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Inner Product Spaces 

INNER PRODUCTS 

Definition 

An inner product on a vector space V is a function that assigns a number wv,  to every pair v, w of vector 
space V in such a way that the following axioms holds: 

P1: wv,  is a real number. 

P2: vwwv ,, = . 

P3: uwuvuwv ,,, +=+ . 

P4: wvrwrv ,, = . 

P5: Vvvv ∈∀≥ ,0, . 
 

Definition 

A vector space V with an inner product is called an inner product space. 
 

Note 

• R→×VV:, . 

• ( )⋅+,,, RV  is a vector space. 

• ( ),,,,, ⋅+RV  is an inner product space. 
 

Examples 

The following are inner product spaces. 
1) ( ),,,,, ⋅+RR n , define YXYX ⋅=,  the dot product. 

2) [ ]( ),,,,,, ⋅+RbaC , define ( ) ( )�=
b

a
dxxgxfgf , . 

3) ( ),,,,, ⋅+× RmnM , define ( )TABBA tr, = . 
 

Theorem 

Let ,  be an inner product on a space V. Let u, v, w denote vectors in V, r a real number. Then: 

1) wuvuwvu ,,, +=+ . 

2) wvrrwv ,, = . 

3) vv ,000, == . 

4) 0, =vv  if and only if 0=v . 
 

Theorem 

If A is any n×n positive definite matrix, then nT YXAYXYX R∈∀= ,,,  defines an inner product on Rn, 
and every inner product on Rn, and every inner product on Rn arises in this way. 
 
Proof: 
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• AYXYX T=,  is an inner product. 

• Any ,  on Rn can be expressed as AYX T : 

• Let { }nEEE ,,1 �=  be the standard basis of Rn. Then �
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• Moreover, TAA = . 
 
 

NORMS AND DISTANCE 

Definition 

The norm of v in V is defined as ( ) vvvv ,norm ==  (length). 

 

Definition 

The distance between vectors v, w in an inner product space is ( ) wvwv −=,d . 
 

Theorem 

If 0≠v  is any vector in an inner product space, then 
v
v

v =ˆ  is the unique unit vector that is a positive 

multiple of V. 
 

Theorem: Schwarz Inequality 

If v and w are two vectors in an inner product space V, then 222, wvwv ≤ . Moreover, equality occurs if 
and only if one of v or w is a scalar multiple of the other. 
 
Proof: 

• Assume 0>= av  and 0>= bw . 

• ( ) abwvwvababawbvawbvawbv ≤	≥−=−−=− ,0,2,2 , and 

( ) abwvwvababawbvawbvawbv −≥	≥+=++=+ ,0,2,2 . 

• So 2222,0, wvbawvabwvab b =≤≤	≤≤− . 
 

• Note: 1
,

22

2

≤
wv

wv
 or 1

,
1 ≤≤−

wv

wv
. 
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Example 

Consider the vector space [ ]baC ,  of all continuous functions on [ ]ba, . Define ( ) ( )�=
b

a
dxxgxfgf , . 

Then ( ) ( ) ( )( ) ( )( )��� ⋅≤

�

�


�

� b

a

b

a

b

a
dxxgdxxfdxxgxf 22

2

. 

 

Theorem: Properties of Norms 

1) 0≥v . 

2) 0=v  if an only if 0=v . 

3) vrrv = . 

4) wvwv +≤+  (triangle inequality). 

 

Theorem: Properties of Distance 

1) ( ) 0,d ≥wv . 

2) ( ) 0,d =wv  if and only if wv = . 

3) ( ) ( )vwwv ,d,d = . 

4) ( ) ( ) ( ) Vwuvwuuvwv ∈∀+≤ ,,,,d,d,d  
 
 

ORTHOGONAL SETS OF VECTORS 

Definition 

Two vectors v, w in an inner product space V are said to be orthogonal if 0, =wv . 

 

Definition 

A set of vectors { }nee ,,1 �  is called an orthogonal set if each 0≠ie  and jiee ji ≠∀= ,0, . If, in 

addition, iei ∀= ,1 , then the set is called an orthonormal set. 

 

Example 

Consider { }xx cos,sin  in [ ]ππ ,−C  with ( ) ( )�−=
π

π
dxxgxfgf , . Then 0cos,sin =xx , so 

{ }xx cos,sin  is an orthogonal set. 
 

Theorem: Pythagorean Theorem 

If { }nee ,,1 �  is an orthogonal set of vectors, then 22
1

2
1 nn eeee ++=++ �� . 

 

Theorem 

Let { }nee ,,1 �  be an orthogonal set of vectors. Then: 

1) { }nn erer ,,11 �  is also orthogonal for all 0≠ir  in R. 
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2) 
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1

1
�  is an orthonormal set. 

3) { }nee ,,1 �  is linearly independent. 
 

Theorem: Expansion Theorem 

Let { }nee ,,1 �  be an orthogonal basis of an inner product space V. If v is any vector in V, then 

�
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=
n

i
i

i

i e
e

ev
v

1
2

,
 is the expansion of v as a linear combination of the basis vectors. The coefficients are called 

Fourier coefficients of v with respect to the orthogonal basis { }nee ,,1 � . 
 

Lemma: Orthogonal Lemma 

Let { }mee ,,1 �  be an orthogonal set of vectors in an inner product space V, and let v be any vector not in 

{ }mee ,,span 1 � . Define �
=

+ −=
m

i
i

i

i
m e

e

ev
ve

1
21

,
, then { }11 ,,, +mm eee �  is an orthogonal set of vectors. 

 

Gram-Schmidt Orthogonalization Algorithm 

Let V be an inner product space and { }nvv ,,1 �  be any basis of V. Define vectors { }nee ,,1 �  in V 
successively as follows: 

• 11 ve = . 

• 12
1

12
22

,
e

e

ev
ve −= . 

• 22
2
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33

,,
e

e
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• … 

• �
−

=
−=

1

1
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i
i

i
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nn e

e

ev
ve . 

Then { }nee ,,1 �  is orthogonal and { } { }nn eevv ,,span,,span 11 �� = . 
 

Definition 

The orthogonal complement ⊥U  of U in V is defined by { }UuuvVvU ∈∀=∈=⊥ ,0,| . 

 

Theorem 

Let U be a finite dimensional subspace of an inner product space V. Then: 
1) ⊥U  is a subspace of V and ⊥⊕= UUV . 

2) If nV =dim , then nUU =+ ⊥dimdim . 

3) If nV =dim , then UU =⊥⊥dim . 
 
Proof of 1: 

• ⊥U  is a subspace of V because: 

• ⊥∈U0 . 
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• ⊥⊥⊥ ∈+ Uuaua 2211 . 

• ⊥⊕= UUV  because: 

• Let ⊥∩∈ UUx , then UuuxUx ∈∀=	∈ ⊥ ,0, . But 0, =xx  since Ux ∈ , so 

0=x . So 0=∩ ⊥UU . 
• Take a basis in U { }mbb ,,1 �  and a basis in ⊥U  { }km bb ,,1 �+ . Assume 

{ }kmm bbbbV ,,,,,span 11 �� +≠ . Define ���
+===

−−=−=
k

mi
ii

m

i
ii

k

i
ii babavbavv

111

* . So 

{ }*,,,,,, 11 vbbbb kmm �� +  is an orthogonal set in V, so 0*, =ibv  for mi ,,1 �= . 

This means ⊥∈Uv* . Contradiction! So { }kmm bbbbV ,,,,,span 11 �� +=  and 
⊥+= UUV . 

 
Proof of 2: Since ⊥⊕= UUV , so ⊥+== UUnV dimdimdim . 
 
Proof of 3: ( ){ }⊥⊥⊥⊥⊥ ∈∀=∈= UuuvVvU ,0,| . It is clear that UU =⊥⊥ . 
 

Definition 

( ) uvVV UU =→ proj,:proj  where wuv +=  for Uu ∈ , Ww∈ , WUV ⊕=  is called the projection on 
U with kernel W. 
 

Theorem: Projection Theorem 

Let U be a finite dimensional subspace of an inner product space V and let Vv ∈ . Then: 

1) VVU →:proj  is a linear operator with image U and kernel ⊥U . 

2) ( ) UvU ∈proj  and ( ) ⊥∈− Uvv Uproj . 

3) If { }mee ,,1 �  is any orthogonal basis of U, then ( ) �
=

=
m

i
i

i

i
U e

e

ev
v

1
2

,
proj . 

 
Proof of 1: 

• VVU →:proj  is a linear operator because: 

• Let 111 wuv +=  and 222 wuv += . 

• ( ) ( ) ( ) ( )2121212121 projprojprojproj vvuuwwuuvv UUUU +=+=+++=+ . 

• ( ) ( ) ( )vaauwauava UUU projprojproj ⋅==⋅+⋅=⋅ . 

• ( ) ( ){ }VvvUU ∈= |jprojproim . Take Uuuv ∈= , . Then ( ) ( ) uuv UU == projproj . So 

( ) UU =jproim . 

• ( ) ( ){ }0jpro|jproker =∈= vVv UU . ( ) ( ) 00proj0proj =	=+	= ⊥ uuuv UU . So 

( ) ⊥= UUjproker . 
 
Proof of 2: 

• ( ) UvU ∈proj  follows from definition. 

• ( ) ( ) ⊥⊥⊥ ∈=−+=− Uuuuuvv Uproj . 
 
Proof of 3: 
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• If { }mee ,,1 �  is an orthogonal basis of U, and { }nm ee ,,1 �+  is an orthogonal basis of ⊥U , 

then { }nmm eeee ,,,,, 11 �� +  is an orthogonal basis of V. 

• Since ⊥
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Theorem: Approximation Theorem 

Let U be a finite dimensional subspace of an inner product space V. If Vv ∈ , then ( )vUproj  is the vector in 

U that is closest to v. Closest means that ( ) ( )vuUuuvvv UU proj,,proj ≠∈∀−<− . 

 

Example 

Find the polynomial in P2 that best approximates the function ( ) xxf = . Assume [ ]1,1−= CV  and 

( ) ( )�−=
1

1
, dxxgxfgf . 

• { }13,,1 2 −= xxB  is an orthogonal basis of P2. 

• ( ) ( ) ( )15
16
3

13
13

13,,
1

1

1,
proj 22

22

2

222
+=−⋅

−

−
+⋅+⋅= xx

x

xx
x

x

xxx
xP . 

 
 

ORTHOGONAL DIAGONALIZATION 

Theorem 

Let VVT →:  be a linear operator on V. Then the following conditions are equivalent: 
1) V has a basis of eigenvectors of T. 
2) There exists a basis B of V such that ( )TM B  is diagonal. 

 

Proof: Take { }neeB ,,1 �=  a basis of V. Then ( ) ( ) ( )( )[ ]
�
�
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�
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Theorem 

Let T be a linear operator on an inner product space V. If { }nee ,,1 �  is an orthogonal basis of V, then 

( )
( )

�
�

�

�

�
�

�
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=

2

,

i

ji
B

e

eTe
TM . 

 
Proof: 

• Write ( ) [ ]ijB aTM = . 
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. 

 

Definition 

A linear operator is called symmetric if ( ) ( ) wvTwTv ,, =  holds for all Vwv ∈, . 

 

Theorem 

Let V be a finite dimensional inner product space. The following conditions are equivalent for a linear 
operator VVT →: . 

1) ( ) ( ) wvTwTv ,, =  for all Vwv ∈, . 

2) The matrix of T is symmetric with respect to every orthonormal basis of V. 
3) The matrix of T is symmetric with respect to some orthonormal basis of V. 

4) The is an orthonormal basis { }nee ,,1 �  of V such that ( ) ( ) jieeTeTe jiji ,,,, ∀= . 

 

Theorem 

Let VVT →:  be a symmetric linear operator on an inner product space V, and let U be a T-invariant 
subspace of V. Then: 

1) The restriction of T to U is a symmetric linear operator on U. 
2) ⊥U  is also T-invariant. 

 
Proof: 

• U is itself an inner product space using the same inner product as V. Thus if 
( ) ( ) VwvwTvwvT ∈∀= ,,,, , then, in particular, it holds for Uwv ∈, . 

• If ⊥∈Uv  and Uu ∈ , then ( ) ( ) UuuvuTvuvT ∈′′== ,,,, . So 0, =′uv . Thus 

( ) ( ) ⊥∈	= UvTuvT 0, . 

 

Theorem: Principle Axis Theorem 

The following conditions are equivalent for a linear operator T on a finite dimensional inner product space V. 
1) T is symmetric. 
2) V has an orthogonal basis consisting of eigenvector of T. 

 

Example 

Let 22: PPT →  be given by ( ) ( ) ( ) ( ) 22 542452228 xcbaxcbacbacxbxaT +++++−++−=++ . Define 

ccbbaaxcxbacxbxa ′+′+′=′+′+′++ 22 , . Show that T symmetric and find an orthonormal basis of P2 

consisting of eigenvectors. 
• Want: T is symmetric. 
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• Take an orthonormal basis of P2 { }2
0 ,,1 xxB = . 

• Then ( )
�
�
�
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−
−

=
542
452
228

0
TM B . So T is symmetric. 

• Want: Orthonormal basis consisting of eigenvectors. 
• We know the eigenvalues of ( )TM B0

 and thus eigenvectors of ( )TM B0
 to be 

{ } 3
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• We are looking for { } 2321 ,, Peee ∈  such that 

( )
( )
( )�

�
�

��
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�

=

=

=

33

22

11

0

0

0

eCf

eCf

eCf

B

B

B

. 

• If ( ) ( )PTMPTM BB 0

1−=  is diagonal, then 

( ) ( ) ( )[ ] [ ]321111 0000
fffeCeCeCPP BBBBB === ← . So 

( )

( )

( )�
�
�

�

�
�
�

�

�

⋅+⋅+⋅−=	=

⋅+⋅+⋅=	=

⋅−⋅+⋅=	=

2
333

2
222

2
111

3
1

3
2

1
3
2

3
2

3
1

1
3
2

3
2

3
2

1
3
1

0

0

0

xxeeCf

xxeeCf

xxeeCf

B

B

B

. 

 
 

ISOMETRIES 

Theorem 

Let VVT →:  be a linear operator on a finite dimensional inner product space V. Then the following 
conditions are equivalent: 

1) ( ) VvvvT ∈∀= ,  (T preserves norm). 

2) ( ) ( ) VvvvvvTvT ∈∀−=− 111 ,,  (T preserves distance). 

3) ( ) ( ) VvvvvTvT ∈∀= ,,,  (T preserves inner product). 

4) If { }nee ,1 �  is any orthonormal basis in V, then ( ) ( ){ }neTeT ,1 �  is also an orthonormal basis (T 
preserves basis). 

 

Definition 

A linear operator is called an isometry if it satisfies one of the conditions in the previous theorem. 
 

Corollary 

1) Every isometry is an isomorphism. 
2) The composite of two isometries is an isometry. 

 

Example 

Consider nnnn MMT ×× →:  and define ( )TABBA tr, = . Then ( ) TAAT =  is an isometry. 
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Theorem 

Let VVT →:  be an operator where V is a finite dimensional inner product space. Then the following 
conditions are equivalent: 

1) T is an isometry. 
2) ( )TM B  is an orthogonal matrix for every orthonormal basis B. 

3) ( )TM B  is an orthogonal matrix for some orthonormal basis B. 
 
Proof: 

• 1	2: Let { }neeB ,,1 �=  be an orthonormal basis. Then the jth column of ( )TM B  is 

( )( )jB eTC . Now ( )( ) ( )( ) ( ) ( )jijBiB eTeTeTCeTC ,, =  since n
B VC R→:  is an isometry, 

and ( ) ( ) jiji eeeTeT ,, =  since VVT →:  is an isometry. 
�
�
�

≠
=

=
ji

ji
ee ji ,0

,1
, , so the 

columns of ( )TM B  are orthogonal. 

• 3	1: Let { }neeB ,,1 �=  be the orthonormal basis. Then 

( ) ( ) ( )( ) ( )( )
�
�
�

≠
=

==
ji

ji
eTCeTCeTeT jBiBji ,0

,1
,,  because ( )TM B  is orthogonal. So 

( ) ( ){ }neTeT ,,1 �  is an orthonormal basis of V. So T is an isometry. 
 

Corollary 

If VVT →:  is an isometry where V is a finite dimensional inner product space, then 1det ±=T . 
 

Theorem 

Let VVT →:  be an isometry on a two dimensional inner product space V. Then there are two possibilities. 
Either: 

1) There is an orthonormal basis B of V such that ( ) πθ
θθ
θθ

20,
cossin
sincos

<≤�
�

�
�
�

� −
=TM B  (rotation). 

Or: 

2) There is an orthonormal basis B of V such that ( ) πθ 20,
10

01
<≤�

�

�
�
�

�

−
=TM B  (reflection). 

 

Lemma 

Let VVT →:  be an isometry on a finite dimensional inner product space V. Then: 

1) If U is T-invariant, then ⊥U  is also T-invariant. 
2) If λ is a complex eigenvalues of T, then 1=λ . 

3) If T has a non-real eigenvalues, then V has a 2-dimensional T-invariant subspace. 


