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The Geometry of Euclidean Space 

VECTORS IN RN 

• A vector in Rn can be written as ( )nuu ,,1 �=u . 
 

Definitions 

• If ( )nuu ,,1 �=u  and ( )nvv ,,1 �=v , then 
�
�

�
�

�

=

=
⇔=

nn vu

vu

�

11

vu

. 

• ( ) Ru ∈= αααα ,,1 nuu � . 
 

Some Properties 

1) 

( ) n
n

n

Rvu
Rv

Ru
∈+�

��

�
�
�

∈

∈

. 

2) 

n
n

Ru
Ru

R
∈�

��

�
�
�

∈

∈
α

α

. 
3) uvvu +=+ . 

4) ( ) ( ) wuvwvu ++=++ . 

5) ( )nuu −−=− ,,1 �u  and ( ) ( ) ( ) uu0uu +−===−+ 0,,0 � . 
6) u0u0u +==+ . 

7) ( ) vuvu ααα +=+ . 

8) ( ) uuu βαβα +=+ . 

9) ( ) ( )uu βααβ = . 
10) uu =1 . 

 
 

NORM 

Definition 

Let ( )nuu ,,1 �=u . The norm is 
22

1 nuu ++= �u . 
 

Properties 

1) 0≥u . 

2) vuvu +≤+ . 

3) uu αα = . 
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DOT PRODUCT 

Let ( )nuu ,,1 �=u  and ( )nvv ,,1 �=v , then nnvuvu ++=⋅ �11vu . 
 

Properties 
1) uvvu ⋅=⋅ . 

2) ( ) wvwuwvu ⋅+⋅=⋅+ . 

3) ( ) ( )vuvu αα ⋅=⋅ . 
4) 0≥⋅uu , moreover, 0uuu =⇔=⋅ 0  

 

More Properties 

1) 
2uuu =⋅ . 

2) vuvu ≤⋅  (Cauchy-Schwartz). 

3) ( ) ( ) 22 2 vvuuvuvu +⋅+=+⋅+  and ( ) ( ) 22 2 vvuuvuvu +⋅−=−⋅− . 

4) ( ) ( ) 22 vuvuvu −=−⋅+ . 
 

The Cosine Law 

( ) ( )

θ

θ

θ

θ

cos

cos22

cos2

cos2

2222

22

222

uvvu

uvuvuvuv

uvuvuvuv

uvuvuv

=⋅�

−+=+⋅−�

−+=−⋅−�

−+=−

 
 

 

Theorem 
0vuuvvu ≠=⋅ ,,cosθ . 

 

Some Basic Consequences 

1) vuvu ≤⋅ . 

2) 0>⋅ vu  means 2
0

πθ <≤
. 

0=⋅ vu  means 2
πθ =

. 

0<⋅ vu  means . 
 
 

PROJECTION 

θ 

u 

v 
v - u 
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Geometry 

 
 

Theorem 

1) u
vu

vu
⋅

=proj
. 

2) 
u

uu
vuvu ⋅

⋅=proj
. 

 
 

LINES IN R3 

 
 

Some ways to characterize the line that passes through a given point ( )0000 ,, zyxP =  and follows the 

direction of a non-zero vector ( )cba ,,=v . If ( )zyxP ,,=  denotes any point on the line, then: 

• vλ=PP0  (vector equation). 

• czz

byy

axx

λ
λ
λ

+=
+=
+=

0

0

0

 (parametric equations). 

• If 0,, ≠cba , c
zz

b
yy

a
xx 000

`
−

=
−

=
−

 (symmetric equations). 
 
 

THE CROSS PRODUCT 

Definition 
If ( )321 ,, uuu=u  and ( )321 ,, vvv=v , then ( )122131132332 ,, vuvuvuvuvuvu −−−=× vu  is the cross 
product of u and v. 

u 

v 

vuproj  

( )0000 ,, zyxP =  

( )zyxP ,,=  

( )cba ,,=v  
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Note: 
21

21

31

31

32

32

321

321det
vv

uu

vv

uu

vv

uu

vvv

uuu kji
kji

vu +−=
	
	
	




�

�
�
�




�

=× . 

 

Some Basis Properties 
1) ( )uvvu ×−=× . 

2) 0uu =× . More general, if vu || , then 0vu =× . 

3) ( ) ( ) ( )vuvuvu ααα ×=×=× . 

4) ( ) wuvuwvu ×+×=+× . 
Note: The cross product is not associative. 
 

The Geometry of the Cross Product 
1) If 0u ≠  and 0v ≠ , then θsinvuvu =× . 

2) ( )
	
	
	




�

�
�
�




�

=×⋅

321

321

321

det
www

vvv

uuu

wvu . 

 

Theorem 
( ) 0vuu =×⋅  and ( ) 0vuv =×⋅ . Geometrically, ( ) uvu ⊥× , ( ) vvu ⊥× . 

 
 

Equations of Planes in R3 

• An equation for the plane that passes through ( )0000 ,, zyxP =  and is perpendicular (normal) to ( )cba ,,=n  

is 00 =⋅nPP . 

• In terms of coordinates, ( ) ( ) ( ) ( ) ( ) 00,,,, 000000 =−+−+−⇔=⋅−−− zzcyybxxacbazzyyxx , or 

dczbyax =++  where 000 czbyaxd ++= . 

• Another way to describe a plane is 
�
�

�
�

�

++=
++=
++=

330

220

110

tvsuzz

tvsuyy

tvsuxx

. This is the parametric equation through ( )000 ,, zyx  

and parallel to u and v. 
 

Theorem 
Let 0u ≠ , 0v ≠ , 0w ≠ . 

1) The area of the parallelogram generated by u and v is vu× . 

2) The volume of the parallelepiped generated by the vectors u, v, w is ( )wvu ×⋅ . 

 
 

COORDINATES IN R3 
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Example 
Rectangular ( )zyx ,,  Cylindrical ( )zr ,,θ  Spherical ( )φθρ ,,  

( )2,0,2−  ( )2,,2 π  	



�
�



�

4
,,22
ππ  

	
	




�

�
�




�
0,

2
23

,
2

23
 	




�
�



� 0,
4

,3
π

 	



�
�



�

2
,

4
,3

ππ
 

 

Equations of Transformations 

• Rectangular and Cylindrical: 

zz

ry

rx

=
=
=

θ
θ

sin
cos

 and 

zz

x
y

yxr

=

	



�
�



�=

+=

arctan

22

θ . 

• Rectangular and Spherical: 

φρ
φθρ
φθρ

cos
sinsin
sincos

=
=
=

z

y

x

. 

 
 

VECTORS IN RN 

Definition 

Let ( ) n
nuu Ru ∈= ,,1 � . Then the norm of u is  22

1 nuu ++= �u . 

 

Definition 
Let ( )nppP ,,1 �=  and ( )nqqQ ,,1 �=  be two points in Rn. Then the distance between P and Q is 

( ) ( )22
11 nn qpqp −++− � . 

 

Definition 

x 

y 

z 

( )zrP ,,θ=  

Cylindrical 
Coordinates 

θ r 

z 

x 

y 

z 

( )zyxP ,,=  

Rectangular 
Coordinates 

y 
x 

z 

x 

y 

z 

( )φθρ ,,=P  

Spherical 
Coordinates 

θ 

ρ 
φ 
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If ( )00
10 ,, nppP �=  and ( )naa ,,1 �=v , then the line that passes through the point P0 and follows the 

direction of the vector v is the set of all points ( )nxx �,1  such that R∈
�
�

�
�

�

+=

+=
t

taxx

taxx

nnn

,
0

1
0
11

� . 

 

Problem 
Suppose that the real numbers a, b, c, d satisfy the condition ( ) ( ) ( ) 16312 2222 =−+++−+ dcba . Find the 

values for a, b, c, d for which ( ) ( ) ( ) ( ) ( )2222 121087,,, −+++−+−= dcbadcbaf  take its maximum and 
minimum values. 

• In this case, we can view ( ) ( ) ( ) 16312 2222 =−+++−+ dcba  as a “sphere” centered at ( )3,1,2,0 −  

with radius 4, and ( )dcbaf ,,,  as the distance from ( )dcba ,,,  to ( )12,10,8,7 − . 

• Now, the line that joins the center of the “sphere” ( )3,1,2,0 −  with the point ( )12,10,8,7 −  is given by 

�
�

�

�
�

�

�

+=
−−=

+=
+=

tx

tx

tx

tx

93

91

62

70

4

3

2

1

. 

• At the intersection with the “sphere”, ( ) ( ) ( ) ( )
247

4
169967 2222 ±=�=+−++ ttttt . Now one of 

these two points (which we can solve easily) will give the maximum value for ( )dcbaf ,,, , and the 
other one will give the minimum. 

 
 
 

Limits 

Definition: Limit of One Variable 
When we say “the function ( )xf  approaches the number L as x approaches a” (write ( ) Lxf

ax
=

→
lim ), what we 

mean is: 
• Geometrically: For any open interval B that contains L, we can always find an open interval A that 

contains a such that for all axAx ≠∈ , , ( ) Bxf ∈ . 

• Algebraically: For every 0>ε , there exists 0>δ  such that ( ) εδ <−�<−< Lxfax0 . 

 

Definition: Limit of Two Variables 
Let RR →2:f . When we say “the function ( )yxf ,  approaches the number L as ( )yx,  approaches ( )ba, ” 

(write 
( ) ( )

( ) Lyxf
bayx

=
→

,lim
,,

), what we mean is: 

• Geometrically: For any open interval B that contains L, we can always find an “open disk” D centered 
at ( )ba,  such that for all ( ) ( ) ( )bayxDyx ,,,, ≠∈ , ( ) Byxf ∈, . 

• Algebraically: For every 0>ε , there exists 0>δ  such that 

( ) ( ) ( ) ( ) εδ <−�<−+−=−−< Lyxfbyaxbyax ,,0 22 . 
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OPEN AND CLOSED SETS 

Some “Geometric” Definitions 
1) The set consisting of all nRx ∈  such that 0,0 ><− rrxx  is called “the disk centered at x0 with radius r” 

and is denoted ( )0xrD . 

2) A set nA R⊆  is said to be open if for every A∈0x , there exists 0>r  such that ( ) ADr ⊆0x . 

3) Let nA R⊆ . nRx ∈  is said to be a boundary point of A if for every 0>r , the disk ( )xrD  contains at least 
one point of A and contains at least one point of Ac. 
 

Examples 
Are the following sets open? 

1) ( ){ }xyyx ≥∈ |, 2R  is not open. 

2) ( ){ }4|, 2 <∈ xyx R  is open. 

3) R2, φ are both open. 
 

Theorem 
If A, B are open sets, then BA ∩  is open also. 
 
Proof: Let BA ∩∈x , then A∈x  and B∈x . Since A is open, there exists 0>Ar  such that ( ) AD

Ar ⊆x . 

Since B is open, there exists 0>Br  such that ( ) BD
Br

⊆x . Now, by taking ( )BA rrr ,min= , 

( ) ( )
( ) ( ) ( ) BAD

BDD

ADD
r

rr

rr

B

A ∩⊆�
��

�
�
�

⊆⊆

⊆⊆
x

xx

xx
. 

 

Theorem 
Let nA R⊆ . If the set A contains at least one of its boundary points, then A is not open. 
 

Definition 
A set nA R⊆  is said to be closed if it contains all of its boundary points. 
 

Note 
R2, φ are both open and closed. 
 
 

LIMITS IN RN 

Definition: The General Case 
Let nmAf RR →⊆: , where A is open. Let A∈a  or a boundary point of A. Then ( ) Lx

ax
=

→
flim  means for 

each open set nN R⊆  that contains L, there exists an open set mM R⊆  that contains a such that 
( ) NfAM ∈�≠∩∈ xaxx , . 
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Example 

Let ( ) ( ) ( ) ( )
( ) ( ) ( )�

�
�

=
≠

=
1,1,,9,7,5
1,1,,2,,

,
yx

yxyyx
yxf . Then 

( ) ( )
( ) ( )2,1,1,lim

1,1,
=

→
yxf

yx
. 

 

The Algebra of Limits 
1) ( ) ( )[ ] ( ) ( )xxxx

axaxax
gfgf

→→→
±=± limlimlim . 

2) ( ) ( )[ ] ( ) ( )xxxx
axaxax

gfgf
→→→

⋅=⋅ limlimlim . 

3) If ( ) Lx
ax

=
→

flim  and ( ) Mx
ax

=
→

flim , then ML = . 

4) Let nmAf RR →⊆: , pnBg RR →⊆: , where A, B, ( ) BAf ∩  are open. If ( ) Bf ∈=
→

Lx
ax

lim  and 

( ) My
Ly

=
→

glim , then ( )( ) Mx
ax

=
→

fg �lim . 

 

Exercise 
Evaluate the limit if it exists. 

1) 
( ) ( )

7lim
2

22

3,2,
=

−
+

→ yx

yx
yx

. 

2) 
( ) ( ) ( )22

22

0,0, sin
lim

yx

yx
yx +

+
→

. Let ( ) 22, yxyxf +=  and ( )
t

t
tg

sin
= . Then 

( ) ( ) ( ) ( ) ( )
( )( ) 1

sin
lim,lim

sin
lim

00,0,22

22

0,0,
===

+
+

→→→ t
t

yxfg
yx

yx
tyxyx

� . 

3) 
( ) ( ) 220,0,

lim
yx

xy
yx +→

. Approaching ( )0,0  along ( )tt, , 
( ) ( ) 2

1

2
limlim

2

2

0220,0,
==

+ →→ t

t

yx

xy
tyx

. Approaching ( )0,0  

along ( )tt 2, , 
( ) ( ) 5

2

5

2
limlim

2

2

0220,0,
==

+ →→ t

t

yx

xy
tyx

. So the limit doesn’t exists. 

4) 
( ) ( ) 42

6

0,0,
lim

yx

x
yx +→

. Using polar coordinates, 

( ) ( )
0

sincos

cos
lim

sincos

cos
limlim

222

64

02422

66

042

6

0,0,
=

+
=

+
=

+ →→→ θθ
θ

θθ
θ

r

r

rr

r

yx

x
rryx

. Alternately, we know 

4
2

6

42

6

0 x
x

x

yx

x =≤
+

≤ . As ( ) ( )0,0, →yx , 04 →x , so 
( ) ( )

0lim
42

6

0,0,
=

+→ yx

x
yx

. 

 
 

CONTINUITY 

Defintion 
Let nmAf RR →⊆: . f is said to be continuous at A∈a  if: 

1) ( )af  is defined. 

2) ( )x
ax

f
→

lim  exists. 

3) ( ) ( )ax
ax

ff =
→

lim . 
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Theorem 

If ( )xP  and ( )xQ  are polynomials, then 
( )
( )

( )
( ) ( ) 0,lim ≠=

→
a

a
a

x
x

ax
Q

Q
P

Q
P

. 

 

Example 

( )
( )

( )�
�
�

��
�

�

=

≠
+

+
=

0,,0

0,,
, 22

22

yx

yx
yx

yx

yxf  is continuous everywhere. 

 
 

Differentiation 

DERIVATIVE 

Definition: Derivative of a Single-Variable Function 

Let RR →⊆If : , I open, Ia ∈ . We say f is differentiable at ax =  if 
( ) ( )

h
afhaf

h

−+
→0

lim  exists. This 

limit, if it exists, is usually denoted ( )af ′  and is called the derivative of ( )xf  at ax = . 

If f is differentiable for all Ix ∈ , then the function ( ) ( ) ( )
h

xfhxf
xf

h

−+=′
→0

lim  is usually called the 

derivative of the function f. 
 

Definition: The Partial Derivative of a Two-Variable Function 

Let RR →⊆ 2: Af , A open, ( ) Aba ∈, . If 
( ) ( )

h
bafbhaf

h

,,
lim

0

−+
→

 exists, then it is called the partial 

derivative of the function f with respect to x at ( )ba,  and is denoted ( )ba
x
f

,
∂
∂

. 

 

Geometrically 

• ( )ba
x
f

,
∂
∂

 is just the slope of the curve of intersection of the surface ( )yxfz ,=  with respect to the plane 

by =  at the point ( )( )bafba ,,, . 

• In general, if ( )yxfz ,=  is a surface for which a “tangent plane” exists at the point ( )( )bafba ,,, , then the 

equation for the tangent plane is ( )( ) ( )( ) ( )( ) 0,,, =−−−
∂
∂

+−
∂
∂

bffzayba
y
f

axba
x
f

. 

 

Application 
If ( )yxfz ,=  has a tangent plane at the point ( )( )bafba ,,,  and h and k are “small” numbers, then 

( ) ( ) ( ) ( )ba
y
f

kba
x
f

hbafkbhaf ,,,,
∂
∂

+
∂
∂

+≈++ . 
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Definition: Partial Derivative in General 
Let RR →⊆ nAf : . Then 

( ) ( ) ( )
h

aaaahaaaf
aaaaa

x
f nniii

h
niii

i

,,,,,,,,
lim,,,,,, 1111

0
111

���
��

−+
=

∂
∂ +−

→+− . If the limit exists, then 

it is the partial derivative of f with respect to xi. 
 

Some Properties of the Derivative 
1) If nmf RR →: , nmg RR →: , α and β are constants, then ( ) gfgf DDD βαβα ±=± . 

2) If nmf RR →: , png RR →: , then ( ) ( )( ) ffggf DDD ±=� . 

3) If RR →nf : , RR →ng : , then 2g
gffg

g
f ∇−∇=		



�
��



�
∇ . 

 
 

DIFFERENTIABILITY 

Definition: Differentiability of Two Variable Functions 
Let RR →⊆ 2: Af . We say f is differentiable at ( ) Aba ∈,  if 

( ) ( )

( ) ( ) ( )( ) ( )( )

( ) ( ) 0
,,

,,,,
lim

,,
=

−

−
∂
∂

−−
∂
∂

−−

→ bayx

byba
y
f

axba
x
f

bafyxf

bayx
. 

 

Definition: Differentiability in General 
Let RR →⊆ nAf : . We say f is differentiable at A∈a  if all the partial derivatives associated with f at a 

exist and 
( ) ( ) ( )

0lim =
−

−−−
→ ax

axax
ax

Tff
, where T is the matrix of partial derivatives associated with f at a. 

 
 

PATHS IN RN 

Definition 
If I denotes an interval in R, then the function nIf RR →⊆:  is called a path in Rn. 
 

Example 
[ ] ( )tttf sin,cos,4,0: 2 �R→π  is a circular path traveled twice. 

 

Definition 
If ( ) ( ) ( )( )tztytxtAf ,,,: 3 �RR →⊆  is a path, and Aa ∈  is such that ( )ax′ , ( )ay ′ , ( )az ′ , then the vector 

( ) ( ) ( ) ( )( )azayaxaf ′′′=′ ,,  is called the velocity vector of the path at ax = . 
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The Algebra of Path Velocities 
Let f, g be paths, α and β constants, RR →:h  an ordinary function. Then: 

1) ( ) gfgf ′±′=′± . 

2) ( ) gfgf ′±′=′± βαβα . 

3) ( ) gfgfgf ′⋅+⋅′=′⋅ . 

4) ( ) gfgfgf ′×+×′=′× . 

5) ( ) ghghhg ′+′=′ . 

6) ( ) ( ) ( )( )[ ] ( )[ ]
dt
dz

z
g

dt
dy

y
g

dt
dx

x
g

dt
dz

dt
dy

dt
dx

z
g

y
g

x
g

afafgafg
∂
∂

+
∂
∂

+
∂
∂

=

�
�
�
�

�

�

�
�
�
�

�

�

�
�

�
�
�

�

∂
∂

∂
∂

∂
∂

=′′=′
� . Here �

�

�
�
�

�

∂
∂

∂
∂

∂
∂

z
g

y
g

x
g

 is 

called the gradient. 
 
 

THE CHAIN RULE IN GENERAL 

Let nmAf RR →⊆: , pnBg RR →⊆: , A∈a  such that ( ) Bf ∈a . If f is differentiable at ax =  and g is 

differentiable at ( )ay f= , then ( )[ ]( ) [ ] ( )( )[ ] [ ]( )[ ]aDaDD ffgafg =� . 
 

Useful Property 
If ( ) 0,,1 =nxxF �  implicitly defines each of the variables ix  as a function of the remaining variables 

nii xxxx ,,,,, 111 �� +− , then ji
x

F

x
F

x
x

i

j

j

i ≠
∂

∂
∂

∂

−=
∂
∂

, . 

 
 

DIRECTIONAL DERIVATIVE 

Definition 

Let RR →⊆ 2: Af , ( ) Aba ∈= ,a , and ( )21 ,uu=u  unit vector. If 
( ) ( )

h
fhf

h

aua −+
→0

lim  exists, then it is 

called the directional vector of the function f at the point ( )ba,  in the direction of the vector u. It is denoted 

( )aDu f . 
 

Theorem 

( ) ( ) uaaDu ⋅∇= ff , where 		



�
��



�

∂
∂

∂
∂=∇

nx
f

x
f

f ,,
1

�  the gradient. 

 

Example 
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Consider a domed roof with the shape of the surface 22 215 yxz −−= . A marble is placed at ( )4,1,3 . In what 
direction will the marble fall? 

• We want the minimum of ( ) ( ) ( )21 ,1,31,3 uuff ⋅∇=uD . 

• ( ) ( ) ( ) ( )4,61,3,1,31,3 −−=		



�
��



�

∂
∂

∂
∂=∇

y
f

x
f

f . 

• Now, ( ) ( ) ( ) ( ) ( )uuu ,cos52,cos1,3,1,3 21 fffuuf ∇=∇∇=⋅∇ . If ( ) 1,cos −=∇ uf , then we have the 

minimum. So take ( ) ( ) ( )2,34,61,3 ==−∇= fu . 

• So the marble will fall in the direction ( )2,3 . 
 

Theorem 
( ) ( ) ( )xxDx u fff ∇≤≤∇− . 

 

Theorem 
1) ( )xf∇  points in the direction of maximum increase of the function f at the point x. 

2) ( )xf∇−  points in the direction of maximum decrease of the function f at the point x. 
 

Theorem 
If S is the level surface given by the equation ( ) kzyxF =,,  and S has a tangent plane at ( )000 ,, zyx , then 

( )000 ,, zyxF∇  is a normal vector to the tangent plane to S at the point ( )000 ,, zyx . 
 
Proof: We just show that if ( )tr  denotes any path on the surface S that passes through ( )000 ,, zyx , the our 

gradient ( )000 ,, zyxF∇  is perpendicular to the tangent vector of ( )tr  at ( )000 ,, zyx . So let ( )tr  be a curve 

on S, so ( )( ) ItktrF ∈∀= , . Now 0=
∂
∂

∂
∂+

∂
∂

∂
∂+

∂
∂

∂
∂=

∂
∂

t
z

z
F

t
y

y
F

t
x

x
F

t
F

 � 0,,,, =	



�
�



�

∂
∂

∂
∂

∂
∂⋅		




�
��



�

∂
∂

∂
∂

∂
∂

t
z

t
y

t
x

z
F

y
F

x
F

 

� ( ) 0=′⋅∇ tF r . 
 
 
 

Higher-Order Derivatives 

THE TAYLOR THEOREM 

First Order Taylor Expansion 

( ) ( ) ( ) ( )hxRxfhxfhxf ,1+′+=+  where 
( )

0
,

lim 1

0
=

→ h
hxR

h
. 

 

Notice that ( ) ( ) hx
x

hx

x
tfdttf

++
=′� , so ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )hxRxfhxfxfhdttfxfhxfhxf

hx

x
,1+′+=	




�
�



� ′−′+′+=+ �
+

. 

 

Theorem 



MAT237Y1a.doc 

Page 13 of 23 

( ) ( ) ( ) ( ) ( )�
+

′′−++′+=+
hx

x
dttfthxxfhxfhxf . 

 

Second Order Taylor Expansion 

( ) ( ) ( ) ( ) ( ) ( )�
+

′′′−++′′+′+=+
hx

x
dttfthxxf

h
xfhxfhxf 2

2

2
1

2
. 

 

The General Taylor Expansion 
If f is 1+n  times continuously differentiable at x, then  

( ) ( ) ( ) ( ) ( ) ( ) ( )hxRxf
n
h

xf
h

xfhxfhxf n
n

n

,
!2

2

+++′′+′+=+ � , where 

( ) ( ) ( ) ( )�
+ +−+=

hx

x

nn
n dttfthx

n
hxR !

!
1

, . 

 

Note 
Notice that ( )1+nf  being continuous is bounded on [ ]hxx +, . Let M denote the maximum of ( )1+nf  over 

[ ]hxx +, . Then ( ) ( )�
+

−+≤
hx

x

n
n dtthx

n
M

hxR
!

, . 

Also notice that when hxtx +≤≤ , hthx ≤−+ . So ( )
1!!

,
1

+
=≤

+
+

� n

h

n
M

dth
n
M

hxR
n

hx

x

n
n . 

Therefore ( ) ( )!1
,

1

+
≤

+

n

hM
hxR

n

n . 

 

First Order Taylor Expansion for Rn 

For RR →nf : , ( ) ( ) ( ) ( )hxhxxhx ,1Rfff +⋅∇+=+ , where 

( ) ( ) ( )� ��
= =

+
∂∂

∂
−=

1

0 1 1

2

1 1,
n

i

n

j ji
ji dtt

xx
f

hhtR hxhx . 

 

Theorem: Second Order Taylor Expansion for a Function of Several Variables 
If RR →nf :  is at least thrice differentiable at x, then 

( ) ( ) ( ) ( ) ( )hxxxxhx ,
2
1

1 1

2

1
n

n

i

n

j ji
ji

n

i i
i R

xx
f

hh
x
f

hff +
∂∂

∂
+

∂
∂

+=+ ���
= ==

, where 

( ) ( ) ( )� ���
= = =

+
∂∂∂

∂
−=

1

0 1 1 1

3
21

2
1

, dtt
xxx

f
hhhtR

n

i

n

j

n

k kji
kjin hxhx . 

 
 

LOCAL EXTREMA 

Definitions: Local Minima 
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1) The function ( )xfy =  has a “local minimum at 0xx = ” if there exists an open interval I such that Ix ∈0  

and for all Ix ∈ , ( ) ( )0xfxf ≥ . 

2) Let RR →⊆ 2: Af . The function ( )yxfz ,=  has a “local minimum at 0xx = ” if there exists an open 

interval disc ( )00 , yxDr  such that for all ( ) ( ) AyxDyx r ∩∈ 00 ,, , ( ) ( )00 ,, yxfyxf ≥ . 
 

Theorem 
If f is differentiable at ( )00 , yx  and f has a local maximum/minimum at ( )00 , yx , then ( ) ( )0,0, 00 =∇ yxf , 

that is ( ) ( ) ( )0,0,, 0000 =
∂
∂

=
∂
∂

yx
y
f

yx
x
f

. 

 

Definition: Critical Point 
The function ( )yxfz ,=  has a critical point at ( )00 , yx  if ( ) ( )0,0, 00 =∇ yxf , or if at least one of 

( )00 , yx
x
f

∂
∂

 or ( )00 , yx
y
f

∂
∂

 does not exist. 

 

Theorem: Second Derivate Test 
If RR →⊆ 2: Af  is differentiable at ( )00 , yx  and ( ) ( )0,0, 00 =∇ yxf , then: 

1) If ( ) 0, 002

2

>
∂
∂

yx
x

f
 and 0det

2

22

2

2

2

>
	
	
	




�

�
�
�




�

∂
∂

∂∂
∂

∂∂
∂

∂
∂

y

f
xy
f

yx
f

x

f

, then f has a local minimum at ( )00 , yx . 

2) If ( ) 0, 002

2

<
∂
∂

yx
x

f
 and 0det

2

22

2

2

2

>
	
	
	




�

�
�
�




�

∂
∂

∂∂
∂

∂∂
∂

∂
∂

y

f
xy
f

yx
f

x

f

, then f has a local maximum at ( )00 , yx . 

3) If 0det
2

22

2

2

2

<
	
	
	




�

�
�
�




�

∂
∂

∂∂
∂

∂∂
∂

∂
∂

y

f
xy
f

yx
f

x

f

, then f has not a local extrema at ( )00 , yx . We say that f has a saddle point at ( )00 , yx . 

4) If 0det
2

22

2

2

2

=
	
	
	




�

�
�
�




�

∂
∂

∂∂
∂

∂∂
∂

∂
∂

y

f
xy
f

yx
f

x

f

, then this test is inconclusive. 

 
 

LAGRANGE MULTIPLIERS METHOD 

Theorem 
Let RR →nf :  and RR →ng :  be of class C1. Let ( ){ }0|: =∈= xRx gS n . Let 

( )xxR fSSSf �∈→ ,:| . If Sf |  has a local extremum at S∈0x , then there exists λ such that 

( ) ( )00 xx gf ∇=∇ λ  where ( ) 00 ≠∇ xg . 
 
 

THE IMPLICIT FUNCTION THEOREM 
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Theorem: One Variable Implicit Function Theorem 

If RR →+ 1: nF  is a C1 function. Let nRx ∈0 , R∈0z , and ( ) 0, 00 =zF x . If ( ) 0, 00 ≠
∂
∂

z
z
F x , then there 

exists an open set nU R⊆ , U∈0x , and a unique function ( )xgz =  such that for all U∈x , ( )( ) 0, =xx gF . 
 

Theorem: The General Implicit Function Theorem 

Let 

( )

( ) 0,,,,,

0,,,,,

11

111

==

==

mnm

mn

zzxxF

zzxxF

��

�

��

 where mFF ,,1 �  are of class C1. Let nRx ∈0  and nRz ∈0  such that 

( ) miFi ,,1,0, 00 �=∀=zx . If the Jacobian Determinant 0det

1

1

1

1

≠
	
	
	
	




�

�
�
�
�




�

∂
∂

∂
∂

∂
∂

∂
∂

m

mm

m

z
F

z
F

z
F

z
F

�

���

�

 (at ( )00 , zx ), then there 

exists an open set mU R⊆  that contains mRz ∈0  and m unique functions R→Ugg m :,,1 �  such that for 

each U∈0z , ( )( ) miFi ,,1,0, 00 �=∀=xgx  where ( )mgg ,,1 �=g . 
 
 
 

Vector Valued Functions 

ARC LENGTH 

Suppose ( ) ( ) ( ) ( )( ) btatztytxt ≤≤= ,,,r , then the length of the curve on the interval [ ]ba,  is ( )� ′=
b

a
dttL r . 

 

VECTOR FIELDS 

Definition 
nn RRF →:  is a vector field. 

 

Definition: The Divergence of a Vector Field 

Let ( )321 ,, FFF=F . Then 
z

F
y

F
x

F
∂

∂
+

∂
∂

+
∂

∂
= 321div F . 

 

Definition: The Curl of a Vector Field 

Let ( )321 ,, FFF=F . Then 		



�
��



�

∂
∂

−
∂

∂
∂

∂
−

∂
∂

∂
∂

−
∂

∂
=

y
F

x
F

x
F

z
F

z
F

y
F 123123 ,,curl F . 

 

Notation 

If 		



�
��



�

∂
∂

∂
∂

∂
∂=∇

zyx
,, , then FF ⋅∇=div  and FF ×∇=curl . 



MAT237Y1a.doc 

Page 16 of 23 

 

Laplacian Operator 

The Laplacian operator is denoted 2∇ . If RR →nf : , then �
= ∂

∂
=∇

n

i nx

f
f

1
2

2
2 . If nn RRF →: , then 

	
	




�

�
�




�

∂
∂

∂
∂

=∇
2

2

2
1

2
2 ,,

nx

f

x

f
�F . 

 

Note 

1) ( ) 0curl =∇f . Proof: ( ) 0,,
22

=	
	




�

�
�




�

∂∂
∂−

∂∂
∂==∇×∇

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂ ��

yzzy
f

ff

z
f

y
f

x
f

zyx

kji
 if 1Cf ∈ . 

2) ( ) 0curldiv =F . Proof: ( ) 0

321

==×∇⋅∇ ∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

FFF

F zyx

zyx

. 

 

Some Identities 
1) ( ) ( ) ( )gfgffg ∇+∇=∇ . 

2) ( ) ( ) ( )fFFffF ∇⋅+= divdiv . 

3) ( ) ( ) ( )GFFGGF curlcurldiv ⋅+⋅=× . 

4) ( ) ( ) ( ) FfFffF ×∇+= curlcurl . 
 

Potential Function 
If 0curl =F , then there exists RR →3:f  such that fF grad= . 

( ) ( ) ( ) ( )( )zyxFzyxFzyxFzyxF ,,,,,,,,,, 321=  is the gradient field, and ( )zyxff ,,=  is the potential 
function. 
 
 

FLOW LINES 

Definition 
A flow curve has tangent vectors that coincides with the vector field. 
 

Example 

Show that ( ) ( ) 0,,12,2 >−= tttttc  is a flow line of the velocity vector field ( ) 	



�
�



� +=
z

yzyxF
2
1

,2,1,, . 

Want: ( ) ( )( )tFt cc =′ . Now, ( ) 	
	



�
�
�



�
=′

t
tt

2

1
,2,2c , and ( )( ) ( )t

z
ttF cc ′=		




�
�
�



�
=

2

1
,2,2 . 
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ARC LENGTH PARAMETRIZATION 

Let ( ) ( ) ( ) ( )( ) btatztytxt ≤≤= ,,,σ . Let ( )sp  be the same curve parameterized arc length: 

( ) ( )� ′==
t

a

dtss ττσ . 

1) Then the velocity vector is always a unit vector. 

Proof: ( ) ( ) ( )
( )t
t

ds
dp

t
ds
dp

dt
ds

ds
dp

t
σ
σσσ

′
′

=�′==′  which is unit. 

2) Let v==
ds
dp

T , then 
ds
dT=κ  is called the curvature of σ parameterized by ( )sp . 

 
 
 

Integration 

DOUBLE INTEGRAL 

Definition 
Let RR →2:f . Let D be a bounded region in 2R . Let P be an inner partition. Take all rectangles DRij ⊂ . 

Let ( ) ijji Ryx ∈** , . Let ijdP max= , where ijd  is the diameter of ijR . 

The Reimann Sum is ( )( )�
=

∆=
n

ji
ijjin AyxfS

1,

** ,  where ijA∆  is the area of ijR . 

If n
n

S
∞→

lim  exists and independent of the choice of ( )** , ji yx , then f is integrable and ( )��=
∞→

D

n
n

dAyxfS ,lim . 

 

Note 

( )��
D

dAyxf ,  is the volume below the surface ( )yxf ,  over D. 

 

Theorem: Fubini’s Theorem 

If f is continuous over [ ] [ ]dcbaR ,, ×= , then ( ) ( ) ( )� �� ��� �
�

�

�

�
�

�

�
=

�
�

�

�

�
�

�

�
=

d

c

b

a

b

a

d

cR

dydxyxfdxdyyxfdAyxf ,,,  (iterated 

integrals). 
 

Properties 
Let [ ] [ ]dcba ,, ×=Ω , R→Ω:f  integrable. 

1) If ( ) 0, =yxf  for all ( ) Ω∈yx, , then ( ) 0, =��
Ω

dAyxf . 

2) If ( ) kyxf =, , then ( ) ( )( )cdabkdAyxf −−=��
Ω

, . 
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3) If 
�
�
�

<<
<<

dc

ba

β
α

, then ( ) ( ) ( ) ( ) ( )����������
≤≤
≤≤

≤≤
≤≤

≤≤
≤≤

≤≤
≤≤Ω

+++=

dy
bx

dy
x

yc
x

yc
xa

dAyxfdAyxfdAyxfdAyxfdAyxf

β
β

β
αα

β
αα

β
α

,,,,, . 

4) If 0≥f  over Ω, then ( ) 0, ≥��
Ω

dAyxf . 

5) ( ) ( )����
ΩΩ

≤ dAyxfdAyxf ,, . 

6) If f is continuous over Ω, then ( ) ( )( )( )cdabyxfdAyxf −−=��
Ω

00 ,,  for some ( ) Ω∈00 , yx . This is the Mean 

Value Theorem for double integrals. 

7) If Mfm ≤≤ , then ( )( ) ( ) ( )( )cdabMdAyxfcdabm −−≤≤−− ��
Ω

, . 

8) ( ) ( )( ) ( ) ( )������
ΩΩΩ

+=+ dAyxgdAyxfdAyxgyxf ,,,, βαβα . 

9) If 
�
�
�

>−=
>−=

0,
0,

ddc

bba
, then ( ) ( ) ( ) 0,,, =�−=− ��

Ω

dAyxfyxfyxf  and ( ) ( ) ( ) 0,,, =�−=− ��
Ω

dAyxfyxfyxf . 

 

Elementary Regions 

 

Type 1 Elementary Region: ( ) ( )�
�
�

≤≤
≤≤

=Ω
xgyxg

bxa

21
1 . 

 

Type 2 Elementary Region: ( ) ( )�
�
�

≤≤
≤≤

=Ω
yhxyh

bya

21
1 . 

 
 

CHANGE OF VARIABLES 

Definition: Jacobian Determinant 

Let 22*: RR →⊂DT  be a 1C  transformation given by 
( )
( )�

�
�

=
=

vuyy

vuxx

,
,

. The Jacobian determinant is 

( )
( ) 	

	




�

�
�




�
=

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

v
y

u
y

v
x

u
x

vu
yx

det
,
,

 (the determinant of the derivative matrix ( )vuT ,D ). 

 

Ω2 

c 

d 
( )yh2  ( )yh1  

Ω1 

a b 

( )xg 2  

( )xg1  
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Theorem: Change of Variables for Double Integrals 
Let D and *D  be elementary regions in the plane and let DDT →*:  be of class 1C ; suppose that T is one-
to-one on *D . Furthermore, suppose that ( )*DTD = . Then for any integrable function R→Df :  ,we have 

( ) ( ) ( )( ) ( )
( )���� ∂

∂
=

*
,
,

,,,,
DD

dudv
vu
yx

vuyvuxfdxdyyxf . 

 

Example: Jacobian Determinants of Popular Transformations 

1) Rectangular to polar: 
�
�
�

=
=

θ
θ

sin
cos

ry

rx
, 

( )
( ) r
r

yx
yx
r
y

r
x

=
	
	




�

�
�




�
=

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

θθ
θ

det
,
,

. 

2) Rectangular to cylindrical: 
�
�

�
�

�

=
=
=

zz

ry

rx

θ
θ

sin
cos

, 
( )
( ) r

zr
zyx

z
z

z
y

z
x

zyx
r
z

r
y

r
x

=
	
	
	
	




�

�
�
�
�




�

=
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

θθθθ
det

,,
,,

. 

3) Rectangular to spherical: 
�
�

�
�

�

=
=
=

φρ
φθρ
φθρ

cos
sinsin
sincos

z

y

x

, 
( )
( ) φρ

φθρ
φφφ

θθθ

ρρρ

sindet
,,
,, 2=

	
	
	
	




�

�
�
�
�




�

=
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

zyx

zyx

zyx

zyx
. 

 
 

SOME BASIC APPLICATIONS 

1) If Ω is a solid region in 3R , then is volume is ���
Ω

dV . 

2) If ( )zyx ,,δ  is the density at ( )zyx ,,  of the solid Ω, then it’s mass is ( )���
Ω

= dVzyxM ,,δ . 

3) If RR →⊂Ω 3:f , then 

( )

���

���

Ω

Ω

dV

dVzyxf ,,

 is the average value of f over Ω. 

4) The center of gravity is given by 

( )

( )���

���

Ω

Ω=
dVzyx

dVzyxx

x
,,

,,

δ

δ

, 

( )

( )���

���

Ω

Ω=
dVzyx

dVzyxy

y
,,

,,

δ

δ

, 

( )

( )���

���

Ω

Ω=
dVzyx

dVzyxz

z
,,

,,

δ

δ

. 

 
 

PATH INTEGRAL 

Problem 
A very thin piece of wire has the shape of the arc ( )tr . It has density ( )zyx ,,δ  which changes continuously. 
What is the mass of the wire? 
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Definition: The Path Integral 

( ) ( ) ( )( ) ( )� ′
b

a

dttrtztytxf ,,  is called the path integral of the function f along the path ( ) btatr ≤≤, . 

Notation: ( )( ) ( )�� ′=
b

a
c

dttrtrffds : . 

 

Property 
1) The line integral of a function ( )yxg ,  over a curve given as the graph of a function, say ( ) bxaxfy ≤≤= , , 

is ( )( )( ) ( )( )�� ′+=
b

ac
dxxfxfxrggds 21, . 

2) The line integral of a function ( )yxg ,  over a curve given as the graph of a function in polar coordinates as 

( ) 21, θθθθ ≤≤= rr  is ( ) ( )( ) ( )( ) ( )( )�� ′+=
2

1

22sin,cos
θ

θ
θθθθθθθ drrrrggds

c
. 

 
 

LINE INTEGRAL 

Work 
The work done is vFW

��
⋅= . 

 

Problem 
Let ( ) ( ) ( ) ( )( )zyxFzyxFzyxFzyx ,,,,,,,,,, 321== FF . Let ( ) ( ) ( ) ( )( )tztytxt ,,=r  be a path. What is the total 

work done by F when the object moves from ( )ar  to ( )br ? 
 

Definition: Line Integral 

Let 33: RRF →  be a vector field, and ( ) ( ) ( ) ( )( ) btatztytxtc ≤≤= ,,,: r  be a path. If ( )( ) ( )� ′⋅
b

a
dttt rrF  exists, 

then it is call the line integral of F over c. 

Notation: � ⋅
c

drF . 

 

Theorem 
If 33: RRF →  is a gradient vector field (i.e. f∇=F  for some RR →3:f ) and both F and f are 

continuous, then for smooth path ( ) ( ) ( ) ( )( ) btatztytxtc ≤≤= ,,,: r , ( )( ) ( )( )afbfd
c

rrrF −=⋅� . Here, F is 

said to be path independent. 
 

Theorem 

If F is path independent and c is a closed curved, then 0=⋅�c drF . 
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Theorem 
If ( ) btat ≤≤,r  and ( ) ducu ≤≤,�  are different parameterizations of the same curve with ( ) ( )ca �r =  and 

( ) ( )db �r = , and � ⋅
c

drF  exists, then � ⋅
c

d�F  exists and �� ⋅=⋅
cc

dd rF�F . 

 

Remark 
The line integral and path integral are connected. 

( )( ) ( ) ( )( ) ( )
( ) ( ) ( )���� ⋅=′
′
′

⋅=′⋅=⋅
b

a
f

b

a

b

ac
dsTFdtt

t
t

tdtttd
�	


r
r
rrFrrFrF , where 

( )
( ) ( ) 0, ≠′
′
′

= t
t
t

T r
r
r

 the unit tangent 

vector.  
 
 

SURFACE INTEGRAL 

Definition: Parametric Surface 
Consider 32: RR →⊆Φ D  where ( ) ( ) ( ) ( )( )vuzvuyvuxvu ,,,,,, � . Φ is said to be a parametric surface. 

Note: ( ) ( ) ( )( ) ( ){ }Dvuvuzvuyvux ∈,|,,,,,  is a surface. 
 

Property 

Let ( ) ( ) ( )	



�
�



�

∂
∂

∂
∂

∂
∂= 000000 ,,,,,: vu

u
z

vu
u
y

vu
u
x

uT  and ( ) ( ) ( )	



�
�



�

∂
∂

∂
∂

∂
∂= 000000 ,,,,,: vu

v
z

vu
v
y

vu
v
x

vT . If 

( )( ) 0TT ≠× 00 , vuvu , then this is a vector normal to the parametric surface ( )vu,Φ  at the point ( )00 , vu . 
 

Definition: Surface Integral 
The surface integral of a function RR →3:f  over a parameterized surface ( ) ( ) Dvuvu ∈Φ ,,,  is 

( )( )�� ×Φ
D

vu dudvvuf TT, . 

 

Definition: Flux 
Let 33: RRF →  be a vector field. Let ( ) ( ) Dvuvu ∈Φ ,,,  be a parameterized surface. The integral 

( )( ) ( )�� ×⋅Φ
D

vu dudvvu TTF ,  is called the flux of the vector field F (the surface integral of vector field F). 

 
 

GREEN’S THEOREM 

Orientation 
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If C is a simple closed curve in the plane 2R , then there are two 
ways to go around the curve: 

1) Counterclockwise (positive): +C . 

2) Clockwise (negative): −C . 

 
 

Lemma 

Suppose that D is a region of type 1 and that R→DP :  is of class 1C . Then ��� ∂
∂−=

+ DC
dxdy

y
P

Pdx , where 

C the boundary of D. 
 
Proof:  
D is a region of type 1 means there are 
continuous functions [ ] R→ba,:, 21 ϕϕ  

where ( ) ( ) [ ]baxxx ,,21 ∈∀≤ ϕϕ  such that 

( ) ( ) ( ){ }xyxbxayxD 21
2 ,|, ϕϕ ≤≤≤≤∈= R

. 

 
Now, 

( )
( )

( ) ( )( ) ( )( )( ) ( )( ) ( )( )���� ��� −=−=
∂
∂=

∂
∂ b

a

b

a

b

a

b

a

x

xD
dxxxPdxxxPdxxxPxxPdxdyyx

y
P

dxdy
y
P

1212 ,,,,,
2

1

ϕϕϕϕ
ϕ

ϕ
. 

Also, ����� +−+++
+++=

4321 CCCCC
PdxPdxPdxPdxPdx . Along +

2C  and +
4C , x is a constant, so 0

42

== �� ++ CC
PdxPdx . 

Since +
1C  is parameterized by ( )( ) [ ]baxxxx ,,, 1 ∈ϕ� , ( )( )�� =

+

b

aC
dxxxPPdx 1,

1

ϕ ; since +
3C  is parameterized 

by ( )( ) [ ]baxxxx ,,, 2 ∈ϕ� , ( )( ) ( )( )���� −=�=
−+

b

aC

b

aC
dxxxPPdxdxxxPPdx 22 ,,

33

ϕϕ . So 

( )( ) ( )( ) ����� ∂
∂−=−=

+ D

b

a

b

aC
dxdy

y
P

dxxxPdxxxPPdx 21 ,, ϕϕ . 

 

Lemma 

Suppose that D is a region of type 2 and that R→DQ :  is of class 1C . Then ��� ∂
∂

=
+ DC

dxdy
y
Q

Qdy , where 

C the boundary of D. 
 

Theorem: Green’s Theorem 
Let D be a region of type 3 and let C be its boundary. Suppose that R→DP :  and R→DQ :  of class 1C . 

Then ��� 		



�
��



�

∂
∂−

∂
∂=+

+ DC
dxdy

y
P

x
Q

QdyPdx . 
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Theorem 

Let D be a region of type 3 with boundary DC ∂= . Then the area of D is given by � ��∂ +−=
D QP

dyxdxyA
2
1

. 

 

Proof: ( ) Adxdydxdy
y
P

x
Q

xdyydx
DDC

211 =+=		



�
��



�

∂
∂−

∂
∂=+− ����� . 

 
 

STOKE’S THEOREM 

Theorem: Stoke’s Theorem 
Let S be the oriented surface defined by 32: RR →⊂ΩΦ  of class 1C  and Ω type 1 or 2. Let 

33: RRF → of class 1C . Then ��� ∂
⋅=⋅

SS
dd sFSFcurl . 

 

Remark 
Let ( )0,,QP=F . Then ( )yxzz PQPQ −−−= ,curl F  and ( )1,0,0=× yx TT , so 

���� Ω 		



�
��



�

∂
∂−

∂
∂=⋅ dA

y
P

x
Q

d
S

SFcurl . Now �� Ω∂Ω∂
+=⋅ QdyPdxdsF . This is Green’s Theorem! 

 
 

GAUSSES’ THEOREM 

Theorem: Gausses’ Theorem 
Let 33: RRF → of class 1C . Let Ω be a solid in 3R  with the a smooth surface Ω∂ . Then 

����� ΩΩ∂
=⋅ dVd FSF . 


