assume that Tker  and Tim  are both finite dimensional. 
Then V is also finite dimensional and ( ) ( )TTV imdimkerdimdim += . 
 
Proof: 

• Let ( ) ( ){ }reTeT ,,1 �  be a basis of Tim , and { }kff ,,1 �  be a basis of Tker . 

• Then ( ) rT =imdim  and ( ) kT =kerdim . It suffice to show { }kr ffeeB ,,,,, 11 ��=  is a basis 
of V. 

• Want: B spans V. 
• If v lies in V, then ( )vT  lies in Tim . 

• So ( ) ( ) R∈⋅=�
=

i

r

i
ii teTtvT ,

1

. 

• This means �
=

⋅−
r

i
ii etv

1

 lies in Tker , because 

( ) ( ) TetvTetTvT
r

i
ii

r

i
ii ker00

11

∈=	
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• Since ����
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i
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i
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, so B spans V. 

• Want: { }kr ffeeB ,,,,, 11 ��=  is linearly independent. 

• Let 0
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=⋅+⋅ ��
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i
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r

i
ii faet . 

• Apply T: 
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since { }kff ,,1 �  is a basis of Tker . 
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• So ( ) 000
11

=�=⋅�=	
	




�

�
�




�
⋅ ��

==
i

r

i
ii

r

i
ii teTtetT  since ( ) ( ){ }reTeT ,,1 �  is a basis, so it 

is linearly independent. 

• So 000
111

=�=⋅�=⋅+⋅ ���
===

i

k

i
ii

k

i
ii

r

i
ii afafaet  since { }kff ,,1 �  is a basis, so it 

is linearly independent. 
• So { }kr ffeeB ,,,,, 11 ��=  is linearly independent. 

 

Theorem 

Let WVT →:  be a linear transformation and let { }nrr eeee ,,,,, 11 �� +  be a basis of V such that 
{ }nr ee ,,1 �+  is a basis of Tker . Then ( ) ( ){ }reTeT ,,1 �  is a basis of Tim . 
 
 

ISOMORPHISM 

Definition 

A linear transformation WVT →:  is an isomorphism if it is both one-to-one and onto. In this case, V is 
isomorphic to W. 
 

Examples 

1) VVV →:1  the identity transformation is an isomorphism. 

2) ( )
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�
�
�




�

=++→
c

b

a

cbxaxTPT 23
2 ,: R . 

• T is a linear transformation. 
• T is one-to-one: Let ( ) 0ker002 =�===�=++ TcbacbxaxT , so T is one-to-one. 

• T is onto: Given 3R∈
	
	
	




�

�
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�




�

c

b

a

, ( )
	
	
	




�

�
�
�




�

=++
c

b

a

cbxaxT 2 , so T is onto. 

 

Remark 

Consider an isomorphism WVT →: . then we can identify V with W through the pairing ( ) WVTV =↔ . In 
the category of vector spaces, V and W are “identical” (in the same class). 
 

Theorem 

If V and W are finite dimensional, the following conditions are equivalent for a linear transformation 
WVT →: : 

1) T is an isomorphism. 
2) If { }nee ,,1 �  is any basis of V, then ( ) ( ){ }neTeT ,,1 �  is a basis of W. 
3) There exists a basis { }nee ,,1 �  of V such that ( ) ( ){ }neTeT ,,1 �  is a basis of W. 

 
Proof: 

• 1�2: 
• Let { }nee ,,1 �  be a basis of V. 
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• Linear independence: Let 
( ) ( ) ( ) 000 111111 =⋅++⋅�=⋅++⋅�=⋅++⋅ nnnnnn etetetetTeTteTt ���  since 

0ker =T , so 01 === ntt �  since { }nee ,,1 �  is a basis. 
• Span: Take Ww∈ . Since T is onto, there exists Vv ∈  such that ( ) WvT = . Write 

nn etetv ⋅++⋅= �11 . So ( ) ( ){ }neTeTw ,,span 1 �∈ . 
• 2�3: 

• V has a basis. 
• 3�1: 

• One-to-one: Suppose ( ) 0=vT . Write 011 nn etetv ⋅++⋅= � , so 
( ) ( ) ( ) 0000 111 =�===�=⋅++⋅=�= vtteTteTtvvT nnn �� . Since 

{ }0ker =T , so T is one-to-one. 
• Onto: Let Ww∈ . Write 

( ) ( ) ( ) ( ) ( )vTwvTetetTeTteTtw nnnn =�=⋅++⋅=⋅++⋅= �� 1111 . So T is onto. 
 

Theorem 

Two finite dimensional vector spaces V and W are isomorphic if and only if WV dimdim = . 
 
Proof: 

• Assume WVT →:  is an isomorphism. By the previous theorem, there exits a basis { }nee ,,1 �  
of V such that ( ) ( ){ }neTeT ,,1 �  is a basis of W. So WV dimdim = . 

• Assume nWV == dimdim . Let { }nee ,,1 �  be a basis of V and { }nff ,,1 �  a basis of W. 

Define a linear transformation WVT →:  by ( ) ifeT ii ∀= , . By construction, 
( ) ( ){ }nn feTfeT == ,,11 �  is a basis of W. By previous theorem, T is an isomorphism. 

 

Corollary 

Every vector space of dimension n is isomorphic to Rn. 
 

Examples 

223
4 MP ≅≅R , so �

�

�
�
�

�
≅+++≅
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�

dc

ba
dcxbxax

d

c

b

a

23 . 

 

Theorem 

If nWV == dimdim , a linear transformation WVT →:  is an isomorphism if it is either one-to-one or 
onto. 
 
Proof: 

• If T is one-to-one, then ( ) Wimdimimdim0ker =�==�= TWnTT . So T is onto. 

• If T onto, then ( ) ( ) 0kerdimdimimdimim =�==�= TnWTWT . So T is one-to-one. 
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COMPOSITION 

Definition 

Given linear transformations UWV ST →→ , the composite UVST →:  of T and S is defined by 
( )( ) ( )( ) VvvTSvST ∈∀= , . 
 

Remark 

In general, TSST ≠ . 
 

Theorem 

Let ZUWV RST →→→  be linear transformations. 
1) The composite ST is again a linear transformation. 
2) TT V =1  and TTW =1 . 
3) ( ) ( )STRTRS = . 

 

Theorem 

Let V, W be finite dimensional vector spaces. The following conditions are equivalent for a linear 
transformation WVT →: : 

1) T is an isomorphism. 
2) There exists a linear transformation VWS →:  such that VST 1=  and WTS 1= . 

Moreover, in this case S is also an isomorphism and is uniquely determined by T. If Ww∈  is written as 
( )vTw = , then ( ) vwS = . 

 
Proof: 

• Assume T is an isomorphism. If { }neeB ,,1 �=  is a basis of V, then ( ) ( ){ }neTeT ,,1 �  is a basis 

of W. Define VWS →:  by ( )( ) ieeTS ii ∀= , . Then VST 1=  and WTS 1= . 
• Assume S is a linear transformation such that VST 1=  and WTS 1= . Let 

( ) ( ) ( ) ( ) 111 vvvSTvSTvTvT =�=�= , so T is one-to-one. If Ww∈ , then let 
( ) ( ) ( ) wwTSvTwSv ==�= , so T is onto. 

 
 
 

THE MATRIX OF A LINEAR TRANSFORMATION 
• Every linear transformation from Rn

 to Rm
 is induced by an m×n matrix A – 

( ) n
A

mn XAXXTT RRR ∈=→ ,,: . 
• This idea can be extended to any pair of vector spaces V and W of dimensions n and m respectively. 
• How to transform V into Rn? 

 

Definition 

Let { }neeB ,,1 �=  be an ordered basis of V. We know Vvevevv nn ∈∀++= ,11 � . The coordinate vector 

of V with respect to B is defined to be ( )
	
	
	




�

�
�
�




�

=

n

B

v

v

vC �

1

. 
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Theorem 

If V has dimension n and B is any ordered basis of V, the coordinate transformation n
B VC R→:  is an 

isomorphism. 
 

 

• Fixed bases { }neeB ,,1 �=  and { }nffD ,,1 �=  are in V 
and W respectively. 

• ( ) ( )BDBDBAD ACCTACTCCTTC 1−=⇔=⇔= . 

 

Definition 

The matrix of T corresponding to the ordered bases B and D is ( ) ( )( ) ( )( )[ ]nDDDB eTCeTCTM �1= . 
 

Theorem 

Let WVT →:  be a linear transformation where nV =dim  and mW =dim , and let { }neeB ,,1 �=  and 
{ }nffD ,,1 �=  be ordered bases of V and W respectively. Then the matrix ( )TM DB  is the unique m×n 

matrix A that satisfies BAD CTTC = . Hence the defining property of ( )TM DB  is 
( )( ) ( ) VvvCMvTC BDBD ∈∀= , . 

 

Example 

Define 2
2: R→PT  by ( ) ( )cabcacxbxaT −−+=++ ,2 . If { }2,,1 xxB =  is an ordered basis of P2 and 

( ) ( ){ }1,0,0,1=D  is an ordered basis of Rn, find ( )TM DB . 

• ( ) ( )( ) ( )( ) ( )( )[ ] ATCTCTCTM DDDDB =�
�

�
�
�

�

−−
=−−=

111
101

1,11,01,1 . 

• So ( ) ( ) ( )( )vACCvT BD
1−= . 

 

Example 

Given 2
2: R→PT  and �

�

�
�
�

� −
=

403
125

DBM  where { }2,,1 xxB =  and 
��

�
�
�

��

�
�
�

		



�
��



�
		



�
��



�
=

1
1

,
0
1

D , express T 

explicitly. 
• ( )( ) ( ) VvvCMvTC BDBD ∈∀= , . 

• Let 2cxbxav ++= . So ( )( ) 		



�
��



�

−
−+

=
	
	
	




�

�
�
�




�

�
�

�
�
�

� −
=

ca

cba

c

b

a

vTCD 43
25

403
125

. 

• So ( ) ( ) ( ) 		



�
��



�

−
−+

=		



�
��



�
−+		




�
��



�
−+=

ca

cba
cacbavT

43
528

1
1

43
0
1

25 . 

 

V W 

Rn Rm 

CD CB 

T 

TA 
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Theorem 

Let UWV ST →→  be linear transformations and let B, D, E be finite ordered bases of V, W, U 
respectively. Then ( ) ( ) ( )TMSMSTM DBEDEB = . 
 
Proof: 

• If Vv ∈ , then ( ) ( ) ( ) ( ) ( )( ) ( )( ) ( )vCMvSTCvTCSMvCTMSM BEBEDEDBDBED === . 

• So DBEDEB MMM = . 
 

Theorem 

Let WVT →:  be a linear transformation where nwV == dimdim . The following are equivalent: 
1) T is an isomorphism. 
2) ( )TM DB  is invertible for all ordered bases B and D of V and W. 
3) ( )TM DB  is invertible for some pair of ordered basis B and D of V and W. 

When this is the case, ( ) ( )11 −− = TMTM BDDB . 
 
Proof: 

• 1 � 2: We have VWV TT  →→
−1

. So ( ) ( ) ( ) ( ) nvBBBDBBD IMTTMTMTM === −− 111 . So 

( )TM DB  has an inverse, ( )1−TM BD . 
• 2 � 3: (3) is a particular case of (2). 
• 3 � 1: Let ( )TM DB  be invertible for some B and D. Then BMD CTTC = . Hence 

BMD CTCT 1−=  is an isomorphism. 
 

Theorem 

Let WVT →:  be a linear transformation where nV =dim  and mW =dim . If B and D are ordered bases 
of V and W, then ( ) ( )( )TMT DBrankrank = . 
 
Proof: 

• Remember ( )TT imdimrank = . 

• The column space of M is { } UMXMXU n dimrank| =�∈= R . So it suffice to find an 
isomorphism UTS →im: . 

• Define ( )( ) ( )( ) ( ) TvTvTCvTS D im, ∈∀= . 
• CD is linear and one-to-one, so S is also linear and one-to-one. It remains to show that CD is onto. 
• Let UMX ∈ . Then ( )vCX B=  for some Vv ∈ . Hence, ( ) ( )vTCvMCMX DB == . This means 

CD is onto since CB is onto. So S is onto, and thus is an isomorphism. 
 
 

CHANGE OF BASIS 

• How to go from ( )vCB  to ( )vCD  where B, D are two bases of V and n
B VC R→: , n

D VC R→: ? 
 

Theorem 

Let { }nbbB ,,1 �=  and { }nddD ,,1 �=  be two ordered bases of a vector space V. Define the change 
matrix BDP ←  as ( ) ( )[ ]nDDBD bCbCP �1=← . Then ( ) ( )vCPvC BBDD ←=  holds for every vector 

Vv ∈ . 
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Example 

Let the vector space 2PV = . Find BDP ←  if { }2,,1 xxB =  and ( ){ }21,1,1 xxD −−= . 

• ( ) ( ) ( )[ ]
�
�
�

�

�

�
�
�

�

�

−−==←

100
210

111
1 2xCxCCP DDDBD . 

 

Theorem 

Let B, D, E be three ordered bases of an n-dimensional vector space V. 
1) IP BB =← . 

2) BDP ←  is invertible and DBBD PP ←
−

← =1 . 
3) BEBDDE PPP ←←← = . 

 
• Given a linear operator VVT →: , how simple can the matrix ( )TM BB  be made by an appropriate chose 

of basis B? 
• Denote ( ) ( )TMTM BBB = . 

 

Theorem 

Let B0 and B be two ordered basis of a finite dimensional vector space V. If VVT →:  is any linear 
transformation, the matrices ( )TM B  and ( )TM B0

 of T with respect to these bases are similar. 

( ) ( )PTMPTM BB 0

1−=  where BBPP ←=
0

 is the change matrix from B to B0. 

 
Proof: 

• We know ( ) ( )vCPvC BBBB ←=
00

 and ( )( ) ( ) ( )vCTMvTC BBB = . 

• ( ) ( ) ( )( ) ( )( ) ( ) ( ) ( ) ( )vCPTMvCTMvTCvTCPvCTMP BBBBBBBBBBBBBB ←←← ====
0000000

, so 

( ) ( ) ( ) ( ) BBBBBBBBBBBB PTMPTMPTMTMP ←
−

←←← =�=
000000

1 . 

 

Theorem 

Let A be an n×n square matrix. Let B0 be the standard basis of Rn. Let ( ) AXXTT A
nn

A =→ ,: RR . Then: 
1) ( ) ATM AB =

0
. 

2) If APPA 1−=′ , let B be the ordered basis of Rn consisting of the columns of P in order, then 
( ) APPATM AB

1−=′= . 
3) If B is any ordered basis of Rn, let P be the invertible matrix whose columns are the vectors of B in order, 

then ( ) APPTM AB
1−= . 

 

Example 

Given a matrix A, �
�

�
�
�

�

−−
−

=
23
12

P , �
�

�
�
�

�

−
=

20
01

D , find a basis of R2 such that ( ) DTM AB = . 

• Let 
��

�
�
�

��

�
�
�

		



�
��



�−
		



�
��



�

−
==

2
1

,
3

2
col BB . 
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Definitions 

1) A property of n×n matrices is called a similarity invariant whenever a given matrix A has that property and 
every other similar matrices has that property also (ex: determinants). 

2) If VVT →:  is a linear operator, the determinant of T, Tdet , is defined by ( )TMT Bdetdet =  where B 
is any basis of V. 

3) The characteristic polynomial of a linear operator T is defined by ( ) ( )xcxc AT =  where ( )TMA B=  and 
B any basis of V. 

Note that Tdet  and ( )xcT  are both independent of the choice of B. 
 
 

INVARIANT SUBSPACES 

Definition 

If U is a subspace of V, write ( ) ( ){ }UuuTuT ∈= | . If VVT →:  is a linear operator, a subspace U is said to 
be T-invariant if ( )uT  lies in U for every vector Uu ∈ . 
 

Theorem 

Let VVT →:  be a linear operator where V has dimension n. Suppose U is any T-invariant subspace of V. 
Let { }keeB ,,11 �=  be any basis if U and extend it to a basis { }nkk eeeeB ,,,,, 11 �� += of V in any way. 

then ( )TM B  has the block triangular form ( ) ( )
�
�

�
�
�

�
=

Z

YTM
TM B

B 0
1  where Y is ( )knk −× , Z is 

( ) ( )knkn −×− , and ( )TM B1
 is the matrix of the restriction of T to U. 

 
Proof: 

• The matrix of the restriction of UUT →:  with respect to the basis B1 is the k×k matrix 
( )TM B1

. 

• Compare the first column ( )( )11
eTCB  with the first column of ( )( )1eTCB  of ( )TM B . Since 

( )1eT  lies in U, ( ) nkkn eeeteteT 00 1111 +++++= + �� . 

• So ( ) ( )
�
�

�
�
�

�
=

Z

YTM
TM B

B 0
1 . 

 

Theorem 

Let A be a block upper triangle matrix, say 

�
�
�
�

�

�

�
�
�
�

�

�

=

nn

n

n

A

AA

AAA

A

�

����

�

�

00

0 222

11211

, where the diagonal blocks are 

square. Then: 
1) nnAAA detdetdet 11 ××= � . 
2) ( ) ( ) ( )xcxcxc

nnAAA ××= �
11

. 

 

Example 

Let ( ) ( ) ( ) ( ) 22
22 52622,: xcbaxbacbacxbxaTPPT +−−++++−−=++→ . Show that 

{ }221,span xxU +=  is T-invariant and use it to find a block upper triangle representation of T. 
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• ( ) ( ) ( )( ) ( ) UxTxxxxxT ∈�+−+=−+−= 22 211121 , and 

( ) ( ) ( )( ) ( ) UxTxxxxxT ∈+�++=++=+ 2222 2121214221 . So U is a T-invariant subspace. 

• Extend { }2
1 21, xxB +=  to a basis { }22 ,21, xxxB +=  of P2. 

• 

( ) ( )( ) ( )( ) ( )( )[ ]

( ) ( ) ( )[ ] ( )
�
�

�
�
�

�
=

�
�
�

�

�

�
�
�

�

�

−=+++−+−=

+=

Z

YTM
xCxxCxxC

xTCxTCxTCTM

B
BBB

BBBB

0
100
221
011

524221

21

1222

22

. 

 
 

EIGENVALUES 

Definitions 

1) A real number λ is called an eigenvalue of an operator VVT →:  if ( ) vvT λ=  holds for some non-zero 
vector Vv ∈ . 

2) The subspace ( ) ( ){ }vvTVvTE ⋅=∈= λλ |  is called the eigenspace of T corresponding to λ. 
 

Theorem 

Let VVT →:  be a linear operator where nV =dim , let B be any ordered basis of V, and let n
B VC R→:  

denote the coordinate isomorphism. Then: 
1) The eigenvalues λ of T are precisely the eigenvalues of the matrix ( )TM B , and thus, are the roots of the 

characteristic polynomial ( )xcT . 
2) In this case, the eigenspace ( )TEλ  and ( )( )TME Bλ  are isomorphic via ( ) ( )( )TMETEC BB λλ →: . 

 
Proof of 1: 

• Write ( )TMA B= . 

• If ( ) vvT λ= , then applying CB gives ( ) ( )( ) ( ) ( ) ( )vACvCvACvTCvC BBBBB =�== λλ . 

• So λ is an eigenvalue of A with eigenvector ( )vCB . 
 
Proof of 2: 

• ( )vCB  lies in ( )AEλ , so we have a function ( ) ( )AETECB λλ →: . We know CB is linear and 
one-to-one. Claim CB is isomorphic. 

• ( )( ) ( ) ( ) ( ) ( ) vvTvCvCvACvTC BBBB λλλ =⇔=== . 
 

Theorem 

Each eigenspace of a linear operator VVT →:  is a T-invariant subspace of V. 
 
Proof: 

• If v lies in the eigenspace ( )TEλ , then ( ) vvT λ= . 

• ( )( ) ( ) ( ) ( )( ) ( )TEvTTvTvTvTT λλλ ∈�== . So ( )vT  lies in the eigenspace ( )TEλ . 
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DIRECT SUMS 

Definitions 

1) { }WwUuwuWU ∈∈+=+ ,|  and { }WvUvvWU ∈∈=∩  and | . 
2) A vector space V is said to be the direct sum of subspaces U and W if VWU =+  and 0=∩WU . In this 

case, WUV ⊕= . 
3) Given a subspace U, any subspace W such that WUV ⊕=  is called a complement of U in V. 

 

Theorem 

Let U and W be subspaces of a finite dimensional vector space V. The following conditions are equivalent. 
1) WUV ⊕= . 
2) Each vector Vv ∈  can be written uniquely in the form WwUuwuv ∈∈+= ,, . 
3) If { }kuu ,,1 �  and { }nww ,,1 �  are basis of U and W respectively, then { }nk wwuuB ,,,,, 11 ��=  is a 

basis of V. 
 

Theorem 

If a finite dimensional vector space WUV ⊕=  is a direct sum of subspaces U and W, then 
WUV dimdimdim += . 

 

• Note: If U1 is a T-invariant subspace, then ( ) ( )
�
�

�
�
�

�
=

Z

YTM
TM B

B 0
1  where B1 is a basis of U1 and 

{ }nk eeBB ,,, 11 �+=  is a basis of V. Now, if we can find { }nk ee ,,1 �+  a basis of another T-invariant 
subspace U2 such that 21 UUV ⊕= , then 0=Y . 

 

Theorem 

Let VVT →:  be a linear operator where nV =dim . Suppose 21 UUV ⊕=  where both U1 and U2 are T-
invariant. If { }keeB ,,11 �=  and { }nk eeB ,,12 �+=  are bases of U1 and U2 respectively, then 

{ }21 , BBB =  is a basis of V and ( )TM B  has the block diagonal form ( ) ( )
( )��

�
�
�

�
=

TM

TM
TM

B

B
B

2

1

0
0

 

where ( )TM B1
 and ( )TM B2

 are the matrices of the restriction of T to U1 and U2 respectively. 

 

Definition 

T is said to be reducible if non-zero T-invariant subspaces U1 and U2 can be found such that 21 UUV ⊕= . 
 

Example 

Consider 		



�
��



� +
=		




�
��



�
→

b

ba

b

a
TT ,: 22 RR . Show that 

��

�
�
�

��

�
�
�

∈		



�
��



�
== RaauuU ,

0
1

|1  is T-invariant but it has no 

T-invariant complement in R2. 

• 10
1

0
1

UT ∈		



�
��



�
=		




�
��



�
, so U1 is T-invariant. 
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• Assume U1 has a T-invariant complement U2, so 2
21 R=⊕UU  and ( ) 2222 , UuUuT ∈∈ . Now, 

1dim 2 =U , so 
��

�
�
�

��

�
�
�

∈		



�
��



�
== Rqpa

q

p
auuU ,,,| 222  and 01 ≠�∉		




�
��



�
qU

q

p
. Let 

01 =�=+�=�
�
�
�

=
=+

�		



�
��



�
=		




�
��



� +
=		




�
��



�
qpqpa

aqq

apqp

q

p
a

q

qp

q

p
T . Contradiction! 

 
 

BLOCK TRIANGULAR FORM 

Theorem: Block Triangular Theorem 

Let A be an n×n matrix with real eigenvalues and let ( ) ( ) ( ) ( ) km
k

mm
A xxxxc λλλ −−−= �21

21  where the λi 

are distinct. Then an invertible matrix P exists such that 
�
�
�

�

�

�
�
�

�

�

=−

kU

U

APP

�

���

�

0

01
1  where the 

�
�
�

�

�

�
�
�

�

�

=

i

i

i

Y

U

λ

λ

�

���

�

0
 is an mi×mi upper triangular matrix with every entry on the main diagonal equal to λi. 

 

Definition 

The generalized eigenspace ( )AG
iλ  is defined by ( ) ( )[ ]i

i

m
i AIAG −= λλ null . 

 
• Notice that ( ) ( ) { }vAvVvAIAE iii

λλλ =∈=−= |null  is a subspace of ( )AG
iλ . 

 

Lemma 

( )( ) imAG
i

=λdim . 

 
Proof: 

• Write ( ) im
ii AIA −= λ . Let P be defined as in the Block Triangulation Theorem. 

• Then the spaces ( ) iAAG
i

null=λ  and ( )APP 1null −  are isomorphic via XPXf 1: −→ . 

• To see that f is one-to-one, let 
( ) 212121

1
2

1
1

1 00 XXXXXXPXPXP =⇔=−⇔=−⇔= −−− . Now, let iAX null∈ , so 

( ) ( ) ( ) 000 111 =�=�==− −−− XPAPXPPAPXAXAI iii
m

i
iλ  and ( )PAPX i

1null −∈ . So f is 
one-to-one. 

• So ( )( ) ii mPAP =−1nulldim  because 

( )

( ) �
�
�

�

�

�
�
�

�

�

−

−
=

�
�
�

�

�

�
�
�

�

�

−

−
=−

i

ii

m
ki

m
i

m

ki

i

i

UI

UI

UI

UI

PAP

λ

λ

λ

λ

�

���

�

�

���

�

0

0

0

0 11
1 . The matrix 

( ) im
ji UI −λ  is invertible if ji ≠  and zero if ji = . 

• It follows that ( )( ) imAG
i

=λdim  as required. 
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Lemma 

If P is as in the Block Triangulation Theorem, denote the columns of P as follows: 
{ }

kkmkmm PPPPPP ,,;;,,;,, 1221111 21
���� . Then { }

1
,,1 imi PP �  is a basis of ( )AG

iλ .. 

 

Lemma 

If Bi is any basis of ( )AG
iλ , then kBBBB ∪∪∪= �21  is a basis of Rn. 

 

Proof: ( ) ( ) ( ) ( ) ( )( ) ( )( ) ( )AGAIAIAIAEAGAE
i

i
i

m
iii λλλλ λλλ =−⊆⊆−⊆−=�⊆ nullnullnull 2

11
� . 

 

Triangulation Algorithm 

Suppose A has characteristic polynomial ( ) ( ) ( ) ( ) km
k

mm
A xxxxc λλλ −−−= �21

21 . 

1) Choose a basis of ( )AIi −λnull , enlarge it by adding vectors to a basis of ( )( )2null AIi −λ , and so on. 
Continue to obtain an ordered basis { }

1
,,, 21 imii PPP �  of ( )AG

iλ  for each i. 

2) Let [ ]
kkmkm PPPPP ��� 1111 1

=  be the matrix with these basis vectors (in order) as columns. 

Then ( )kUUAPP ,,diag 1
1

�=−  as in the Block Triangulation Theorem. 


