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RANDOM VARIABLES AND EVENTS

1y
2)
3)

4)

5)

Definition: Random Variable
A random variable is a variable that is random. They are denoted X, Y, Z.

Note
A random variable which is constant will be called a constant random variable.

Example
Roll a “fair” die and let X denote the number of dots.

e Xis arandom variable. Its possible values are 1, 2, 3, 4, 5, 6.
e Observing X leads to data or observed value. We will denote a typical observation by x.

Definition: Event
In general, an event is a statement involving random variables. They are denoted A, B, C, D.

Notation
{X is even} means “the event that X is even”.

Note
Events either occur or they don’t.

Notes
Events may be thought of as collections/sets of outcomes.
The sure event (denoted S or Q) is the set of all possible outcomes.
S includes all the outcomes so that any event A is made up of outcomes “drawn” from S. A is a subset of S and
we write AcC S .
The impossible event or empty set (denoted ¢) is the event which consists of no possible outcomes and hence
never occurs.
®* Notice: gc A S.

We can talk about any function of X, say, g(X) . Examples: X 2 sinX, eX = exp(X) , etc.

Definition: The Indicator Random Variable or Bernoulli Random Variable
If A is an event, then we define the indicator random variable or Bernoulli random variable for/of A to be

{1 if A occurs

0 otherwise

A=

Example
Let X be a random variable. Measure it an infinite number of times to get x;, x,, x3,....

e The average will be the expected value or expectation of X, denoted E(X ).
e [If X denotes marks, then A= {pass}= {X > 0}.
¢ The indicator random variable might look like: 0,0,1,0,....
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Definition
The proportion or the relative frequency of 1s will be the probability of A, denoted P(A).
e Notice P(A)=E(I,).

MoRE ON EVENTS AND RANDOM VARIABLES

e Events consist of outcomes.
e Every event is a subset of S.

Sometimes the same event has different descriptions, so we might want to show something like:

AcCB
A=B.
BcA

How to show Ac B?
e Take an arbitrary element of A.
e Show that it is an element of B, i.e. let xe A and show xe€ B .

From our point of view, Ac B means A= B.

Two events are equal (i.e. the same) if A= B and B= A.

Random Variables
How to show two random variables X and Y are equal? They are equal if they are equal all the time.

Example
Let A, and A, be disjoint events (i.e. no outcomes in common, no overlap, etc.). Look at the event A; U A,
(the event that at least one of the A’s occurs).

* The indicator random variable of this new eventis I, 4, or / (Al UA, ). “Clearly”,

IAIUAZ =IA1 +IA2 .

Notes

1) U A; = A, UA, U--- is the event that at least one of the A’s occurs.
i=1

2) If the A’s are disjoint, then a common notation for U A=A +A)+---.
i=1

3) ﬂAi =A NA,N---=A/A, --- is the event that all of the A’s occur.
i=1

COMPLEMENTS

Definition

The complement of an event A is the event consisting of all outcomes not in A. It is denoted A or A.
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Example
Toss a coin » times and set Y = number of heads .

e A= {at least one head}: {Y > 1}.
e A° ={nohead}={all tails}={y =1}.

Set A = {head on the first toss}, A, = {head on the second toss}, etc.
o AA, A, ={Y =m}.
o AUA,U-UA, ={Y >1}.
o (A uA,U-UA ) ={r=0}=4,°4,"--A,°.

In General

(UAi] =ﬂAiC and [DA,} =UA[C — Morgan’s Laws.
(ac) =a.

In terms of indicator random variables,
o IAE +IA = 1 .

o 1. =1,y

AI m
i

Taon, =1a 14, —1yna, -

BERNOULLI (P) RANDOM VARIABLES

Definition

X is a Bernoulli (p) random variable if X can only take on either O or 1 and P(X = 1) =p.

Note

1) Let X be Bernoulli (p) (X ~ Bernoulli (p)). Now measure it an infinite number of times. You end up with a list
of 0’s and 1’s. The proportion of 1’s will be p and the proportion of 0’s will be g.

2) Now,
e E(X)=p (1" moment of X), E(X2)= p (2" moment of X), E( ")= p.

o ERY)=p)+q01), EB¥ )= pB3)+q0).

3) If s is a dummy variable, then E (SX ): ps+q.Call E (sX ) the probability generation function denoted by

G(s). This function is in fact defined for any count random variable.

KoLMOoGOROV AXiIoMS/LAWS OF PROBABILTY

1) P(A)=0; P(S)=1.
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2) If A, and A, are disjoint, then P(A, U A, )= P(A, )+ P(A,).

=3

3) If Ay, A,,... are disjoint, then P{U A; ] = Z P(A
i=1

Remark

1) If the A;/’s are disjoint, we often write U A= Z A, .
i=1 i=1

2) P[Z} A; ] = Z P(Ai) and P(Z Ai] = Z P(A[ ) is the countable additivity property of probability.
i= i=1 i=1

i=1

Some Consequences
1) P(A)+Plac)=1.
2) If A= B, then P(A)< P(B).
3) 0<P(A)<1.
4) P(AuB)=P(A)+P(B)- P(AB).

AXIOMS/LAWS OF EXPECTATION

1) X20:>E(X) ()

2) E(cX)=cE(X); E(X+Y

3) If X,,X,,...20, then E[ZX (x,).
Note

1) E (X ) T also called the mean of X and is often denoted by 4.

2) E[(X —,11)2]20 is called the variance of X, denoted Var(X) or 6%,

3) E(X,+X,+X3)=E[(X,+X,)+X;]=E(X,+X,)+E(X;)=E(X,)+E(X,)+E(X;). Notice that using
induction, we would have E(Xl+---+Xm):E(X1)+~~-+E(Xm),Vm22.

4) Var(x E[X i) ] ( 2 —2X,u+,112):E(X2)—2,11E(X)+,112 =E(X2)—[E(X)]2.

5) Var( ) is the standard deviation and is denoted by SD(X) or o.

Some Consequences
1) If Y>X ,then E(Y)> E(X).

2) Boole’s Inequality: P[U A, ] < Z P(A
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PROBABILITY AND COMBINATORICS

Example

Toss a fair coin and let X be the number of heads. Then X is either 0 or 1. Then P(X = 0) = P(X = 1) :% .
Proof: § ={X =0,X =1}={X =0}u{x =1}, s0 P(S)=P(X =0)+P(X =1). But P(S)=1. So

P(X = 0)+ P(X = 1) =1. Now P(X = 0): P(X = 1) since the coin is fair, so P(X = 0): P(X = 1) :% .

In General

Suppose there is a finite number of outcomes, say N of them. Assume outcomes are equally likely. Let A be

the event consisting with n of those outcomes, then P(A) =—.

Basic Principles in Counting
¢ Suppose there are n distinct items, the number of arrangements is nXx (n —1)><~~-><2><1 =nl.

e Suppose there are n items that can be categorized into two types, the number of arrangements is

= ( ] = ( ] (binomial coefficient).
ny

nlny!

e Suppose there are n items that can be categorized into k types, the number of arrangements is
n!

_ = (multinomial coefficient).
nlnyl-om ! \ny,...,ng

Binomial Theorem

ol =3 o

k=0

Note

n

ny .
2" = Z is the number of subsets of n elements.
k=0 k

THE UNIFORM
Definition
Let B be a finite set of numbers. X is uniform on B if P(X = x) is the same for all xe B . We write
X ~ uniform(B).
For any “nice” B, we can say X ~ uniform(B) if the probability is “evenly smeared” out over B.

Example
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Let B= [0,1] and let X ~ uniform([O,l]). If r is a ration number, then P(X =r) doesn’t change for re [0,1].

Since Q is countable, the number of rational numbers in [O,l] is countable. So

P(X eQn [0,1]) <l= z P(X = r) , and so P(X = r) =0 for all rational numbers in [0,1] , and hence for all
re[0.1]

numbers in [0,1].

Now, let B,,..., B, partition [0,]]. Then P(X € B,)=P(X € B,)=---=P(X € B,). Since B,,...,B

partition [0,1], P(X € B )+-~+ P(X € B, ): 1= P(X € B, ): 1 . This is identical to the finite space when
n

outcomes are equally likely.

Note

) l,xe B
Let B c R and define g(x):
0,x¢ B

is the indicator random variable that xe B ,ie. g(X)=1 {xeB}-

,XeB
0,x¢ B

:IB(X)

. Then g(X ) is a random variable. In fact, g(X ) = {

Starting with U ~ uniform([O,l]), we get a rich family of random variables by taking functions of U.

ResuLTS USerFuL FOR CALCULATING PROBABILITIES AND EXPECTATIONS

1y

2)

Y
2)

3)

Expectation
If X is a random variable with possible values a,,...,a, . Then E(X): alP(X =a, )+~~~+ akP(X =ay ) and

E(Xz):alzP(X =a))++a, P(X=a,).

Definitions
X is called a discrete random variable if there exists a function f (x) 20 such that
Ele(x)]= Y ¢x)r (s v

all x

X is called a continuous random variable if there exists a function f (x) 20 such that

E[g(x )]=J.g(X)f (x). Vg

Note
Why did we define the discrete random variable the way we did?
Imagine a discrete random variable X with possible values x;, x,,... and suppose g( ) 0,Vx . Then

§(X)=> g(x )ixoyy - So Elg(x)]=E[> gl )iix—|= Z JE(T ko))=Y gl )P -So if
we let f(x): (X:xi),thenwe get g(X)ng(xi)P(X:xi):Zg(x)f(x).

all x

Note
f(x)=P(X =x).

f (x) =0 except at a countable number of values.

EM)=1=7 " f(x)

all x
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Note
f(x)
D flx)=

P(X e B)=) f(x).

xeB

f(x)20
J: Flx)ax=1

variable has P(X € B)=I f(x)dx.
B

\%

0
1 is the condition for a function to be a probability function. So a discrete random variable has

is the condition for a function to be a probability density function. So continuous random

Definitions
m(t) =FE (etX ) is the moment generating function.

ct)=E (e " ) is the characteristic function.

Note

G(s) = E(sX ): z P(X = k)sk = P(X = 0)+ P(X = l)s + P(X = 2)s2 +--- is a probability generating function
k=0

for counting random variables only.

Definition

The probability distribution of X is the collection of all probabilities of X-events, i.e. the collection of all
expectations of functions of X.

Note
If you know m(t) , c(t), or G(s), then you know the distribution. So they are the “representatives” for the

distribution.

Definition
The function F (x) = P(X < x) is called the (cumulative) distribution function.

Note
If you know F, you know the distribution.

Example
Suppose X has distribution function F and let a <b . Then P(a <X<b)= P(X € (a, b]) = F(b)— F(a) .

Proof: {—oo<be}={—w<xSa}u{a<be} = P({—m<be})=P{—oo<xSa )+P({a<x£b}) =
F(b)=F(a)+Pla< X <b) = Pla< X <b)=F(b)-F(a).
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MONOTONE SEQUENCES

1)

2)

1)
2)
3)
4)

5)

{— o< X < b—l}, n=12,... gets bigger as n gets bigger (an increasing set). So
n

lim{—oo <X< b—l} = {—oo <X< b}, the union of all the sets.

n—oo n

{— o< X < b+l}, n=12,... gets smaller as n gets bigger (an decreasing set). So
n

lim{—oo<X <b+

n—oo

l} ={-o0 < X <b}, the intersection of all the sets.
n

Definitions
If AAcA,c-,then lim A, _UAk and write A, T A where A= lim A, .
n—oo n—oo
k=1
If AioA, >, then lim A, = ﬂAk and write A, L A where A= lim 4, .
n—oo n—oo
k=1
Examples

{—oo<XSb—l}T{—oo<X<b}.
n

{ o< X <b+— }J,{—oo<X<b}
n

Remarks
If A, T A, itis called an increasing sequence of events.

If A, 4 A, itis called a decreasing sequence of events.

We only talk about the limit of monotone sequence of events (increasing or decreasing).

If A, TA, then A, UA, U-—-UAy =Ay. If A, LA, then A nA,N-—-NAy =Ay.
A TAsA LA A LA AT A

Theorem: Monotone Convergence Theorem
Let 0<X, <X, <--- and suppose lim X, =X . Then lim E(X,,)=E(X).

n—oo n—oo

Proof: X, =X, +(X, - X,)++(X,-X, ;)= lim X, =X, +(X, - X,)+ =

n—oo

E[limX } E[X,+(X, - X))+ |=E(X))+E(X, - X )+ =

n—oo

E[limX}=hmE J+E(X,-X,)++E(X,-X,,)=lim E(X,). So lim E(X

n—soo n—so0 n—so0 n—oo
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Lemma
ATAsT, TI,and A, LAeT, L1,

Note
X, TX means X, <X, <---and lim X, =X .

n—seo

Corollary: Continuity Property of Probability
A, TA=lim P(A,)=P(A) and A, L A= lim P(A,)=P(A).
n—oo n—oo

Proof:

o A TA=1I, T1,=1limE(l, )=E(I,)= lim P(4,)=P(A).

" n—oco " n—eo
e A LA=ACTA = lim P(A,f )= P(A"):> lim 1-P(A,)=1-P(A)= lim P(A, )= P(A).
n—o0 n—oo

n—oo

MARKOV’S INEQUALITY

Let ¢ >0 and define g,,, as in the picture.

8Limp
[+
C
1 ____1_ _______ 1
-c c X
Then g, (x):IﬂX‘ZC}.
Markov’s Inequality
} | | E(x)
¢ >0 and X is a random variable, then P(|X| > C)S .
c
1,|x| = E\X E\X
Proof: gimp (X):{O|z|thejwme » SO gimp(x)sg’vx = E(gimp (x))S@ = E(Iﬂx‘ZL})S (IC |)
P(x|2c)< E(IX”.
c

UPDATING PROBABILITY AND INDEPENDENCE

Example
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Roll a fair die and let X be the number of dot. Let A, = {X > 4} and A, = {X is even}. Then: P(A2 ) :% ,

3 2 P(AA,) 2 .
P(Al ): -, P(AlA2 ) =—, ———=—_.If you know A, has occurred then you update then probability of
6 6" P(4A) 3
A, to 2/3.
Definition
. . . . _P (A1A2)
The conditional probability of A, given A, is P(A2 A, ) = m .
1

Notes
1) For fixed A, P(AlA,) satisfies the laws of probability.

2) P(AA,)=P(A)P(4,14)).

Definition
A; and A, are independent events if P(AlA2 ) = P(Al )P(Az) .

Definition
Ay, Ay,... are independent if for any finite or infinite collection A; ,A; ,..., P(A,»l A ): P(A,»l )P(A,»2 ) -

Definition
X, and X, are independent if X;-events and X,-events are.

Fact
Xi and X; are independent if and only if for any finite collection X; ,X; ,..., X,

Elg(x; by, J-wlx )= Els o el bl ... lk

b}

BiNOMIAL DISTRIBUTION

Let X,,X,,... be independent random variables each with the same probability distribution. We say they are
independent identically distributed random variables (idd).

Example

P(X, =
Let X,,X,,... beidd Bernoulli(p) random variables. So they are independent, {P(

p+qg=1.Let Y =X, +---+ X, be abinomial(n, p) random variable.
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Then P(Y =k)= (ZJ p¥q" % k=0,1,.... So the probability function of Y is

P Y n=0,,...
F() =Py =y)= (y]” "

0, otherwise

Expectation and Variance of the Binomial Distribution
Let Y ~ binomial(n, p). Then:

. E(Y)z,u:np.
. VaI(Y)zO'2 =npq.

SOME PROBLEMS

Chebyshev’s Inequality

Let X be a random variable with mean & and variance o?, and suppose k = 0. Show P(IX - ,u| > kO') < Lz .
k

2 2
Solution: P(X — > k&)= P((X - )? 2 (ko)? )< £ l(:z;é‘) J: k;‘az kiz

Variance of Independent Random Variables
Let X;, X, be independent with mean 0. Show that Var(X 1+ X, ) = Var(X 1 )+ Var(X 2 )

Solution:

Var(X, +X,)= E[(X1 +X, —0)2]= E(Xlz )+ 15(}(22 )+ 2E(X,X,)= E(X12 )+ E(X22 )+ 2E(X,)(X,). Since
X, X, independent, E(XlX2 ) = E(X1 )E(X2 ) Since the mean is 0, E(Xl )E(X2 ): 0.So

Var(X, + X,)= Var(X, )+ Var(X, ).

Note: This can be extended to n by induction. It can also be extended to non-zero means.

Variance

Let X have mean x4 and variance o’ . Then:
. E(aX +b)= ap+b.

e Var(aX +b)= E[((aX +b)—(au+b))* ]= azE[(X —u? )]: a’c?.

Geometric Random Variable
Toss a coin with P({H }) = p and g =1- p until we obtain a head. Let Y be the number of tosses. Calculate

the pgf of Y.

® We have the pgf G(s):E(sy):zsyf(y):iskP(Y:k).

ally
o P(Y =k)= P({k —1tails, then head}) = ¢* ' p,k =1,2,....
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=

. SoG Zsqu—lpzpz

s .
= q = -5q 1-sq q
Note: Y is called a geometric random variable.

Poisson Random Variable
Suppose Y ~ binomjal(n, p) and we set A =np . Think of n large, p small, but A reasonable. The pgf of Y is

G(s)=(g+ps)" =(1+ p(s—1))" = [1+M] ~ ¢ What kind of random variable ahs this kind of pgf?

n
Poisson(/l) . The probabilities can be obtained by noting AN A hs _ A Z—‘ sk so

—ﬂ./lk
P({Poisson(A)rv = k})= BT ,k=0,12,.

MOoRE ON CONDITIONAL PROBABILITY AND INDEPENDENCE

Note
X and Y are independent & P({X € B,}n{r € B,})= P(X € B,})P({r € B,})."V"B,,B, &

E[g(x)n(r)]= E[g (X)) V" g. 1.

Note

For fixed A, P(B | A) = P(AB) satisfies the axioms of probability.

P(A)

Partition
Let A, A,,... partition S, i.e. they are disjoint. Then, clearly, P(B) = P(AlB)—i- P(AZB)+~- .
But since P(AB)=P(B1A)P(A), P(B)=P(BIA,)P(A,)+P(BIA,)P(A,)+--

CORRELATION

Definition
E[(x -EX))y - E(v))]

is the correlation between X and Y.
SD(x)sD(y)

If X and Y are random variables, then p=pyy =

Facts
1) p*<l.
2) COV(X Y ) [( ( ))( ( ) ] is the covariance of X and Y. Notice:

o cov(X.¥)=E(xY)-E(X)E(r).

¢ cov(X,X)=var(X).
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e cov(aX,bY)=abcov(X,Y) and COV(X +c,Y+d):cov(X,Y).

Definition
Suppose X, Y are independent. Then E(XY) = E(X )E(Y) = COV(X, Y) =0. We say X, Y are uncorrelated.

NORMAL DISTRIBUTION

The Probability Density Function
ZZ
2

1 —

e
Var

Let Z ~ N(0,1). The pdf of Zis f(z)= o0 <7< 00,

The Moment Generating Function

0 o , 2
ThemgfonisMZ(t)=E(erZ)=je’zf(z)dz=Ie’z ! e 2dz=je2 ! e 2 dz=e?.

)

MOoRE ON DISCREET RANDOM V ARIABLES

Let X,,X,,... be Bernoulli iid rv’s, taking on 1 with probability p, and O with probability g =1-p.
Y=X,+X,+---+X, =(number of 1’s in the first n trials) is a binomial(n, p) rv.

Y = (number of “tosses” until a head is obtain) is geometric.
Y = (number of “tosses” until the ™ head is obtain) = (# of “tosses” until the first head) + ... + (# of “tosses”
until the 7™ head) is negative binomial.

Geometric Random Variables
Let Y ~ geo(p). So P(Y = k)= g pk=12,....

Negative Binomial Random Variables
If Y,,...,Y, areiid geometric(p), then Y =Y, +---+7Y, is a negative binomial. Alsoset W =Y —r.

The possible values of Y are r,r+1,..., and the possible values of W are 0,1,2,....
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Now, P(W = i) = P(Y =i+ r), i=0,12,..., so getting the W-probabilities gets you the Y-probabilities. Note
Gy (s)=P(X =0)+ P(X =0)s+ P(X =0)s2 +---, 50 Gy (0)= P(X =0), G,V (0)=P(x =1),
Gy P0)=2P(x =2), G,(0)=31P(x =3)...., G, ¥ (0)=k1P(X =k). So

(k)
P(X =k)= ka‘ (0),k:0,1,....
dk |: pr :|
ds* | (1-gs)"
So P(W =k)= 0-a) =0 Notice that 4 ! =4 T
k! ds|(1-gs)" ] (1-gs)™

. Therefore,

ﬁ[ 1 }: qzr(r+l) i[ 1 }: qkr(r+1).-.(r+(k—l))
(1 (1

dsz —qs)r (l—qs)Hz e dsk —qs)r (1_qs)r+k
pqur(r+1)---(r+k—1)

PW=k)= o =P(Y =r+k).k=0]12,....
. A1 . _ i1y (i=1)~(r-1) . _ =1 i . _
Obtaining the probability directly, P(Y = z)— ) P q p= | pq i=rr+l,
r— r—
Poisson Random Variables
-2 gk
Let Y ~ Poisson(/l), S0 P(Y :k): e A ,k=01,...,A>0.

We know the pgf is given by G(s)= A1),
Note: Since G(s)= E(SY ), m(t)= E(erY )= E[(er )Y}z G(e’ ) So for Y ~ Poisson(4), m(r)= A1),

Recall: m(k)(O) = E(Yk ) In this case, for ¥ ~ Poisson(4), m’(r)= eﬂ(el _l)ﬂe’ and
m’(0)=E(y)=A

(. _ /1(6'—1) 2 2t l(e'—l) t =
t)= A + Ae'. So
m () e e e m”(O)ZE(YZ)Z/‘iZ )

} — var(r)= E[r?)- (E()) = 2.

Example
Let X, ~ Poisson(4, ) be independent of X, ~ Poisson(A, ). Show that ¥ = X, + X, ~ Poisson(4, + 4, ).
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e The pgfof Yis Gy (s)= Gy, (s)GX2 (s)=e™ (D)2 (-1) — (A=2)s=1) | hich is the pgfofa
Poisson(4, + 4, ) rv. Since pgf determines distributions, ¥ ~ Poisson(4, + 4, ).
Note: The same argument yields X, +---+ X, ~ Poisson(4, +---+ 4, ) if X, ~ Poisson(4,) and X’s

independent.

HYPER-GEOMETRIC PROBABILITIES

Example
Suppose there are n; b’s and m, w’s, so there are N =n; +m, items. Select n items “at random”. Let Y be the

number of b’s selected.

n
With replacement, ¥ ~ Binomial(n,%j , and so P(Y = k) = [kjpkq”‘k k=01,,....n.

)

Without replacement, P(Y =k)= is hyper-geometric.

DISTRIBUTIONS

Definition
If X is a random variable, the distribution of X refers to the collection of all X-probabilities, or the expected
value of the real functions of X.

Notation

d d
Suppose X and Y have the same distribution. We write X ~Y or X ~Y or X =Y .

Facts
The following are equivalent:

e X=Y
o Fy (u)zFY (u),Vu

o cy(t)=cy(t) Ve

* fx (u) = fy (u ), Vu (discreet case), fy (u) = fy (u), "V"u (continuous case)
* Gy (s)= Gy (s),¥s (counting case)
o my(t)=my(t).t >0,1 <0 if the mgf exists.

NORMAL DISTRIBUTION

Definition
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S}

1 i

Z~N (0,1) is a standard normal random variable if its probability density function is f (z) =

Note
[2 ’
_r E(Z)=m(0)=
The moment generating function of Z is m(t) = E(e’z ): e 2.So, (( ) " ( )

Definition
Y~ Nu,0?) if ¥ = 4+ 0z where Z ~ N(0,1).

Notes
1) E(Y)=E(u+0Z)=u+0E(Z)=u.

2) VaI(Y): var(,u-i—oZ): o’ var(Z): c’.

Probability Density Function of a Normal Random Variable
Y = u+0Z, and we know g, o, pdf of Z. Notice that any Y-probability can be written as a Z-probability (ex:

P(a <Y <b): P(a <u+oz <b)P[a_‘u <Z< b_ﬂj ), so can get the distribution of Y.
o o}

Now, Fy(y)=P(Y < y)= P[Z < %) =F, (%] = q:(%] . So

IMZ
fr(y)=F (v)=F, (M}f{ﬂ]-iﬁenee Frly)=——e 2[ ’ J Vy .
' o Jo o2

Moment Generating Function of a Normal Random Variable
o2’

my (t)= E(e'y)= E(et("”oz)):e‘”E(emZ )= efe 2.

Example
Let ¥, ~ N(,ul,alz) be independent of Y, ~ N(,uz,azz). Set W =Y, +Y, . Then
o1 0,°1* ((712+(722)t2
my (t)= E(eTW )= my (t)mY2 (t)=|ee 2 |ete 2 |= Qi) .So

W ~ N(/ll+/12,612+022).

MORE ON GENERAL DISTRIBUTION FUNCTIONS

Definition
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Properties
X <x, =>F (x1 )S F (xz) (increasing function).

Proof: x; <x, > {X <xJc{X <x,}= P(X <x,)<P(X <x,)= F(x)< Flx,).

F(—oo)= lim F(x)=0 and F(e)= lim F(x)=1.

X—>—o00 X—o0

F is right continuous.
Proof: Let x,, be any point. Then as x | x, , we have x<xpl{x< X }. So,

liim F (x) = li$m P({X < x}) = P( lim{X < x}j = P({X <X }) =F (xO ) . Therefore F is right continuous at x,
xdxg XV X XX

and since x,, is arbitrary, F is right continuous.

Note
Note that xTxO 2{X Sx}T{X <x0}. So P(x:xo):P(X Sxo)—P(X <x0):F(x0)— lim F(x) is the

xTx,

jump at x, (in the discreet case).

RANDOM VECTORS

Y
2)
3)

X

X=| : |isarandom vector; xe R" is a typical observation.
Xn

Distribution

Let g:R" — R be areal-valued function, and look at E [g (X)] The distribution of X is the collection of all
these (or the collection of P(Xe B), BcR".

Theorem
The distribution of X is determined by E (e X ), Vt.

Notes

i=v-1.

e =cos@+isiné.

c(t)=E (e”'x l Vt is the characteristic function of X (or the joint characteristic function of X ,..., X ).
Notice that e™X = X1 ... oM %
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4) m(t) =FE (et'X ) is the moment generating function (or the joint moment function of X,,..., X, ). By the way,

im(t): E(Xlet'x): E(X,) when t=0,and 9*
or, ot,0t,

COV(X1 , X, ) = E(XlX2 )— E(X1 )E(X2 ) can be obtained from the mgf in an “easy” way.

m(t):E(Xlxze“X): E(X,X,) when t=0, 50

5) If X is made up of counting random variables, then G(s) =E (s X g ) is the probability generating

function of X.
6) F(x) = P(X < x) = P(X1 <xp,.e... X, < xn) is the distribution function.

n

Continuous vs. Discreet Random Vectors
1) Definition of a continuous random vector: E [g (X)] = .[ g(x) f (X)dx, "V" g (the probability density function).

Notice that J. f (X)dx =1.

2) Definition of a discreet random vector: E[g(X)] = z g(x) f (X), "V" g (the probability function). Notice that

D fx)=

Theorem
X,,..., X, areindependent if and only if E(e"t'X )= E(e”'X' )E( X ),Vt .

Proposition
In the continuous case, X,,..., X, are independent if and only if f(x) =f (x1 ) “fn (xn ) . It is the same in

the discreet case.

CHANGE OF VARIABLES
Consider random vector X and its pdf fx (x) (known). Let Y = h(X) We have E [g(Y)] = J. g(y) fx (y)dy

det[ ox j
dy

dy . So the pdf

Also, E[g(Y)]= E[g(n(X))]= Ig )fx (x)dx = Ig Vfx (17 (y)

U]

CONDITIONING

Recall: P(B | A)= P(AB) = E(IAB)= E(IAIB).

P(A)  P(A) P(A)

Conditional Expectation
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The expectation that corresponds to the probability P(X | A) is E (X I A) = %
In particular, E(IB I A) = E(IBIA ) = E(IAB) = P(B | A) , which further shows the link between E(X | A) and

P(A) P(A)
P(X1A).

If Ay,...,A, partition S, then X =XI, +---+XI, =
E(X)=E(X1, )+-+E(XI, )=E(X1A))P(A)++E(X14,)P(A,). This is the E-version of a formula

used in Bayes’ type problems.

Example
Toss a coin with P(H): pe (0,1), and let Y =#of tosses to first H . Then ¥ ~ geometric(p). Now, let

A=1{H onfirst toss}. Then E(Y)=E(Y|A)P(A)+ E(YIA" )P(A"). Now let Y =Y —1. So
E(W)=1xp+EW +114% )= p+|El 14 J+1ly = p+ g+ qE(Y) =1+ 4E(Y) = E(Y)-qE(Y)=1 =

pE(Y)=1= E(Y)=l.
p

Conditional Probability (Density) Function

_fey)
=%

o

Fe (@)= rleylay.

—o0

is the “conditional probability function of Y given X = x . Note that

Note
f(y | x)fX (x) = f(x, y) is very useful.

Regression Function

Since f(y | x) is a pdf (or pf), we can talk about it’s mean. Denoted r(x) = E(Y | X = x) = J- yf(y I x)dx is

called the “regression function of Y on X”.

Prediction
Suppose X is the present and Y is the future. We want to predict Y using a function of X. The “best” function

of X is called “the conditional expectation of Y given X E(Y | X ) (an rv).
Fact: Under certain conditions, E (Y | X ) = r(X ) .

PoISSON PROCESS

Example: Point Process
e Throw an infinite points onto # >0 so that there is no preference in position.
e Assume density of points is 4.

Page 19 of 25



STA257H1a.doc

e This is a Poison Process.

Facts
1) If B is a subset of {t > O} and N (B) be the number of points in B, then N (B) ~ Poisson(/1|B|).

2) If B,,B,,... are disjoint, then N(B1 ), N(B2 ), ... are independent.

Note
Recall the distance X to the first point is exponential(/l). In fact the time between points are iid

exponential(4) rv’s.

/1r r-1 —l}

(r 1).

If Y is the time to the /" point, then Y is the sum of r iid exponential( ) and fY( ) ,y>0,

which is the gamma pdf.

r.r-1 -4y oo oo
Look at fy (y)= Ay e ,y>0 where ¢ = .[ Ay e ay = .[ x"'e ™ dx=T(r) is the gamma
0 0
I'r+1)=mT
function. Note thar " U= T(r)=(r—1) if re N.
r()=1
ﬂryr—l Ay
So the pdf f (y) :T, y >0 is the gamma pdf (defined for any r >0).
r
Note
. e M ()
Set N (t) the number of points from [O, t]. Then P(N (t) = k) = o
CONVOLUTION INTEGRAL
Let W=X+Y . Since FW( W<w j Jw ;‘nyydydx SO

.LOJ- fxy (x, y)dydx = .r; {% _W:(fX!Y (x, y)dy}dx = J:Z fxy (x,w—x)dx.If X and Y are

independent, then fy, (w) = J-: fx (x) fy (w— x)dx .

ORDER STATISTICS

e Let Xy,....X, beiidrv’s with df F and pdf /. Order them X ) <--- < X,).

e Alsodefine Fy(x) the df of Xy, and f(;(x) the pdf of X . Also, Fjy(x)= P(X ) > x)=1-Fjy(x).
. d d

e Notice that f(i)(x)=— (i)(_x)z—— ()( )

dx dx
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e Whatis the pdf of X()? Fyy(x)=P(X ) > x)= P(X, > x,... X, >x)= P(X, >x)-- P(X,, > x)=(F(x))' =
foy(x)=nll=Fx))™" f(x).
e Whatis the pdf of X (,y? Fiy(x)= P(X(,) <x)=P(X, <x.... X

= [y &) =nF )" f(x).
* Whatis the pdf of X;)?

)= Pl > 2)== S P 1= ) == s (R - 10

dx

=

MoRE ON CONDITIONING

Recall
E [Y | X ] is a function of X used to predict Y. Two important properties are:

1) E[E[vIx]=E[r].
2) X LY (independent) if and only if E[h(Y)I X |= E[n(Y)].

Example
e Consider a Poisson process of rate A. Let the X’s be iid with mean g Let N(t) be the number of X’s in [0, t].

Note that the X’s and N (t) are independent.
N(r)
¢ Loot at the compound Poisson process S(t) = z X;,X,=0.
i=0
e The expected value E[S(t)]=E[E[S(:)I N(:)]|= E[E(X,)N(r)]= £E[N(¢)] = pir .

e The mgf my (c)= Efe™0]= E[E[e =01 N()]= Elny (c)¥0)]= A1)

MORE DISTRIBUTIONS

Exponential Distribution
o Z ~exponential(l) if f(z)=e"%,z>0.

>
e Jlet >0 andset Y =6Z. The pdf is clearly f(y): %e #,y>0.We write Y ~ exponential(%j (rate %),

or sometimes Y ~ exponential(@) (mean 6).

Gamma Distribution
e A sum of iid exponential(ﬁ) rv’sisa gamma(r, 0) rv, if referring to the “mean notation”.

e More commonly, a sum of riid exponential(1) rv’s (rate A) is a gamma(r, 1) with pdf
/11' yr—le—ﬂy

f(y) P

,y>0.
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¢ Notice that ¥ ~ gamma(r,/i)(:) Y :% where Z ~ gamma(r,l). Since E[Z]: r, we get E[Y]:%.
o If ¥, ~ gamma(r;,A) LY, ~ gammal(r,, A), then T =Y, +Y, ~ gamma(r, +r,,4).

e Note: The gamma function I'(r)= Jm y e dy,r>0,and T(r+1)=(r), D(k)=(k-1),ne Z,
0

F(%j .Y~ gamma(r,1) = E[Y”’]= F(lil(:)r) )

Beta Distribution

Y, Y,
e Consider U=-t=—"1— Thisisa beta(rl,rz) Iv.

Y, +Y,
e The pdf is easily obtained as f(u) =cu' (1 —u)rz_1 where ¢ = M .
F(”l )F(”z )
® Note that 7 and U are independent, so E[U] can be obtained easily. E[Yl ] = E[UT] = E[U]E[T] =
Elv]= E[Y1] -_n
E[T] o+

Chi-Squared(n) Distribution
d
e X ~chi—squared(n) (denoted X ~;(,% or X ~;{2 (n))if XzZl2 +~~+Z,%, where Z; iid N(O,l).

1 = L n 1
e The pdf f(x)= - y2 e 2,y>0, whichis gamma 25 )

Student-t Distribution
d
o Y~tln)if Y=—2—  where X ~ z°(n).

X
n
, n+l r(n-i—lj
N2

T2
e The pdf f(y) oc (1+y—] , where the constant is .
" v nﬂr(;j

F Distribution

SEQUENCES OF RANDOM VARIABLES

Suppose we have a sequence of random variables Y;,...,Y, .Y, ,....
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Definition: Convergence in Distribution
Y, converges in distribution to Y (Y, -, Y ) if for every y such that P(Y = y) =0, lim F, (y) = F(y) ,

n—oo

where F, (y)=P(Y, <y) and F(y)=P(y <y).

Note
Y, — 5y & E[g (Yn )] - E[g (Y)] for all bounded continuous g < ¢, (t) — c(t) = m, (t) — m(t) ,

G,(s)=>Gls) & f,(y) = f(y).

Definition: Convergence in Mean Square
Y, converges in mean square to Y (¥, —2= Y )if E(Y, —Y) ]—) 0.

Definition: Convergence in Probability
Y, converges in probability to Y (¥, —2—Y ) if for every £ >0, PHYn —Y| < e‘] —0.

Definition: Convergence With Probability One

Y, converges with probability one to ¥ (Y, —2—Y )if P(Y, »Y)—1.

Weak Law of Large Numbers

Let X,,X,,... beiid with mean # and variance o’ . Then X = XitodX, M.
n
_ . E[()?—ﬂ)z}
Proof: Let £ >0. Then PQX—,U| >8)=P((X—,u) >82)S—2. Now,
&
2 2

E[}?]=l(E[X1]+~--+E[Xn])=ﬂ=,u and var()?)=%(var(X1)+---+var(Xn))= no; =O-—. So

n n n n n

= — 0. Therefore PQ)?—#| > 8)—)0 and thus X —2— 11 .

CONVEX FUNCTIONS

Definition
A function is convex if for all x, there exists a ¢ such that g(x) > g(x0 )+ c(x— Xg ), Vx.
Jenson’s Inequality

Let g be convex. Then E[g(X )] > g(E[X ])
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MORE EXAMPLES

Example
Let Y},...,Y, beiid uniform([O,l]) and consider the order statistics Y;) <---<Y,). Set W, = n(l— Yn).

Then Y(,) —£—1.Let £>0.Then
PQY(n) —1| Sé‘): P(l—Y(n) Sé‘): P(Y(n) 21—8)21—P(Y(n) S1—8)=1—P(Y(l) Sl—é‘,...Y(n) Sl—&‘); since
Yi.....Y, areiid uniform([0.1]), 1- Py <1-e,... ¥,y <1-¢)=1-[P(ry <1-e)' =1-(1-€)" - 1. S0

Y(u) —L2 1.
Set W, = n(l - Yn). Then W, —d—>exp0nentia1(1). Look at F, (w) = P(Wn < w). If W<0, then F(w) =0.

If W >0, then F,(w)=Pla(l-,)< w)zp(y(n) zl—ﬁjzl—P[Yw 31—K]=1—[1—1) Sl-e.
n n n

Therefore lim F, (w)= , which is the df of an exponentail(l). So W, —d—>exp0nentia1(1).

n—seo

1-e™, w>0
0, otherwise
CENTRAL LIMIT THEOREM

Xt X phen XA 4 N(o).

" yan

Let X,,X,,... beiid with mean  and variance . Set X =

BivARIATE RANDOM VECTORS

Bivariate Normal
X =4 +0Z,

Let Z,, Z, beiid N(0,1), and take 2<1, U, eR, 0,0, >0. Set .
10 4o (0.1) p Hys Hy 1:02 Y=,uz+62(p21+ l—pzZz)

X~N(/”1’0'12)
Y~N(/”1’0'12).
E(X)=p, d{E(/Y)=uz

an
VaI(X) = 0'12

X
(Y] is the bivariate normal. {

Note that 55 cov(X,Y)=0'162p and corr(X,Y)=p.
var(Y)zO'2
Also, r(x)= E(Y1X =x)= 41, + 22 plx—p,) and E(V1X)=r(X)=p, +Z2 p(X -1,
o 0

Bivariate Poisson
X=U+V

Let U ~ Poisson(4, ), V ~ Poisson(4, ), W ~ Poisson(4; ), and set { YoV aW

X
. Then (Y] is the bivariate

Poisson.
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Note that E(Y | X =n)=np+4;.
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