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Linear Transformations

EXAMPLES AND ELEMENTARY PROPERTIES

Definition
If V and W are two vector spaces, a function 7:V — W is called a linear transformation if it satisfies the

following axioms:
Ty: TO+y v)=TV)+y T, )v,v, € V,T(V).T(v,)e W .
Ty: T(r-v v)= rw T(v),re R,veV.

Example

1| a+b—c —a+b+c

Define T:P, - M ,,, and v=a+bx+cx’e P, —>T(v)=— . Show that T is linear.
2|-a+b+c a-b+c

i T
T(v+v1):T((a-i—al)+(b+bl)x+(c+cl)x2)
. [ (a+a)+(b+b)-(c+c)) —(a+a))+b+b)+(c+c)]-
2| —(a+a)+b+b)+(c+c,) (a+a,)-b+b)+(c+c))
T(\/)+T(vl )=T(a+bx+cx2)+T(al +b]x+c1x2)
. 1 at+b-c —a+b+c| 1| a+b—-c —a +b +¢
" 2|-a+b+c a-b+c 2|—a;+b+c; a;—b +¢ '
1 (a+a)+b+b)=(c+¢,) —la+a,)+bB+b)+(c+c,)
2 —(a+a)+b+b)+(c+e;) (a+a))-O+b)+(c+c;)
L4 Tz:
) 1| ra+rb—rc —ra+rb+rc
T(r-v)=T(ra+rbx+rcx )=—
2|—ra+rb+rc ra—-rb+rc
:rl[a+b—c _a+b+c}:r-T(v)
2|—a+b+c a-b+c

e  Therefore, T is linear.

Example

The following are linear transformations:

’

e D:P,—P,, where D(pn (x))= (pn (x)) —ex: D(x2 +3x)= 2x+3.

© P, - Py where 1(p, ()= p, ().

Theorem

Let T:V — W be alinear transformation.
1) T(0,)=0y.
2) T(-v)=-T(v).,VveV.

3) T(Zn:ai ~vi]=zn:ai T(v,).
i=l i=1

Page 1 of 15



MAT224H1b.doc

Theorem

Let T:V—>W and S:V —W be two linear transformations. Suppose that V = Span{vl eV, } If
T(Vi)=S(Vl'),Vi ,then T=S.

Proof: Let V—Za v;eV.So T (Za vj Z T(v ),and
i=1

i=1

S v)zS(iai -viJziai ~S(vi).Thus, T(v)zS(v).

Theorem

Let V and W be vector spaces, and {el yeers n} a basis of V. Given any vector wy,...,w, € W, there exits a

unique linear transformation 7 :V — W satisfying T( i)— w;, Vi. In fact, the action of T is as follows:

Given V—Za -v; €V, then T Za T
i=1

Example
o . 10 [0 1
Find a linear transformation 7 : P, — M ,, such that T(1+x): 0 ol T(x+x ): 1 o , and
00
T(1+x2)= .
01

. {(l+x), (x+x21(1+x2)} is a basis of P,.

a+bx+cx? :cl(l+x)+cz(x+x2)+c3(l+x2)

a+b-c
C1:
. a—c; —c3=0 2b
:>(a—c1—c3)+(b—cl—c2)x+(c—cz—c3)x2=O:> b-—c—c,=0= czz#.
c=€=¢3 =0 a-b+c
C3=
2
1 l+x +02 X+ x )+c3(l+x2))=c1 -T(l+x)+c2 ~T(x+x2)+c3-T(l+x2)
0 0| a+b—c|l O] —a+b+c|0 1| a-b+c|0 O
e = +c2 = +— + .
lo 1 2 0 0 2 1 0 2 01
a+b-c —a+b+c
2
—a+b+c a-b+c
2

KERNEL AND IMAGE OF A LINEAR TRANSFORMATION

Definition
Let T:V — W Dbe alinear transformation. Then:
o kerT ={ve Vi T(v)= O}.
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e im7T={r(v)lveV}.

Theorem

If T:V > W isalinear transformation, then ker7 is a subspace of V, and im7 is a subspace of W.

Definition
nullity(T) = dim(ker T) .
rank(T) = dim(im T) .

Example
Given an mxn matrix A, show that im7, =col A (so rank7, =rank A ), where
T,:R" >R™IT(X)=AX .
e Write A= [C1 Cn] where C; are columns, and X = [xl X, ]T,xi eR.

e Then imA=AX=[C, - C,Jx, - x,]' =x,C,+-x,C, =colA.

ONE-TO-ONE AND ONTO TRANSFORMATION

Definition
Let T7:V — W be alinear transformation. Then:
e Tissaidtobeontoif im7 =W.
e  Tis said to be one-to-one if 7(v)= T(vl )= v= v, (each vector in W corresponds to only one
element in V).

Theorem

If T:V > W isalinear transformation, then 7 is one-to-one if and only if ker7 =0.

Proof:
e  Want: T'is one-to-one = ker7 =0.
e Let vekerT.
. T(v) =0= T(O) = v=0 because T is one-to-one. So ker7 =0.
e Want: ker7 =0 = Tis one-to-one.
e Let T(v)=T(v1): T(v—v1)=0 .
e Butsince ker7 =0, v—v;, =0=v=v,. So Tis one-to-one.
Example

Given T:R? > R?| T(x, y) = (x +y,x—Yy, x) , show that T is one-to-one but not onto.

e  Want: T is one-to-one.
. kerT={(x,y)|T(x,y)=O}.

x+y=0
x=0
e T(rny)=(x+y,x—y,x)=0=> x—y=0:{ .So kerT =0.
y:
x=0

e Since kerT =0, T is one-to-one.
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e  Want: T is not onto.
e Consider w=(0,0,1)e R°.
x+y=0 x=1
. T(v) = (0,0,1) is not possible because <x—y=0=4{y=1 has no solution.
x=1 y=-1

e So Tis not onto.

Theorem

Let A be an mxn matrix and let 7, :R" — R™ be the linear transformation induced by A, that is,
T,(X)=AX,vX e R". Then:

1) T,isontoif and only if rank A=m.
2) T, is one-to-one if and only if rank A=n.

THE DIMENSION THEOREM

Theorem: Dimension Theorem

Let T:V — W be alinear transformation and assume that ker7 and im7 are both finite dimensional.
Then V is also finite dimensional and dimV = dim(ker T)+ dim(im T) .

Proof:
o Let {T(el),...,T(e,)} be a basis of im7T , and {fl,...,fk} be a basis of kerT .
e Then dim(imT)= r and dim(kerT)= k . It suffice to show B = {el,...,er,fl,... , fk} is a basis
of V.

e Want: Bspans V.
e IfvliesinV, then T(v) liesin imT .

o So T(v)=)1;-Tle,)t;eR.
i=1

,
¢  This means v—Zti -e; liesin kerT , because
i=1

T(V)—ZT(% '95)202T[V—Zt,~ ~e,}=06 kerT .
i=l i=1

r k r k
e Since V—Zti-ei:Zai-fi:v:Zti-ei+Zai-fi,soBspans V.
i=l i=I

i=1 i=1

e Want: B:{el,...,e,,fl,...,fk} is linearly independent.
o Let iti -e,.+zk:ai -fi=0.
° Appl)l/:lT: .
T[Zr:ti -e; +iai -fi]=T(O): T[Zr:ti -e[]+T(Zk:ai -fl-J:O:T(iti -eij=0
i=1 i=l i=1 i=1

i=1
since {fl,...,fk} is a basis of kerT .
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e So T{Zti ~ei] =0=> ZIi -T(ei )=0=> t; =0 since {T(el),...,T(e,)} is a basis, so it
i=1 i=l
is linearly independent.

r k k
e So Zti -e; +Za,~ fi =0:>Zai -fi=0=a; =0 since {fl,...,fk} is a basis, so it
i=l i=1 i=1

is linearly independent.
e So Bz{el,...,e,.,fl,...,fk} is linearly independent.

Theorem
Let T:V — W be alinear transformation and let {el,...,er €t ...,en} be a basis of V such that
{em ,...,en} is a basis of ker7 . Then {T(e1 ),...,T(e, )} is abasis of imT .

ISOMORPHISM

Definition
A linear transformation 7 :V — W is an isomorphism if it is both one-to-one and onto. In this case, V is
isomorphic to W.

Examples

1) 1, :V =V the identity transformation is an isomorphism.

a
2y T:P,—> R3,T(ax2 +bx+c)= bl.
c
e Tis alinear transformation.
e Tis one-to-one: Let T(a)c2 +bx+c)= 0=a=b=c=0=kerT =0, so T is one-to-one.
a a
e Tisonto: Given | b |e R3, T(ax2 +bx+c): b |, so T is onto.

C c

Remark
Consider an isomorphism 7 :V — W . then we can identify V with W through the pairing V <> T(V) =W.In

the category of vector spaces, V and W are “identical” (in the same class).

Theorem

If V and W are finite dimensional, the following conditions are equivalent for a linear transformation
T:V-oW:

1) Tis an isomorphism.

2) If {el en} is any basis of V, then {T(e1 ),...,T(en )} is a basis of W.

3) There exists a basis {el ,...,en} of V such that {T(el ),...,T(en )} is a basis of W.

Proof:
e 128
e Let {el,...,en} be a basis of V.
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e Linear independence: Let
t,-Tle,)+---+1,-Tle,)=0=>T(t, e, +---+1,-¢,)=0=1,-¢, +--+1, ¢, =0 since
kerT=0,s0 t, =---=t, =0 since {el,...,en} is a basis.

e Span: Take we W . Since T is onto, there exists ve V such that T(v):W.Write
v=t -e +---+t,-e,.S0 we span{T(el),...,T(en)}.

o 23
e Vhas abasis.
e 3=1:
e One-to-one: Suppose T(v)=0.Write v= ty-e +--+t,-e,0,s0

T(v)=0=v=t,-T(e,)+---+1,-Tle,)=0=1,=---=1, =0=>v=0. Since
kerT ={O}, so T is one-to-one.
e Onto: Let we W . Write
w=t, 'T(e1)+~-+tn -T(en)zT(t1 eyttt 'en)zT(v):> W=T(v). So T'is onto.

Theorem

Two finite dimensional vector spaces V and W are isomorphic if and only if dimV =dimW .

Proof:
e Assume T:V — W isanisomorphism. By the previous theorem, there exits a basis {e1 yers en}
of V such that {T(e1 ),...,T(en )} is a basis of W. So dimV =dimW .
e Assume dimV =dimW =n. Let {el,...,en} be a basis of V and {fl,...,fn} a basis of W.
Define a linear transformation 7:V — W by T(ei ): fi,Vi.By construction,
{T(e1 ) = fl,...,T(e,, )= fn} is a basis of W. By previous theorem, 7 is an isomorphism.

Corollary

Every vector space of dimension n is isomorphic to R”".

Examples

R* =P=M,,,s0

3 ) a b
zax” +bx" +cx+d = .
c d

ISR SN L N

Theorem

If dimV =dimW =n, alinear transformation 7 :V — W is an isomorphism if it is either one-to-one or
onto.

Proof:
e If Tis one-to-one, then ker7 =0= dim(im T) =n=dimW =im7 = W . So T'is onto.
e IfTonto, then im7 =W = dim(im T) =dimW=n= dim(ker T)=0. So T is one-to-one.
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COMPOSITION

Definition
Given linear transformations V ———sW —5 U , the composite ST :V — U of T and S is defined by
(ST)v)=S(T()), YveV.

Remark
In general, ST =TS .

Theorem

Let V—L w5 5U—® 57 belinear transformations.

1) The composite ST is again a linear transformation.

2)
3)

Tly, =T and 1, T=T.
(RS)T = R(ST).

Theorem

Let V, W be finite dimensional vector spaces. The following conditions are equivalent for a linear
transformation 7:V - W

1) Tis an isomorphism.
2) There exists a linear transformation S:W —V suchthat ST =1, and TS =1y, .

Moreover, in this case S is also an isomorphism and is uniquely determined by 7. If we W is written as
w= T(v) , then S(w)= V.

Proof:
e Assume T is an isomorphism. If B = {el yeees en} is a basis of V, then {T(e1 ),...,T(en )} is a basis

of W. Define S:W —V by S(T(e;))=e,,Vi.Then ST =1, and TS =1, .

® Assume S is a linear transformation such that ST =1, and TS =1y, . Let
T(v) = T(v1 )= ST(v) = ST(v1)3 v=v;, so Tis one-to-one. If we W, then let
V= S(w):> T(v)zTS(w)z w , so T is onto.

THE MATRIX OF A LINEAR TRANSFORMATION

Every linear transformation from R"to R™ is induced by an mxn matrix A —

T:R" ->R".T,(X)=AX,X e R".

This idea can be extended to any pair of vector spaces V and W of dimensions n and m respectively.
How to transform V into R"?

Definition

Let B= {e1 yeens e,,} be an ordered basis of V. We know v=v,e; +---+v,e,,Vve V. The coordinate vector
Vi

of V with respect to B is defined to be Cy (v) =
v
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Theorem

If V has dimension n and B is any ordered basis of V, the coordinate transformation Cj,:V — R" isan
isomorphism.

T e Fixed bases B={e1,...,en} and D={fl,...,fn} arein V
and W respectively.

o CpT=T,Cy=CyT=ACz =T =(Cp) " (AC,).

CB CD

Rn TA Rm

Definition

The matrix of T corresponding to the ordered bases B and Dis M ;p (T) = [C D (T(el )) - Cp (T(en ))] .
Theorem

Let T:V — W be alinear transformation where dimV =n and dimW =m ,andlet B= {el yeres en} and

D= { fioeees fn} be ordered bases of V and W respectively. Then the matrix M ,p (T) is the unique mxn
matrix A that satisfies C,T =T,Cjp . Hence the defining property of M (T) is
CpT)=M pgCyv).Vve V.

Example

Define T:P, — R’ by T(a +bhx+cx? )= (a +c,b—a—c). If B= {l X, xz} is an ordered basis of P, and
D= {(1,0), (0,1)} is an ordered basis of R", find M pp (T) .

o Mp(T)=[c,T(-1) c,T() CD(T(I,—I))]z[l 0 1}:/4.

e So T(v)=(Cp) ' (AC,(v)).

Example
) 5 5 2 -1 5 1) (1
Given T:P, > R” and M = where Bz{l,x,x } and D= R , express T
30 4 0)\1
explicitly.

. CD(T(V))ZMDBCB(V),VVGV.

a
2 5 2 -1 Sa+2b—-c

o Let v=a+bx+cx”.So CD(T(V))z 30 4 b|= a4 .
a—4c

1 1 8a+2b—>5c
e So T(v)=(5a+2b—c{ j+(3a—4c)[j=[ j
0 1 3a—4c
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Theorem

Let V—L sW—5 35U be linear transformations and let B, D, E be finite ordered bases of V, W, U
respectively. Then M (ST) =M gp (S)MDB (T)

Proof:
e If veV, then Mg, (S)MDB (T)CB (V) =Mgp (S)CD (T(V)) =Cg (ST(V)) =M Cp (V) .
* So Mgy =MpgpMpp.

Theorem

Let T:V — W be alinear transformation where dimV =dimw = n . The following are equivalent:
1) Tis an isomorphism.
2) Mpg (T) is invertible for all ordered bases B and D of V and W.

3) M, (T) is invertible for some pair of ordered basis B and D of V and W.
When this is the case, M pp (T)_1 =M pp (T‘l )

Proof:
e 1=2 Wehave V—LsW—""5V.So MBD(T*‘)MDB(T)zMB(T*‘T):MBB(lV):1,1.SO
M pp (T) has an inverse, M g (Tf1 )

e 2= 3:(3)is aparticular case of (2).
e 3=1:Let My, (T) be invertible for some B and D. Then CpT =T,,Cy. Hence

T= CDflTM Cp 1is an isomorphism.

Theorem

Let T:V — W be alinear transformation where dimV =n and dimW =m . If B and D are ordered bases
of Vand W, then rank(T) = rank(M DB (T))

Proof:
e Remember rank7 = dim(im T) .

® The column space of Mis U = {MX I XeR" }:> rank M =dimU . So it suffice to find an
isomorphism S:im7 —»U .

e Define S(T(v))=C, (T (), VT(v)eimT .

e  (pis linear and one-to-one, so S is also linear and one-to-one. It remains to show that Cp is onto.

e Jlet MXeU .Then X =Cy (v) for some veV .Hence, MX =MCy (v)= CDT(V) . This means
C)p is onto since Cp is onto. So S is onto, and thus is an isomorphism.

CHANGE OF BAsIS

e How to go from CB(V) to CD(V) where B, D are two bases of Vand Cp:V ->R", Cp:V >R"?

Theorem

Let B= {b1 yeers bn} and D= {dl yenes dn} be two ordered bases of a vector space V. Define the change
matrix Pp_p as Pp_p= [CD (bl) - Cp (b,Z )] . Then Cp (v)= Py 5Cp (v) holds for every vector
veV.
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Example

Let the vector space V =P,.Find Pp_p if B= {1, X, xz} and D= {1,1 - X, (1 - x)2 }

1 1 1
° PDeBz[CD(l) CD(X) CD(XZ)]= 0 -1 -2|.
0O 0 1
Theorem
Let B, D, E be three ordered bases of an n-dimensional vector space V.
1) Ppog=1.

2) Pp_p isinvertible and PD(_B_l =Py p-

3) PgepPpep=Ppep-

¢ Given a linear operator 7 :V —V , how simple can the matrix M g5 (T) be made by an appropriate chose

of basis B?
o Denote M y(T)=M4(T).

Theorem

Let By and B be two ordered basis of a finite dimensional vector space V. If T:V —V is any linear
transformation, the matrices M g (T) and M, (T') of T with respect to these bases are similar.

My ()= P71M190 (T)P where P= Py p 1s the change matrix from B to B,.

Proof:
o Weknow Cp (v)=Py . 5Cs(v) and Cx(T(v))=M 4z(T)Cy(v).

* Py My (T)CB (V) =Pp  pCp (T(V)) =Cp, (T(V)) =My (T)CBU (V) =My, (T)PBU<—B Cp (V) » SO

Pp gMp (T) =My, (T)PBoeB =My (T) = PBOeB_lMBO (T)PBOFB .

Theorem
Let A be an nxn square matrix. Let By be the standard basis of R”. Let 7, :R"” —R",T,(X )= AX . Then:
1) My (T,)=A.
2) If A= PlAP , let B be the ordered basis of R” consisting of the columns of P in order, then
My(T,)=A"=P'AP.
3) If B is any ordered basis of R", let P be the invertible matrix whose columns are the vectors of B in order,
then M,z(T,)=P'AP.

Example

-3 -2

o neann|2)[7)]

2 -1 0
Given a matrix A, P :{ } , D :[ 2} , find a basis of R? such that My (TA )= D.
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Definitions

1) A property of nxn matrices is called a similarity invariant whenever a given matrix A has that property and
every other similar matrices has that property also (ex: determinants).
2) If T:V -V isalinear operator, the determinant of 7, detT , is defined by det7 =detM 4 (T) where B
is any basis of V.
3) The characteristic polynomial of a linear operator 7 is defined by ¢, (x)=¢ A (x) where A=M B (T) and
B any basis of V.
Note that det7T and cp (x) are both independent of the choice of B.

INVARIANT SUBSPACES
Definition

If U is a subspace of V, write T(u)= {T(u) lue U}. If T:V -V isalinear operator, a subspace U is said to
be T-invariant if T(u) lies in U for every vector ue U .

Theorem

Let T:V —V be alinear operator where V has dimension n. Suppose U is any T-invariant subspace of V.

Let B, ={e1,...,ek} be any basis if U and extend it to a basis B ={el,...,ek,ek+1,...,en}0f Vin any way.

M (T)
0

(n - k)x (n - k) ;and Mg (T) is the matrix of the restriction of T to U.

Y
then Mg (T) has the block triangular form M , (T) = { Z} where Yis k x(n - k) ,Z1is

Proof:
e The matrix of the restriction of 7 :U — U with respect to the basis B is the kxk matrix
My (T).

e Compare the first column Cp (T(el ) with the first column of C B (T(el )) of My (T) . Since

T(el) lies in U, T(e1)=t1e1 +eo+t,ep +0ep g +---+0e, .

e So MB(T){MBI(T) Y}

0 z]
Theorem
Ay Ap o Ay
. . 0 Ay ... Ay, .
Let A be a block upper triangle matrix, say A=| . o -7 |, where the diagonal blocks are
0 0o ... A

square. Then:
1) detA=detA;, X---xdetA4,,.

2) L‘A()c)chl1 (x)x---XcAm‘ (x).

Example
Let T:P, = PZ,T(a+bx+cx2)= (—2a—b+2c)-+—(a+b)x+(—6a—2b-+—5c)x2 . Show that

U= span{x,l + 2x2} is T-invariant and use it to find a block upper triangle representation of 7.
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o T()=-l+x-2x% =(Ox+(1)1+2x2)= T(x)e U, and
T(1+ 2x* ): 2+ x+4x% =()x+ (2)(1+ 2x* ):> T(1+ 2x* )e U . So U is a T-invariant subspace.
° Extend B, = {x,l + 2x2} to a basis B = {x,1+ 2x2 , xz} of P,.
My (0)=le, () cylrli+22)) ¢, lrle)]

1 10
) Z[CB(—1+x—2x2) CB(2+x+4x2) CB(2+5x2)]: 1 2 2 :|:MB(1)(T) ﬂ
0 0 1
EIGENVALUES
Definitions

1) A real number A is called an eigenvalue of an operator 7:V —V if T(v) = Av holds for some non-zero
vector veV.

2) The subspace E; (T) = {v eVl T(v) =1 v} is called the eigenspace of T corresponding to A.

Theorem

Let T:V —V be alinear operator where dimV =n, let B be any ordered basis of V, and let Cp:V —R"
denote the coordinate isomorphism. Then:
1) The eigenvalues A of T are precisely the eigenvalues of the matrix M g (T) , and thus, are the roots of the
characteristic polynomial ¢, (x) .

2) In this case, the eigenspace E (T) and E, (MB (T)) are isomorphic via Cp 1 E; (T) —E,; (MB (T)) .
Proof of 1:
o Write A=M,(T).

o If T(v)=Av, then applying Cy gives ACz(v)=C,(T(v))=AC,z (V)= AC,(v)=AC,(v).
e So Ais an eigenvalue of A with eigenvector Cpg (v) .

Proof of 2:

Cp (v) liesin E, (A), so we have a function Cy 1 E) (T) —E; (A) . We know Cp is linear and
one-to-one. Claim Cjp is isomorphic.
o Cp(Tv)=AC,(vV)=AC,(v)=Cp(Wv) & T(v)=Av.

Theorem

Each eigenspace of a linear operator 7 :V —V is a T-invariant subspace of V.

Proof:
e Ifvlies in the eigenspace E (T) then T(v): Av.

o T(T()=T(W)=AT(v)=T(T(v))e E,(T).So T(v) lies in the eigenspace E,(T).
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DIRECT Sums

Definitions

) U+W={u+wlueU,weW} and UnW ={vive U andve W}.

2) A vector space V is said to be the direct sum of subspaces U and Wif U+W =V and U "W =0. In this
case, V=U®W.

3) Given a subspace U, any subspace Wsuchthat V =U @W is called a complement of U in V.

Theorem

Let U and W be subspaces of a finite dimensional vector space V. The following conditions are equivalent.
1) V=U®W.
2) Eachvector veV can be written uniquely in the form v=u+w,ueU,we W .
3) If {u],...,uk} and {wl,...,wn} are basis of U and W respectively, then B :{ul,...,uk ,wl,...,wn} isa
basis of V.

Theorem

If a finite dimensional vector space V =U @W is a direct sum of subspaces U and W, then
dimV =dimU +dimW .

My, (1)
0
B= {B1 gl es en} is a basis of V. Now, if we can find {ek+1 yeens en} a basis of another 7-invariant

subspace U, such that V =U, @U,,then Y =0.

Y
e Note: If U, is a T-invariant subspace, then M ; (T) ={ } where B; is a basis of U; and

Theorem
Let T:V —V be alinear operator where dimV =n. Suppose V =U, ®U, where both U, and U, are T-

invariant. If B, = {el,...,ek} and B, = {ekH,...,en} are bases of U, and U, respectively, then

My () 0 }

0 My, (T)

.

B=1{B,.B,} isabasisof Vand M ;z(T) has the block diagonal form M (T') {

where M g (T) and M p, (T) are the matrices of the restriction of 7 to U, and U, respectively.

Definition
T is said to be reducible if non-zero 7-invariant subspaces U; and U, can be found such that V =U, @U,.
Example

. 2 ) a a+b 1 . . . .
Consider T:R“ - R",T b = b .Show that U, =qulu=a 0 ,a€ R} 1is T-invariant but it has no

T-invariant complement in R%.

1 1
. T(OJ = (OJE U,,so U, is T-invariant.
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¢ Assume U, has a T-invariant complement U,,so U, @U, = R? and T(uz)e U,,u,€U,.Now,

dimU, =1, so U2={uzlu2=a(p}a,p,qe R} and (pJEUIDq;tO.Let
q q

+ +q=
T[sz(p qj=a[1?j:>{1? 1 ap:>a=1:> p+q=p=q=0.Contradiction!
q q q q=aq

BLOCK TRIANGULAR FORM

Theorem: Block Triangular Theorem

Let A be an nxn matrix with real eigenvalues and let ¢, (x)=(x—4,)" (x=2,)" ---(x= 4, )™ where the 4

U, - 0
are distinct. Then an invertible matrix P exists such that P'AP=| ' -, ! | where the
0 - U,
A Y
U,=|: . i | isanmxm,; upper triangular matrix with every entry on the main diagonal equal to A;.
0 - A4
Definition

The generalized eigenspace G (A) is defined by G 2 (A)= null[(ﬁil —A)" ]

* Notice that E, (A)=null(4,7 - A)={ve VIAv=A,v} is a subspace of G, (A).

Lemma
dim(G, (A))=m,.

Proof:
e Write A = (/lil - A)m" . Let P be defined as in the Block Triangulation Theorem.
® Then the spaces G, (A) =null A; and null(P_lAP) are isomorphic via f:X — P'x .
e To see that fis one-to-one, let
P'X, =P'X, P (X,-X,)=0X,-X, =0 X, =X,.Now, let X enullA,,so
(LI-A)"X =A,X =0= P‘IA,.P(P“X)= 0= (P“A,.P)X =0 and X e nulllP~'4,P). Sofis
one-to-one.
* So dim(null(P_lAiP))= m; because
AI-U, - o 1" |I-u,)" - 0
PlAP=| : = : : . The matrix
0 e LI-U, 0 e (AU )
(/11.1 -U; )'"" isinvertible if i# j and zeroif i=j.
e It follows that dim(G P (A))= m; as required.
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Lemma

If P is as in the Block Triangulation Theorem, denote the columns of P as follows:
{PH,...,le] sPypsees Poy s Py Py, } Then \Fy,.... P, } is a basis of G, (A)..

Lemma
If B; is any basis of G, (A),then B=B, UB, U---UB, isabasis of R".

Proof: E, (A)cG, (A)= E, (4)=null(4,1-A)c null((4,1 — A )< - < nutt{(2,7 - A" )= G, (4).

Triangulation Algorithm

Suppose A has characteristic polynomial ¢, (x)=(x—A4;)™ (x—4,)" ---(x— 4, )™
Choose a basis of null(/iil - A) , enlarge it by adding vectors to a basis of null((/iil - A)2 ), and so on.
Continue to obtain an ordered basis P, P, seres P } of G A (A) for each i.

Let P= an o Py o Py Py, J be the matrix with these basis vectors (in order) as columns.

Then P'AP= diag(U LreesUp ) as in the Block Triangulation Theorem.
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