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Mathematical Induction 

Notation 
{ }�,3,2,1:=N  are called the “natural numbers”. 

 

Principle of Mathematical Induction 
Suppose S is a set of natural numbers (i.e. N⊆S ). If: 

1) S∈1 . 
2) Sk ∈+1  whenever Sk ∈ . 

Then N=S . 
 

Example 

Prove for all N∈n  the following formula holds: 
( )( )

6
121

21 222 ++=+++ nnn
n� . 

 
Proof: 

• Let 
( )( )

�
�
�

�
�
� ++=++∈=

6
121

1| 22 mmm
mmS �N . 

• S∈1 : 112 =  and 
( )( )

1
6

321 = . 

• Assume Sk ∈ . Show Sk ∈+1 . 

• 
( )( )

6
121

1 22 ++=++�∈ kkk
kSk � . 

• 

( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( )( )( )
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. So Sk ∈+1 . 

 

Extended Principle of Mathematical Induction 
Suppose S is a set of natural numbers (i.e. N⊆S ). If: 

3) Sn ∈0 . 

4) Sk ∈+1  whenever Sk ∈ . 
Then { } Snnn ⊆++ �,2,1, 000 . 
 

Example 
Prove for 7≥n  that nn 3!≥ . 
 
Proof: 

• Let { }mmmS 3!| ≥∈= N . Let 70 =n . 

• S∈7 : 218735040!7 7 =>= . 
• Assume Sk ∈ . Show Sk ∈+1 . 

• kkSk 3!≥�∈ . Note by assumption 7≥k . 
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• ( ) ( ) ( ) ( ) 133383131! +=≥≥+≥+ kkkk kkk . 
 

Well Ordering Principle 
Every subset of N other than φ has a smallest element. 
 

Theorem 
Suppose N⊆S . If: 

1) S∈1 . 
2) Sk ∈+1  whenever Sk ∈ . 

Then N=S . 
 
Proof: 

• Let { }SnnT ∉∈= |N , i.e., T is the “complement” of S. 

• Want to show that φ=T . This is equivalent to N=S . 

• Suppose φ≠T . Then (by well ordering principle) T has a smallest element, call it Tt ∈1 . 

• So Tt ∉−11  ( 11 ≠t because S∈1 ), so St ∈−11 . 

• But by assumption 2, ( ) St ∈+− 111 , so St ∈1  and Tt ∉1 . Contradiction. 
 

Notation 
Let N∈ba, . Say “a divides b” (write ba | ) if cab ⋅=  for some N∈c . 
 

Definition 
N∈p  is prime if the only divisors of p are 1 and p, and 1≠p . 

 

Extended Principle of Mathematical Induction 
Suppose S is a set of natural numbers (i.e. N⊆S ). If: 

1) Sn ∈0 . 

2) Sk ∈+1  whenever Sknn ∈+ ,,1, 00 � . 
Then { } Snnn ⊆++ �,2,1, 000 . 
 

• Note: nmm <′< ,1 , so Smm ∈′, . It means ll
l

l qqppmmn
qqm

ppm
′

′
⋅=′=

�
�
�

=′
=

��
�

�
11

1

1 . 

 

Example: False Proofs 
“Claim”: In any set of n people, all of them have the same age. 
 
“Proof”: 

• 1=n . True. 
• Assume true for k. Show for 1+k . 

• Let { }11 ,, +kpp �  be a set of 1+k  people. 

• Consider { }kpp ,,1 � . They will all have the same age by assumption. 

• Consider { }12 ,, +kpp � . They will all have the same age by assumption. 
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• So the set { }11 ,, +kpp �  of 1+k  people all have the same age. 
 
The “proof” was false because if take 2=k , then { }11 pT =  and { }22 pT =  have no common element. 
 
 
 

Number Theory 

PRIME NUMBERS 

Lemma 
Suppose N∈n  and 1≠n . Then n is a product of prime numbers. 
 
Proof: 

• Case 1: n is prime. Done! 
• Case 2: n is not prime. 

• Let { }primes ofproduct  a is  and 1| nnnS ≠∈= N . 

• S∈2 . 
• If sn ∈−1,,3,2 � , then Sn ∈ : 

• Since n is not prime, there is some natural number nm ,1≠  such that nm | , i.e. 

N∈′′= mmmmn ,,  where nmm ,1, ≠′ . 
 

Theorem 
There is no largest prime number. 
 
Proof: 

• Assume p is the largest prime number. In particular, this says { }p,,3,2 �  is the set of all primes. 

• Let 132 +⋅⋅⋅= pM � . Note that 2, 3, …, p don’t divide M. 

• Now, 1>M , so there is some prime number q such that Mq | . 

• But pq ,,3,2 �≠ , so q is a “new” prime. Contradiction. 
 

Theorem: Fundamental Theorem of Arithmetic 
Every natural number not equal to 1 is a product of primes, and the primes in the product are unique 
(including multiplicity) except for the order in which they occur. 
 
Proof: 

• Suppose there are natural numbers not equal to 1 with 2 distinct factorizations into primes. Then there 
is the smallest of such number (well-ordering), call it N. 

• lk qqppN �� 11 == . Note that all the pi’s are different than the qj’s. So in particular, 11 qp ≠  (say 

11 qp < ). 

• Let ( )( )112212121 qpqqqqpqqqqqpNM llll −=−=−= ���� , but also, 

( )lklkl qqpppqqppppqqpNM ����� 221212121 −=−=−= . So 

( ) ( )( )112221 qpqqqqppp llk −=− ��� . Since 

( ) ( )( ) 1111111212211 |||| qpqppqpqqpqqpppp llk �−�−�− ��� . Contradiction! 
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Example 
2232223323222231648 44 ⋅⋅⋅⋅=⋅=⋅=⋅⋅⋅⋅=⋅= . 

 

Definition 
A natural number is called a composite if it is not 1 and it is not a prime number. 
 
 

SERIES 

• R∈++ iaaa ,21 �  is a series. 

• We focus on series with 0>ia . 
 

Convergence and Divergence 
Given a series, it can either converge or diverge. For such series, we have the following criteria: 

• Diverge: If for every number 0>M , there is some index k such that Maa k >++�1 . 

• Converge: If there is a fixed number 0>M  such that Maa k <++�1  for all k. Equivalently, if for 

all 0>M , there exists j such that the “j-tail” Maa jj <++ ++ �21 . 

 

Examples 
1) �++++ 4321  diverges. 
 

2) �++++
4
1

3
1

2
1

1  diverges. Note ( ) �� +�
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1 , and each 

“grouping” > 
2
1

. So by going 2M “groupings”, we can guarantee that M>++++ �
4
1

3
1

2
1

1 . 

 

3) �� ++++=++++
32 3

1

2

1
2
1

1
8
1

4
1

2
1

1  (geometric series) converges. More generally, 

1
1

0,
1

1

1111
1

32
<<

�
	



�
�


−
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r
r

rrr
� . So the series converges to 2. 

 

Theorem 

If pn is the nth prime number, then �+++
321

111
ppp

 (i.e. �++++
7
1

5
1

3
1

2
1

) diverges. 

 
Proof: 

• Assume the series converge. Then ∃j such that 
2
111

21
<++

++
�

jj pp
. 

• Let N∈N  be fixed, but arbitrarily. 
• Let ( ) { }jppnNnNF ,, primes by theonly  divisible is |1# 1 �≤≤= . 
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• Now, ( ) { }�,, amongfactor  prime a has |1# 21 ++<<=− jj ppnNnNFN . 

( )
2

11

2121

N
pp

N
p

N
p
N

NFN
jjjj

<
�
�

	




�
�

�



++=++≤−

++++
�� . So ( ) ( )

22
N

NF
N

NFN >⇔<− . 

• Write tsn 2= , s is the largest perfect square, and t is square free. Note that Ns ≤  and 
1,01,0

1 jppt �= . So there are at most N  possibilities for s and at most j2  possibilities for t, so 

there are at most Nj2  possibilities for n. So ( ) NNF j2≤ . 

• So, now ( ) 122
2

2
2

+<�<�≤< jjj NN
N

NNF
N

. But j is fixed, and N arbitrary. 

Contradiction! 
 
 

CONGRUENCE AND MODULAR ARITHMETIC 

Definition 
Let Z∈ba,  be two integers, and let N∈m  be a natural number. If bam −| , then we say “a is congruent to 

b modulo m” and write mba mod≡ . 
 

Examples 
1) 12mod131 ≡ . 
2) 12mod142 ≡ . 
3) 12mod153 ≡ . 
4) 12mod111 ≡− . 
5) 12mod240 ≡ . 

 

Example 
Suppose N∈mk , . Write rqmk +=  (q is the quotient, mr <≤0  is the remainder). Saying rqmk +=  is 

equivalent to saying mrk mod= . 
 

Application 
Is 3229 +  divisible by 2? 

• Equivalent question: Is 2mod03239 ≡+ ? 

• 2mod0022mod02 2929 ≡≡�≡  and 2mod13 ≡ , so 2mod13229 ≡+ . 

• Therefore, 3229 +  is not divisible by 2. 
 

Application 
Is 3229 +  divisible by 7? 

• ( ) 7mod1127mod182 9933 ≡≡�≡≡  and 7mod422 ≡≡ , so 

7mod0734327mod414222 2929272 ≡≡+≡+�≡⋅≡≡⋅ . 

• Therefore, 3229 +  is divisible by 7. 
 

Some Rules for Working with Congruence 
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Let Z∈dcba ,,, , N∈km, . 

1) mcbcamba modmod +≡+�≡  and mdbca
mdc

mba
mod

mod
mod

+≡+�
�
�
�

≡
≡

. 

2) mbdac
mdc

mba
mod

mod
mod

≡�
�
�
�

≡
≡

. 

3) mbamba modmod 22 ≡�≡ . 

4) mbamba kk modmod ≡�≡ . 
 
Proof: 

1) ( ) ( ) mcbcacbcambammba mod||mod +≡+⇔+−+⇔−⇔≡ . 

2) 
�
�
�

′=−⇔=−⇔−⇔≡
=−⇔=−⇔−⇔≡

mqbbdbcqmdcdcmmdc

cqmbcacqmbabammba

|mod
|mod

 � mqbcqmbdbcbcac ′+=−+−  � 

( )qbcqmbdac ′+=−  � bdacm −|  ⇔ mbdac mod≡ . 
 

Example 
What is the remainder when 9202 53 +  is divided by 8? 

• ( ) 8mod138mod138mod13 20210110122 ≡�≡�≡ . 

• ( ) 8mod558mod158mod1458mod15 984422 ≡�≡�≡�≡ . 

• So 8mod6538mod5153 92029202 ≡+�+≡+ . 

• So the remainder is 6 when 9202 53 +  is divided by 8. 
 

Theorem 
Suppose p is a prime number and N∈ba, . If abp | , then ap |  or bp | . 
 

Proof: By FTA, lk

l

k

lk
l

k qqppab
qqb

ppa ββαα
ββ

αα

��
�

�
11

1

1

11
1

1 =�
��

�
�
�

=

=
. Now abp |  means ipp =  or jqp =  

by FTA. So  appp i |�=  or bpqp j |�= . 

 
 

LAW OF CANCELLATION 

Does myxmayax modmod ≡�≡ ? Or equivalently, can we find an “inverse”, i.e. a number b such that 

mba mod1≡ , for a? If so, we can multiply both sides by b, then ( ) ( ) myxmybaxba modmod ≡⇔≡ . 
 

Examples 
1) 6mod0323 ⋅=⋅ , but 6mod02 ≡/ . Equivalently, 3 has no inverse modulo 6. 
2) 5mod6313 ⋅≡⋅  and 5mod61 ≡ . 

Note: In 1), 3 and 6 are not relatively prime. In 2), 3 and 5 are relatively prime. 
 

Theorem 
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Let p be a prime, a an integer, and ap |/ . Then pyxpayax modmod ≡�≡ . 
 
Proof: payax mod≡  � ayaxp −|  � ( )yxap −|  � ap |  or yxp −| . But since ap |/ , yxp −|  � 

pyx mod≡ . 
 

Note 
Any integer a is congruent to one of { }1,,1,0 −m�  modulo m. 
 

Example 
5mod171272 �≡≡≡≡ . If 5=m , any integer is congruent to one of { }4,3,2,1,0 . 

 

Example 
If ap |/ , then a is congruent to one of { }1,,1,0 −p�  modulo p. 
 

Theorem: Fermat’s Little Theorem 
Let p be a prime and a an integer such that ap |/ . Then pa p mod11 ≡− . 
 
Proof:  

• Let ( ){ }1,,3,2, −⋅⋅⋅= paaaaS � . Then note: 

• The elements in S are distinct modulo p. (Suppose mnpmnpmana ≠−≤≤⋅≡⋅ ,1,1,mod . 

Then pmn mod≡ , but 1−≤− pmn , so mnp −/− |1 . Contradiction!) 

• None of the elements are congruent to 0 modulo p. ( pnpan mod0mod0 ≡�≡ , but 

ppn <−≤ 1  so np |/ .) 

• So S contains 1−p  numbers, no two of which are congruent, and none is congruent to 0 modulo p. So 

in some order, the elements of S are congruent to { }1,,2,1 −= pS � . 

• So ( ) ( ) ( )( ) ( ) pppaaaa mod1321122 −⋅⋅≡−⋅⋅⋅⋅⋅ ��  � 

( )( ) ( ) pppa p mod132113211 −⋅⋅≡−⋅⋅− ��  � pa p mod11 ≡−  by cancellation law (since 

1,,2,1|1,,2,1 −/�<− pppp �� ). 
 

Corollary 
Let p be a prime, a an integer, and ap |/ . Then “a has an inverse modulo p”, i.e. there exists an integer b such 

that pba mod1≡ . 
 
Proof: paapa pp mod1mod1 21 ≡�≡ −− . So let 2−= pab . 
 

Example 
Let 5=p , 3=a . If 5mod13 ≡b , what is b? By elimination, 2=b  works. By the corollary, 2733 ==b  
will work also. 
 

Remark 
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3) b is not unique. 
4) b is unique modulo p. 

 

Theorem: Wilson’s Theorem 
If p is a prime, then ( ) pp mod1!1 −≡− . 
 
Proof: 

• Let { }2,,3,2 −= pS � . Then note: 
• None of the elements is divisible by p, so each has an inverse modulo p. 
• All the inverses can be chose in the set S (only 1 and 1−p  are their own inverses). 

• None of the elements is it’s own inverse. (Suppose Sa ∈  such that paa mod1≡⋅  � 

1| 2 −ap  � ( )( )11| −+ aap , but paa <−+ 1,1  so contradiction.) 

• So ( ) pp mod1232 ≡−⋅ � . 

• Now, ( ) ( )( ) ( ) ppppp mod111232!1 −≡−≡−⋅−⋅=− � . 
 

Definition 
N∈n  is composite if 1≠n  and n is not prime. 

 

Note 
So { } { } { }compositesprimes1 ∪∪=N . 
 

Definition 
Let N∈nm, . The greatest common divisor of m and n is the largest N∈d  such that md |  and nd | , write 

( )nm,gcd  or ( )nm, . 

If ( ) 1, =nm , then m and n are relatively prime. 
 

Definition: Euler Function φφφφ 
Let { }1\N∈n . The Euler function ( )nφ  is the number of elements in { }1,,2,1 −n�  which are relatively 
prime to n. 
 

Lemma 

( ) bm
am

abm
|

1,
|

�
�
�
�

=
. 

 

Proof: Let k
kppa αα

�1
1= , l

lqqb ββ
�1

1= . cmqqppabm lk
lk =� ββαα

�� 11
11| . By FTA, the factors 

of m are among the pi’s and qi’s. But since ( ) 1, =am , the factors of m are only among the qi’s. So bm | . 
 

Note 

For case pm =  a prime, bp
ap

abp
|

|
|

�
�
�
�

/
. 
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Lemma 
( )
( ) ( ) 1,

1,
1,

=�
�
�
�

=
=

mab
mb

ma
. 

 

Proof: Suppose ( ) 1, ≠mab . So there exists p such that abp |  and mp | . So ( ) 1,
|
|

≠�
�
�
�

ma
mp

ap
 or 

( ) 1,
|
|

≠�
�
�
�

mb
mp

bp
. 

 

Note 

abp
bp

ap
|

|
|

/�
�
�
�

/
/

. 

 

Note 

( ) ( ) 1,
1,

mod
=�

�
�
�

=
≡

mb
ma

mba
. 

 
Why? kmba += , so ( ) 1, =+ mkmb . Suppose ( ) 1, ≠mb . Then there exists p such that bp |  and mp | . So 

( ) 1,|
|
|

≠+�+���
	



mkmbkmbp

mp

bp
. Contradiction! 

 

Proposition 

( ) myx
ma

mayax
mod

1,
mod

≡�
�
�
�

=
≡

. 

 
Proof: ( )yxabyaxmmayax −=−⇔≡ |mod . But since ( ) 1, =ma , myxyxm mod| ≡⇔− . 
 

Theorem: Euler’s Theorem 
Let { }1\N∈m . If ( ) 1, =ma , then ( ) ma m mod1≡φ . 
 
Proof: 

• Let ( ){ }mnn φ,,1 �  be the numbers in { }1,,,1 −m�  which are relatively prime to m. 

• Let ( ){ }mananS φ,,1 �= . Note: 

• The elements of S are distinct modulo m. (If manan ji mod≡ , then mnn ji mod≡ , but 

mnn ji <, .) 

• All elements in S are relatively prime to m. (Since ( ) 1, =ma  and ( ) 1, =ina , so ( ) 1, =mani .) 

• So in some order, the elements of S are congruent to ( ){ }mnn φ,,1 �  modulo m. 

• So ( ) ( )( ) ( ) mnnanan mm mod11 φφ �� ≡  � ( )
( )( ) ( ) mnnnna mm

n mod11 φφ
φ �� ≡  � ( ) ma n mod1≡φ . 

 
 

PUBLIC KEY CRYPTOGRAPHY 
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History 
Towards RSA public key coding: Ronald Rivest, Adi Shamir, Leonard Adleman. 
 

Fact 1 
Let qpN ⋅= , p and q are distinct primes. Then ( ) ( )( )11 −−= qpNφ . 
 
Proof: ( ) ( ){ } { } { }nqnpNnnqnpNnNnNnNN |or  ||1#|or  ||1#1,|1# ≤≤=≤≤=≠≤≤=−φ . Now, 

{ } ( ){ }qppqppnpNn ,1,2,# ||1# −=≤≤ �  and { } ( ){ }pqqpqqnpNn ,1,2,# ||1# −=≤≤ � . So 

( ) ( ){ } ( ){ } 1,1,2,#,1,2,# −+=−∪−=− qppqqpqqqppqppNN ��φ . Therefore, 

( ) ( ) ( ) ( )( )11111 −−=+−−=−+−=�−+=− qpqppqqpNNqpNN φφ . 
 

Example 
Let 5=p , 3=q , 1535 =×== pqN . 

• ( ) ( ) { } 814,13,11,8,7,4,2,1#15 === φφ N . 

• ( ) ( ) ( ) ( ) 8243515 =×=×=== φφφφ pqN . 
 

Fact 2 
If ( ) N∈= baba ,,1,gcd , then there exist Z∈yx,  such that 1=+ ybxa . 
 

Example 

( ) 17,5gcd = . 

( ) ( )
( ) ( )
( ) ( )

( ) ( )( ) ( ) ( )7253517252251
0122
1225
2517

−=−−=−=�
�
�

�
�

�

+=
+=
+=

. So let 
2

3
−=

=
y

x
. 

 

Lemma 
Let qpN ⋅= , p and q are distinct primes. Let N∈Mn, . Then ( ) NMMNn n modmod1 ≡�≡ φ . 
 
Proof: 

• ( ) ( ) ( ) ( ) ( ) ( )( )kNNkn MMMMNknNknnNNn φφφφφφ ⋅==�+=⇔=−⇔−⇔≡ +1111|mod1 . 

• We want NMM n mod≡ . It is enough to show pMM n mod≡  and qMM n mod≡ . We show 

pMM n mod≡ . 

• Case 1: If Mp | , then pMM n mod0 ≡≡ . 

• Case 2: If Mp |/ , then ( ) 1, =pM . So by Euler’s Theorem, 

( )( ) ( )( ) ( ) ( ) ( ) pMMMMMMM kpkqpkNn mod1 =⋅≡⋅=⋅= φφφφ . 
 

Algorithm 
Receiver Sender 

Choose p, q large primes.  
qpN ⋅= . N 

( ) ( )( )11 −−= qpNφ  (fact 1).  



MAT246Y1a.doc 

Page 11 of 39 

Choose e relatively prime to p, q. e 
Find d such that ( ) 1=+ Nkde φ  (fact 2).  

 NM <<0 , M is the message. 
 NRM e mod≡ . R is the coded message. 
R is the encoded message.  

NMR d mod≡ .  

M is the decoded message.  
 

Remarks 

1) Why is NMR d mod≡ ? ( ) edded MMR == . Since ( ) ( )NdeNkde φφ mod11 ≡�=+ , so 

NMM de mod≡ . 
 

2) Why is this secure? To recover M from R, need to know d (and N). To know d, need to know ( )Nφ  (and e). 

To know ( )Nφ , need to know qpN ⋅= ! But p, q are very large, so N is very large; there is no known 
effective algorithm to find its factors. 
 

3) If the sender forgets M but remembers R, the sender can’t recover M! 
 

Euclidean Algorithm 
If ( ) N∈= dbadba ,,,,gcd , then there exists Z∈yx,  such that dybxa =+ . 
 
Proof: 

• ( ) dba =,gcd  � brrbqa <≤+⋅= 0,  � rrrrqb <≤+⋅= 111 0,  � 12212 0, rrrrqr <≤+⋅=  � … 

� kkkkkk rrrrqr <≤+⋅= ++− 111 0,  � 011 +⋅= ++ kkk rqr  (terminates because { }krrr ,,, 1 �  is a 
strictly decreasing sequence). 

• Since bad ,| , so kk rrdrrdrrdbrdbad ,|,|,|,|,| 1121 +����� � . So 1| +krd . 

• Since kk rr |1+ , so 11 | −+ kk rr  � … � rrk |1+  � brk |1+  � ark |1+ . So 

( ) dbarbar kk =� ++ ,gcd|,| 11 . 

• So dr
dr

rd
k

k

k =�
�
�
�

+
+

+
1

1

1

|

|
. 

 

Note 

Let N∈ba, , ( ) 1, =ba . Then 100 =+ byax  for some Z∈00 , yx . Now, Z∈
�
�
�

−=
+=

n
nayy

nbxx
,

0

0  will produce 

other solutions because ( ) ( ) 10000 =+=−++=+ byaxbnayanbxbyxa . 
 
 

RATIONAL NUMBERS 

Definition 

�
�
�

�
�
� ≠∈= 0;,| nnm

n
m ZQ  is the set of rational numbers. 
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Remark 
{ }irrational∪= QR . 

 

Definition 

n
m

n
m

′
′

=  if nmnm ′=′ . 

 

Definition: Addition and Multiplication 

1) Addition: 
nn

mnnm
n
m

n
m

′
′+′

=
′
′

+ . 

2) Multiplication: 
nn
mm

n
m

n
m

′⋅
′⋅=

′
′

⋅ . 

 

Example 
Prove 2  is irrational. 

Proof: Suppose 2  is rational, i.e. 
n
m=2 , and assume ( ) 1, =nm . Now, 2222 mnmn =�= . So 

mmmm ′=�� 2|2|2 2  since 2 prime. So nnmnmn |2|2222 222222 ��′=�′= . Contradiction! 
 

Theorem 
p  is irrational for any p prime. 

 

Proof: Suppose p  is rational, i.e. 
n
m

p = , and assume ( ) 1, =nm . Now, 22 mpnmpn =�= . So 

mpmmpmp ′=�� || 2  since p prime. So npnpmpnmppn || 222222 ��′=�′= . Contradiction! 
 

Example 
Prove 6  is irrational. 

Proof: Suppose 6  is rational, i.e. 
n
m=6 , and assume ( ) 1, =nm . Now, 2266 mnmn =�= . So 

mmm
mm

mm
m ′=�⇔

��

�
�
�

��

�
�
�

�

�
⇔ 2|6

|3|3

|2|2
|6

2

2
2

 since 2, 3 prime. So 

nnmnmn |6|6666 222222 ��′=�′= . Contradiction! 
 

Example 
Prove 3 2  is irrational. 

Proof: Suppose 3 2  is rational, i.e. 
n
m=3 2 , and assume ( ) 1, =nm . Now, 333 22 mnmn =�= . So 

mmmm ′=�� 2|2|2 3  since 2 prime. So nnnmnmn |2|4|2422 2222333 ���′=�′= . 
Contradiction! 



MAT246Y1a.doc 

Page 13 of 39 

 

Example 
Prove 73 +  is irrational. 

Proof: Suppose 73 +  is rational, i.e. 
n
m=+ 73 , and assume ( ) 1, =nm . Now, 

Q∈
−

−−=�−=−−�+−=�
	



�
�


 −=�−=
mn

nmn
n
m

n

m
n
m

n

m
n
m

n
m

2
73

772737727373
222

2

2

2

22

. 

But 7  is irrational since 7 prime. Contradiction! 
 

Definition 
An integer of the form 2k  (for some Z∈k ) is called a “perfect square”. 
 

Note 
Recall from Fundamental Theorem of Arithmetic that for any 1, >∈ nn N  has a unique (except for order) 

factorization into primes, i.e. N∈= il
lppn ααα ,1

1 � . So ( ) ll
ll ppppkn αααα 22

1
2

1
2 11 �� === . 

 

Theorem 
Let N∈N . Then N  is irrational if and only if N is not perfect square. 
 
Proof: 

• Assume N  is rational. Suppose N is perfect square. Then 0,22
1

1 ≥= ik
kppN ααα

�  � 

QZ ∈∈= k
kppN αα

�1
1 . Contradiction! 

• Assume N not perfect square. Suppose N  is rational. Then 
n
m

N =  � 

( )
( ) 0,,

2
11

2
11

2

2

1

1

≥=== βα
ββ

αα

k

k

pp

pp

n

m
N

�

�
 � ( ) ( ) 0,2

1
2

1
11 ≥−= −− βαβαβα kkppN � . This means N is a 

perfect square. Contradiction! 
 

Example 
Prove 3 4  is irrational. 

Proof: Suppose 
n
m=3 4  where ( ) 1, =nm . Then 334 mn = . Now, 

( )
( )

0,,
33

1
3

1
3

1

33
1

3
1

3
1

111

111

≥
��

�
�

�

=�=

==�=
βα

ββββββ

αααααα

kkk

kkk

kkk

kkk

ppppmppm

ppppnppn

���

���
, so kk

kk pppp ββαα 33
1

33
1

114 �� =  

� ( ) qq ′=+ βα 332 22 . Contradiction because ( ) βαβα 33222 332 =+�′=+ qq , but βα 332|3 =+/ ! 
 

Theorem 
Let N∈Lk , . Then k L  is rational iff k L  is an integer. 
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Proof: 

• (⇐) is trivial. 

• (�): ( ) ( )nn

n

n

n
n

nk pp
pp

pp
n
m

L βαβα
ββ

αα
−−=== �

�

�
11

1

1

1
1

1  � ( ) ( )nnk
n

k ppL βαβα −−= �11
1 . Now, 

( ) NN ∈�≥−�≥−�∈ k
iiii LkL 00 βαβα . 

 
 

ALGEBRAIC NUMBERS 

Definition 
A real number is called algebraic if there exists a polynomial with integer coefficients that has this number as 
a root (not allowing the zero polynomial). 
 

Example 
1) 2  is algebraic: ( ) 22 −= xxp . 

2) Any rational number 
n
m

 is algebraic: ( ) mnxxp −= . 

 

Example 
π, e are not algebraic (transcendental). 
 
 

REAL NUMBERS 

Motivation 
Suppose we assume that the real numbers R exist. How would we prove that 2  exists? That is, is there 

R∈0x  such that 22
0 =x ? 

 

Definition 
For a subset R⊆S , R∈c  is an upper bound of S if for all Sx ∈ , cx ≤ . 
 

Remark 
There are many upper bounds for a given set. 
 

Definition 
A least upper bound for a subset R⊆S  is: 

• An upper bound c. 
• Such that for any other upper bound c ′ , we have cc ′≤ . 

Example 
1) { }5,4,3,2,1=S . Upper bounds �,10,1.6,6 10=c ; least upper bound is 5. 
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2) { }10| <∈= xxS R . Upper bounds �,11,10=c ; least upper bound is 10. 

3) { }2| 2 <∈= xxS R . Upper bounds �,2,5.1=c ; least upper bound is 2 . 

4) [ ] [ ] { }1112,17,3 ∪−∪=S . Upper bounds �,112,111=c ; least upper bound is 111. 
5) N=S  has no upper bounds. 

 

The Completeness Property 
The basic property that distinguishes R from Q is that every non-empty subset of R which as an upper bound 
has a least upper bound. 
 

Theorem: Intermediate Value Theorem 
Let [ ] R→baf ,:  be a continuous function such that ( ) 0<af  and ( ) 0>bf . Then there exists ( )bax ,0 ∈  

where ( ) 00 =xf . 
 
Proof: 

Let [ ] ( ) [ ]{ }xattfbaxS ,,0|, ∈∀<∈= . Note: 

• S is not empty since Sa ∈ . 
• S has an upper bound b. 

So S has a least upper bound 0x . Want to show ( ) 00 =xf . 

• If ( ) 00 >xf , then there exists 0>δ  such that for all ( )δδ +−∈ 00 , xxx , ( ) 0>xf  since f is 

continuous. So δ−0x  is an upper bound because otherwise there exists xxSx <−∈ δ0,  such 

that ( ) 0<xf . So 0x  is not the least upper bound. 

• If ( ) 00 <xf , then there exists 0>δ  such that for all ( )δδ +−∈ 00 , xxx , ( ) 0<xf  since f is 

continuous. Let 
20
δ+= xx . Then ( ) 0<xf , i.e. Sx ∈ . So 0x  is not an upper bound. 

So ( ) 00 =xf . 
 

Definition: Order 
Assume we have the real numbers. ba <  if Pab ∈− , where { }numbers positive=P . 
 

Note 
The set P has the following properties: 

1) Closed under addition and multiplication. 
2) For each R∈x , exactly one of the following holds: Px ∈ , Px ∈− , or 0=x . 

 

Claim 
1) baba −>−�< . 

2) kbkaPkba <�∈< , . Proof: 
( ) ( ) ( ) kbkaPkakbabk

Pk

Pabba
<�∈−=−�

�
�
�

∈
∈−�<

. 

3) kbkaPkba >�∈−< , . Proof: 
( ) ( ) ( ) kbkaPkbkaabk

Pk

Pabba
>�∈−=−−�

�
�
�

∈−
∈−�<

. 

 

Example 
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There exists irrational numbers x and y such that yx  is rational. 

Consider 333
2

2
2

==��
	



��
�



. 

If 
2

3  is rational, then let 3=x  and 2=y . 

If 
2

3  is irrational, then let 
2

3=x  and 2=y . 
 

Definition: Real Numbers 
A real number X is a subset of Q (the rational numbers) such that: 

1) φ≠X  and Q≠X . 

2) If Xq ∈1 , then Xq ∈2  for all 12 qq < . 
3) X has no largest element. 

 

Example 
Show { }3| <∈= qqX Q  is a real number. 

4) φ≠X  because X∈1 . Q≠X  because X∉4 . 

5) Let 3
3

12
12

11 <<�
�
�
�

<
<�∈

qq
qq

qXq
. So Xq ∈2 . 

6) Suppose Xq ∈  is the largest element. Then 3<q . By the property of the rational numbers, there always 

exists a rational number between any two rational numbers. So there exists q ′  such that 3<′< qq . So X has 
no largest element. 
 

Example 
Show that { } { }0|2|2 2 <∈∪<∈= qqqq QQ  is a real number. 

1) φ≠2  because 20 ∈ . Q≠2  because 23∉ . 

2) Let 21 ∈q  and 12 qq < . If 02 <q , then 22 ∈q . If 02 >q , then 22
1

2
212 <<�< qqqq . So 

2212 ∈�< qqq . 

3) Suppose 2∈q  is the largest element. Let 
n

qq
1+=′ . Then 

n
q

q
nn

q
q

n
qq

2121 2
2

2
2

2 +<++=�
	



�
�


 +=′ , so 

2
22

2

2
2

2

q

q
n

n
q

qq
−

>�<+<′ . So we can find n large enough such that 2
1 ∈+=′
n

qq . So 2  has no 

largest element. 
 

Comparison 
R-world Q-world 

3 { }3|:3 <∈= qq Q  

n
m

 
�
�
�

�
�
� <∈=

n
m

qq
n
m

|: Q  

2  { }2,0|:2 2 <<∈= qqq Q  
3 2  { }2|:2 33 <∈= qq Q  
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Definition: Addition 
Let X, Y be real numbers. { }YqXpqpYX ∈∈+=+ ,| . 
 

Definition: Zero 
{ }0|0 <∈= qq Q . 

 

Theorem 
XX =+0  for all real number X. 

 

Definition 
A real number X is “positive” if X⊂0 . 
 

Definition: Multiplication of Positive Real Numbers 

Suppose X and Y are two positive real numbers. Then 
��

�
�
�

��

�
�
�

�
�
�

∈<
∈<

⋅<≤∈=⋅
Yq

Xp
qprrYX

0
0

  whereror  0|: Q . 

 

Definition: Negative of a Number 
For a real number X, define { } exists)it  (ifelement largest \|: XqqX ∉∈−=− Q . 
 

Example 
If { }2| <∈= qqX Q , then { } { }2|2| −<∈=≥∈−=− qqqqX QQ . 
 

Theorem 
For every R∈X , we have ( ) 0=−+ XX . 
 

Definition: Absolute Value 

�
�
�

<−
≥

=
0 if 

0 if 
:

XX

XX
X . 

 

Definition: Multiplication 

��

�
�
�

≥<<≥⋅−

<<≥≥⋅
=⋅

0 and 0or  ,0 and 0 if ,

0 and 0or  ,0 and 0 if ,
:

YXYXYX

YXYXYX
YX . 

 

Definition 
{ }1|:1 <∈= qq Q . 
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Theorem 
R∈∀=⋅ XXX ,1 . 

 

Definition 

If 0>X , define { }elementlargest \\,
1

or  , 0|
1

�
�
�

�
�
�

∈′
′

=≤∈= Xq
q

qqq
X

QQ . 

If 0<X , define 
XX
11 −= . 

 

Completeness Property of the Reals 
Every subset of R (other than φ) which has an upper bound has a least upper bound. 
 
 

COMPLEX NUMBERS 

Examples 
1) 23 +x  has no solution in Z, but there exists a solution in Q. 

2) 022 =−x  has no solution in Q, but there exists a solution in R. 

3) 012 =+x  has no solution in R, but there exists a solution in C. 
 

Definition 
A complex number ibaz += , where R∈ba, , 12 −=i . 
 

Notation 
C is the set of all complex numbers. 
 

Definition: Addition and Multiplication 
Addition: ( ) ( ) ( ) ( )bbiaabiaiba ′++′+=′+′++ . 

Multiplication: ( ) ( ) ( ) ( )baabibbaabiaiba ′+′+′−′=′+′⋅+ . 
 

Notes 
• Why is CR ⊂ ? R∈a  is C∈+ 0ia . 
• For R∈b , C∈+ ib0  is (pure) imaginary. 

 

Notation 
1) ( ) aiba =+ :Re , ( ) biba =+ :Im . 

2) 22: baiba +=+  is the modulus of iba + . 

3) ( ) ibabiaiba −=−+=+ :  is the conjugate of iba + . 
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Examples 
1) ( ) ( )biaiba −+−=+− . Check: ( ) ( )( ) 0:00 =+=−+−++ ibiaiba . 

2) ( )( ) ( )( ) ( ) ( ) 22222 ibabaababibaibaibaibaiba +=+=−++=−+=++ . 

3) 0,
11

22222222
≠+

+
+=

+
−+

+
=

+
−=

−
−

+
=

+
iba

ba

iba

ba

b
i

ba

a

ba

iba
iba
iba

ibaiba
. 

 

Notation 

 

iba +=  ofargument :θ . 
 

( )��

�
�
�

=

>+=⇔+⇔+
a
b

rbar
ibairr

arctan

0,
sincos

22

θ
θθ . 

 

DeMoivre Formula 
( )[ ] ( ) ( )[ ] N∈∀+=+ nninrir nn ,sincossincos θθθθ . 

 

Example 

( ) ( ) ( ) ( )( ) 162sin2cos16
4

8
sin

4
8

cos2
4

sin
4

cos21
8

8
8 =+=��

	



��
�



�
	



�
�


+�
	



�
�


=
�
�
�

�

�
�
�

�
��
	



��
�



�
	



�
�


+�
	



�
�


=+ ππππππ
iiii . 

 

Example 
Find the solution to 13 −=z . 

Let [ ]θθ sincos irz += . ( ) ( )[ ] ( )
�
�

�
�

�

+=

=
�+=+�−=

ππθ
ππθθ

3
2

1
sincos3sin3cos1 33

k

r
iirz . So, 

2
3

2
1

3
sin

3
cos10 iiz +=�

�

�
�
�

�
�
	



�
�


+�
	



�
�


= ππ
, ( ) ( )[ ] 1sincos11 −=+= ππ iz , 

2
3

2
1

3
5

sin
3

5
cos12 iiz +−=�

�

�
�
�

�
�
	



�
�


+�
	



�
�


= ππ
. 

 

Triangle Inequality 
C∈∀+≤+ 212121 ,, zzzzzz . 

 
 

FUNDAMENTAL THEOREM OF ALGEBRA 

Definition: Closed Curve 

θ 

a 

b 

Im 

Re 
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A closed curve in the plane is a continuous function from [ ]π2,0  into C such that its values at 0 and π2  are 
the same. 
 

Definition: Winding Number 
If φ is a closed curve in the plane that doesn’t go through ( )0,0 , the its winding number about ( )0,0  is the 

total number of times a vector from ( )0,0  to the point ( )tφ  winds around ( )0,0  as t goes from 0 to π2 . 
 

Lemma 
If ( )tL  and ( )tM  are two closed curves (not passing through ( )0,0 ), and ( ) ( ) ( ) ttLtMtL ∀<− , , then L and 

M have the same winding number. 
 

Theorem: Fundamental Theorem of Algebra 
Every polynomial with complex coefficients (other than a constant polynomial) has a complex root. 

( ) 01 azazazp n
n +++= � , where C∈ia , 0≠na  (so n is the degree of the polynomial). 

 

Theorem: Factor Theorem 
If ( )zp  is a polynomial with complex coefficients, then by FTA it must have a root C∈r , i.e. ( ) 0=rp . 

1) rz −  divides this polynomial. So ( ) ( ) ( ) ( ) ( )pqzqrzzp degdeg, <−= . 

2) ( ) ( ) ( ) C∈−−= nn rrarzrzazp ,,,, 11 �� , or ( ) ( ) ( ) lk
l

k rzrzazp −−= �1
1 . 

 
 
 

Cardinality 

Motivation 
How to compare sizes of sets? Especially sizes of infinite sets? 
 

Definition: Finite Set 
A (non-empty) set S is finite if there exists some N∈n  such that the elements of S can be paired with the 
elements of { }n,,2,1 � . 

Equivalently, if can label the elements of S as nss ,,1 � , then say S is finite, of cardinality (“size”) n. 
 

Example 
{ }red,green,blue  is finite with cardinality 3. 1blue ↔ , 2green ↔ , 3red ↔ . 
 

Definition: Infinite Set 
An infinite set is a set which is not finite. 
 

Examples 
{ }�,3,2,1=N , rationals=Q , reals=R  are infinite sets. 
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Definition 
Two sets S and T have the same cardinality if there exists a bijection (one-to-one and onto) TSf →: , i.e. 
can pair elements of S with elements of T. 
Notation: TS = . 

 

Note 
For finite sets, if S and T both have n elements, then they have the same cardinality (take ii tsTSf →→ ;: ). 
 

Example 
Let { }�,2,1== NS  and { }�,4,2=T . Then TS = . 

Why? Take nnTSf 2;: →→ . f is 1-1 because ( ) ( ) mnmnmfnf =�=�= 22 . f is onto because for all 

Tm ∈ , N∈= llm ,2 , so take ln = . 
 

Example 
Let { } { }�� ,3,2,2,1 =⊃== TS N . Then TS = . 

 
 

NOTIONS OF CARDINALITY 

Definition: Countable 
If T=N , then say T is countably infinite (“countable”). 

Notation: 0ℵ=N . 

 

Example 
+= QS  the set of positive rationals is countable, i.e. they can be enumerated. So 0ℵ==+ NQ . 

 

Theorem 
The set [ ] { }10|:1,0 ≤≤∈= xx R  is not countable (i.e. uncountable). 

Notation: Say [ ]1,0  has the cardinality of the “continuum”. Write [ ] c=1,0 . 

 
Proof: 
Suppose we have a list of all real numbers between 0 and 1: 

�

�

�

�

3332313

2322212

1312111

.0

.0

.0

aaas

aaas

aaas

=
=
=

. 

Make a number 321.0 xxxx =  as follows: 
�
�
�

=
≠

=
5,6

5,5

ii

ii
i a

a
x . This is a real number between 0 and 1. 

Now, x is not in the list because: 1sx ≠  since 111 ax ≠ , 2sx ≠  since 222 ax ≠ , and so on. 
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Definition 
TS ≤  if there exists TT ⊆0  such that ST =0 . 

 

Definition 
TS <  if TS ≤  and TS ≠ . 

 

Claim 
[ ]1,0<N . 

Proof: 

We showed [ ]1,0≠N , so it is enough to show [ ]1,0≤N . Let N=S  and [ ]1,0=T . Let 
�
�
�

�
�
�= �,

3
1

,
2
1

,10T . 

ST =0  because ( )
n

nfTSf
1

,: 0 =→ . 

 

Theorem: Schroeder-Bernstein-Cantor Theorem 
If TS ≤  and TS ≥ , then TS = . 

 

Theorem 
If ba <  and dc < , then [ ] [ ]dcba ,, = . 

Proof: Take [ ] [ ] ( ) c
ab
cd

axxdcbaf +
−
−−→→ ,,,: . f is 1-1 and onto. 

 

Theorem 

If �,3,2,1, == icS i , then cS
i

i =
∞

=
�

1

. 

Proof: ��
∞

=

∞

=

≤=�⊂
1

1
1

1
i

i
i

i SScSS . Note that 
�

( ) ( )( ) �
�� ��� �	����	� ∪∪∪∪=

′′′

∞

=
321

213121
1

\\
SSSi

i SSSSSSS  is the union of 

disjoint sets. Now, take R→
∞

=

1-1

1

:�
i

iSf , where ( )1,01-1
1 →′S  (since cS =1 ), ( )2,11-1

2 →′S  (since 

cS =2 ), etc; then cS
i

i =≤
∞

=

R�
1

. So, by S-C-B, cS
i

i =
∞

=
�

1

. 

 

Example 

c=2R  because 2R  can be divided into unit squares iS , and then cS
i

i ==
∞

=
�

1

2R . 
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Example 
Let S be the set of all sets of real numbers (ex: { } { } { } [ ] [ ] [ ]{ }��� ,11,11034,1,02,1,,1,0 11∪=S ). Then cS > . 

 
Proof: 

Want: Sc < . Take { }xxSf 
;: 1-1→R , so Sc <=R . 

Want: Sc ≠ . Suppose Sc == R , so there exists Sg  →bijection: R . Note that in particular g is onto and 

( )xg  is a set of real numbers. Let ( ){ } SxgxxT ⊂∉∈= |: R . Claim: There is no R∈y  such that ( ) Tyg = . 

Suppose there is R∈y  such that ( ) Tyg = . If ( )ygy ∈ , then ( )ygyTy ∉�∈  a contradiction; if ( )ygy ∉ , 

then ( )ygyTy ∈�∈  a contradiction. So this contradicts “g is onto”. 
 

Notation 
cS 2= . 

 

Remark 
If 0S  is any set (not necessarily of R), then let S be the set of all subsets of 0S . We can show that SS <0 . 

So �<<<<
cccc

222 222 ! 
 

Theorem 
The set of all subsets of N has cardinality c, i.e. c=ℵ02 . 
 
Proof: Let { }1,0: →Nf  be a characteristic function. For a subset N⊆S  define its characteristic function 

( )
�
�
�

∉
∈

=
Sn

Sn
nf S ,0

,1
. Let T be the set of all characteristic function of N. 

Define [ ] ( ) ( )�
 21.0,1,0: fffT →ϕ . ϕ  is 1-1 because 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ffffffffffff ′=�′=′=�′′=�′= ��� ,22,1121.021.0ϕϕ . So [ ] cT =≤ 1,0 . 

Now, for each [ ]1,0∈x  write it as �21.0 xx  in binary (so 1,0=ix ). Given [ ]1,0∈x  define a characteristic 

function ( ) nx xng = . Define [ ] xgxT 
,1,0: →ψ , which is 1-1. So [ ] Tc ≤=1,0 . 

So c=ℵ02 . 
 
 

ENUMERATION PRINCIPLE 

Any set in bijection with finite sequences of elements of a countable set is countable. 
 

Example 
Prove Q is countable. 

{ }−+∪= + ,QS  is countable. So { }0\Q  is countable, so Q is countable. 
 
 

Example 
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Prove ( ){ }QQ ∈= in
n qqq |,,1 �  is countable. 

Note: Sn ⊆Q  a finite sequence of elements of Q, so 0ℵ=≤ SnQ . 

Now let iS  be the set of sequences of length i of elements of a countable set. Since 

00
2

0 ℵ==××��ℵ==×�ℵ= nSSSSSSS �� , so �
∞

=1i

iS  is countable. 

 

Lemma 
If S is infinite, then S contains a countably infinite set. 
 
Proof: Ss ∈∃ 1 , { }12 \ sSs ∈∃ , { }213 ,\ ssSs ∈∃ , etc. 
 

Corollary 
If S is infinite, then 0ℵ≥S , i.e. 0ℵ  is the smallest infinite cardinal. 

 

Theorem 
If S is uncountable and 0S  is a countable subset of S, then SSS =0\ . 

 
Proof: 0\ SS  is uncountable (otherwise ( ) SSSS =∪ 00\  is countable). So there exists 01 \ SSS ⊂  

countable. Now ( ) ( ) 101000 \\ SSSSSSSSS ∪∪∪=∪= ���� . Let 110: SSSf →∪  be any 1-1 function. 

Define ( ) ( )
( )�

�
�

∪∈
∪∈

=→
10

10
0 ,

\,
,\:

SSssf

SSSss
sSSS ϕϕ . ϕ  is 1-1 and onto. So SSS =0\ . 

 

Theorem 
S is infinite iff it has a proper subset 0S  such that 0S  has the same cardinality as S. 
 
Proof: If S is infinite, the by lemma there exists SS ⊆0  countably infinite. ( ) 00\ SSSS ∪= � . 

Let { }1\ sST =  a proper subset of S. 

Let ( )
�
�
�

=∈=
∈

=→
+ �,2,1,,

\,
,:

01

0

kSsss

SSss
sfTSf

kk
 is 1-1 and onto. So ST = . 

 
 

ALGEBRAIC NUMBERS 

Definition: Algebraic Number 
A real number is algebraic if there exists a (non-zero) polynomial with integer coefficient that has it as a root. 
Notation: { }numbers algebraic:=A . 
 

Theorem 
A is countable. 
 



MAT246Y1a.doc 

Page 25 of 39 

Proof: Let 

( ){ }
( ){ }

�
�

�
�

�

=∈=
=∈=

�

tscoefficieninteger  with 2 degree of polynomial is  ,0|:

tscoefficieninteger  with 1 degree of polynomial is  ,0|:

2

1

pxpx

pxpx

RA
RA

. Note that 

�
�

�
�

�

××↔
×↔

�

ZZZA
ZZA

2

1

, so each kA  is countable. Thus �
1≥

=
k

kAA  is countable. 

 

Corollary 
{ } c=numbers algebraic-non . 

 
 

ARITHMETIC WITH CARDINAL NUMBERS 

Cardinal numbers: { }�� ,2,,,,2,1 0
ccℵ . 

 

Definition: Addition 
Let 1c  and 2c  be cardinal numbers, where 11 Sc = , 22 Sc = ; assume 1S  and 2S  are disjoint. 

2121 : SScc ∪=+ . 

 

Example 
1) ?00 =ℵ+ℵ . Let { }N∈=ℵ nn |20  and { }N∈+=ℵ nn |120 , then { } 000 | ℵ==∈=ℵ+ℵ NNnn . 

2) ?0 =+ℵ c . Let Q=ℵ0  and QR \=c , then cc ==+ℵ R0 . 

 

Definition: Multiplication 

2121 : SScc ×=× . 

 

Example 
1) ?00 =ℵ×ℵ . Let N=ℵ0 , then 000 ℵ=×=ℵ×ℵ NN . 

2) ?0 =×ℵ c . Let N=ℵ0  and R=c . Then cc
cc

cc
=×ℵ�

��

�
�
�

=×≥×=×ℵ

=×≤×=×ℵ
0

0

0

1 RRN

RRRN
. 

 

Definition: Exponential 
{ }XAffX A →= :|: . 

 

Example 
?2 0 =ℵ . Let { }1,02 =  and N=ℵ0 , then { }{ } ( ) cPff ==→=ℵ NN 1,0:|2 0 . 
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Classical Geometry 

NUMBER FIELDS 

Examples: Closed Sets 
1) The set of rational numbers is closed under the four basic operations of arithmetic: +, -, ×, ÷. 

2) The set of integer is not closed under division: 
2
1

21 =÷  is not an integer. 

 

Definition: Number Field 
A subset of R which contains 0 and 1, and which is closed under the four basic arithmetic operations is called 
a number field. 
 

Examples 
1) Q, R are number fields. 

2) ( ) { }QQ ∈+= baba ,|2:2  is a number field. It is closed under multiplication since 

( )( ) ( ) ( ) 222
����	����	

QQ ∈∈

′+′+′+′=′+′+ bababbaababa . It is closed under multiplicative inverse since 

2
222

2

2

2

2

1

2

1
222222

����	����	
QQ ∈∈

�
	



�
�




+
−�
	



�
�




+
=

+
−=

−
−

+
=

+ ba

b

ba

a

ba

ba

ba

ba

baba
. 

 

Remark 
• Q is the smallest number field. 
• R is the largest number field. 

 
 

CONSTRUCTION YOU CAN MAKE WITH STRAIGHTEDGE AND COMPASS 

Perpendicular Bisector of a Line Segment 
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Bisect an Angle 

 
 

Copy Angles 

 
 

Draw a Parallel Line To a Given Line Through a Given Point 

 
 

 

Copy Lengths 
 

 
 

Trisect a Given Line Segment 
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CONSTRUCTIBLE NUMBERS  

Start with a line and two points marked 0 and 1. Using straightedge and compass, can mark any natural 
number on the line by copying lengths. 
 

Definition: Constructible Numbers 
The set of numbers that can be marked on a line using straightedge and compass is called constructible 
numbers. 
Notation: numbers bleconstructi ofset :=C . 
 

Note 
1) If Cba ∈, , then Cba ∈+ . 
2) If Ca ∈ , then Ca ∈− . 

3) If Cba ∈,  and 0, >ba , then C
b
a ∈ . Note in particular, C

a
∈1

 

Suppose 1>b : 

 

b
a

x
ba

x =�= 1
. 

Suppose 1<b : 

 

b
a

x
b

x
a =�=

1
. 

4) If Cba ∈,  and 0, >ba , then Cab ∈  (since C
a

ab
b

∈=
1

). 

These prove the following theorem. 

b 1 

a 

x 

1 b 

x 

a 
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Theorem 
C is closed under the  four basic arithmetic operations. 
 

Corollary 
C is a number field. 
 

Note 
Recall that ( )2Q  is a number field. More generally, if F is any number field and Fr ∈  is such that 0>r  

but Fr ∉ , then define ( ) { }FbarbarF ∈+= ,|:  is a “bigger” number field. 
 

Theorem 
( )rF  is a number field. 

 

Example 

� ( ) ( )( ) ( )( )( ) �
�� ��� �	����	��	

⊆⊆⊆⊆
3210

532322
FFFF

QQQQ . 

 

Definition: Tower of Number Fields 
A tower of number fields is a finite collection of number fields such that each is obtained from previous one 

by adjoining a square root: ( ) ( ) ( ) ( )
����	

�
����	����	����	

nF

nn

FFF

rFrFrFrFF 13221100

321

−⊆⊆⊆⊆⊆ . 

 

Theorem 
If Cr ∈  and 0>r , then Cr ∈ . 
 
Proof: 

 

rxxr
r
x

x
=�=�= 21

. 

 

Corollary 

M r + 1 r 

x 
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If kFFF ⊂⊂⊂⊂ �21Q  is any tower, then CF j ⊂ . 

 
 

SURDS 

Definition: Surd 
A surd is a number that is in some kF  where kF  is in some tower starting at Q. 

Notation surds ofset :=S . 
 

Corollary 
CS ⊆ . 

 

Note 
Can construct a point ( )ba,  in the plane iff the numbers a and b are construtable. 
 

Remark 
To prove SC ⊆ , we show that if you start with points whose coordinates are in S, then any construction 
produces points whose coordinates are also in S. 
 

Constructions Operations 
1) Join two constructed points by a line. 
2) Make a circle with centre at a constructible point with constructible radius. 
3) Take points of intersection of above. 

 

Corollary 
If a point is constructed as the intersection of two lines, both of which are determined by points with 
coefficients in S, then the point has coefficients in S. 
 
Proof: Suppose ( )ba,  and ( )dc,  have Sdcba ∈,,, . Then there exists an extension F (the end of a tower) of 

Q such that Fdcba ∈,,, . 

Now the equation of the line joining ( )ba,  and ( )dc,  is 
ac
bd

ax
by

−
−=

−
−

 or 
������	����	

βα

�
	



�
�




−
−−+�

	



�
�




−
−=

ac
bd

abx
ac
bd

y . Note 

F∈βα , . 
 

Corollary 
If a point is constructed as the intersection of a line and a circle, both of which are determined by points with 
coefficients in S, then the point has coefficients in S. 
 
Proof: A circle with centre ( )ba,  and radius r, where Srba ∈,, , has equation 

( ) ( ) ( ) ( ) ( ) 022 22222222 =−++−+−++⇔=−+−
�� ��� �	��	��	

γβα

rbaybxayxrbyax . Since there is some extension F 

such that Frba ∈,, , so F∈γβα ,, . 
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Now, at the intersection 
��

�
�
�

′+′=
=++++

βα
γβα

xy

yxxy 022

 � ( ) ( ) 022 =+′+′+++′+′ γβααβα yxxxx  � 

( ) ( ) ( ) 021 222 =+′+′+′++′′++′
�� ��� �	��� ���� �	����	

CBA

xx γββββααβαα , so 

SACBFACB
AA

B
A

ACBB
x ⊆�

	



�
�

 −∈−±−=−±−= 44

2
1

22
4 22

2

. 

 

Corollary 
SC ⊆ . 

 
 

CANNOT TRISECT A 60°°°° ANGLE 

Facts 
1) Can construct a 60° angle. 
2) If we could trisect a 60° angle, then we could construct a 20° angle. 
3) If an angle θ (acute) is constructible, then θcos  is constructible. 

So, to show one cannot trisect a 60° angle, it is enough to show that ( ) C∉°20cos . Since SC = , it is enough 

to show ( ) S∉°20cos . 
 

Note 

( ) AAA cos3cos43cos 3 −= . So, ( )
2
1

60cos =°  ⇔ ( ) ( )
2
1

20cos320cos4 3 =°−°  ⇔ 

( ) ( ) 0120cos620cos8 3 =−°−°  ⇔ ( )( ) ( )( ) 0120cos2320cos2 3 =−°−° , which means °20cos2  is a solution to 

0133 =−− xx . 
 

Facts 
1) If a cubic equation with rational coefficient has a solution which is a constructible number, then it has a 

rational solution. 
2) 0133 =−− xx  has no rational root. 

Proof: A rational root 
b
a

r =  must be such that 1|a  and 1|b , so 1±=r . But 1±  are not roots! 

 

Theorem 
If a cubic equation with rational coefficient has a constructible root, then it must have a rational root. 
 
Proof: Note the following facts: 

1) It suffices to consider cubics with leading coefficient 1. 
2) Any cubic with leading coefficient 1 looks like ( ) ( )nrxrx −− �1 , where nrr ,,1 �  are (perhaps complex) 

roots 
3)  Notice that ( )( )( ) ( ) �

����	
++++=−−−

∈

2
321

3
321 xrrrxrxrxrx

Q

, i.e. the sum of all three roots of a cubic is a 

rational number. 
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4) Let ( ) { }FrFrbarbarFrba ∉∈+=∈+ ,,,|: . Define the conjugate of rba +  as rbarba −=+ . 

5) ( ) ( ) rdcrbardcrba +++=+++ . 

6) ( ) ( ) �
	



�
�

 +⋅�

	



�
�

 +=+⋅+ rdcrbardcrba . 

7) ( ) kk
rbarba �
	



�
�

 +=+ . 

 
Let 0x  be the constructible root, so 0x  is a surd. So there exists some tower 

( )iiik rFFFF =⊂⊂⊂ +10 ,�Q  such that kFx ∈0 . So 11001000 ,,, −−− ∈+= kkk Frbarbax . Assume we 

choose a shortest tower containing 0x  (i.e. 00 ≠b ; or if Q∈0x  then we’re done). 

By proposition, 1000 −−= krbax  is also a root. Let s be the third root. Now 

� � 10000

1
1

22 −
∈

∈
∈

∈−=�=+�∈=++
−

−

k
F

F

Faqsqsaqsxx
k

k

Q

Q . By repeating this argument, we can conclude that 

Q∈s . 
 

Proposition 
Suppose p is a polynomial with rational coefficients. If ( ) 0=+ rbap , then ( ) 0=− rbap . 

Proof: Notice ( ) 0000 axaaxaaxaaxaxp
k

k
k

k
k

k
k

k ++=++�
	

�

�

=++=++= ���� . So 

( ) ( ) 0000 =�
	



�
�

 +�==+�=+ rbaprbaprbap .  

 

Lemma 
If 0x  is a root of a polynomial with coefficients in ( )rF , when 0x  is a root of a polynomial with 
coefficients in F (of twice degree). 
 

Proof: 
( )
�

( ) FrbarbarFx iiiiii
k
o

rF

k ∈+=∈=++
∈

,,,,00 αααα �  � 

( ) ( ) 000 =++++ rbaxrba k
okk �  � ( ) ( ) 000 =++++ rbaxrba k

okk �  � 

( )00 bxbraxa k
ok

k
ok ++−=++ ��  � ( ) ( ) 0

2
0

2
0 =++−++ bxbraxa k

ok
k
ok ��  � 

( ) ( ) 02
0

2
0

2
0

22 =−++−
∈∈
����	

�
����	

F

k

F

kk rbaxrba . 

 

Theorem 
Every constructible number is algebraic. 

Proof: Suppose 0x  is constructible, so kFx ∈0 . Now ( ) 0xxxp −=  has coefficients in ( )rFF kk 1−= . Now 
apply the lemma until the coefficients are in Q, and multiply it by the common denominator. 
 

Example 
A 50° angle is not constructible. 
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Note that a 90° is constructible. Suppose 50° is constructible, then 40° is constructible. By bisecting, 20° is 
constructible. Contradiction. 
 

Example 
3 5  is not constructible. 

Suppose 3 5  is constructible. Since 3 5  is a root of 53 −x , so 53 −x  has a rational root. Now, 

( ) R∈∀>=
′

− xxx ,035 23 , there is one real root. But 3 5  is real, but not rational. Contradiction. 
 

Example 

35 +  is constructible. 

Note that ( ) ( )( ) ( )( ) �
	



�
�

 +⊂⊂⊂

+

3535355
35 contains

QQQQ
����	

. 

 

Corollary 
Cannot trisect 60°. 
 
Proof: Assume can trisect 60°. Since 60° is constructible, this implies 20° is constructible. Contradiction. 
 
 

REGULAR POLYGONS 

Example: Duplication of the Cube 
Given a cube of volume 1 (edges are 1), can you construct a cube of volume 2? 
Volume of cube is 3x , where x is the length of the edge. Does 023 =−x  have a constructible solution? If 

23 −x  has a constructible root, then it has a rational root, but 23 −x  has no rational root. (Suppose n
m  s a 

root, then ( ) 333
22 nmn

m =�= . If 1|2||| 3333 ±=���� mnpnpmpmp ; if 

1||| 33 ±=��� nmpnpnp . So 1±=n
m . Contradiction! So no rational solution.) 

 

Definition: Regular Polygon 
Regular polygon has equal sides and angles. 

 
 

Fact 
Every regular polygon can be inscribed in a circle. 
Proof: Find the centre and radius of the circle as follows: 

3 
4 5 6 
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Definition: Central Angle 

The central angle of a regular n-gon is 
n

°360
. 

 
 

Note 
A regular polygon is constructible if and only if the central angle is constructible. 
 

Corollary 
A regular 18-gon is not constructible. 

Proof: The central angle is °=°
20

18
360

. 

 

Corollary 
A regular 9-gon is not constructible. 
 

Corollary 
Regular 9, 18, 36, 72,…-gons are not constructible. 
 

Fact 
If a regular n-gon is constructible, then the regular n-gon can be constructed such that it is inscribed in a circle 
of radius 1. 
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Lemma 
A regular n-gon is constructible if and only if the length of an edge of the regular n-gon inscribed in a circul 
of radius 1 is constructible. 
 
Proof (⇐): 

 
 

Corollary 
A regular 10-gon is constructible. 
 
Proof: Suppose we have a 10-gon inside the unit circle (don’t know if it is constructible) Let s be the length of 
the side. We show s is constructible. 

 

Since 
s

ss
ABCOAB

−=�
1

1
~ , so 

2
411

011 22 +±−=�=−+�−= sssss . But since 

0>s , so ( )5
2

15 Q∈−=s  which is constructible. 

 

36° 

72° 36° 
s 

1 - s 
72° 

s 

1 

A B 

C 

O 

s 
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Corollary 
A regular 5, 10, 20,…-gon is constructible. 
 

Corollary 
A 7-gon is not constructible. 
 
Proof: 

 

Let C∈z . We know 17 =z , 1=z , 1≠z . 

( )( )

( ) ( ) ( ) 012

01

01

011

01

12131

11123

23456

23456

7

32

=++−+++

=++++++

=++++++

=++++++−

=−

zzz

zzz

zzz

zzz

zzzzzz

zzzzzzz

z

 

Now, let zzx 1
0 += . Then ( )zx Re20 =  (because 

zzzzz 111 =�=�= , so ( )zzzx Re20 =+= ). 

So ( )zx Re20 =  satisfies 01223 =−−+ xxx . To show 

z is not constructible, it’s enough to show 0x  is not 

constructible. Now if 0x  is constructible, then 

1223 −−+ xxx  has a rational root, but it doesn’t. 
 
 

TRISECTING ANGLES 

Remark 
36° is constructible since a 10-gon is constructible. 
 

Recall 
We proved that every constructible number is algebraic. 
 

Corollary 
An angle cannot be constructed (with straightedge and compass) if θcos  is transcendental. 
Proof: θ constructible ⇔  θcos  constructible � θcos  algebraic. 
 

Example 

Suppose 
3

cos
θ

 is transcendental. Then we know 
3
θ

 is not constructible. 

 

Note 
Given an angle θ (don’t know if θ  is constructible or not), can θ be trisected? 
 

1 

2 
3 

z 

( )zRe  
Re 

Im 
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Theorem 
If  θcos  is transcendental, then θ is not trisectible. 
 
Proof: 
Given angleθ, can construct from it the number θcos:=c . 

Let 
( )
( ) ( )

�
�
�

�
�
�

≠= 0such that  tscoefficien rational with spolynomial  ,|:0 cqqp
cq
cp

F . Note ( )cF Q=0  is the 

smallest number field containing Q and c. 

Using straightedge and compass, can construct towers starting with 0F : ( ) �⊂⊂ orFF 00 . 

Assume 
3
θ

 is constructible from θ. Then 
3
θ

 is in such a tower. So cxx =− 34 3  has a solution in such a 

tower ( ( ) �⊂⊂ orFF 00 ), and thus cxx =− 34 3  has a solution in ( )cF Q=0 . 

We need to show cxx =− 34 3  has no solution in ( )cF Q=0 . Suppose there is a solution in ( )cF Q=0 , i.e. 

( )
( )

( )
( ) ( )( ) ( )( ) ( )( ) ( )( ) 03434 323

3

=−−�=��
	



��
�



−��

	



��
�



cqccqcpcpc

cq
cp

cq
cp

, which is a polynomial in c with rational 

coefficient. Now, not all coefficients are 0 because θcos:=c  is transcendental and: 

• Case 1: ( ) ( )qp degdeg < . The highest appearing power of c comes from ( )( ) 03 ≠− cqc . 

• Case 2: ( ) ( )qp degdeg > . The highest appearing power of c comes from ( )( ) 04 3 ≠cp . 

• Case 3: ( ) ( )qp degdeg = . The highest appearing power of c comes from ( )( ) 03 ≠− cqc . 

Therefore, ( )( ) ( )( ) ( )( ) ( )( ) 034 323 ≠−− cqccqcpcp . Contradiction. 
 

Example 
Any angle can be trisected with compass and ruler. Given θ: 

 

Claim: 
3
θ=x . 

Proof: ( ) xzzx
zy

xyxy
44

2
22

−=�+=�
�
�
�

+−=
=−�−=

ππ
ππ

ππ
. Also, θπ −−= xz , so 

3
4

θθ =�+= xxx . 

 
 

REGULAR POLYHEDRONS 

Definition: Polyhedron 
A polyhedron is a solid, all of whose faces are polygons. 
 

Definition: Regular Polyhedron 

θ x 
1 

1 y π - y 

π - y 

z 

1 

1 

1 
x 



MAT246Y1a.doc 

Page 38 of 39 

A regular polyhedron (platonic solid) is a polyhedron all of whose faces are regular polygons with same 
number of sides as each other, and all of whose vertices lie on the same number of faces. 
 

Examples 

 
 

Theorem 
There are only 5 regular polyhedrons. 
 
Proof: Let n be the number of sides of a face, and k be the number of faces on which a vertex lies.Note that 

3, ≥kn . 
Note that for a regular n-gon, 

�
�
�

=+
=

πθ
πθ

x

n

2
2

. So 
( )

n
nnn

x
πθθθθπ 2

2
2

2
2

−=�
	



�
�


 −=−=−= . 

 

θ 

x 

x 

dodecahedron 

icosahedron 
cube 

tetrahedron 

octadron 
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Now, k faces meet at a vertex means ( ) ( )
2

2
2

2
22 <−�<−

�<
n
k

k
n

nk
xk π . Since 

3
11

3
11

3 −≥−�≤�≥
nn

n , so 
33

22 kk
k

n
k

k =−≥− . Thus 5,4,362
3

=�<�< kk
k

. 

If 3=k , then 
( )

5,4,362
32

3 =�<�<− nn
n

. If 3=n , tetrahedron; if 4=n , cube; if 5=n , dodecahedron. 

If 4=k , then 
( )

342
42

4 =�<�<− nn
n

. This is the octahedron. 

If 5=k , then 
( )

3
3

10
2

52
5 =�<�<− nn

n
. This is the icosahedron. 


