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The Geometry of Euclidean Space

VECTORS IN R"

Y

2)
3)

4)
5)
6)
7)
8)
9)

. . u=I(u,....u
A vector in R” can be written as (1’ ’ ").

Definitions

u=ve

It u=(uy,...,u,) and V=(v1""’vn),then
au:(aul,...aun)yaeR

Some Properties

ue R” "
:(u+v)eR

ve R"

ae R

ue R”

u+v=v+u

}30&[16 R"

u+(v+w)=(v+u)+w_

—u=(—u1,...,—un) u+(—u)=0=(0,...,0)=(—u)+u.

and
u+0=u=0+u_

a(u+v):au+av_
(a+ﬂ)u=au+ﬂu.
(afhu = af )

10)1u=u_

NORM

1y
2)
3)

Definition

Let uz(ul""’””).The norm is ||u||= Vulz +m+u"2 .

Properties
ol =0

o] <l +v]

Jena] = efu]
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Dot PRODUCT

Properties
1) wv=v-u,

2) (u+V)'WZU'W+V'W.
3) aw-v)=u-(av)

4) wu20 poregver, 1'u=0=u=0

More Properties

2
u-u =]

iy
2) |UV|S||u”"V" (Cauchy-Schwartz).

(u+V)-(u+v)=||u||2 +2u-V+||v||2

() )=l -Jof*

(u—V)-(u—V)z"u”2 —211-V+||V||2.

3) and

4)

The Cosine Law

v =ul* =¥ + ol -2Vl cos 6

= (v=u)-(v=u)=[v|* +u" ~2|v]ju] cos

= [Vl =20 v ful = [V + ol =2l cos &

—Su-v= ||v||||u|| cos @

Theorem
u-v= ||V||||u|| cosd,u,v=0

Some Basic Consequences

1y fwv<[ullv]
0<f<—
2) W-V>0 peang 2,
V1
o="
u-v=0 peans 2,

PROJECTION
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Geometry

proj, v u

Theorem
fooj, +] =2
) Wl

. u-v
proj, v=——u
2) u-u

LINES IN R®

=(x.y.2)

P0=(xo’y0’Zo)

Some ways to characterize the line that passes through a given point Py = (xo 20> ZO) and follows the

direction of a non-zero vector ¥ (a,b, c). It p= (x, Y Z) denotes any point on the line, then:
PyP= v

° (vector equation).

x=x,+Aa
y=yo+Ab

o 1Tt (parametric equations).

X—=Xg Y—=Yo _ <=2

o If%bc#0  a b c

(symmetric equations).

THE CROSS PRoDuUCT
Definition

It u:(ul,uz,u3) and V=(v1,v2,v3),then u><v:(uzv3 —U3V,, U3V —U V3, UV, —uzvl) is the cross
product of u and v.
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i j k

. Uy Uy
Note: uxv=det| u; u, u;|=i

Vi V2
Vi Va2 V3

Some Basis Properties
1) uxv= —(qu) .
2) uxu=0.More general, if ull v, then uxv=0.
3) (ou)xv=cafuxv)=ux(av).
4) ux(v+w)=u><v+u><w .
Note: The cross product is not associative.

The Geometry of the Cross Product
1) f u#0 and v#0, then ||u>< V|| = ||u||||v|| sind .

Uy Up; uj
2) u-(vxw)=det Vi Vy Vs

Wi Wy W3

Theorem
u-(uxv)=0 and v-(uxv)=0. Geometrically, (uXV)J_u, (uxv)Lv.

Equations of Planes in R®
¢ An equation for the plane that passes through P, = (xo, Yos zo) and is perpendicular (normal) to n = (a, b, c)
is ﬁ'n =0.
¢ In terms of coordinates, (x—xo, Y=Y0,2— 2 )'(a,b, c)=0& a()c—x0 )+b(y— y0)+c(z—z0)= 0,or
ax+by+cz=d where d = ax, +by, +cz,.
X=Xy +Slxll +IV1
¢ Another way to describe a plane is <y =y, +su, + v, . This is the parametric equation through (xo, Yoo zo)
=279+ Ssuz+tvs
and parallel to u and v.

Theorem
Letuz0, v0, w=0.

1) The area of the parallelogram generated by u and v is ||u>< V|| .

2) The volume of the parallelepiped generated by the vectors u, v, w is |u- (wal .

COORDINATES IN R®
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Rectangular
Coordinates
z
o'- (x. .2)
1
|
Z.
1
1
LS
17X y
[ _y_ ————
X X

Example
Rectangular (x, Y, z)

MAT237Y1a.doc

Cylindrical
Coordinates
z
P= (r, o,z )
®
|z
6>~ T y

Cylindrical (r,6, z)

Spherical
Coordinates

Spherical (p, 6, ¢)

(-2,0,2)
2 727

Equations of Transformations

x=rcoséf

e Rectangular and Cylindrical: y=rsin@ and 6 = arctan(—] .
X

=2z

(2,7.2)

i
4

r=x2+y2

Yy

=2

Xx = pcosfsin ¢

e Rectangular and Spherical: y = psin@sin¢ .

Z=pcos¢@

VECTORS IN R"

Definition

Let u:(ul,...,un)e R" . Then the norm of u is ||u||:\[u12 +~~-+un2 .

Definition

(Zﬁ , 7T, %]

322
4°2

Let P= (pl yenes pn) and Q= (ql yenes qn) be two points in R". Then the distance between P and Q is

-0 ++(p—4,) .

Definition
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It Py = (p? yeens pg) and v= (al yeees ), then the line that passes through the point Py and follows the
xl = x{) + tal
direction of the vector v is the set of all points ()c1 N ) such that : ,teR.

_ .0
X, =x, +ta,

Problem
Suppose that the real numbers a, b, c, d satisfy the condition a’+ (b— 2)2 + (c + 1)2 + (d —3)2 =16 . Find the
values for a, b, ¢, d for which f(a,b,c,d)=(a—7)* +(p—8)* +(c+10)* +(d —12)* take its maximum and
minimum values.
e In this case, we can view a” + (b— 2)2 + (c + 1)2 + (d —3)2 =16 as a “sphere” centered at (0,2,—1,3)
with radius 4, and f(a,b, ¢, d) as the distance from (a,b,c,d) to (7,8,-10,12).
® Now, the line that joins the center of the “sphere” (0,2,—1,3) with the point (7,8,—10,12) is given by

x, =0+7t
Xy =2+6t
X3 =—1-9¢
x4 =3+9t

e At the intersection with the “sphere”, (7t)2 + (61‘)2 + (— 91‘)2 + (91‘)2 =l6=t= i%. Now one of

these two points (which we can solve easily) will give the maximum value for f (a, b,c,d), and the
other one will give the minimum.

Limits

Definition: Limit of One Variable

When we say “the function f(x) approaches the number L as x approaches a” (write lim f (x) = L), what we
xX—a

mean is:
e Geometrically: For any open interval B that contains L, we can always find an open interval A that
contains a such that for all xe A, x#a, f(x)e B.

e Algebraically: For every &€ >0, there exists 0 >0 such that 0 < |x— a| <d=> |f(x)— L| <E.

Definition: Limit of Two Variables
Let f: R? > R . When we say “the function f (x, y) approaches the number L as (x, y) approaches (a, b) ?
(write  lim f(x, y) = L), what we mean is:
(x.y)=(a.b)
e Geometrically: For any open interval B that contains L, we can always find an “open disk” D centered
at (a,b) such that for all (x, y)e D, (x, y);t (a,b), f(x, y)e B.
e Algebraically: For every € >0, there exists d >0 such that

0<||(x—a,y—bl|=\/(x—a)2 —i—(y—b)2 <§:>|f(x,y)—L|<8.
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OPEN AND CLOSED SETS

1y

2)
3)

1)
2)
3)

Some “Geometric” Definitions
The set consisting of all xe R” such that ||x —x0|| <r,r>0 is called “the disk centered at x, with radius r”

and is denoted D, (xo).
Aset ACR" issaid to be open if for every x, € A, there exists r >0 such that D, (Xo JcA.

Let AcR". xe R” is said to be a boundary point of A if for every r >0, the disk D, (x) contains at least

one point of A and contains at least one point of A“.

Examples
Are the following sets open?

{(x, y)e R? | y2 x} is not open.
{(x, y)e R’ ||x| < 4} is open.
R’, ¢ are both open.

Theorem
If A, B are open sets, then AN B is open also.

Proof: Let xe AN B, then xe A and xe B . Since A is open, there exists r, >0 such that D, (X) cA.
Since B is open, there exists rz >0 such that D,B (x) c B . Now, by taking r = min(rA Ty ),
D,(x)eD, (x)c A

D,(x)cD, (X)QB}:D’(X)QA(‘B-

Theorem
Let Ac R".If the set A contains at least one of its boundary points, then A is not open.

Definition
Aset AcR" issaid to be closed if it contains all of its boundary points.

Note
R?, ¢ are both open and closed.

Limits IN RM

Definition: The General Case
Let f:AcR™ — R", where A is open. Let a€ A or a boundary point of A. Then lim f(x) =L means for

X—a
each open set N < R” that contains L, there exists an open set M < R™ that contains a such that
xeM NA,xza= f(x)e N.
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Example

Let f(x,y)= {(X ¥.2y). (x, y)# (1)

. Th li y)=(1,1,2).
(570) (e )= (1) M /)= (012)

The Algebra of Limits
D lim[f(x)* g(x)]=lim f£(x)+lim g(x).
x—a x—a x—a
2) lim[f(x)- g(x)]= lim f(x)-lim g(x).
X—a X—a x—a
3) If lim f(x)=L and lim f(x)=M, then L=M .
X—a X—a
4) Let f:AcR™ ->R", g:BcR" ->R?, where A, B, f(A)mB are open. If 1imf(x)=Le B and
X—a
lim g(y)=M, then lim(go f)x)=M .
y—L X—a

Exercise

Evaluate the limit if it exists.
2 2
. x°+
1) lim 4

=7.
(x.y)-(2.3) x2 -y

2+y2

. X 2 2 t
2) lim .Let flx,y)=x"+y° and g(t)=——" Then
()000) sinx? + ) Fly)=xtey® and gl)=2

2, .2
. X" +y . . t
lim = lim o f)x,y)=lim——=1.
(x.y)-(0.0) Sinixz +y? ' (X.y)—>(0,0)(g fey) -0 sin ¢
Xy Xy ’

3) lim . Approaching (0,0) along (t,t), lim =limt—=%.Approaching (0,0)

(x,y)—)(0,0) xZ + yz (x,y)—)(0,0) x2 + y2 t—0 2t2
. Xy .22 .. ..
along (t,2t), lim =lim——-=—. So the limit doesn’t exists.
(x,y)=(0,0) x2 + y2 =0 5¢
6
4) lim . Using polar coordinates,
()ol00) 2 1yt P
6 6 .6 4 6
lim 2x T lim 3 r2 cos 49 o= lim 2r COSZ 0 = 0. Alternately, we know
(1.3)-00) x* +y*  r=0 7% cos? @+r*sin® @ 0cos* @+r”sin” O
6 6 6
0s——— <% =x* As (,y)=(00), x* 0,50 lim ———=0.
xz +y4 .X2 (x,y)_>(0’0)x2 +y4
CONTINUITY
Defintion

Let f:AcR™ — R".fis said to be continuous at ae A if:
1) fl(a) is defined.

2) lim f(x) exists.
X—a

3) lim f(x)= f(a).
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Theorem
If P(x) and Q(x) are polynomials, then iﬂ% =%,Q(a)¢ 0.
Example
eyt (x, y)#0
f (x, y)= [x2 + y? Y is continuous everywhere.
0, (x, y) =0
Differentiation
DERIVATIVE

Definition: Derivative of a Single-Variable Function

+h)—
Let f:IcR —>R,Iopen, ael.We say fis differentiable at x =a if limu exists. This

h—0

N

limit, if it exists, is usually denoted f '(a) and is called the derivative of f (x) at x=a.

fle+h)-f(x)
h

If fis differentiable for all xe I, then the function f '(x) =lim is usually called the
h—0

derivative of the function f.

Definition: The Partial Derivative of a Two-Variable Function
fla+h.b)-f(a.b)
h

Let f:AC R? 5R,A open, (a,b)e A.If lim exists, then it is called the partial
h—0

derivative of the function f with respect to x at (a,b) and is denoted gi (a, b).
X

Geometrically

o ai (a,b) is just the slope of the curve of intersection of the surface z = f (x, y) with respect to the plane

ox
y=b at the point (a,b, f(a,b)).
e Ingeneral,if z=f (x, y) is a surface for which a “tangent plane” exists at the point (a,b, f (a,b)) , then the

equation for the tangent plane is gi (a,b)(x— a)+gl (a,b)(y - a)— (z - f(f, b)) =0.
X Y

Application
Ifz=f (x, y) has a tangent plane at the point (a,b, f (a,b)) and & and k are “‘small” numbers, then

f(a+h,b+k)zf(a,b)+hgf (a,b)+kgf (a,b).

ax a
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Definition: Partial Derivative in General
Let f:AcR"” - R.Then

9

I 1,...,ai_l,a,-,am,...,an)=lim f(al,...,ai_l,ai +h,ai+1,...,an)—(al,...,an)

ox. h—0 h

L

. If the limit exists, then

it is the partial derivative of f with respect to x;.

Some Properties of the Derivative
1) If f:R™ ->R", g:R™ - R", aand B are constants, then D(af * Bg)= oDf + fiDg .
2) If f:R™ > R", g:R" >R’ then D(fog)=(Dg)f)+Df.
f|_8Vf-/Vs

3) Iff:R"—)R,g:R"—)R,thenV(—j 5
8 8

DIFFERENTIABILITY

Definition: Differentiability of Two Variable Functions
Let f:AcCR? — R . We say fis differentiable at (a,b)e A if

) flab)- 3 @ Mema)- 2 (aby-b)
(el [ )~(ao) =0

Definition: Differentiability in General
Let f:AcR" - R.We say fis differentiable at ac A if all the partial derivatives associated with f at a

exist and lim If (x)- f(a)-T(x—a)|
x—a ||X—a||

=0, where T is the matrix of partial derivatives associated with f at a.

PATHS IN RY
Definition

If I denotes an interval in R, then the function f:7 < R — R”" is called a path in R".

Example
f [0,47[] SR (cos t,sint) is a circular path traveled twice.

Definition
If f:AcCR—>R? 1 (x(r), y(r). z(r)) is a path, and ae A is such that x"(a), y’(a), z’(a), then the vector
f(a)=(x"(a), y'(a), z’(a)) is called the velocity vector of the path at x=a .
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The Algebra of Path Velocities
Let f, g be paths, aand S constants, #: R — R an ordinary function. Then:

ftg) =f'tg’.

Y
/ , , dg dg 9g |dy dg dx dg dy Jg dz dg dg Jdg| .
o = =] = — — = 4+ 2 24+ 2" H - 2 2
(g2 £) (@)= [ (@) F (o) [ax 2 aZL@ L T EExE
Zdt
called the gradient.

THE CHAIN RULE IN GENERAL

Let f:ACR™ -»R", g:BCR" - R”, ac A suchthat f(a)e B.Iffis differentiable at x=a and g is
differentiable at y = f(a), then [D(g * )](a) = [Dg](# (a))[[Ds Ja)].

Useful Property
IfF (x1 T )= 0 implicitly defines each of the variables x; as a function of the remaining variables

oF
ox i ox j

Xseeos Xjs Xjy1se-er X, then ——=————i# j.

ox a%x

DIRECTIONAL DERIVATIVE

Definition

Let f:AC R? SR ,a= (a,b)e A,and u= (ul,uz) unit vector. If limw exists, then it is

h—0

called the directional vector of the function f at the point (a, b) in the direction of the vector u. It is denoted

D,f(a).

Theorem

Duf(a) = Vf(a)-u , Where Vf = (ai yeee ,a—fj the gradient.
ox, ox,,

Example
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Consider a domed roof with the shape of the surface z=15- x? - 2y2 . A marble is placed at (3,1,4). In what

direction will the marble fall?
e We want the minimum of D f(3,1)= V£ (3,1)- (u;, u, ).

e VF(31)= (g—f; (3,1),3—1; (3,1)] =(-6,-4).

e Now, Vf(3,1)' (ul,u2 )= ||Vf(3,11|||u|| cos(Vf,u)= \/icos(Vf,u). If cos(Vf,u) =—1, then we have the
minimum. So take u=-Vf(3,1)=(6,4)=(3,2).
e So the marble will fall in the direction (3,2).

Theorem

-[vrx) <D, fx)<|VF(x)-

Theorem
1) Vf (x) points in the direction of maximum increase of the function f at the point x.

2) -Vf (X) points in the direction of maximum decrease of the function f at the point x.

Theorem
If S is the level surface given by the equation F (x, v, z) =k and S has a tangent plane at (xo , Y05 20 ), then

VF(xO Vo> zo) is a normal vector to the tangent plane to S at the point (xo Y0520 )

Proof: We just show that if r(t) denotes any path on the surface S that passes through (xo, Yo 20 ), the our
gradient VF(xO Y05 Zo) is perpendicular to the tangent vector of r(t) at (xo , Y0520 ) So let r(t) be a curve

OF OF ox OF dy OF 0z OF OF OF )\ (ox dy 0z
—e et ——+——=0 = =,=,= =
ot 0x ot dy ot Jz ot

on S, so F(r(t)): k,Vte I.Now y—>
ox dy dz

or ot ot
= VF-r'(t)=0.

Higher-Order Derivatives

THE TAYLOR THEOREM

First Order Taylor Expansion

R, (x, h) ~0
—h .

f(x+n)= f(x)+hf"(x)+R, (x,h) where lim
Notice that xf”'(t)dt = £(r) fh 50 flx+h)=flx)+nf (x)+ Uxf/}(t)dt —hf '(x)] = f(x)+hf(x)+ R, (x.h).

Theorem
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Second Order Taylor Expansion

Flaem)= )iy (e L [ one (.

The General Taylor Expansion
If fis n+1 times continuously differentiable at x, then

2 n
Fle+h)= f(x)+hf'(x)+h7 S F ()4 R, (). where
n!

R, (x.h)=. | et et O )t

n:Jx

Note
Notice that f (n+1) being continuous is bounded on [x x+ h] Let M denote the maximum of f 41) Gver

[x, x+#]. Then |Rn(x,h)|3—'j (x+h—1)"dr.
n. Jx
n+l

Also notice that when x<r<x+h, |x+h t| |h| So |R xhl MI |h| dt = M'| |+1
n! n

n+l

M|

Therefore |Rn (x, hl < m .

First Order Taylor Expansion for R"
For f:R" - R, f(x+h)= f(x)+Vf(x)-h+Rl(x,h) , where

1
xom)= [ ( —IZZhlhja £ (x+7h)dr

0 i=l j=1

Theorem: Second Order Taylor Expansion for a Function of Several Variables
If f:R" > R is at least thrice differentiable at x, then

x+h Zh af ZZhl ’8 ax n(x,h),where

lljl

L PE
j Z hh, hk—f(x+th)dt.
0 =1 j=1

R (x,h)=
n(x ) axax ax

N | —

LocAL EXTREMA

Definitions: Local Minima
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1) The function y= f (x) has a “local minimum at x = x,,” if there exists an open interval / such that x, € I
and for all xe I, f(x)z f(xo).

2) Let f:AC R? > R . The function z = f(x, y) has a “local minimum at x = x,,” if there exists an open
interval disc D, (xo, yo) such that for all (x, y)e D, (xo, yo)mA, f(x, y)= f(xo, yo).

Theorem
If fis differentiable at (xo, yo) and fhas a local maximum/minimum at (xo, Yo ), then Vf (xo, Yo ) = (0,0),
.9 9
thatis (v, ) = L (3. v0) = 0.0).
ox dy

Definition: Critical Point
The function z = f(x, y) has a critical point at (xo , yo) if Vf(xo » Yo ) = (0,0) , or if at least one of

E)i (xo , yo) or ai (xo , yo) does not exist.

ox dy

Theorem: Second Derivate Test
If f:AcR? >R is differentiable at (x,,y,) and V£ (x,,y,)=(0,0), then:

2%f °H
xdy ..
1) If ax—z(xo, y0)> 0 and det ﬁ 2 | 0, then f'has a local minimum at (xo, yo).
dydx ayz
0% f a:{ aa_af
2) If _2(x0’ ¥0)<0 and det g’{f axz; >0, then f has a local maximum at (xo, Yo)-
ax W ay‘z
#ro oy
3) If det g’z‘; gﬁ? <0, then f has not a local extrema at (xo » Yo ) We say that f'has a saddle point at (xo Y0 )
W ayz
Of  Of
2 )
4) If det g’{ f ?za; =0, then this test is inconclusive.
dydx gy

LAGRANGE MULTIPLIERS METHOD

Theorem

Let f:R" >R and g:R" = R beof class C'. Let S := {XE R" Ig(x)zO}. Let

f1S:S >R, xeS—> f(x). If 1S has alocal extremum at X, € S, then there exists A such that
Vf(x,)=AVg(x,) where Vg(x,)=0.

THE IMPLICIT FUNCTION THEOREM
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Theorem: One Variable Implicit Function Theorem

If F:R""™" — R isaC' function. Let x, € R”, z5€ R, and F(x,,z,)=0.If %—F(Xo,zo)io,thenthere
z

exists an open set U c R", x, € U , and a unique function z = g(x) such that for all xe U , F(x, g(x)) =0.

Theorem: The General Implicit Function Theorem
Fl = (xl,...,xn,zl,...,zm)=0

Let : where F,,..., F, areof class C'. Let x, € R” and z, € R" such that
F, =(xl,...,xn,zl,...,zm)=0
9z, 9z,,
F; (xo,z0)=0,Vi=1,...,m.Ifthe Jacobian Determinant det| : . |#0 (at (xo,zo)), then there
oF,, oF,
% %,
exists an open set U — R™ that contains z, € R™ and m unique functions g,...,g,, :U — R such that for

each z, e U, E(xo,g(xo))=O,Vi=1,...,m where g=(g1,...,gm).

Vector Valued Functions

ARC LENGTH

Suppose r(t) = (x(t), y(t), z(t)), a <t < b, then the length of the curve on the interval [a,b] is L= ﬁr'(lﬂdt .

VECTOR FIELDS

Definition
F:R" -5 R" is a vector field.

Definition: The Divergence of a Vector Field
oF, JF, OF

Let F=(F,,F,,F;). Then divF=—-+—2 4+
ox dy oz

Definition: The Curl of a Vector Field

oF, OF, oF, O0F, OF, OF
Let F=(F,. F,. F,). Then curm:(_t_a_l__a_z__l].

Notation
0 o0 0 .

IfV=|—,—,— |, then divF=V-.F and curl F =VXF .
ox dy o0z
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Laplacian Operator

n az
The Laplacian operator is denoted V2. If f:R" — R, then sz:z—{.lf F:R" - R", then
i=1 OXp
2 2
V2F= a_f’...’a_{ A
ox; ox,
Note
i j k PETPEY 1
1) curl(Vf)=0. Proof: Vx(Vf)=|< 2 2= - s |=0if feC!.
FOR dydz dzdy
o 9y o
92 2 9
ox  dy 0z
2) diV(curlF)zo.Proof: V-(VXF):aa—X % a% =0
£ F, B

Some Identities
D V(fz)=(Vf)g+ f(Ve).
2) div(fF)= f(div F)+F-(Vf).
3) div(FxG)=G-(curl F)+ F -(curl G).
4) curl(fF)= f(curl F)+(Vf)xF .

Potential Function

If curl F =0, then there exists f: R? — R such that F = grad f .

F(x, y,z)= (F1 (x, y,z), F, (x, y,z), F (x, y,z)) is the gradient field, and f = f(x, y,z) is the potential
function.

FLow LINES

Definition
A flow curve has tangent vectors that coincides with the vector field.

Example

Show that ¢(r)= (t2 20—141 ),t >0 is a flow line of the velocity vector field F(x,y,z)= (y +1,2, Zi] .
Z

Want: ¢(¢)= Fe(r)) . Now, ¢(¢)= (2t,2, Lj and F(e(t))= (21‘,2,

i (r).
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ARC LENGTH PARAMETRIZATION

Let 0'( )= ( (t), y(t) z(t)), a<t<b.Let p(s) be the same curve parameterized arc length:

s=s(t j|

1) Then the veloc1ty vector is always a unit vector.
dp ds _ ) dp _ o'(t)
ds di ds |

Tl

is called the curvature of o parameterized by p(s) .

7)dz.

Proof: ¢’(t)= which is unit.

2) Let T:d—p:V,then K=
ds

ds

Integration

DOUBLE INTEGRAL

Definition
Let f: R? - R. Let D be a bounded region in R?. Let P be an inner partition. Take all rectangles R; < D.
Let (xl Y )e R;; . Let |P| max|d | where |d | is the diameter of R;;
The Reimann Sumis §, = z f(x;k, yj XAAU) where AAj; is the area of R; .
i,j=1

If lim §, exists and independent of the choice of (x, Y ) then fis integrable and lim S, = .[J- f (x, y)dA

n—eo n—eo

Note
” f (x, y)dA is the volume below the surface f (x, y) over D.
D

Theorem: Fubini’s Theorem

b[d d
If fis continuous over R = [a b]x[c d] then ”f X,y dA=I[If X,y dy]dx=j[

Q ——

f(x, y)dx]dy (iterated

integrals).

Properties
Let Q= [a,b]x[c,d], f:Q — R integrable.
1) If £(x, y)=0 forall (x,y)e Q, then Hf(x,y)dA=0.
Q

2) 1 f(x,y):k,thenj' £, VA = k(b-a)d —c).
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3) 1f{“< a<b then”fxydA— foydA+ foydA+ foydA+ ”fxy

c<p<d
asx<a asx<a asx<a P<x<b
C<y<ﬂ C<y<ﬂ ﬂ<y<d /B<}<d

4) If £20 over Q, then J'If(x,y)dAzo.
Q

ij(x, y)dA| < J'I|f(x, v)dA

6) If fis continuous over Q, then I f(x, y)dA = f(xo, Yo )(b - a)(d - c) for some (xo, Yo )e Q . This is the Mean
Q

Value Theorem for double integrals
7) I m< f <M, then m(b—a)d —c <Hf X, y)dA<M(b—a)d—-c).
Q

8) II (x,y)+ Bg(x, y))dA = ajjf x,y)dA+,6’IIg x, y)d

a=-bb>0
9) If {C:_d’d - then f(—x,y):—f(x,y):gf(x,y)dA=0 and f(x,—y):—f(x,y):J;)J.f(x,y)dAzo.

Elementary Regions

82 (x) Type 1 Elementary Region: Q, = {a =
\/\"/ T ey g0
Q;
—
CTTT——T  al)
b
h Kh <
d \ ! 2 o) Type 2 Elementary Region: Q, = {a Y
hy ()’)— x< hz()’)

e

CHANGE OF VARIABLES

Definition: Jacobian Determinant

.n* 2 2 1 : . X = x(u7 V) . . .
Let T:D cR” —>R” bea C transformation given by (wv)’ The Jacobian determinant is
=ylu,v
Ay 5 &
=det| 5, 5 | (the determinant of the derivative matrix DT (u,v)).

w

Page 18 of 23



MAT237Y1a.doc

Theorem: Change of Variables for Double Integrals
LetDand D" be elementary regions in the plane and let T : D" — D beofclass C'; suppose that T is one-

to-one on D" . Furthermore, suppose that D = T(D*). Then for any integrable function f:D — R ,we have

] £ (e y)xay = ” £l v), ¥, v))( g((z z))

dudy .

Example: Jacobian Determinants of Popular Transformations

Jdy
x=rcosé |9 &2
1) Rectangular to polar: ) , (x, y) =|det| g’ =r.
y=rsin@  |9(r,6) T
Ay
x=rcos@ A ) x 2 &
2) Rectangular to cylindrical: {y=rsin@ , 00 et % % % =r.
— a(}", 0, Z) o O ¥
e % @ o
. o 9 oz
x=pcosfsing a ) p p op
3) Rectangular to spherical: {y = psinfsing , RASIRAE] % % % = p2 sing.
— a(p’ 0, ¢) ox 9 oz
z=pcos@ 5 36 5

SoME BASIC APPLICATIONS

1) If Qis a solid region in R?, then is volume is J-J.J.dV .
Q

2) If §(x, v, z) is the density at (x, y, z) of the solid Q, then it’s mass is M = IJ]&‘(X, Y, z)dV .
Q

[[[ £y, 2)av

) If f:Qc R® >R, then 2 isthe average value of f over Q.
[[Jav
Q

J..”xé'(x, v, z)dV J-.”yé'(x, v, z)dV .[J.J.zé'(x, v, z)dV

4) The center of gravity is given by x = Q , V= , 2= .
.[J.J.é'(x, y,2)dV .[J.J.é'(x, y,2)dV J..”é'(x, v, 2)dV
Q Q Q

PATH INTEGRAL
Problem
A very thin piece of wire has the shape of the arc r(t). It has density §(x, v, z) which changes continuously.

What is the mass of the wire?
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Definition: The Path Integral

b
.[ f (x(t), y(t), z(t)l|r'(tl|dt is called the path integral of the function f along the path r(t), ast<bh.

Notation: | fds ;:f FEON @) -

Property
1) The line integral of a function g(x, y) over a curve given as the graph of a function, say y = f (x), as<x<b,

is [gds= [ gl N1+ (0 ax.

2) The line integral of a function g(x, y) over a curve given as the graph of a function in polar coordinates as

r=r(6)6,<6<6, is [ gds= j: g(r(6)cos 6, r(6)sin OW(+(6))* +((6))* 6.

LINE INTEGRAL

Work
The work done is W = F - .

Problem
Let F= F(x, Vs z) = (F1 (x, Vs z), F, (x, v, z), F (x, Vs z)) Let r(t) = (x(t), y(t), z(t)) be a path. What is the total

work done by F when the object moves from r(a) to r(b) ?

Definition: Line Integral
b
Let F:R? — R? be a vector field, and c: r(t)= (x(t), y(t), z(t)), a <t<b be apath. If J‘F(r(t))'r'(t)dt exists,

then it is call the line integral of F over c.
Notation: .[F-dr .

Theorem
If F:R> 5R%isa gradient vector field (i.e. F=Vf for some f: R? - R) and both F and fare

continuous, then for smooth path c: r(t) = (x(t), y(t), z(t)), a<t<bh, .[F -dr = f(r(b))— f(r(a)) . Here, F is

said to be path independent.

Theorem
If F is path independent and c is a closed curved, then IF -dr=0.
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Theorem
If r(t), a<t<b and 6(u), c<u<d are different parameterizations of the same curve with r(a) = 6(6) and

r(b)=5(d), and jF-dr exists, then jF-dﬁ exists and jF-dﬁ:jF-dr.

Remark
The line integral and path integral are connected.

o= [t k= [ )

r'(r)
(1)

r’(t)# 0 the unit tangent

b
r'(t)"dt = J- (F-T)ds , where T =
7

vector.

SURFACE INTEGRAL

Definition: Parametric Surface
Consider ®:D c R? — R? where (u, v) = (x(u, v), y(u, v), z(u, v)) @ is said to be a parametric surface.
Note: {(x(u,v), y(u,v), z(u,v))l (u,v)e D} is a surface.

Property

Let T, = 2 (g vo ) 2 (g v ) Z g vo) | and T, = 2 (g vo )2 (g vk Z g v) | 18
ou ou Ju ov v ov

(Tu xT, )(uo Vo ) # 0, then this is a vector normal to the parametric surface <I>(u, v) at the point (uo Vo )

Definition: Surface Integral
The surface integral of a function f : R? >R overa parameterized surface <I>(u,v), (u, v)e D is

J.J- u v |T xT ||dudv

Definition: Flux
Let F:R* — R? be a vector field. Let <I>(u, v), (u, v)e D be a parameterized surface. The integral

J. J- T xT )dudv is called the flux of the vector field F (the surface integral of vector field F).

GREEN’S THEOREM

Orientation
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If C is a simple closed curve in the plane R?, then there are two
ways to go around the curve:

Counterclockwise (positive): C*.

Clockwise (negative): C~ .

Lemma

Suppose that D is a region of type 1 and that P: D — R is of class C'. Then Ide = H —dxdy where
C the boundary of D.

Proof:
D is a region of type 1 means there are
continuous functions @;, ¢, : [a,b] —-R

where ¢, (x) <, (x), Vxe [a, b] such that
Dz{(x,y)e R’ IanSb,qol(x)S ySqu(x)}

b b b
j jD— vy = [ [128 (e st = [Pl () Pl (= [P g bt~ Pl g (1)
Also, J.de = | Pdx+ | Pdx+ de+ .[ Pdx . Along C, and C; ,xisaconstant, so | Pdx= | Pdx=0.
c* c c; (o]

(oH

b
Since C; is parameterized by x> (x, o (x)),xe [a,b], J. Pdx = J. P(x, o (x))dx ; since C5 is parameterized
ct a
b b
by x> (x, 0, (x)), xe [a, b] , j Ifdx = IP(x, 0, (x))dx = jcf’dx = —I P(x, 0, (x))dx . So
3 a

Ide v[P)c (01 x))dx — Iquoz )dx = II —dxdy

Lemma

0
Suppose that D is a region of type 2 and that QO : D — R is of class C'. Then .[ Qdy = J-I B_Q dxdy , where
c* D dy

C the boundary of D.

Theorem: Green’s Theorem
Let D be a region of type 3 and let C be its boundary. Suppose that P: D — R and Q:D — R of class C'.

Then j’ Pdx+Qdy = ” [a_g_a_z;jd dy
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Theorem
Let D be a region of type 3 with boundary C =dD . Then the area of D is given by A= %J. — ydx+xdy .
oD

50

Proof: L — ydx+ xdy = j' jD [aa—g—g—ijdxdy - j' jD (14 1)dxdy = 24 .

STOKE’S THEOREM

Theorem: Stoke’s Theorem
Let S be the oriented surface defined by ®: Q R? - R® of class C' and Q type 1 or 2. Let

F:R® - R3ofclass C'. Then ”ourlF-dS:J'aF.ds.
S S

Remark
Let F=(P,0,0). Then curlF =(-0Q_ - P.,0, - P,) and T, xT, =(0,0,1), s0
oQ odpP . ,
” curl F-dS = ” — ——|dA . Now IF -ds = I Pdx+Qdy . This is Green’s Theorem!
N o dx 9y 20 20

GAUSSES’ THEOREM

Theorem: Gausses’ Theorem
Let F:R® > R3of class C'. Let Q be a solid in R? with the a smooth surface 9Q . Then

(5= J(av
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