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Inner Product Spaces

INNER PRODUCTS

Definition

An inner product on a vector space V is a function that assigns a number <v, w> to every pair v, w of vector

space V in such a way that the following axioms holds:
P;: <v, w) is a real number.

Py (v, w> = <w, v> .

Definition

A vector space V with an inner product is called an inner product space.

Note
o ():VxV-oR.
. (V, R,+,-) is a vector space.

° (V, R,+,, (,)) is an inner product space.

Examples

The following are inner product spaces.
1) (R” , R,+,-,<,>), define <X, Y> =X-Y the dot product.

2)  (Cla, bl Rt (), define (f,g)= j" £(x)g(x)dx .
3) (M s Rt (), define (A, B) = tr(aBT ).

Theorem

Let <,> be an inner product on a space V. Let u, v, w denote vectors in V, r a real number. Then:

1) <u,v+w>=<u,v>+<u,w>.

2) <v, rw> = r(v, w> .

3) (v0)=0=(0.v).

4) (v,v)=0 ifand onlyif v=0.

Theorem

If A is any nxn positive definite matrix, then (X s Y> =X TAY, VX,Y e R" defines an inner product on R”,

and every inner product on R”, and every inner product on R" arises in this way.

Proof:
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(X, Y) =XTAY isaninner product.
Any <,> on R” can be expressed as X ' AY :

e Let E= {El ..... En} be the standard basis of R". Then X = inEi and
i=1

Y= yE;.
j=1
n J n
<X’Y>=<Zl‘,xiEi’Z;ny1>= ‘lefyf<Ei’Ef>
i= Jj= i,j=

<E1’E1> <E1’En> {M]
=[x, - x, : : Cl=xTAy

<En’El> <En’En> Yn

Moreover, A= AT,

NORMS AND DISTANCE

Definition

The norm of v in V is defined as norm(v) = ||v|| = (v, v> (length).

Definition

The distance between vectors v, w in an inner product space is d(v, w) = ||v - w" .

Theorem

. . . AV . . . .
If v#0 isany vector in an inner product space, then V= H is the unique unit vector that is a positive
v

multiple of V.

Theorem: Schwarz Inequality

If v and w are two vectors in an inner product space V, then <v, w>2 < ||v||2||w||2 . Moreover, equality occurs if

and only if one of v or w is a scalar multiple of the other.

Proof:

e Note:

Assume ||v|| =a>0 and ||w|| =b>0.

"bv—aw”2 = <bv—aw, bv—aw) = (a <v, w))z 0= <v, w> <ab,and
(a <v, w))z 0= <v, w) 2—ab .
So —abS(v,w)Sab:OS(v,w) <a’b® =||v||2||w||2

2ablab —
bv+a - bv+aw,bv+aw) =2ab\ab +
[+ aw

2 2

2
) <1 or —1s<v W>51.

9
2 2 =
RN [v]lw
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Example

b
Consider the vector space C[a,b] of all continuous functions on [a, b] . Define ( fs g) = JA f (x)g (x)dx .

2
hen ([ (el < [/ av- [ (el v,
Theorem: Properties of Norms
|y =o0.
2) |v|=0 ifanonlyif v=0.
3 [l =}l

4) "v + w" < ||v|| + ||w|| (triangle inequality).

Theorem: Properties of Distance

1) d(v, w)>0.

2) d(v,w)=0 ifandonlyif v=w.

3) d(v, w)= d(w, v)

4) d(v, W)Sd(v,u)+d(u,w),Vv, u,weV

ORTHOGONAL SETS OF VECTORS
Definition

Two vectors v, w in an inner product space V are said to be orthogonal if <v, w) =0.

Definition
A set of vectors {31’---’ en} is called an orthogonal set if each e; #0 and <ei ,ej> =0,Vi#j.If, in

addition, ||ei || =1, Vi, then the set is called an orthonormal set.

Example

Consider {sin x,cos x} in C[— T, 7r] with (f, g) = r f(x)g(x)dx . Then <sin X,COS x) =0, so
-7

{sin X, COS x} is an orthogonal set.

Theorem: Pythagorean Theorem

It {el,...,en} is an orthogonal set of vectors, then ||el +~~~+en||2 = ||e1||2 +---+||en||2 .
Theorem
Let {@1 yeens en} be an orthogonal set of vectors. Then:

1) {rlel,..., rnen} is also orthogonal for all r, #0 inR.
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e e .
L., is an orthonormal set.
e el

3) {el,...,en} is linearly independent.

Theorem: Expansion Theorem
Let {e1 yeees en} be an orthogonal basis of an inner product space V. If v is any vector in V, then
1L <v, ei>
- 2
A e

Fourier coefficients of v with respect to the orthogonal basis {el R }

>Tn

€;

Lemma: Orthogonal Lemma

Let {el yeers em} be an orthogonal set of vectors in an inner product space V, and let v be any vector not in
. e,
span{el,..., em}. Define e, = V—Z " " , then {el, € m+1} is an orthogonal set of vectors.
i=1 |e;

Gram-Schmidt Orthogonalization Algorithm

Let V be an inner product space and {vl yenes vn} be any basis of V. Define vectors {el yeens en} inV
successively as follows:
L4 el = Vl .
(v2, el)
L4 62 = VZ 1 .
i
. _ <V3’@1> <V3’@2>
€3 =V3— 2 4~ €.
Jed] e
[ ]
n—1 < >
Vl’ l
° = .
e; .
gl N

Then {el yeers en} is orthogonal and span{v1 yenes vn}: span{el e €y }

Definition

The orthogonal complement U't of Uin Vis defined by U+t = {ve \% I<v, u> =0,Vue U}.

Theorem

Let U be a finite dimensional subspace of an inner product space V. Then:
1) U' isasubspaceof Vand V=U@®U".
2) If dimV =n,then dimU +dimU* =
3) If dimV =n,then dimU =U.

Proof of 1:
e U?t isa subspace of V because:
e 0eU".
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° alulj‘+a2ué‘eUl.
e V=U®U? because:
o Let erﬁUl,then X€e UL:><x,u>=O,‘v’ueU.But <x,x>=0 since xe U , so
x=0.S0 UnU* =0.
e Take a basis in U {bl,...,bm} and a basis in U™+ {bm+1,...,bk}.Assume

k m k
V#span{b,.....b,,.b,......b } . Define vi=v=>"ab; =v=> a;b;— Y a;b; .So

i=1 i=1 i=m+1
{bl,...,bm,bm+1,...,bk,v*} is an orthogonal set in V, so <v*,bi>=0 for i=1,....,m.
This means v*e U* . Contradiction! So V :span{bl,.. b, .b ...,bk} and

o Ymo>Ym+l o
V=U+U".
Proof of 2: Since V=U®Ul,so dimV =n=dimU +dimU *.

Proof of 3: U :{veVI(v,uL)zo,Vul € UL}. It is clear that Ut =U .

Definition

proj, :V =V, projy, (v): u where v=u+w for uelU, weW, V=U®W is called the projection on
U with kernel W.

Theorem: Projection Theorem

Let U be a finite dimensional subspace of an inner product space V and let ve V . Then:
1) proj; :V =V is alinear operator with image U and kernel U L

2) projy (v)e U and v-—projy, (v)e U+,
Z(v.e;)

4 2
= el

3) If {el,..., em} is any orthogonal basis of U, then proj; (v):

€; .

Proof of 1:
® proj; :V —V isalinear operator because:

o Let vi=u +w; and v, =u, +w,.
projy (v +vy)=projy (u; +uy +wy +w,)=u; +uy =projy (v )+ projy (v,).
o projU(a-v)=projU(a'u+a'w)=au=a-projU(v).
o im(projU )= {projU (v)l Ve V}. Take v=u,ue U . Then proj; (v)= projy (u)= u.So
im(projU)=U.
o ker(projU )= {ve Vi pro]U (v)= 0}. projy (v)= 0= projy, (u+uL)= 0=u=0.So
ker(pro?ju):Ui.
Proof of 2:
*  projy (v)e U follows from definition.

o v—projU(v)=(u+ul)—u=ul ceU*t.

Proof of 3:
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o If {el ..... em} is an orthogonal basis of U, and {em+l ..... en} is an orthogonal basis of U+,

then {e1 ..... €sConilsees e } is an orthogonal basis of V.

e Since Z< > z< > i“(v’—eiz)ei=u+ul,

Tl "l el

R

Theorem: Approximation Theorem

Let U be a finite dimensional subspace of an inner product space V. If ve V , then proj; (v) is the vector in

U that is closest to v. Closest means that ||v —projy (vm < ||v —u", Yue U,u # projy (v)

Example
Find the polynomial in P, that best approximates the function f |x| Assume V = C[—l 1] and
(r.8)=[ rixe(

e B= {1, x,3x2 —1} is an orthogonal basis of P,.

o, 0 e

o« projp, x

=3 (5x2 41).

[ 16

ORTHOGONAL DIAGONALIZATION

Theorem

Let T:V —V be alinear operator on V. Then the following conditions are equivalent:
1) Vhas a basis of eigenvectors of T.

2) There exists a basis B of Vsuch that M, (T) is diagonal.

A 0
Proof: Take B=1{e,.....e,} abasisof V. Then T(e;)=Ae; < M 5z(T)=[C,(T(e, ))][ o ]
0 - A

Theorem

Let T be a linear operator on an inner product space V. If {e1

() = <ei,T(ej)>]
5(T) [—"e["2 .

Proof:
o Write M,(T)=la,;].
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o T(ej):alje1 +--ta,e, <:>CB(T(ej)):

u <v,e,~> < <T(ej)7ei>

e Since v:Z e. forall veV, T(ej) e. .So

2 1
= [l i=1

A ed = e:]

Definition
A linear operator is called symmetric if <v, T(w)) = <T(v), w) holds for all v,weV .

Theorem
Let V be a finite dimensional inner product space. The following conditions are equivalent for a linear
operator T:V =V

1) <v, T(w)> = <T(v), w> forall v,weV .

2) The matrix of T is symmetric with respect to every orthonormal basis of V.

3) The matrix of T is symmetric with respect to some orthonormal basis of V.

4) The is an orthonormal basis {el , ...,en} of V such that <ei,T(ej )> = <T(ei ),ej>,Vi, J-

Theorem
Let T:V —V be asymmetric linear operator on an inner product space V, and let U be a T-invariant

subspace of V. Then:
1) The restriction of 7to U is a symmetric linear operator on U.

2) U 1 is also T-invariant.

Proof:
e U isitself an inner product space using the same inner product as V. Thus if

(T(v), w> = <v, T(w)), Vv,we V , then, in particular, it holds for v,we U .
e If veU' and ueU ,then <T(v), u) = <v,T(u)> = <v,u'>,u'e U.So <v,u'> =0. Thus
(T(v), u> =0=>T(v)eU™ .

Theorem: Principle Axis Theorem
The following conditions are equivalent for a linear operator 7 on a finite dimensional inner product space V.

1) Tis symmetric.
2) Vhas an orthogonal basis consisting of eigenvector of 7.

Example
Let T:P, — P, begivenby Tla+bx+cx?)=(8a—2b+2¢)+(~2a+5b+d4c)x+(2a+4b+5¢)x* . Define

<a +bx+cx?,a +b'x+ c'x2> =aa’+bb’+cc’. Show that T symmetric and find an orthonormal basis of P,

consisting of eigenvectors.
e  Want: T'is symmetric.
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e Take an orthonormal basis of P, B, = {1, X, x? }

8§ -2 2
e Then My (T)= -2 5 4/|.SoTissymmetric.
2 4 5

e  Want: Orthonormal basis consisting of eigenvectors.
*  Weknow the eigenvalues of M p (T) and thus eigenvectors of M p (T) to be

. 1 . 2 -2
o far=4=] 2 = 1]=| 2 |[teR’.
{12 151 3 3 3 €
-2 2 1
fl=CBO(el)
*  We are looking for {el,ez,e3}e P, suchthat f, =Cp (ez).
f3=CBO(e3)

o If MB(T)=P_1MBO (T)P is diagonal, then
P=PBO<—B=lCBO(el) CBO(91) CBO(el)J=[f1 P f3]-SO

1 2 2 .,
=Cple))=me=—1+—x——x
fi=Cple)=e =314 x—3
f,=Cyg (ez):>e2——1+l x+=-x?

1 >

f:=Cy (e3):e3 =—— 14— x+§'x

ISOMETRIES

Theorem

Let T:V —V be alinear operator on a finite dimensional inner product space V. Then the following
conditions are equivalent:

1) ||T(v1| = ||v||,Vv eV (T preserves norm).

2) ||T(v)—T(vl 1| = ||v - v1||, Vv,v, €V (T preserves distance).

3) <T(v), T(v)> = <v, v>, VveV (T preserves inner product).

4) If {el cees en} is any orthonormal basis in V, then {T(el )...,T(en )} is also an orthonormal basis (T
preserves basis).

Definition

A linear operator is called an isometry if it satisfies one of the conditions in the previous theorem.

Corollary

1) Every isometry is an isomorphism.
2) The composite of two isometries is an isometry.

Example

Consider T:M ,,, — M, and define <A, B> = tr(ABT ) Then T(A)= A" is an isometry.

n
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Theorem

Let T:V —V be an operator where V is a finite dimensional inner product space. Then the following
conditions are equivalent:

1) Tis anisometry.

2) My (T) is an orthogonal matrix for every orthonormal basis B.

3) My (T) is an orthogonal matrix for some orthonormal basis B.

Proof:
o 1=2:Let B= {el, ...,en} be an orthonormal basis. Then the j column of My (T) is

Cp (T(ej )) Now <CB (T(ei ).Cp (T(ej))> = <T(ei ),T(ej )> since Cp:V — R" isanisometry,
and <T(ei ),T(ej )> = <ei , ej> since T:V —V isanisometry. <el. ,ej> = {g’iizjj , so the
columns of M, (T) are orthogonal.

e 3=l:Let B= {el, ...,en} be the orthonormal basis. Then
<T(ei ),T(ej )> = <CB (T(ei )), Cy (T(ej ))> = {g,iijtjj because M, (T) is orthogonal. So

{T(e1 ),...,T(en )} is an orthonormal basis of V. So T is an isometry.

Corollary

If T:V =V isanisometry where Vis a finite dimensional inner product space, then det7 ==*1.

Theorem

Let T:V —V be anisometry on a two dimensional inner product space V. Then there are two possibilities.
Either:

cos@ —sind

1) There is an orthonormal basis B of V such that M, (T)= .
sind cosé

},0 <6< 2m (rotation).
Or:

1 0
2) There is an orthonormal basis B of V such that M, (T) = {O },0 <8<2x (reflection).

-1

Lemma

Let T:V —V be anisometry on a finite dimensional inner product space V. Then:
1) If Uis T-invariant, then U 1 is also T-invariant.
2) If Ais a complex eigenvalues of T, then |/1| =1.

3) If T has a non-real eigenvalues, then V has a 2-dimensional 7-invariant subspace.
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