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Mathematical Induction

Notation
N = {1,2,3, . } are called the “natural numbers”.

Principle of Mathematical Induction
Suppose S is a set of natural numbers (i.e. S € N). If:

D le §
2) k+1e S whenever ke S .
Then S =N.
Example
Prove for all ne N the following formula holds: 12422+ 4n? :—n(n+1)6(2”+1)_
Proof:
o Let S={meNl12+-~+m2 :m(m+1;(2m+1)}.
e leS:17=1 andl(zT)(S)=1.
e Assume ke S.Show k+1e S.
. keS—12iiklo k(k+1)6(2k+1).
2otk (k1) = k(k+1)6(2k+1)+(k+1)2 =(k+1)k(2k+1)+6(k+1)
2
. :(k+1)2k +67k+6:(k+1)(k+62)(2k+3) S0 kales.
(k1) (k+ 1)+ 1) 2k +1)+1)
6

Extended Principle of Mathematical Induction
Suppose S is a set of natural numbers (i.e. S € N). If:

3) nyesS.
4) k+1€ S whenever ke S .
Then {n,,ny +1,n,+2,...}C S .

Example
Prove for n>7 that n!>3".

Proof:
e Let S={ne Nim>3"} Let ny=7.

e 7eS:71=5040>3"7 =2187.
e Assume ke S.Show k+1e S.

e ke S=k!>3" Note by assumption k >7.
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o klk+1)=3%(k+1)=3%(8)>3"(3)=3"".

Well Ordering Principle
Every subset of N other than ¢ has a smallest element.

Theorem
Suppose S < N. If:

1) 1eS§.
2) k+1e S whenever ke S .
Then S=N.

Proof:
o letT= {ne Ning S}, i.e., T'is the “complement” of S.

e Want to show that 7 = ¢ . This is equivalent to S =N .

e Suppose T # ¢ . Then (by well ordering principle) T has a smallest element, call it #, € T .
o Sot; —1¢T (t; #1because 1€ §),s0 t;, -1 S.

e But by assumption 2, (t1 ~1)+1e S, so t;€ S and t, ¢ T . Contradiction.

Notation
Let a,be N. Say “a divides b” (write alb)if b=a-c for some ce N.

Definition
p e N is prime if the only divisors of p are 1 and p, and p #1.

Extended Principle of Mathematical Induction
Suppose S is a set of natural numbers (i.e. S € N). If:

1) nygesS.
2) k+1e S whenever ny,n, +1,...,ke S.
Then {n,,ny +1,n,+2,...}C S .

m=p; - p

m'=q,qy

e Note: l<m,m <n,so m,m e S .It means

Example: False Proofs
“Claim”: In any set of n people, all of them have the same age.

“Proof™:
e n=1.True.
e Assume true for k. Show for k+1.
o Let {pl,...,pkH} be a set of k+1 people.

e Consider {p1 yeeos Di } They will all have the same age by assumption.

e Consider {p2 yeeos Prsl } They will all have the same age by assumption.
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e So the set {pl yenes Pk+1} of k+1 people all have the same age.

The “proof” was false because if take k =2, then T} = {pl} and T, = {pz} have no common element.

Number Theory

PRIME NUMBERS

Lemma
Suppose ne N and n#1. Then n is a product of prime numbers.

Proof:
e Case l: n is prime. Done!
e Case 2: n is not prime.
e Let S={ne Nln#1landnisa productof primes}.
e 2e8§.
o [f23,...,n—1es,then neS:
e Since n is not prime, there is some natural number m # 1, n such that m|In, i.e.

n=mm’,m,m € N where m,m’ #1,n.

Theorem
There is no largest prime number.

Proof:
e Assume p is the largest prime number. In particular, this says {2,3, cees p} is the set of all primes.
o JetM=2-3----- p+1.Note that 2, 3, ..., p don’t divide M.
e Now, M >1, so there is some prime number ¢ such that g | M .

® But g#23,...,p,s0qisa“new” prime. Contradiction.

Theorem: Fundamental Theorem of Arithmetic
Every natural number not equal to 1 is a product of primes, and the primes in the product are unique
(including multiplicity) except for the order in which they occur.

Proof:

e Suppose there are natural numbers not equal to 1 with 2 distinct factorizations into primes. Then there
is the smallest of such number (well-ordering), call it N.

® N=p - p, =q;q;.Note that all the p;’s are different than the g;’s. So in particular, p; # g, (say
P <qp)

o Let M=N-pig,-q; =192 a0~ 1924 =424, \p1 —q,). but also,
M=N-pq;--q;=piPy Py —P1492 4, :P1(P2 Pk~ 42 ”'511)~ So
Pl(Pz"'Pk_CI2""]1)=(512"'611)(P1_‘]1)-Since
pilpi(py - pi =42 a))= P Wy -+, \py —a1)= pi 1 py =41 = py 1 g, . Contradiction!
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Example
48=16-3=2.2.-2.2.3=2%.3=3.24=2.2.3.2.2.

Definition
A natural number is called a composite if it is not 1 and it is not a prime number.

SERIES

® a,+a,+--,a;€R isaseries.

e We focus on series with a; > 0.

Convergence and Divergence
Given a series, it can either converge or diverge. For such series, we have the following criteria:

® Diverge: If for every number M >0, there is some index k such that a; +---+a;, >M .
e Converge: If there is a fixed number M >0 such that a, +---+a, <M for all k. Equivalently, if for
all M >0, there exists j such that the *j-tail” @, +a o+ <M .

Examples
1) 1+243+4+-.- diverges.

2) T diverges. Note 1+l+l+l+---:(1)+ LI Y R P L U O +---, and each
2 3 4 2 3 4 2 3 4 5 6 7 8

“grouping” > % . So by going 2M “groupings”, we can guarantee that 1+%+§+Z+m >M .

1 1 1 1 1 1 . .
3) I+—4+—+—4---= 1+5+—2 +—+- (geometric series) converges. More generally,
2
1 1 1 1 1 .
1+—+—2+—3+~-- =———,0<—<1. So the series converges to 2.
r r r 1— l r
r
Theorem
. th . 1 1 1 o111 1 .
If p, is the n"" prime number, then —+—+—+--- (i.e. —+—+—+—+---) diverges.
Pr P2 D3 2357
Proof:
. 1
e Assume the series converge. Then 3j such that + +oe<—=.
Pjni Pjw2 2

e Let Ne N be fixed, but arbitrarily.
e Let F(N) =# {1 <n< N lnisdivisible only by the primes p,,..., p; JL
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e Now, N—F(N)=#{1< n < N | nhas a prime factor among pj+l,pj+2,...}.

N-F(N)< N oV oy b Y s N—F(N)<E<:»F(N)>E.
Pjr1 Pja2 Pja Pjs2 2 2 2

e Write n=s%, s is the largest perfect square, and ¢ is square free. Note that s <4/ N and

oL

r=p -pjo’1 . So there are at most /N possibilities for s and at most 2/ possibilities for ¢, so

there are at most 2/ \/ﬁ possibilities for n. So F(N) <2/ \/ﬁ

e So, now %< F(N)< 2j\/ﬁz>%<2j\/ﬁz>\/ﬁ< 27*!' Butis fixed, and N arbitrary.

Contradiction!

CONGRUENCE AND MODULAR ARITHMETIC

Definition
Let a,be Z be two integers, and let me N be a natural number. If m|a—>b, then we say “a is congruent to

b modulo m” and write a =bmod m .

Examples
1) 1=13mod12.
2) 2=14mod12.
3) 3=15mod12.
4) —1=11mod12.
5) 0=24modl12.

Example
Suppose k,me N . Write k =gm+r (q is the quotient, 0 <r <m is the remainder). Saying k =gm+r is

equivalent to saying k = rmodm .

Application

Is 2%° +3 divisible by 2?
e Equivalent question: Is 2% +3=0mod2?
e 2=0mod2=2% =0 =0mod2 and 3=1mod2,s0 2% +3=1mod2.
e Therefore, 2% +3 is not divisible by 2.

Application
Is 2%° +3 divisible by 7?

e 2%=8=1mod7=[2°) =1° =1mod7 and 2? =4 =mod 7, so
2227 =2 =4.1=4mod 7= 2% +3=443=7=0mod 7 .
e Therefore, 2% +3 is divisible by 7.

Some Rules for Working with Congruence
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Let a,b,c,de Z, m,ke N.

a=bmodm
1) a=sbmodm=a+c=b+cmodm and =a+c=b+dmodm.
c=dmodm
a=bmodm
2) = ac =bd mod m .
c=dmodm

3) a=bmodm=a’ =b>modm .

4) a=bmodm= a* =b* modm .

Proof:
1) aEbmodm(:)mla—b(:)ml(a+c)—(b+c)(:) atc=b+cmodm.

a=bmodm & mla-b & a—b=qgm & ac—be =cqgm ,
2) , + = ac—bc+bc—bd =cqm+bgm =
c=dmodm & mlc—d & c—d=qgm & bec—bd =bg'm
ac—bdzm(cq+bq') = mlac—bd < ac=bd modm .
Example

What is the remainder when 32°2 +57 is divided by 8?
101
e 3’=Imod8= (32) =1'" mod8 = 3*” =1mod$.

e 5%=1mod8=(52)'4=1* mod8 = 5° = 1mod8 = 5° =S mod$.
e S03% +5% =1+5mod8 =3 +5 =6mod8.
e So the remainder is 6 when 322 +5? is divided by 8.

Theorem
Suppose p is a prime number and a,be N.If plab,then pla or plb.

a:pal...p %
Proof: By FTA, ! ﬁ ’;,
b=g"q

by FTA.So p=p, = plaor p=q; = plb.

472 qlﬁl ..

=ab=p" - p, -q,’B’.Now plab means p=p; or p=gq;

LAW OF CANCELLATION
Does ax = aymodm = x = ymod m ? Or equivalently, can we find an “inverse”, i.e. a number b such that

ba =1mod m , for a? If so, we can multiply both sides by b, then (ba)x = (ba)y modm < x=ymodm .

Examples
1) 3-2=3-0mod 6, but 2 #0mod 6. Equivalently, 3 has no inverse modulo 6.
2) 3-1=3-6mod5 and 1=6mod5.

Note: In 1), 3 and 6 are not relatively prime. In 2), 3 and 5 are relatively prime.

Theorem

Page 6 of 39



MAT246Y1a.doc

Let p be a prime, a an integer, and p | a.Then ax=aymod p= x=ymod p.

Proof: ax=aymod p = plax—ay = pla(x—y) = pla or plx—y.Butsince pla, plx—y =
x=ymod p.

Note
Any integer a is congruent to one of {0,1, e, — 1} modulo m.

Example
2=7=12=17=---mod5 . If m =35, any integer is congruent to one of {0,1,2,3,4}.

Example
If pla, then a is congruent to one of {0,1,..., p —1} modulo p.

Theorem: Fermat’s Little Theorem
Let p be a prime and a an integer such that p | a. Then a? ' =1mod p.

Proof:
o Jet S={a,a'2,a-3,...,a-(p—l)}.Thennote:

® The elements in S are distinct modulo p. (Suppose a-n=a-mmod p,l<n,m<p-ln#m.
Then n=mmod p ,but n—m< p—1,s0 p—1]n—m. Contradiction!)
¢ None of the elements are congruent to 0 modulo p. (an=0mod p = n=0mod p , but
n<p-1<p so pln.)
e So S contains p—1 numbers, no two of which are congruent, and none is congruent to 0 modulo p. So
in some order, the elements of S are congruent to S = {1,2, N/ —1}.
e So a'(a'2)-(a'2)---(a-(p—1))51-2'3---(p—1)m0dp =
a’(1-2-3---(p-1))=1-2-3---(p—1)mod p = a”™" =1mod p by cancellation law (since
L2,...,p=l<p=pll2,....,p-1).

Corollary
Let p be a prime, a an integer, and p | a . Then “a has an inverse modulo p”, i.e. there exists an integer b such

that ba=1mod p .

Proof: a”™' =1mod p = a”*a=1mod p.Solet b=a’>.

Example
Let p=5, a=3.1f b3=1mod5, what is b? By elimination, b =2 works. By the corollary, b = 33 =27
will work also.

Remark
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3) b is not unique.
4) b is unique modulo p.

Theorem: Wilson’s Theorem
If p is a prime, then (p—l)!E —lmod p .

Proof:
o LetS= {2,3,..., p—2}. Then note:

¢ None of the elements is divisible by p, so each has an inverse modulo p.
e All the inverses can be chose in the set S (only 1 and p—1 are their own inverses).

* None of the elements is it’s own inverse. (Suppose a€ S such that a-a=1mod p =
pla’-1= pl(a+1)(a—1),but a+1,a—1< p so contradiction.)
e S02-3-(p—2)=Imodp.
e Now, (p—1)=(2-3---(p-2))-(p-1)= p—1=—Imod p.

Definition
ne N is composite if n#1 and n is not prime.

Note
So N= {l}u {primes}u {composites}.

Definition
Let m,ne N . The greatest common divisor of m and # is the largest d € N such that d Im and d | n, write
gcd(m,n) or (m,n)

If (m, n) =1, then m and n are relatively prime.

Definition: Euler Function ¢
Let ne N\{l}. The Euler function ¢(n) is the number of elements in {1,2, e = 1} which are relatively

prime to 7.

Lemma
mlab

n .

Proof: Let a=p,* --- p, %, b:qlﬁ‘ --‘qlﬁ’. mlab= p,“ ~-pkakqlﬁ‘ ~--qlﬁ’ =cm. By FTA, the factors

of m are among the p;’s and ¢,’s. But since (m, a)=1, the factors of m are only among the ¢;’s. So m|b .

Note

. plab
For case m = p a prime, =plb.
pla
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Lemma
(a,m)zl

(b.m)=1 = (ab,m)=1.

pla

Proof: Suppose (ab, m)# 1. So there exists p such that plab and plm . So |
plm

}:@mﬁlm

b
pl}:&mﬁL
plm

Note
pla

p”)}:plab.

Note
a=bmodm
}:(b,m):l.

(a, m)zl

Why? a=b+km, so (b + km, m) =1. Suppose (b, m) # 1. Then there exists p such that plb and plm . So

plb

| j: plb+km = (b+km,m)#1. Contradiction!
plm

Proposition
ax = aymod m

(a,m):l}:xz ymodm .

Proof: aanymodmc)mlax—by=a(x—y).But since (a,m)=1, mlx—y& x=ymodm.

Theorem: Euler’'s Theorem
Let me N\{1}. If (a,m)=1, then a®"™ =1modm.

PrO(:f' Let {nl, . ..,n¢(m)} be the numbers in {1, yeea,MI— 1} which are relatively prime to m.
o LetS :{anl,...,an¢(m)}. Note:
o The elements of S are distinct modulo m. (If an; = an modm , then n; =n j mod m , but
n;,n; <m.)
e All elements in S are relatively prime to m. (Since (a, m)= 1 and (a, n; )=1, s0 (ani,m)= 1.)

e So in some order, the elements of S are congruent to {nl,...,n¢( )} modulo m.

m

e So (anl)---(ana,(m))z ny - Ny(,) modm = a”’(")(n1 ~-n¢(m))5 ny - ny(,ymodm = a®™ =1modm .

PuBLIC KEY CRYPTOGRAPHY
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History
Towards RSA public key coding: Ronald Rivest, Adi Shamir, Leonard Adleman.

Fact 1
Let N =p-q, p and g are distinct primes. Then ¢(N) = (p —1)(q —1).

Proof: N—¢(N)=#{1Sn£NI(n,N);tl}:#{lSnSNIpInorqIn}=#{1£nSNIplnorqln}.Now,

#{ISHSNlpl n}:#{p’zp’ . '(q_l)p’QI% and #{ISnSNIpln}=#{q,2q,...(p—1)q,pq}. So

N-¢(N)=#{p.2p,...(a=1)p,qp}#{4.2q....(p=1)g, pg}= p+q 1. Therefore,
N-¢(N)=p+q-1=¢(N)=N-(p+q-1)= pg-p—q+1=(p-1)g-1).

Example
Let p=5, g=3, N=pg=5x3=15.
)

. (N) #(15)=#{1,2,4,7,8,11,13,14} =8 .
o #(N)=0(pq)=0(15)=9(5x3)=4x2=8.
Fact 2

If gcd(a,b) =1l,a,be N, then there exist x, ye Z such that xa+ yb=1.

Example

Il
—_

(5)+(2) N
2(2)+ (1) =>1=5-2(2)=5-2(7-1(5))=3(5)-2(7) . So let ~ _ 5
2(1)+(0) T

7
ged(5,7)=1. 5
2

Lemma
Let N =p-q, p and g are distinct primes. Let n, M € N . Then nElmod¢(N):> M" =M modN .

Proof:
o n=1mod ¢(N) o §(N)ln—1o n-1=kg(N) o n=ko(N)+1= M" = M 0OH = a7 (g™ )
e Wewant M" =M mod N . It is enough to show M" =M mod p and M" =M mod g . We show
M"=Mmod p.
e Case I If pIM ,then M"=0=M mod p .
e (Case2:If pI M, then (M,p)=1.So by Euler’s Theorem,

M"=M .(M¢(N))k :M.(Mcﬁ(p))‘”(‘f)k =M .(1)¢(P)k =Mmodp.

Algorithm

Receiver | Sender
Choose p, g large primes.
N=p-q. N

#(N)=(p—1)g-1) (fact 1).
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Choose e relatively prime to p, q. e
Find d such that de+k@(N)=1 (fact 2).

0<M < N, M is the message.
M ¢ =Rmod N . R is the coded message.

R is the encoded message.

RY =M modN .
M is the decoded message.

Remarks
1) Whyis R =M mod N2 R =(M°) =M Since de+ko(N)=1= de=1mod (N), so
M =M mod N .

2) Why is this secure? To recover M from R, need to know d (and N). To know d, need to know ¢(N ) (and e).
To know ¢(N), need to know N = p-q ! But p, g are very large, so N is very large; there is no known
effective algorithm to find its factors.

3) If the sender forgets M but remembers R, the sender can’t recover M!

Euclidean Algorithm
If gcd(a,b)= d,a,b,d € N, then there exists x, ye Z such that xa+ yb=d .

Proof:
. gcd(a,b)zd = a=q-b+r0<r<b=>b=q, - r+n0<n<r=>r=q, n+n0<rn<n=..
= 1 =4 T T 14,08 1y <Py = 1y =4y e 0 (terminates because {r,rl,...,rk} isa

strictly decreasing sequence).
e Since dla,b,sodla,b=dlr,b=dln,r=dlr,,n=--=dlr,,rn.S0dln,.

e Since 1y lrg,son gyl =...=2>n,lr=nrn,lb=r,la.So

Fe lasb =, 1 ged(a,b)=d .

dlr
e So ke :>rk+1=d.
T 1d
Note
x=xy+nb )
Let a,be N, (a,b)=1. Then xya+ y,b=1 for some x,,y, € Z. Now, ,ne Z will produce
y=Yo—ha

other solutions because xa + by = (xO +nb)a+ (yO —na)b=xpa+yyh=1.

RATIONAL NUMBERS
Definition

m . .
Q= {— |lm,ne Z;n + 0} is the set of rational numbers.
n
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Remark
R = Q Ufirrational}.

Definition
m m, . ’ ’
—=— if mn'=mn.

n n

Definition: Addition and Multiplication

7’ ’ 7
.- nm m mn +nm
Addition: —+—=———

non nn’
mm m-m
Multiplication: —-— = —.
n on n-n

Example
Prove x/E is irrational.

Proof: Suppose x/E is rational, i.e. x/_ =ﬁ, and assume (m, n)=1 . Now, nx/E =m=2n’>=m>.So
n

2

21m?* = 21m= m=2m’ since 2 prime. So 2n°> =2?m’* = n* =2m’?> = 21n* = 21n. Contradiction!

Theorem
ﬁ is irrational for any p prime.

Proof: Suppose \/; is rational, i.e. \/; =z , and assume (m,n)zl .Now, nyp=m= an =m?.So
n

plm?* = plm= m= pm’ since p prime. So pn® = p>m’*> = n* = pm’* = pln*> = pln. Contradiction!

Example
Prove JE is irrational.

Proof: Suppose JE is rational, i.e. x/_ =ﬂ, and assume (m,n)= 1. Now, nx/g =m=6n>=m>.So
n

) 21m?* =2Im ,
6lm”° < So6lm=>m=2m

31m? =3Im since 2, 3 prime. So

6n’=6>m* =>n>=6m’> = 61n> = 61n. Contradiction!

Example

Prove {/5 is irrational.

Proof: Suppose i/E is rational, i.e. {/_ :ﬂ, and assume (m,n)zl . Now, n% =m=2n>=m’.So
n

21m® = 21lm=m=2m’ since 2 prime. So 2n° =2 m”> = n? =4m’> = 21n* = 41n* = 2In.
Contradiction!
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Example
Prove 3+\/7 is irrational.

Proof: Suppose \/g—i- 7 isrational, i.e. x/g—i- 7=1 , and assume (m, n) =1.Now,
n

2 2 2 2 2 2
J_:ﬂ—ﬁjy,:(ﬁ_ﬁj L L N LS R i ek LY
n n n n n

n —2mn

But v7 is irrational since 7 prime. Contradiction!

Definition
An integer of the form & 2 (for some ke Z ) is called a “perfect square”.

Note
Recall from Fundamental Theorem of Arithmetic that for any ne N,n >1 has a unique (except for order)

a a 20

. . . . . o 171 2 a 2
factorization into primes, i.e. n=p;" == p;”",&; € N.So n=k* =\p;" ---p,”" | =p,7" -~ p,

Theorem
Let Ne N . Then x/ﬁ is irrational if and only if N is not perfect square.

Proof:
e Assume x/ﬁ is rational. Suppose N is perfect square. Then N = plza‘ pkzak 0,20 =
\/N= pla‘ pkak € Z.€ Q. Contradiction!

e Assume N not perfect square. Suppose x/ﬁ is rational. Then VN = LN

n
2
2 alo;u ak
N=" =—(pl al ) =a,f20 = N:plz(“l‘ﬁl)...plz(“k_ﬁk),a'—ﬂz0.This means N is a

2 2
o (pfp )
perfect square. Contradiction!

Example

Prove {/Z is irrational.

Proof: Suppose &N =" where (m,n)=1 .Then 4n°® =m> . Now,
n

_ 2] a 3 _( a, a )3 _ 3oy 3oy

n=py Py =0 =\pp Py =DP1 Pk

3
m=pP P s mipf o p i) = p B p

— 2(®3a) ;=238 4" Contradiction because 23 g =23 ¢’ = 2430 =38, but 3) 2+3a =38!

. B0, 50 4p % o p % = p . p A

Theorem
Let k,Le N . Then % is rational iff % is an integer.

Page 13 of 39



MAT246Y1a.doc

Proof:
® (&) is trivial.
al e an
° (:):]{/_=ﬁ= by Py — pl(a]_ﬁ]) “.pn(au_ﬁ/x) — L= plk(al_ﬁ]) “,pnk(au_ﬂ/x). Now,
n plﬂl p B,

LeN=kla,-B,)20=>a,-f, 20> LeN.

ALGEBRAIC NUMBERS

Definition
A real number is called algebraic if there exists a polynomial with integer coefficients that has this number as
a root (not allowing the zero polynomial).

Example
1) \/E is algebraic: p(x): x?=2.

2) Any rational number LN algebraic: p(x) =nx—m.
n

Example
7, e are not algebraic (transcendental).

REAL NUMBERS

Motivation
Suppose we assume that the real numbers R exist. How would we prove that \/E exists? That is, is there

x, € R such that x,* =27

Definition
For a subset S R, ce R is an upper bound of Sif forall xe S, x<c.

Remark
There are many upper bounds for a given set.

Definition
A least upper bound for a subset S < R is:

® Anupper bound c.
¢ Such that for any other upper bound ¢, we have ¢ <c¢’.

Example
1) §= {1,2,3,4,5}. Upper bounds ¢ = 6,6.1,1010 ,...; least upper bound is 5.
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S = {xe Rlx< 10}. Upper bounds ¢ =10,11,... ; least upper bound is 10.

S = {xe Rix? < 2}. Upper bounds ¢ =1.5,2,...; least upper bound is x/E .
S = [3,7]u [— 1,2]u{1 1 1}. Upper bounds ¢ =111112,...; least upper bound is 111.
S =N has no upper bounds.

The Completeness Property
The basic property that distinguishes R from Q is that every non-empty subset of R which as an upper bound
has a least upper bound.

Theorem: Intermediate Value Theorem
Let f: [a,b] — R be a continuous function such that f (a) <0 and f (b) > 0. Then there exists x, € (a,b)

where f(xo ) =0.

Proof:
Let S = {xe [a,b]l f(t)< 0,Vte [a, x]} Note:
e Sisnotempty since a€ S .

e S has an upper bound b.
So § has a least upper bound x,. Want to show f(xo ) =0.

o If f(x,)>0, then there exists & >0 such that for all xe (x, —,x, +0), f(x)>0 since fis
continuous. So x, — 9 is an upper bound because otherwise there exists x€ S, x, —Jd < x such
that f(x) <0. So x, is not the least upper bound.

e If f(x,)<0, then there exists & >0 such that for all xe (x, —&,x, +0), f(x)<0 since fis

continuous. Let x = x, +g . Then f(x) <0,ie. xe §.So x; is not an upper bound.

So f(x,)=0.

Definition: Order
Assume we have the real numbers. a <b if b—ae P, where P = {positive numbers}.

Note
The set P has the following properties:

Closed under addition and multiplication.
For each xe R, exactly one of the following holds: xe P, —x€ P,or x=0.
Claim
a<b=-a>-b.
a<b=(b-a)e P
a<b,ke P= ka< kb .Proof: ce pl= k(b—a)=(kb—ka)e P=ka<kb.
€
a<b=(b-a)e P
a<b—ke P=> ka> kb . Proof: ce pl= —k(b—a)=(ka—kb)e P = ka > kb.
—ke
Example
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There exists irrational numbers x and y such that x” is rational.
V2
V2 2
Consider (\E j = ﬁ =3.

V2
If ﬁ is rational, then let x = ﬁ and y= x/E .

V2 V2
If \/g is irrational, then let x = \/g and y= \/E .

Definition: Real Numbers
A real number X is a subset of Q (the rational numbers) such that:
X#¢and X #Q.

If g€ X ,then g, € X forall g, <gq.
X has no largest element.

Example
Show X ={ge Qlq <3} is a real number.

X # ¢ because 1€ X. X #Q because 4¢ X .
g€ X =>q <3

et
42 <q
Suppose ge X is the largest element. Then ¢ < 3. By the property of the rational numbers, there always

L }:q2<q1<3.SoqzeX.

exists a rational number between any two rational numbers. So there exists ¢~ such that g < ¢’ < 3. So X has
no largest element.

Example

Show that ﬁ={qe qu2 <2}u{quIq<0} is a real number.

ﬁ¢¢ because O /2 . x/E;tQ because 3¢ +/2 .

Let qleﬁ and g, <gq,.1If g, <0, then qzeﬁ.lf q, >0, then g, <gq :qzz <q12 <2.So
92 <4, 3926\6-

2
, , 2 2
Suppose ge x/E is the largest element. Let g :q+l.Then q 2 :(q—i-lj :q2 +—61+L2<q2 +—q, SO
n n n n n

7 2 2
q2<q2+—q<2:>n> 4
n 2—q

largest element.

> So we can find n large enough such that ¢" = ¢ +le V2. %0 x/E has no
n

Comparison
R-world Q-world

3:={geQlg<3}
E:={quIq<ﬂ}
n n

ﬁ:z{qulq<O,q2<2}
%:Z{qu|q3<2}

SR IENERES
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Definition: Addition
Let X, Y be real numbers. X +Y :{p+q|pe X.,qe Y}.

Definition: Zero
0={geQlg<0}.

Theorem
0+ X = X for all real number X.

Definition
A real number X is “positive” if 0 X .

Definition: Multiplication of Positive Real Numbers

O<peX
Suppose X and Y are two positive real numbers. Then X -Y = {r €Qlr<0orr< p-g where { P } .

O<geY

Definition: Negative of a Number
For a real number X, define — X = {— qgeQlge X }\ largest element (if it exists) .

Example
If X={geQlg<2},then —-X =f-ge Qlg=2}={3e Qlg<-2}.

Theorem
For every X € R, we have X+(—X)=O.

Definition: Absolute Value
Xif X >0

|X| = ) .
-Xif X <0

Definition: Multiplication
X |X|-|Y].if X 20andY >0,0r X <Oand¥ <0
=[x | |r],if X 20and¥ <0,0r X <Oand¥Y 20’

Definition
1={geQlg<1}.

Page 17 of 39



MAT246Y1a.doc

Theorem
1-X=X,VXeR.

Definition
If X >0, define %: {qe Qlg<0,o0rgq :i,,q'e Q\X}\{largestelement}.
q

If X <0, define i=—L.
X x|

Completeness Property of the Reals
Every subset of R (other than ¢) which has an upper bound has a least upper bound.

CoMPLEX NUMBERS

1y
2)
3)

1)
2)
3)

Examples
3x+2 has no solution in Z, but there exists a solution in Q.

x? =2 =0 has no solution in Q, but there exists a solution in R.

x2 +1=0 has no solution in R, but there exists a solution in C.

Definition
A complex number z =a+ib, where a,be R, i=-1.

Notation
C is the set of all complex numbers.

Definition: Addition and Multiplication
Addition: (a+ib)+(a’+ib")=(a+a")+i(b+b").
Multiplication: (a+ib)-(a’+ib") = (aa’—bb")+i(ba’+ab’) .

Notes
Whyis RcC? aeR is a+i0e C.

For be R, O0+ibe C is (pure) imaginary.

Notation
Re(a+ib):=a, Imla+ib):=b.

|a+ib|:==+a*+b* is the modulus of a+ib.

a+ib ::a+i(—b): a—ib is the conjugate of a+ib .
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Examples
1) —(a+ib)=-a+i(-b). Check: (a+ib)+(~a+i(-b))=0+i0=0.

2) (a+ibfatib)=(atiba—ib)=(a> +b2)rilab—ab)=a® +b> =la+ib|*.

1 1 a-ib _ a-ib _ a i -b _ a+ib atib20.

3 = = i
)a+ib a+ib a—ib 4> +b%r 4 +b? a’+b?  a*+b?

Notation
Im 6 = argument of a+ib .

b |- r=va®+b?,r>0

rcos@+irsind  a+ib <
0= arctan(%)

Re

DeMoivre Formula
[r(cos @ +isin @)]" = r"[cos(n@)+isin(nd)] Vne N .

Example .
(14i)f = {ﬁ(cos{%) +i sin(%)ﬂ -2 [cos(%”j +i sin(%”n = 16(cos(27)+isin(27)) = 16.

Example
Find the solution to z° =—1.

r=1
Let z :r[cosﬁ+isin 9]. =1 r3[cos(3t9)+isin(3t9)]:cos(ir)+isin7r:> 9 T+2k - So,

3 T
2 = l[cos(%j +i sin(%ﬂ L, i% , 2, =l[cos(z)+isin(z)]=-1,

2
zzzlcoss—” +isin5—7z :—i+i£.
3 3 2 2

Triangle Inequality
|Zl +Zz| S|Zl|+|Z2|,Vz1,z2 eC.

FUNDAMENTAL THEOREM OF ALGEBRA

Definition: Closed Curve
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A closed curve in the plane is a continuous function from [O,2ﬂ'] into C such that its values at 0 and 27 are
the same.

Definition: Winding Number
If ¢1is a closed curve in the plane that doesn’t go through (0,0) , the its winding number about (0,0) is the

total number of times a vector from (0,0) to the point ¢(t) winds around (0,0) as t goes from O to 27 .

Lemma
If L(t) and M(t) are two closed curves (not passing through (0,0) ), and |L(t)—M(t)| < |L(t), Vt| , then L and

M have the same winding number.

Theorem: Fundamental Theorem of Algebra
Every polynomial with complex coefficients (other than a constant polynomial) has a complex root.

p(z)= a,z" +---+a;z+ay, where a, € C, a, #0 (so n is the degree of the polynomial).

Theorem: Factor Theorem
If p(z) is a polynomial with complex coefficients, then by FTA it must have a root re€ C, i.e. p(r) =0.

1) z—r divides this polynomial. So p(z) = (z - r)q(z), deg(q) < deg(p) .
2) ple)=alz=n)(z=r,)ar....r,e C.or plz)=alz—r)" - (z=n)".

Cardinality

Motivation
How to compare sizes of sets? Especially sizes of infinite sets?

Definition: Finite Set
A (non-empty) set S is finite if there exists some n e N such that the elements of S can be paired with the

elements of {1,2, ey n}
Equivalently, if can label the elements of S as s,,..., s, , then say S is finite, of cardinality (“size”) n.

Example
{blue, green, red} is finite with cardinality 3. blue <> 1, green <> 2, red <> 3.

Definition: Infinite Set
An infinite set is a set which is not finite.

Examples
N= {1,2,3, . .}, Q =rationals, R =reals are infinite sets.
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Definition

Two sets S and T have the same cardinality if there exists a bijection (one-to-one and onto) f:S =T ,i.e.
can pair elements of S with elements of 7.

Notation: |S| :|T| .

Note
For finite sets, if S and 7 both have n elements, then they have the same cardinality (take f:S —=T;s; —¢;).

Example
Let S=N={1.2,..} and T ={2.4,...}. Then |§|=|T|.
Why? Take f:S - T;n— 2n.fis 1-1 because f(n): f(m):> 2n=2m = n=m. fis onto because for all

meT,m=2l,le N,sotake n=1.

Example
Let S=N={1.2,..}o7 ={23,...}. Then |S|=T].

NOTIONS OF CARDINALITY

Definition: Countable
If |N| = |T| , then say 7 is countably infinite (“countable”).

Notation: |N| =¥,.

Example

S =Q" the set of positive rationals is countable, i.e. they can be enumerated. So ‘QJ’

=|N|=¥,.

Theorem
The set [0,1] :={re R10< x <1} is not countable (i.e. uncountable).

Notation: Say [0,1] has the cardinality of the “continuum”. Write |[0,1] =c.

Proof:
Suppose we have a list of all real numbers between 0 and 1:

§1 = 0.a11a12a13
S2 = O.a21a22a23 N
53 =0.a3a5as; ...
,a; #5

. This is a real number between 0 and 1.

i =

5
Make a number x = 0.x,x,x; as follows: x; = {

Now, x is not in the list because: x # s, since x; #a;;, x # 5, since x, # d,, , and so on.
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Definition
|S| < |T| if there exists 7, =T such that |T0| =|S| .

Definition
S| <|r| if [S| <|T| and |S|#|T|.

Claim
IN|<[lo.1] .

Proof:

We showed |N| #* |[0,1] , S0 it is enough to show |N| < |[0,1] Let S =N and T = [O,l]. Let T = {1,%,%,--}.

|T0|:|S| because f:S —>T0,f(n):l.
n

Theorem: Schroeder-Bernstein-Cantor Theorem
If S| <|T| and |S|2[T| , then |S|=|T].

Theorem
If a<b and c<d , then |[a,b] =|[c.d].

d-c

Proof: Take f: [a,b]—) [c,d],x—) (x—a)b

+c . fis 1-1 and onto.
—a

Theorem

o

Us

i=1

=C.

If [S;|=c,i=123,..., then

=

Us

i=1

Proof: §, COS[ :>c=|S1|S
i=1

. Note that USi =S, u(S2 \Sl)u(S3 \(S1 USZ))U--- is the union of
A T A

disjoint sets. Now, take f : U S, —L R, where S| —=(0,1) (since |Sl| =c), 85 —2(1,2) (since
i=1

Us.

i=1

oo

Us.

i=1

|S,|=c¢). etc; then <|R|=c. So, by S-C-B, =c.

Example

‘Rz‘ =c¢ because R? can be divided into unit squares S;, and then ‘Rz‘ =
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Example
Let S be the set of all sets of real numbers (ex: S = {{0}, {1}, ooy {1,2}. . [0,1], [34]u ll 10,11 1 . .}). Then |S| >c.

Proof:

Want: ¢ <|S| . Take f: R%S;xi—){x}, S0 |R| :c<|S| .

Want: ¢#S . Suppose ¢ = |R| = |S| , so there exists g : R —Diection 5 ¢ Note that in particular g is onto and
g(x) is a set of real numbers. Let T = {xe Rixe g(x)}c S . Claim: There isno ye€ R such that g(y) =T.
Suppose there is ye R such that g(y)=T. If ye g(y), then yeT = y¢ g(y) a contradiction; if y¢ g(y),

then ye T = ye g(y) a contradiction. So this contradicts “g is onto”.

Notation
|s|=2¢.

Remark
If S, is any set (not necessarily of R), then let § be the set of all subsets of S, . We can show that |S0| < |S| .

¢ _ 2 _ 52" '
So <2 <2 <2 <.

Theorem

The set of all subsets of N has cardinality c, i.e. 2% =¢ .

Proof: Let f:N — {0,1} be a characteristic function. For a subset S — N define its characteristic function

Lne S .. .
fs (n) = {0 cs Let T be the set of all characteristic function of N.
N

Define @:T — [0,1], 7 - 0.£(1)£(2)--. ¢ is 1-1 because
o(f)=o(f)=0.£0f2)--=0. W Q@)= r)= 1) f2)=r@)..= f = 1. S0 1| <[0.1]=c.
Now, for each xe [0,1] write it as 0.x;x, --- in binary (so x; =0,1). Given xe [0,1] define a characteristic

function gx(n)= x, . Define v : [0,1]—) T,x— g,,whichis 1-1. So [0,1]= c< |T|

So 2% =¢.

ENUMERATION PRINCIPLE

Any set in bijection with finite sequences of elements of a countable set is countable.

Example
Prove Q is countable.

S =Q* U{+,~} is countable. So Q\{0} is countable, so Q is countable.

Example
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Prove Q" ={(¢;,....q, )1 ¢; € Q} is countable.

Note: Q" < S a finite sequence of elements of Q, so ‘Q" < |S| =X,.

Now let S’ be the set of sequences of length i of elements of a countable set. Since

S"=¥,,so USi is countable.

i=1

15| =%, :>|S><S|=‘S2‘=RO == [Sxx S| =

Lemma
If S is infinite, then S contains a countably infinite set.

Proof: 35, € §, 3s, € S\{sl}, ds; € S\{sl,sz},etc.

Corollary
If S is infinite, then |S| =X, i.e. X, is the smallest infinite cardinal.

Theorem
If S is uncountable and S, is a countable subset of S, then |S \SO| = |S| .

Proof: §\S, is uncountable (otherwise (s \So )u Sy =S is countable). So there exists §; < S\S,,
countable. Now § = (S\8,)US, =(S\S, US,)US, US,. Let f:5,US, — S, be any 1-1 function.
s,s€ S\(S,US,)

Defi S > 8\S,, =
efine ¢:S — S\S,,(s) {f(s),seSouSl

. @ is 1-1 and onto. So |S\SO|=|S|.

Theorem
S is infinite iff it has a proper subset S, such that S, has the same cardinality as S.

Proof: If S is infinite, the by lemma there exists S, € § countably infinite. § = (S\s 0 JUs 0-
Let T=S \{sl} a proper subset of S.
s,5€ S\S,

Spass =5, €Sg.k=12,... is 1-1 and onto. So |T| =|S| .

Let f:S—)T,f(s)={

ALGEBRAIC NUMBERS

Definition: Algebraic Number
A real number is algebraic if there exists a (non-zero) polynomial with integer coefficient that has it as a root.
Notation: A = {algebraic nurnbers}.

Theorem
A is countable.
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A = {x e R| p(x) =0, pis polynomial of degree 1 with integer coefficients}
Proof: Let 1A, = {x e R p(x) =0, pis polynomial of degree 2 with integer coefficients}. Note that

A, & ZXZ

A, <& ZXZXZ,so0each A, is countable. Thus A = U A, is countable.
: k21

Corollary
|{n0n - algebraic numbers}| =c.

ARITHMETIC WITH CARDINAL NUMBERS

Cardinal numbers: {1,2, Xy, 029.. }

Definition: Addition
Let ¢, and ¢, be cardinal numbers, where ¢, :|S1| , Cy :|Sz| ;assume §; and S, are disjoint.

¢ tc, :=|S1 u52|.

Example
1) Xo+X,=7.Let X =[{2nlne N} and X, =[{2n+11ne Nj, then X, +X, =[{nlne Nj=|N=x,.
2) Xy+c=?.Let X, =|Q| and ¢=|R\Q|, then X, +c=|R|=c.

Definition: Multiplication
c;XCy :=|S1 ><Sz| .

Example
1) XoxX,=?.Let X, =|N|, then X, x X, =|NxN|=X,.
X, xc=|NxR|<|[RxR|=c

2) Xyxc=?.Let X, =|N| and ¢ =|R|. Then
X, xc=|NxR|2[IxR|=c

}2 XyXc=c.

Definition: Exponential
x4t =[{r1f:a-x}.

Example
2% =7 . Let 2=[{0.1} and X, =|N|, then 2% =|{f 1 £ :N - {0.1}} =|P(N) =c.
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Classical Geometry

NUMBER FIELDS

Examples: Closed Sets
1) The set of rational numbers is closed under the four basic operations of arithmetic: +, -, X, +.

2) The set of integer is not closed under division: 1+2 = 3 is not an integer.

Definition: Number Field

A subset of R which contains 0 and 1, and which is closed under the four basic arithmetic operations is called
a number field.

Examples
1) Q, R are number fields.
2) Q(\/E ):: {a + b\/E la,be Q} is a number field. It is closed under multiplication since
(a +b\/EXa'+b'\/§)=

(aa’+bb’)+(ab’+a’bW2 . It is closed under multiplicative inverse since
T} T

| i a_bﬁ_a—bﬁ:[ a j[ b jﬁ.

a+V2  a+bV2 a=bv2  a?+202 \a?+202 ) \a? +2b2
€Q €Q

Remark
e (s the smallest number field.
e Riis the largest number field.

CONSTRUCTION YOou CAN MAKE WITH STRAIGHTEDGE AND COMPASS

Perpendicular Bisector of a Line Segment
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Bisect an Angle

\

Draw a Parallel Line To a Given Line Through a Given Point

L L

Copy Lengths

Trisect a Given Line Segment
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ANFANFA

CONSTRUCTIBLE NUMBERS

Start with a line and two points marked 0 and 1. Using straightedge and compass, can mark any natural
number on the line by copying lengths.

Definition: Constructible Numbers

The set of numbers that can be marked on a line using straightedge and compass is called constructible
numbers.

Notation: C :=set of constructible numbers .

Note
1) If a,be C,then a+be C.
2) If ae C, then —ae C.

3) If a,be C and a,b >0, then %e C . Note in particular, le C
a

Suppose b>1: Suppose b<1:
a X
X a
1 b b 1

a b a
—=—=x=— —=—=x=—.

b b x 1 b

4) If a,be C and a,b >0, then abe C (since ab=%e C).
b

These prove the following theorem.
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Theorem
Cis closed under the four basic arithmetic operations.

Corollary
C is a number field.

Note
Recall that Q(\/E ) is a number field. More generally, if F is any number field and r € F is such that » >0

but Vre F , then define F(ﬁ): {a+b\/7 la,be F} is a “bigger” number field.

Theorem
F (\/7 ) is a number field.

Example
Q< ol2)c avalv3)e oW lEhS)<

Definition: Tower of Number Fields
A tower of number fields is a finite collection of number fields such that each is obtained from previous one

by adjoining a square root: F, C F), (\/Z); F (\/Z)g F, (\/Z)g cF,, (\/Z)
— T T2 N

F F, R F,

n

Theorem
If re C and r >0, then ﬁeC.

Proof:

|

1 x
—=—:>r=x2:>x:\/;.
X r

Corollary
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If Qc Fy c F, - C F; isany tower, then F; cC.

SURDS

Definition: Surd
A surd is a number that is in some F, where F) is in some tower starting at Q.

Notation § :=set of surds .

Corollary
SccC.

Note
Can construct a point (a, b) in the plane iff the numbers a and b are construtable.

Remark
To prove C < S, we show that if you start with points whose coordinates are in S, then any construction

produces points whose coordinates are also in S.

Constructions Operations

Join two constructed points by a line.

Make a circle with centre at a constructible point with constructible radius.
Take points of intersection of above.

Corollary
If a point is constructed as the intersection of two lines, both of which are determined by points with
coefficients in S, then the point has coefficients in S.

Proof: Suppose (a, b) and (c, d ) have a,b,c,d € S . Then there exists an extension F (the end of a tower) of
Q such that a,b,c,de F .

X—a c—a

Now the equation of the line joining (a,b) and (c,d) is y_—b:ﬂ or y:(d_b]x—i-(b—a d_b]. Note

a,feF.

Corollary
If a point is constructed as the intersection of a line and a circle, both of which are determined by points with
coefficients in S, then the point has coefficients in S.

Proof: A circle with centre (a, b) and radius r, where a,b,r € S, has equation
(x—a)2 +(y—b)2 =rlext+y? +(—2a)x+(—2b)y+ (a2 +b? —r2)= 0. Since there is some extension F'
— —— |

a B 4
such that a,b,re F ,s0 a, B,y F .
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yiext+on+ fy+y=0

Now, at the intersection { = (ax+ )V +x2 +ax+(@x+B)y+y=0 =

y=ax+p’

2 ) PP ’ ’2 4 —
(a +1)x +Qa’p +a+a,8)x+(,b’ + 5B +7)—0’S°
N

A B ¢

-B+yB? - -
o BEVB -4AC _-B 1 Bz—4ACeF( 32—4chg5.

2A 2A 2A

Corollary
ccS.

CANNOT TRISECT A 60° ANGLE

Y
2)
3)

1)

2)

1)
2)

3)

Facts

Can construct a 60° angle.

If we could trisect a 60° angle, then we could construct a 20° angle.

If an angle & (acute) is constructible, then cos @ is constructible.

So, to show one cannot trisect a 60° angle, it is enough to show that cos(20°)€ C . Since C =S, itis enough

to show cos(20°)e S .

Note

cos(3A) =4cos® A—3cosA. So, cos(60°) = % & 4cos’ (20°)-3 cos(20°) =% o

8cos’ (20°)-6c0s(20°)-1=0 < (2 cos(20°))3 —3(2¢0s(20°))—1=0, which means 2 cos20° is a solution to
X’ =3x-1=0.

Facts

If a cubic equation with rational coefficient has a solution which is a constructible number, then it has a
rational solution.

x3 =3x—1=0 has no rational root.

. a
Proof: A rational root r = ; must be such that all and b11,so r==%1. But £1 are not roots!

Theorem
If a cubic equation with rational coefficient has a constructible root, then it must have a rational root.

Proof: Note the following facts:
It suffices to consider cubics with leading coefficient 1.
Any cubic with leading coefficient 1 looks like (x— n ) . (x— T, ) where r,...,r, are (perhaps complex)

roots
: _ .3 2 . .
Notice that (x— n )(x— T, )(x— r )— X7+ (rl +ry+ry )x +:--, i.e. the sum of all three roots of a cubic is a
| S—

€Q
rational number.
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Let a+b\/7€ F(ﬁ): {a+bx/7la,b,re F,\/7€ F} Define the conjugate of a+b\/7 as a+bx/_=a—b\/7.
(a+bx/7)+(c+dx/7)=a+b\/7+c+d\/7.
(a+b\/7)-(c+dx/7)=(a+b\/7)'(c+d\/7).

(a+b\/7)k =(a+bx/7)k .

Let x, be the constructible root, so x, is a surd. So there exists some tower

QcFyc-—cF,,F,= F,(\/Z) such that x, € F, . So x;, =a, +b0\/rk__,ao,bo,rk_1 € F,_,. Assume we
choose a shortest tower containing x, (i.e. b, # 0; orif x, € Q then we’re done).

By proposition, % =a,—b, \/E is also a root. Let s be the third root. Now

Xo +%+ s=qeQ=>2a,+s=g=>s5s= q — \2_6,194 € F,_; . By repeating this argument, we can conclude that

o
€Q eF,_
€Fy

se€eQ.

Proposition
Suppose p is a polynomial with rational coefficients. If p(a + bx/: )= 0, then p(a - bﬁ )= 0.

Proof: Notice p(x):akxk +--+a :akxk +-tay =a;

p(a+b\/7)=0:>m=6=03 p(m)=0.

— — —k
(xk)+-~+a0 =a,x +---+a;,.So

Lemma

If x, is aroot of a polynomial with coefficients in F (ﬁ ), when x, is a root of a polynomial with
coefficients in F (of twice degree).

Proof: «, xf+---+0{0=0,05ieF(\/710{i=ai+bi\/7,a<b< re F =

S -
(ak +bk\/7)xf +~~+(a0 +boﬁ)=0 = (ak +bk\/7)xf +~--+(a0+b0\/7)=0 =
akx(]f +--+a z—ﬁ(bkxf +~~+b0) = (akx(]f +---+a0)2—r(bkx§ +"‘+b0)2 =0 =
(a2 = b2 2k 4t (a2 = b2 )=0.
- o 70

[

[S eF

Theorem
Every constructible number is algebraic.

Proof: Suppose x, is constructible, so x, € F, . Now plx)= x—x, has coefficients in F, = F}_; (ﬁ) Now
apply the lemma until the coefficients are in Q, and multiply it by the common denominator.

Example
A 50° angle is not constructible.
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Note that a 90° is constructible. Suppose 50° is constructible, then 40° is constructible. By bisecting, 20° is
constructible. Contradiction.

Example
i/g is not constructible.

Suppose i/g is constructible. Since {/g is a root of x°> -5 , SO x> =5 has a rational root. Now,

(x3 —5) =3x2 > 0,Vxe R, there is one real root. But i/g is real, but not rational. Contradiction.

Example
\/g + \/E is constructible.

Note that Q = Q(Y5)< Q5 v3) cQ(\/EX\B(\/\/Eﬂ/E).

contains \/g +\/§

Corollary
Cannot trisect 60°.

Proof: Assume can trisect 60°. Since 60° is constructible, this implies 20° is constructible. Contradiction.

REGULAR POLYGONS

Example: Duplication of the Cube
Given a cube of volume 1 (edges are 1), can you construct a cube of volume 2?

Volume of cube is x°, where x is the length of the edge. Does x> —=2=0 have a constructible solution? If

x> =2 has a constructible root, then it has a rational root, but x> =2 has no rational root. (Suppose % sa

3 _ 3_5,3 31,3 3 3 41
root, then (%) =2=>m’>=2n" . If plm=p’ Im’> = p°12n° = pln=>m==%1;if

pln= p3 In® = plm=n==%1.50 2+ ==1. Contradiction! So no rational solution.)

Definition: Regular Polygon
Regular polygon has equal sides and angles.

Fact
Every regular polygon can be inscribed in a circle.
Proof: Find the centre and radius of the circle as follows:
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Definition: Central Angle

o

The central angle of a regular n-gon is

Note
A regular polygon is constructible if and only if the central angle is constructible.

Corollary

A regular 18-gon is not constructible.
o

0 =20°.

Proof: The central angle is

Corollary
A regular 9-gon is not constructible.

Corollary
Regular 9, 18, 36, 72,...-gons are not constructible.

Fact
If a regular n-gon is constructible, then the regular n-gon can be constructed such that it is inscribed in a circle
of radius 1.
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Lemma
A regular n-gon is constructible if and only if the length of an edge of the regular n-gon inscribed in a circul
of radius 1 is constructible.

Proof (&):

Corollary
A regular 10-gon is constructible.

Proof: Suppose we have a 10-gon inside the unit circle (don’t know if it is constructible) Let s be the length of
the side. We show s is constructible.

Smu:OAB~ABC:>%=1_S,w

S
—1+41+4

52 :1—s:s2+s—1:0:s:T.Butsince

J5-1

s>0,s0 s= € Q(\/g) which is constructible.
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Corollary

A regular 5, 10, 20,...-gon is constructible.

Corollary
A 7-gon is not constructible.

Proof:
Im

‘o

TRISECTING ANGLES

Remark

36° is constructible since a 10-gon is constructible.

Recall

MAT246Y1a.doc

Let ze C. Weknow z' =1, |z|=1, z#1.

2/ -1=0

(z—l)(z6+15+z4+z3+zz+z+1)=0
P+t v 42 424120
z3+z2+z+1+%+z—12+z%=0
(Z+%)3+(z+%)2—2(z+%)+1=0

Now, let x, = z+% . Then x, = 2Re(z) (because
|z|=1:zZ=1:>Z=%,so Xo = z+7 =2Re(z)).

So x, =2Re(z) satisfies x* +x> —2x—1=0. To show

Z is not constructible, it’s enough to show x; is not

constructible. Now if x, is constructible, then

x>+ x? = 2x—1 has a rational root, but it doesn’t.

We proved that every constructible number is algebraic.

Corollary

An angle cannot be constructed (with straightedge and compass) if cos @ is transcendental.
Proof: &constructible < cos 8 constructible = cos @ algebraic.

Example

0 . 0 . .
Suppose cosg is transcendental. Then we know 3 is not constructible.

Note

Given an angle 8 (don’t know if @ is constructible or not), can @be trisected?
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Theorem
If cos@ is transcendental, then @is not trisectible.

Proof:
Given angle 6, can construct from it the number ¢ :=cos 6 .

ple)

Let F,, :=4——| p, g polynomials with rational coefficients such that g(c)# 0 . Note F, =Qlc) is the
0 ( ) P> q poly q 0
qlc

smallest number field containing Q and c.

Using straightedge and compass, can construct towers starting with F,,: F, C F (1/}’0 )c
g . . o . . 3 ..
Assume g is constructible from 6. Then E is in such a tower. So 4x” —3x = ¢ has a solution in such a

tower ( Fy, C F (\/Z)C .--), and thus 4x> —3x = ¢ has a solution in Fy = Q).

We need to show 4x” —3x =¢ has no solution in F, = Q(c) . Suppose there is a solution in F, = Q(c) , 1.e.

p(C) 3_ P(C) == o)) - ¢ ¢))* —c(g(c))® =0, which is a polynomial in ¢ with rationa
4[‘1(0)j 3(q(c)]" 4(ple))’ =3(p(c)q(c))* - clg(c)]* =0, which is a polynomial th rational

coefficient. Now, not all coefficients are 0 because ¢ :=cos @ is transcendental and:

e Casel: deg(p) < deg( ) The highest appearing power of ¢ comes from —C(‘](C))3 #0.
e (Case?2: deg(p)> deg(q

).
e Case 3: deg(p)=deg(q)
Therefore, 4(1)(c))3 —3(p(c))(q(c)) ( ( )) # 0. Contradiction.

The highest appearing power of ¢ comes from 4(p(c))3 0.

The highest appearing power of ¢ comes from —c(q(c))3 #0.

Example
Any angle can be trisected with compass and ruler. Given &:

Claim: x=

N m|0;

-2x=>r—-y=2x

Proof: Y
r=2r-y)+z

}:7[:4x+z:z:n'—4x.Also, z=7mT—x—6,s0 4x:x+0:>x:§

REGULAR POLYHEDRONS
Definition: Polyhedron

A polyhedron is a solid, all of whose faces are polygons.

Definition: Regular Polyhedron
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A regular polyhedron (platonic solid) is a polyhedron all of whose faces are regular polygons with same
number of sides as each other, and all of whose vertices lie on the same number of faces.

Examples

dodecahedron

Theorem
There are only 5 regular polyhedrons.

Proof: Let n be the number of sides of a face, and k be the number of faces on which a vertex lies.Note that

nk=>3.
Note that for a regular n-gon,

=2 _ 3
" d .So 2x=7[—0=n_9_9=g n-2 _(” 2)71"
2x+60=rx 9
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Now, k faces meet at a vertex means k(2x)< 27[2M< 2= k—%<2. Since
n n
n23:>lsl:>—12—l,so k—%Zk—%=£.Thus £<2:k<6:>k=3,4,5.
n 3 n 3 n 3

If k=3, then 3—2—3) <2=>n<6=>n=34,5.1f n=3, tetrahedron; if n =4, cube; if n =5, dodecahedron.
n

4)

If k=4, then 4—i< 2=>n<4= n=3.This is the octahedron.
n

If k=5, then 5_@<2: n<§: n =73. This is the icosahedron.
n
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