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RANDOM VARIABLES AND EVENTS 

Definition: Random Variable 
A random variable is a variable that is random. They are denoted X, Y, Z. 
 

Note 
A random variable which is constant will be called a constant random variable. 
 

Example 
Roll a “fair” die and let X denote the number of dots. 

• X is a random variable. Its possible values are 1, 2, 3, 4, 5, 6. 
• Observing X leads to data or observed value. We will denote a typical observation by x. 

 

Definition: Event 
In general, an event is a statement involving random variables. They are denoted A, B, C, D. 
 

Notation 
{X is even} means “the event that X is even”. 
 

Note 
Events either occur or they don’t. 
 

Notes 
1) Events may be thought of as collections/sets of outcomes. 
2) The sure event (denoted S or Ω) is the set of all possible outcomes. 
3) S includes all the outcomes so that any event A is made up of outcomes “drawn” from S. A is a subset of S and 

we write SA ⊂ . 
4) The impossible event or empty set (denoted φ) is the event which consists of no possible outcomes and hence 

never occurs. 
• Notice: SA ⊂⊂φ . 

5) We can talk about any function of X, say, ( )Xg . Examples: 2X , Xsin , ( )Xe X exp= , etc. 
 

Definition: The Indicator Random Variable or Bernoulli Random Variable 
If A is an event, then we define the indicator  random variable or Bernoulli random variable for/of A to be 

�
�
�

=
otherwise 0

occurs  if 1 A
I A . 

 

Example 
Let X be a random variable. Measure it an infinite number of times to get �,,, 321 xxx . 

• The average will be the expected value or expectation of X, denoted ( )XE . 

• If X denotes marks, then { } { }0pass ≥== XA . 

• The indicator random variable might look like: �,0,1,0,0 . 
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Definition 
The proportion or  the relative frequency of 1s will be the probability of A, denoted ( )AP . 

• Notice ( ) ( )AIEAP = . 
 
 

MORE ON EVENTS AND RANDOM VARIABLES 

• Events consist of outcomes. 
• Every event is a subset of S. 

 
Sometimes the same event has different descriptions, so we might want to show something like: 

BA
AB

BA
=

�
�
�

⊂
⊂

. 

How to show BA ⊂ ? 
• Take an arbitrary element of A. 
• Show that it is an element of B, i.e. let Ax ∈  and show Bx ∈ . 

 
From our point of view, BA ⊂  means BA� . 
 
Two events are equal (i.e. the same) if BA�  and AB � . 
 

Random Variables 
How to show two random variables X and Y are equal? They are equal if they are equal all the time. 
 

Example 
Let A1 and A2 be disjoint events (i.e. no outcomes in common, no overlap, etc.). Look at the event 21 AA ∪  
(the event that at least one of the A’s occurs). 

• The indicator random variable of this new event is 
21 AAI ∪  or ( )21 AAI ∪ . “Clearly”, 

2121 AAAA III +=∪ . 

 

Notes 

1) �� ∪∪=
∞

=
21

1

AAA
i

i  is the event that at least one of the A’s occurs. 

2) If the A’s are disjoint, then a common notation for �� ++=
∞

=
21

1

AAA
i

i . 

3) ��� 2121
1

AAAAA
i

i =∩∩=
∞

=

 is the event that all of the A’s occur. 

 
 

COMPLEMENTS 

Definition 
The complement of an event A is the event consisting of all outcomes not in A. It is denoted cA  or A . 
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Example 
Toss a coin n times and set heads ofnumber =Y . 

• { } { }1head oneleast at ≥== YA . 

• { } { } { }1 tailsallhead no ==== YAc . 
 
Set { }first toss on the head1 =A , { } tosssecond on the head2 =A , etc. 

• { }mYAAA m ==�21 . 

• { }121 ≥=∪∪∪ YAAA m� . 

• ( ) { } c
m

ccc
m AAAYAAA �� 2121 0 ===∪∪∪ . 

 

In General 

• ��
i

c
i

c

i
i AA =
�
�

	




�
�

�



 and ��

i

c
i

c

i
i AA =
�
�

	




�
�

�



 – Morgan’s Laws. 

• ( ) AA
cc = . 

 
In terms of indicator random variables, 

• 1=+ AA II c . 

• 
m

i
i

AA
A

III �

�
1

1

=∞

=

. 

• 
212121 AAAAAA IIII ∩∪ −+= . 

 
 

BERNOULLI (P) RANDOM VARIABLES 

Definition 
X is a Bernoulli (p) random variable if X can only take on either 0 or 1 and ( ) pXP == 1 . 
 

Note 
1) Let X be Bernoulli (p) (X ~ Bernoulli (p)). Now measure it an infinite number of times. You end up with a list 

of 0’s and 1’s. The proportion of 1’s will be p and the proportion of 0’s will be q. 
2) Now, 

• ( ) pXE =  (1st moment of X), ( ) pXE =2  (2nd moment of X), ( ) pXE n = . 

• ( ) ( ) ( )122 qpE X += , ( ) ( ) ( )133 qpE X += . 

3) If s is a dummy variable, then ( ) qpssE X += . Call ( )XsE  the probability generation function denoted by 
( )sG . This function is in fact defined for any count random variable. 

 
 

KOLMOGOROV AXIOMS/LAWS OF PROBABILTY 

1) ( ) 0≥AP ; ( ) 1=SP . 
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2) If A1 and A2 are disjoint, then ( ) ( ) ( )2121 APAPAAP +=∪ . 

3) If A1, A2,… are disjoint, then ( )�
∞

=

∞

=

=
�
�

	




�
�

�




11 i
i

i
i APAP � . 

 

Remark 

1) If the Ai’s are disjoint, we often write �
∞

=

∞

=

=
11 i

i
i

i AA� . 

2) ( )��
∞

=

∞

=

=
�
�

	




�
�

�




11 i
i

i
i APAP  and ( )��

==

=
�
�

	




�
�

�


 n

i
i

n

i
i APAP

11

 is the countable additivity property of probability. 

 

Some Consequences 
1) ( ) ( ) 1=+ cAPAP . 
2) If BA� , then ( ) ( )BPAP ≤ . 
3) ( ) 10 ≤≤ AP . 
4) ( ) ( ) ( ) ( )ABPBPAPBAP −+=∪ . 

 
 

AXIOMS/LAWS OF EXPECTATION 

1) ( ) 00 ≥�≥ XEX ; ( ) 11 =E . 
2) ( ) ( )XcEcXE = ; ( ) ( ) ( )YEXEYXE +=+ . 

3) If 0,, 21 ≥�XX , then ( )�� =
�
�

	




�
�

�




i
i

i
i XEXE . 

 

Note 
1) ( )XE  I also called the mean of X and is often denoted by µ. 

2) ( )[ ] 02 ≥− µXE  is called the variance of X, denoted ( )XVar  or 2σ . 
3) ( ) ( )[ ] ( ) ( ) ( ) ( ) ( )321321321321 XEXEXEXEXXEXXXEXXXE ++=++=++=++ . Notice that using 

induction, we would have ( ) ( ) ( ) 2,11 ≥∀++=++ mXEXEXXE mm �� . 

4) ( ) ( )[ ] ( ) ( ) ( ) ( ) ( )[ ]2222222 22Var XEXEXEXEXXEXEX −=+−=+−=−= µµµµµ . 

5) ( )XVar  is the standard deviation and is denoted by ( )XSD  or σ. 
 

Some Consequences 
1) If XY ≥ , then ( ) ( )XEYE ≥ . 

2) Boole’s Inequality: ( )�≤
�
�

	




�
�

�




i
i

i
i APAP � . 
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PROBABILITY AND COMBINATORICS 

Example 

Toss a fair coin and let X be the number of heads. Then X is either 0 or 1. Then ( ) ( )
2
1

10 ==== XPXP . 

 
Proof: { } { } { }101,0 =∪===== XXXXS , so ( ) ( ) ( )10 =+== XPXPSP . But ( ) 1=SP . So 

( ) ( ) 110 ==+= XPXP . Now ( ) ( )10 === XPXP  since the coin is fair, so ( ) ( )
2
1

10 ==== XPXP . 

 

In General 
Suppose there is a finite number of outcomes, say N of them. Assume outcomes are equally likely. Let A be 

the event consisting with n of those outcomes, then ( )
N
n

AP = . 

 

Basic Principles in Counting 
• Suppose there are n distinct items, the number of arrangements is ( ) !121 nnn =×××−× � . 
• Suppose there are n items that can be categorized into two types, the number of arrangements is 

��
	



��
�



=��

	



��
�



=

2121 !!
!

n

n

n

n

nn
n

 (binomial coefficient). 

• Suppose there are n items that can be categorized into k types, the number of arrangements is 

��
	



��
�



=

kk nn

n

nnn
n

,,!!!
!

121 ��
 (multinomial coefficient). 

 

Binomial Theorem 

( ) knk
n

k

n yx
k

n
yx −

=
� ��

	



��
�



=+

0

. 

 

Note 

�
=

��
	



��
�



=

n

k

n

k

n

0

2  is the number of subsets of n elements. 

 
 

THE UNIFORM 

Definition 
Let B be a finite set of numbers. X is uniform on B if ( )xXP =  is the same for all Bx ∈ . We write 

( )BX uniform~ . 
For any “nice” B, we can say ( )BX uniform~  if the probability is “evenly smeared” out over B. 
 

Example 
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Let [ ]1,0=B  and let [ ]( )1,0uniform~X . If r is a ration number, then ( )rXP =  doesn’t change for [ ]1,0∈r . 

Since Q is countable, the number of rational numbers in [ ]1,0  is countable. So 

[ ]( ) ( )
[ ]
�
∈

==≤∩∈
1,0

11,0
r

rXPXP Q , and so ( ) 0== rXP  for all rational numbers in [ ]1,0 , and hence for all 

numbers in [ ]1,0 . 
Now, let nBB ,,1 �  partition [ ]1,0 . Then ( ) ( ) ( )nBXPBXPBXP ∈==∈=∈ �21 . Since nBB ,,1 �  

partition [ ]1,0 , ( ) ( ) ( )
n

BXPBXPBXP kn
1

11 =∈�=∈++∈ � . This is identical to the finite space when 

outcomes are equally likely. 
 

Note 

Let R⊂B  and define ( )
�
�
�

∉
∈

=
Bx

Bx
xg

,0
,1

. Then ( )Xg  is a random variable. In fact, ( ) ( )xI
Bx

BX
Xg B=

�
�
�

∉
∈

=
,0
,1

 

is the indicator random variable that Bx ∈ , i.e. ( ) { }BXIXg ∈= . 

Starting with [ ]( )1,0uniform~U , we get a rich family of random variables by taking functions of U. 
 
 

RESULTS USEFUL FOR CALCULATING PROBABILITIES AND EXPECTATIONS 

Expectation 
If X is a random variable with possible values kaa ,,1 � . Then ( ) ( ) ( )kk aXPaaXPaXE =++== �11  and 

( ) ( ) ( )kk aXPaaXPaXE =++== 2
1

2
1

2
� . 

 

Definitions 
1) X is called a discrete random variable if there exists a function ( ) 0≥xf  such that 

( )[ ] ( ) ( ) gxfxgXgE
x

∀=� ,
 all

. 

2) X is called a continuous random variable if there exists a function ( ) 0≥xf  such that 

( )[ ] ( ) ( ) gxfxgXgE ∀= � , . 

 

Note 
Why did we define the discrete random variable the way we did? 
Imagine a discrete random variable X with possible values �,, 21 xx  and suppose ( ) xxg ∀≥ ,0 . Then 

( ) ( ) { }� ==
ixXi IxgXg . So ( )[ ] ( ) { }[ ] ( ) { }( ) ( ) ( )��� ==== == iixXixXi xXPxgIExgIxgEXgE

ii
. So if 

we let ( ) ( )ixXPxf == , then we get ( ) ( ) ( ) ( ) ( )�� ===
x

ii xfxgxXPxgXg
 all

. 

Note 
1) ( ) ( )xXPxf == . 

2) ( ) 0=xf  except at a countable number of values. 

3) ( ) ( )�==
x

xfE
 all

11 . 
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Note 

1) 
( )
( )

��

�
�

�

=

≥

� 1

0

 all x

xf

xf
 is the condition for a function to be a probability function. So a discrete random variable has 

( ) ( )�
∈

=∈
Bx

xfBXP . 

2) 
( )

( ) ��

�
�

�

=

≥

�
∞

∞−
1

0

dxxf

xf
 is the condition for a function to be a probability density function. So continuous random 

variable has ( ) ( )�=∈
B

dxxfBXP . 

 
Definitions 

1) ( ) ( )tXeEtm =  is the moment generating function. 

2) ( ) ( )itXeEtc =  is the characteristic function. 
 

Note 

( ) ( ) ( ) ( ) ( ) ( ) �+=+=+===== �
∞

=

2

0

210 sXPsXPXPskXPsEsG k

k

X  is a probability generating function 

for counting random variables only. 
 

Definition 
The probability distribution of X is the collection of all probabilities of X-events, i.e. the collection of all 
expectations of functions of X. 
 

Note 
If you know ( )tm , ( )tc , or ( )sG , then you know the distribution. So they are the “representatives” for the 
distribution. 
 

Definition 
The function ( ) ( )xXPxF ≤=  is called the (cumulative) distribution function. 
 

Note 
If you know F, you know the distribution. 
 

Example 
Suppose X has distribution function F and let ba < . Then ( ) ( ]( ) ( ) ( )aFbFbaXPbXaP −=∈=≤< , . 

Proof: { } { } { }bxaaxbx ≤<∪≤<∞−=≤<∞−  � { }( ) { }( ) { }( )bxaPaxPbxP ≤<+≤<∞−=≤<∞−  � 

( ) ( ) ( )bXaPaFbF ≤<+=  � ( ) ( ) ( )aFbFbXaP −=≤< . 
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MONOTONE SEQUENCES 

• �,2,1,
1 =
�
�
�

�
�
� −≤<∞− n

n
bX  gets bigger as n gets bigger (an increasing set). So 

{ }bX
n

bX
n

<<∞−=
�
�
�

�
�
� −≤<∞−

∞→

1
lim , the union of all the sets. 

• �,2,1,
1 =
�
�
�

�
�
� +≤<∞− n

n
bX  gets smaller as n gets bigger (an decreasing set). So 

{ }bX
n

bX
n

≤<∞−=
�
�
�

�
�
� +≤<∞−

∞→

1
lim , the intersection of all the sets. 

 

Definitions 

If �⊂⊂ 21 AA , then �
∞

=
∞→

=
1

lim
k

kn
n

AA  and write AAn ↑  where n
n

AA
∞→

= lim . 

If �⊃⊃ 21 AA , then �
∞

=
∞→

=
1

lim
k

kn
n

AA  and write AAn ↓  where n
n

AA
∞→

= lim . 

 

Examples 

1) { }bX
n

bX <<∞−↑
�
�
�

�
�
� −≤<∞− 1

. 

2) { }bX
n

bX ≤<∞−↓
�
�
�

�
�
� +≤<∞− 1

. 

 

Remarks 
1) If AAn ↑ , it is called an increasing sequence of events. 

2) If AAn ↓ , it is called a decreasing sequence of events. 
3) We only talk about the limit of monotone sequence of events (increasing or decreasing). 
4) If AAn ↑ , then NN AAAA =∪∪∪ �21 . If AAn ↓ , then NN AAAA =∩∩∩ �21 . 

5) cc
nn AAAA ↓⇔↑ , cc

nn AAAA ↑⇔↓ . 
 

Theorem: Monotone Convergence Theorem 
Let �≤≤≤ 210 XX  and suppose XX n

n
=

∞→
lim . Then ( ) ( )XEXE n

n
=

∞→
lim . 

 
Proof: ( ) ( )1121 −−++−+= nnn XXXXXX �  � ( ) �+−+=

∞→ 121lim XXXX n
n

 � 

( )[ ] ( ) ( ) �� +−+=+−+=
��
�

��
�

∞→ 121121lim XXEXEXXXEXE n
n

 � 

( ) ( ) ( ) ( )n
n

nn
n

n
n

XEXXEXXEXEXE
∞→−∞→∞→

=−++−+=
��
�

��
� limlimlim 1121 � . So ( ) ( )XEXE n

n
=

∞→
lim . 
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Lemma 

AAn IIAA
n

↑⇔↑  and AAn IIAA
n

↓⇔↓ . 

 

Note 
XX n ↑  means �≤≤ 21 XX  and XX n

n
=

∞→
lim . 

 

Corollary: Continuity Property of Probability 
( ) ( )APAPAA n

n
n =�↑

∞→
lim  and ( ) ( )APAPAA n

n
n =�↓

∞→
lim . 

 
Proof: 

• ( ) ( ) ( ) ( )APAPIEIEIIAA n
n

AA
n

AAn nn
=�=�↑�↑

∞→∞→
limlim . 

• ( ) ( ) ( ) ( ) ( ) ( )APAPAPAPAPAPAAAA n
n

n
n

cc
n

n

cc
nn =�−=−�=�↑�↓

∞→∞→∞→
lim11limlim . 

 

MARKOV’S INEQUALITY 

Let 0>c  and define impg  as in the picture. 

 
Then ( ) { }cximp Ixg ≥= . 

 

Markov’s Inequality 

If 0>c  and X is a random variable, then ( ) ( )
c

XE
cXP ≤> . 

 

Proof: ( )
��

�
�
� ≥

=
otherwise,0

,1 cx
xg imp , so ( ) x

c

x
xg imp ∀≤ ,  � ( )( ) ( )

c

XE
xgE imp ≤  � { }( ) ( )

c

XE
IE cx ≤≥  � 

( ) ( )
c

XE
cXP ≤≥ . 

 
 

UPDATING PROBABILITY AND INDEPENDENCE 

Example 

x 

gimp 

c -c 

1 

c

x
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Roll a fair die and let X be the number of dot. Let { }41 ≥= XA  and { }even is 2 XA = . Then: ( )
6
3

2 =AP , 

( )
6
3

1 =AP , ( )
6
2

21 =AAP , 
( )

( ) 3
2

1

21 =
AP
AAP

. If you know A1 has occurred then you update then probability of 

A2 to 2/3. 
 

Definition 

The conditional probability of A2 given A1 is ( ) ( )
( )1

21
12 |

AP
AAP

AAP = . 

 

Notes 
1) For fixed A, ( )1| AAP  satisfies the laws of probability. 

2) ( ) ( ) ( )12121 | AAPAPAAP = . 
 

Definition 
A1 and A2 are independent events if ( ) ( ) ( )2121 APAPAAP = . 
 

Definition 
�,, 21 AA  are independent if for any finite or infinite collection �,,

21 ii AA , ( ) ( ) ( )��
2121 iiii APAPAAP = . 

 

Definition 
X1 and X2 are independent if X1-events and X2-events are. 
 

Fact 
X1 and X2 are independent if and only if for any finite collection 

kiii XXX ,,,
21
� , 

( ) ( ) ( )[ ] ( )[ ] ( )[ ] ( )[ ] whgXwEXhEXgEXwXhXgE
kk iiiiii ,,,"",

2121
�� ∀= . 

 
 

BINOMIAL DISTRIBUTION 

Let �,, 21 XX  be independent random variables each with the same probability distribution. We say they are 
independent identically distributed random variables (idd). 
 

Example 

Let �,, 21 XX  be idd Bernoulli(p) random variables. So they are independent, 
( )
( )�

�
�

−===
==

pqXP

pXP

10

1

1

1 , and 

1=+ qp . Let nXXY ++= �1  be a binomial(n, p) random variable. 
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Then ( ) �,1,0, =��
	



��
�



== − kqp

k

n
kYP knk . So the probability function of Y is 

( ) ( )
�
�

�
�

�
=��

	



��
�




===
−

otherwise ,0

,1,0, �nqp
y

n
yYPyf

yny

. 

 

Expectation and Variance of the Binomial Distribution 
Let ( )pnY ,binomial~ . Then: 

• ( ) npYE == µ . 

• ( ) npqY == 2Var σ . 
 
 

SOME PROBLEMS 

Chebyshev’s Inequality 

Let X be a random variable with mean µ and variance 2σ , and suppose 0≥k . Show ( )
2

1

k
kXP ≤≥− σµ . 

Solution: ( ) ( ) ( )( ) ( )[ ]
222

2

22

2
22 1

kkk

XE
kXPkXP

σ
σ

σ
µσµσµ =−≤≥−=≥− . 

 

Variance of Independent Random Variables 
Let X1, X2 be independent with mean 0. Show that ( ) ( ) ( )2121 VarVarVar XXXX +=+ . 
Solution: 

( ) ( )[ ] ( ) ( ) ( ) ( ) ( ) ( )( )21
2

2
2

121
2

2
2

1
2

2121 220Var XXEXEXEXXEXEXEXXEXX ++=++=−+=+ . Since 

X1, X2 independent, ( ) ( ) ( )2121 XEXEXXE = . Since the mean is 0, ( ) ( ) 021 =XEXE . So 

( ) ( ) ( )2121 VarVarVar XXXX +=+ . 
Note: This can be extended to n by induction. It can also be extended to non-zero means. 
 

Variance 
Let X have mean µ and variance 2σ . Then: 

• ( ) babaXE +=+ µ . 

• ( ) ( ) ( )( )[ ] ( )[ ] 22222Var σµµ aXEababaXEbaX =−=+−+=+ . 
 

Geometric Random Variable 
Toss a coin with { }( ) pHP =  and pq −= 1  until we obtain a head. Let Y be the number of tosses. Calculate 
the pgf of Y. 

• We have the pgf ( ) ( ) ( ) ( )��
∞

=

====
1 all k

k

y

YY kYPsyfssEsG . 

• ( ) { }( ) �,2,1,head then  tails,1 1 ==−== − kpqkPkYP k . 
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• So ( ) ( ) 1,
111

1 <
−

=== ��
∞

=

∞

=

− sq
sq

sq
q
p

sq
q
p

pqssG
k

k

k

kk  � ( )
q

s
sq

sp
sG

1
,

1
<

−
= . 

Note: Y is called a geometric random variable. 
 

Poisson Random Variable 
Suppose ( )pnY ,binomial~  and we set np=λ . Think of n large, p small, but λ reasonable. The pgf of Y is 

( ) ( ) ( )( ) ( ) ( )11
111 −≈�

	



�
�


 ++=−+=+= s
n

nn e
n
s

sppsqsG λλ
. What kind of random variable ahs this kind of pgf? 

( )λPoisson . The probabilities can be obtained by noting ( ) �
∞

=

−−− ==
0

1

!k

k
k

ss s
k

eeee
λλλλλ , so 

( ){ }( ) �,2,1,0,
!

rv Poisson ===
−

k
k

e
kP

kλλ
λ

. 

 
 

MORE ON CONDITIONAL PROBABILITY AND INDEPENDENCE 

Note 
X and Y are independent ⇔ { } { }( ) { }( ) { }( ) 212121 ,"", BBBYPBXPBYBXP ∀∈∈=∈∩∈  ⇔ 

( ) ( )[ ] ( )[ ] ( )[ ] hgYhEXgEYhXgE ,"", ∀= . 
 

Note 

For fixed A, ( ) ( )
( )AP
ABP

ABP =|  satisfies the axioms of probability. 

 

Partition 
Let �,, 21 AA  partition S, i.e. they are disjoint. Then, clearly, ( ) ( ) ( ) �++= BAPBAPBP 21 . 

But since ( ) ( ) ( )APABPABP |= , ( ) ( ) ( ) ( ) ( ) �++= 2211 || APABPAPABPBP . 
 
 

CORRELATION 

Definition 

If X and Y are random variables, then 
( )( ) ( )( )[ ]
( ) ( )YSDXSD

YEYXEXE
XY

−−== ρρ  is the correlation between X and Y. 

 

Facts 
1) 12 ≤ρ . 

2) ( ) ( )( ) ( )( )[ ]YEYXEXEYX −−=,cov  is the covariance of X and Y. Notice: 

• ( ) ( ) ( ) ( )YEXEXYEYX −=,cov . 

• ( ) ( )XXX var,cov = . 
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• ( ) ( )YXabbYaX ,cov,cov =  and ( ) ( )YXdYcX ,cov,cov =++ . 
 

Definition 
Suppose X, Y are independent. Then ( ) ( ) ( ) ( ) 0,cov =�= YXYEXEXYE . We say X, Y are uncorrelated. 
 
 

NORMAL DISTRIBUTION 

The Probability Density Function 

Let ( )1,0~ NZ . The pdf of Z is ( ) ∞<<−∞=
−

zezf
z

,
2

1 2

2

π
. 

 

The Moment Generating Function 

The mgf of Z is ( ) ( ) ( )
( )

2222

2222

2

1

2

1
ttztz

tztztZ
Z edzeedzeedzzfeeEtM ===== ���

∞

∞−

−
−

∞

∞−

−
∞

∞− ππ
. 

The mgf of 0, >+= σσµ ZY  is ( ) ( )[ ] ( )[ ] 2

2
2 t

tZttZt
Y eeeEeeEtM

σµσµσµ === + . 
 
 

MORE ON DISCREET RANDOM VARIABLES 

Let �,, 21 XX  be Bernoulli iid rv’s, taking on 1 with probability p, and 0 with probability pq −= 1 . 

nXXXY +++= �21  = (number of 1’s in the first n trials) is a binomial(n, p) rv. 
 
Y = (number of “tosses” until a head is obtain) is geometric. 
Y = (number of “tosses” until the rth head is obtain) = (# of “tosses” until the first head) + … + (# of “tosses” 
until the rth head) is negative binomial. 
 

Geometric Random Variables 
Let ( )pY geo~ . So ( ) �,2,1,1 === − kpqkYP k . 
 

The pgf ( ) ( ) ( )
q

s
qs

ps
qs

qs
q
p

qs
q
p

pqssEsG
k

k

k

kkY 1
,

1111

1 <
−

=��
	



��
�




−
==== ��

∞

=

∞

=

− . 

So ( ) ( )
p

YE
p

G
11

1 =�=′ . 

 

Negative Binomial Random Variables 
If rYY ,,1 �  are iid geometric(p), then  rYYY ++= �1  is a negative binomial. Also set rYW −= . 
 
The possible values of Y are �,1, +rr , and the possible values of W are �,2,1,0 . 
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So ( ) ( ) ( )
p
r

YEYEYE r =+= �1 . 

 
The pgf ( ) ( ) ( ) ( ) ( ) ( )rrr YYYYYYY

Y sEsEssEsEsEsG ��
� 111 ==== ++  since rYY ,,1 �  are independent, so 

( )
q

s
qs

ps
sG

r

Y
1

,
1

<��
	



��
�




−
= . 

The pfg ( ) ( ) ( ) ( )
( ) q

s
qs

p
sE

s
sEsEsG

r

r
Y

r
rYW

W
1

,
1

1 <
−

==== − . 

 
Now, ( ) ( ) �,2,1,0, =+=== iriYPiWP , so getting the W-probabilities gets you the Y-probabilities. Note 

( ) ( ) ( ) ( ) �+=+=+== 2000 sXPsXPXPsG X , so ( ) ( )00 == XPGX , ( ) ( ) ( )101 == XPG X , 
( ) ( ) ( )2!202 == XPG X , ( ) ( ) ( )3!303 == XPG X ,…, ( ) ( ) ( )kXPkG k

X == !0 . So 

( )
( ) ( )

�,1,0,
!

0
=== k

k
G

kXP
k

X . 

 

So ( ) ( )
!

1 0

k

qs

p

ds

d

kWP s
r

r

k

k

=�
�
�

�

�
�
�

�

−
== . Notice that 

( ) ( ) 111

1
+−

=
�
�
�

�

�
�
�

�

− rr qs

qr

qsds
d

, 

( )
( )

( ) 2

2

2

2

1

1

1

1
+−

+
=

�
�
�

�

�
�
�

�

− rr qs

rrq

qsds

d
,…, 

( )
( ) ( )( )

( ) kr

k

rk

k

qs

krrrq

qsds

d
+−

−++
=

�
�
�

�

�
�
�

�

− 1

11

1

1 �
. Therefore, 

( ) ( ) ( ) ( ) �
�

,2,1,0,
!

11 =+==−++== kkrYP
k

krrrqp
kWP

kr

. 

 

Obtaining the probability directly, ( ) ( ) ( )
�,1,,

1
1

1
1 111 +=��

	



��
�




−
−

=��
	



��
�




−
−

== −−−−− rriqp
r

i
pqp

r

i
iYP rirrir . 

 

Poisson Random Variables 

Let ( )λPoisson~Y , so ( ) 0,,1,0,
!

>===
−

λλλ
�k

k
e

kYP
k

. 

We know the pgf is given by ( ) ( )1−= sesG λ . 
 

Note: Since ( ) ( )YsEsG = , ( ) ( ) ( ) ( )tYttY eGeEeEtm =
��
�

��
�== . So for ( )λPoisson~Y , ( ) ( )1−=

teetm λ . 

 

Recall: ( ) ( ) ( )kk YEm =0 . In this case, for ( )λPoisson~Y , ( ) ( ) te eetm
t

λλ 1−=′  and 

( ) ( ) ( ) tete eeeetm
tt

λλ λλ 1221 −− +=′′ . So 
( ) ( )
( ) ( ) ( ) ( ) ( )( ) λ

λλ

λ
=−=�

��

�
�
�

+==′′

==′ 22
22 var

0

0
YEYEY

YEm

YEm
. 

 

Example 
Let ( )11 Poisson~ λX  be independent of ( )22 Poisson~ λX . Show that ( )2121 Poisson~ λλ ++= XXY . 
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• The pgf of Y is ( ) ( ) ( ) ( ) ( ) ( )( )111 2121
21

−−−− === sss
XXY eeesGsGsG λλλλ , which is the pgf of a 

( )21Poisson λλ +  rv. Since pgf determines distributions, ( )21Poisson~ λλ +Y . 

Note: The same argument yields ( )nnXX λλ ++++ �� 11 Poisson~  if ( )iiX λsonPois~  and X’s 
independent. 
 
 

HYPER-GEOMETRIC PROBABILITIES 

Example 
Suppose there are n1 b’s and m1 w’s, so there are 11 mnN +=  items. Select n items “at random”. Let Y be the 
number of b’s selected. 

With replacement, �
	



�
�




N
n

nY ,Binomial~ , and so ( ) nkqp
k

n
kYP knk ,,,1,0, �=��

	



��
�



== − . 

Without replacement, ( )
��
	



��
�




��
	



��
�




−��
	



��
�




==

n

N

kn

m

k

n

kYP

11

 is hyper-geometric. 

 
 
 

DISTRIBUTIONS 

Definition 
If X is a random variable, the distribution of X refers to the collection of all X-probabilities, or the expected 
value of the real functions of X. 
 

Notation 

Suppose X and Y have the same distribution. We write YX ~  or YX
d
~  or YX

d
= . 

 

Facts 
The following are equivalent: 

• YX
d
=  

• ( ) ( ) uuFuF YX ∀= ,  

• ( ) ( ) ttctc YX ∀= ,  

• ( ) ( ) uufuf YX ∀= ,  (discreet case), ( ) ( ) uufuf YX "", ∀=  (continuous case) 

• ( ) ( ) ssGsG YX ∀= ,  (counting case) 

• ( ) ( ) 0,0, <>= tttmtm YX  if the mgf exists. 
 
 

NORMAL DISTRIBUTION 

Definition 
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( )1,0~ NZ  is a standard normal random variable if its probability density function is ( ) zezf
z

∀=
−

,
2

1 2

2

π
. 

 

Note 

The moment generating function of Z is ( ) ( ) 2

2t
tZ eeEtm

−
== . So, 

( ) ( )
( ) ( ) ( ) 1var

10

00
2 =�

��

�
�
�

=′′=

=′=
Z

mZE

mZE
. 

 

Definition 
( )2,~ σµNY  if ZY σµ +=  where ( )1,0~ NZ . 

 

Notes 
1) ( ) ( ) ( ) µσµσµ =+=+= ZEZEYE . 

2) ( ) ( ) ( ) 22 varvarvar σσσµ ==+= ZZY . 
 

Probability Density Function of a Normal Random Variable 
ZY σµ += , and we know µ, σ, pdf of Z. Notice that any Y-probability can be written as a Z-probability (ex: 

( ) ( ) �
	



�
�


 −<<−<+<=<<
σ

µ
σ

µσµ b
Z

a
PbZaPbYaP ), so can get the distribution of Y. 

Now, ( ) ( ) �
	



�
�


 −
Φ=�

	



�
�


 −
=�

	



�
�


 −
≤=≤=

σ
µ

σ
µ

σ
µ yy

F
y

ZPyYPyF ZY . So 

( ) ( )
σσ

µ
σ

µ 1⋅�
	



�
�


 −
=�

	



�
�


 −′=′=
y

f
y

FyFyf zzYY . Hence ( ) yeyf
y

Y ∀=
�
	



�
�


 −−
,

2

1
2

2
1

σ
µ

πσ
. 

 

Moment Generating Function of a Normal Random Variable 

( ) ( ) ( )( ) ( ) 2

22t
ttZtZttY

Y eeeEeeEeEtm
σ

µσµσµ −+ ==== . 
 

Example 
Let ( )2

111 ,~ σµNY  be independent of ( )2
222 ,~ σµNY . Set 21 YYW += . Then 

( ) ( ) ( ) ( ) ( )
( )

222

22
2

2
1

21

22
2

2

22
1

1
21

t
t

t
t

t
t

YY
tW

W eeeeeetmtmeEtm
σσ

µµ
σ

µ
σ

µ
+−+−−

=
�
�
�

	




�
�
�

�




�
�
�

	




�
�
�

�



=== . So 

( )2
2

2
121 ,~ σσµµ ++NW . 

 
 

MORE ON GENERAL DISTRIBUTION FUNCTIONS 

Definition 
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( ) ( )xXPxF ≤= . 
 

Properties 
1) ( ) ( )2121 xFxFxx ≤�<  (increasing function). 

Proof: { } { } ( ) ( ) ( ) ( )21212121 xFxFxXPxXPxXxXxx ≤�≤≤≤�≤⊂≤�< . 
 

2) ( ) ( ) 0lim ==∞−
−∞→

xFF
x

 and ( ) ( ) 1lim ==∞
∞→

xFF
x

. 

 
3) F is right continuous. 

Proof: Let 0x  be any point. Then as 0xx ↓ , we have { } { }0xXxX ≤↓≤ . So, 

( ) { }( ) { } { }( ) ( )00
000

limlimlim xFxXPxXPxXPxF
xxxxxx

=≤=�
	



�
�


 ≤=≤=
↓↓↓

. Therefore F is right continuous at 0x , 

and since 0x  is arbitrary, F is right continuous. 
 

Note 
Note that { } { }00 xXxXxx <↑≤�↑ . So ( ) ( ) ( ) ( ) ( )xFxFxXPxXPxxP

xx 0

lim0000 ↑
−=<−≤==  is the 

jump at 0x  (in the discreet case). 
 
 

RANDOM VECTORS 

�
�
�

	




�
�
�

�




=

nX

X

�

1

X  is a random vector; nRx ∈  is a typical observation. 

 

Distribution 
Let RR →ng :  be a real-valued function, and look at ( )[ ]XgE . The distribution of X is the collection of all 

these (or the collection of ( ) nBBP RX ⊂∈ , . 
 

Theorem 
The distribution of X is determined by ( ) tXt ∀⋅ ,ieE . 
 

Notes 
1) 1−=i . 

2) θθθ sincos ie i += . 

3) ( ) ( ) tt Xt ∀= ⋅ ,ieEc  is the characteristic function of X (or the joint characteristic function of nXX ,,1 � ). 

Notice that nn XitXiti eee �11=⋅Xt . 
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4) ( ) ( )Xtt ⋅= eEm  is the moment generating function (or the joint moment function of nXX ,,1 � ). By the way, 

( ) ( ) ( )11
1

XEeXEm
t

==
∂
∂ ⋅Xtt  when 0t = , and ( ) ( ) ( )2121

21

2

XXEeXXEm
tt

==
∂∂

∂ ⋅Xtt  when 0t = , so 

( ) ( ) ( ) ( )212121 ,cov XEXEXXEXX −=  can be obtained from the mgf in an “easy” way. 

5) If X is made up of counting random variables, then ( ) ( )nXX ssEsG �1=  is the probability generating 
function of X. 

6) ( ) ( ) ( )nn xXxXPPF ≤≤=≤= ,,11 �xXx  is the distribution function. 
 

Continuous vs. Discreet Random Vectors 

1) Definition of a continuous random vector: ( )[ ] ( ) ( ) gdfggE "", ∀= � xxxX  (the probability density function). 

Notice that ( ) 1=� xx df . 

2) Definition of a discreet random vector: ( )[ ] ( ) ( ) gfggE "", ∀=� xxX  (the probability function). Notice that 

( ) 1=� xf . 

 

Theorem 

nXX ,,1 �  are independent if and only if ( ) ( ) ( ) tXt ∀=⋅ ,11 nn XitXiti eEeEeE � . 
 

Proposition 
In the continuous case, nXX ,,1 �  are independent if and only if ( ) ( ) ( )nn xfxff �11=x . It is the same in 
the discreet case. 
 
 

CHANGE OF VARIABLES 

Consider random vector X and its pdf ( )xXf  (known). Let ( )XY h= . We have ( )[ ] ( ) ( )�= yyyY X dfggE . 

Also, ( )[ ] ( )( )[ ] ( )( ) ( ) ( ) ( )( )�� ��
	



��
�




∂
∂=== − y
y
xyyxxxXY XX dhfgdfhghgEgE det1 . So the pdf 

( ) ( )( ) ��
	



��
�




∂
∂= −

y
xyy XY det1hff . 

 
 

CONDITIONING 

Recall: ( ) ( )
( )

( )
( )

( )
( )AP

IIE
AP

IE
AP

ABP
ABP BAAB ===| . 

 

Conditional Expectation 
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The expectation that corresponds to the probability ( )AXP |  is ( ) ( )
( )AP
XIE

AXE A=| . 

In particular, ( ) ( )
( )

( )
( ) ( )ABP
AP

IE
AP
IIE

AIE ABAB
B || === , which further shows the link between ( )AXE |  and 

( )AXP | . 
 
If nAA ,,1 �  partition S, then 

nAA XIXIX ++= �
1

 � 

( ) ( ) ( ) ( ) ( ) ( ) ( )nnAA APAXEAPAXEXIEXIEXE
n

|| 111
++=++= �� . This is the E-version of a formula 

used in Bayes’ type problems. 
 

Example 
Toss a coin with ( ) ( )1,0∈= pHP , and let HY first   to tossesof #= . Then ( )pY geometric~ . Now, let 

{ }first tosson  HA = . Then ( ) ( ) ( ) ( ) ( )cc APAYEAPAYEYE || += . Now let 1−=′ YY . So 

( ) ( ) ( )[ ] ( ) ( )YqEYqEqpqAYEpqAYEpYE cc +=++=+′+=+′+×= 11||11  � ( ) ( ) 1=− YqEYE  � 

( ) 1=YpE  � ( )
p

YE
1= . 

 

Conditional Probability (Density) Function 

( ) ( )
( )xf

yxf
xyf

X

,
| =  is the “conditional probability function of Y given xX = ”. Note that 

( ) ( )�
∞

∞−
= dyyxfxf X , . 

 

Note 
( ) ( ) ( )yxfxfxyf X ,| =  is very useful. 

 

Regression Function 

Since ( )xyf |  is a pdf (or pf), we can talk about it’s mean. Denoted ( ) ( ) ( )�
∞

∞−
=== dxxyyfxXYExr ||  is 

called the “regression function of Y on X”. 
 

Prediction 
Suppose X is the present and Y is the future. We want to predict Y using a function of X. The “best” function 
of X is called “the conditional expectation of Y given X” ( )XYE |  (an rv). 

Fact: Under certain conditions, ( ) ( )XrXYE =| . 
 
 

POISSON PROCESS 

Example: Point Process 
• Throw an infinite points onto 0≥t  so that there is no preference in position. 
• Assume density of points is λ. 
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• This is a Poison Process. 
 

Facts 
1) If B is a subset of { }0| ≥tt  and ( )BN  be the number of points in B, then ( ) ( )BBN λPoisson~ . 

2) If �,, 21 BB  are disjoint, then ( ) ( ) �,, 21 BNBN  are independent. 
 

Note 
Recall the distance X to the first point is ( )λlexponentia . In fact the time between points are iid 

( )λlexponentia  rv’s. 

If Y is the time to the rth point, then Y is the sum of r iid ( )λlexponentia  and ( ) ( ) 0,
!1

1

>
−

=
−−

y
r

ey
yf

yrr

Y

λλ
, 

which is the gamma pdf. 
 

Look at ( ) 0,
1

>=
−−

y
c

ey
yf

yrr

Y

λλ
 where ( )rdxexdyeyc xryrr Γ=== ��

∞ −−∞ −−

0

1

0

1 λλ  is the gamma 

function. Note that 
( ) ( )

( ) ( ) ( )!1
11

1
−=Γ�

�
�
�

=Γ
Γ=+Γ

rr
rrr

 if N∈r . 

 

So the pdf ( ) ( ) 0,
1

>
Γ

=
−−

y
r
ey

yf
yrr

Y

λλ
 is the gamma pdf (defined for any 0>r ). 

 

Note 

Set ( )tN  the number of points from [ ]t,0 . Then ( )( ) ( )
!k

te
ktNP

kt λλ−
== . 

 
 

CONVOLUTION INTEGRAL 

Let YXW += . Since ( ) ( ) ( )� �
∞

∞−

−

∞−
=≤= dxdyyxfwWPwF

xw

YXW ,, , so 

( ) ( ) ( ) ( )�� �� �
∞

∞−

∞

∞−

−

∞−

∞

∞−

−

∞−
−=�

�

�
�
�

�== dxxwxfdxdyyxf
dw
d

dxdyyxf
dw
d

wf YX

xw

YX

xw

YXW ,,, ,,, . If X and Y are 

independent, then ( ) ( ) ( )�
∞

∞−
−= dxxwfxfwf YXW . 

 
 

ORDER STATISTICS 

• Let nXX ,,1 �  be iid rv’s with df F and pdf f. Order them ( ) ( )nXX <<�1 . 

• Also define ( ) ( )xF i  the df of ( )iX , and ( ) ( )xf i  the pdf of ( )iX . Also, ( ) ( ) ( )( ) ( ) ( )xFxXPxF iii −=>= 1 . 

• Notice that ( ) ( ) ( ) ( ) ( ) ( )xF
dx
d

xF
dx
d

xf iii −== . 
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• What is the pdf of ( )1X ? ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )n
nn xFxXPxXPxXxXPxXPxF =>>=>>=>= �� 1111 ,,  � 

( ) ( ) ( )( ) ( )xfxFnxf n 1
1 1 −−= . 

• What is the pdf of  ( )nX ? ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )n
nnnn xFxXPxXPxXxXPxXPxF =≤≤=≤≤=≤= �� 11 ,,  

� ( ) ( ) ( )( ) ( )xfxFnxf n
n

1−= . 

• What is the pdf of ( )iX ? 

( ) ( ) ( ) ( )( ) ( )( ) ( ) ( ) ( )( ) ( )( ) ( )xfxFxF
ini

n
xFxF

k

n

dx
d

xXP
dx
d

xf ini
i

k

kk
ii

−−
−

=

−
−−

==−��
	



��
�



−=>−= � 1

!!1
!

1 1
1

0

� . 

 
 

MORE ON CONDITIONING 

Recall 
[ ]XYE |  is a function of X used to predict Y. Two important properties are: 

1) [ ][ ] [ ]YEXYEE =| . 

2) YX ⊥  (independent) if and only if ( )[ ] ( )[ ]YhEXYhE =| . 
 

Example 
• Consider a Poisson process of rate λ. Let the X’s be iid with mean µ. Let ( )tN  be the number of X’s in [ ]t,0 . 

Note that the X’s and ( )tN  are independent. 

• Loot at the compound Poisson process ( )
( )

0, 0
0

==�
=

XXtS
tN

i
i . 

• The expected value ( )[ ] ( ) ( )[ ][ ] ( ) ( )[ ] ( )[ ] ttNEtNXEEtNtSEEtSE µλµ ==== 1| . 

• The mgf ( ) ( )[ ] ( ) ( )[ ][ ] ( ) ( )[ ] ( )( )1| −==== zmttN
X

tzStzS
S

XezmEtNeEEeEzm λ . 
 
 

MORE DISTRIBUTIONS 

Exponential Distribution 
• ( )1lexponentia~Z  if ( ) 0, >= − zezf z . 

• Let 0>θ  and set ZY θ= . The pdf is clearly ( ) 0,
1 >=

−
yeyf

y
θ

θ
. We write �

	



�
�




θ
1

lexponentia~Y  (rate 
θ
1

), 

or sometimes ( )θlexponentia~Y  (mean θ). 
 

Gamma Distribution 
• A sum of iid ( )θlexponentia  rv’s is a ( )θ,gamma r  rv, if referring to the “mean notation”. 

• More commonly, a sum of r iid ( )λlexponentia  rv’s (rate λ) is a ( )λ,gamma r  with pdf 

( ) ( ) 0,
1

>
Γ

=
−−

y
r

ey
yf

yrr λλ
. 
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• Notice that ( )
λ

λ Z
YrY =⇔,gamma~  where ( )1,gamma~ rZ . Since [ ] rZE = , we get [ ]

λ
r

YE = . 

• If ( ) ( )λλ ,gamma~,gamma~ 2211 rYrY ⊥ , then ( )λ,gamma~ 2121 rrYYT ++= . 

• Note: The gamma function ( ) 0,
0

1 >=Γ �
∞ −− rdyeyr yr , and ( )rrr Γ=+Γ )1( , ( ) ( ) Z∈−=Γ nkk ,!1 , 

π=�
	



�
�


Γ
2
1

, ( ) [ ] ( )
( )r

r
YErY

Γ
+Γ=�

αα1,gamma~ . 

 

Beta Distribution 

• Consider 
21

11

YY
Y

T
Y

U
+

== . This is a ( )21 ,beta rr  rv. 

• The pdf is easily obtained as ( ) ( ) 121 1 −−= rr ucuuf  where 
( )
( ) ( )21

21

rr
rr

c
ΓΓ
+Γ

= .  

• Note that T and U are independent, so [ ]UE  can be obtained easily. [ ] [ ] [ ] [ ]TEUEUTEYE ==1  � 

[ ] [ ]
[ ] 21

11

rr
r

TE
YE

UE
+

== . 

 

Chi-Squared(n) Distribution 

• ( )nX squaredchi~ −  (denoted 2~ nX χ  or ( )nX 2~ χ ) if 22
1 n

d
ZZX ++= � , where iZ  iid ( )1,0N . 

• The pdf ( ) 0,

2
2

1 2
1

2

2

>

�
	



�
�


Γ

=
−−

yey
n

xf
yn

n
, which is �

	



�
�




2
1

,
2

gamma
n

. 

 

Student-t Distribution 

• ( )ntY ~  if 

n
X

Z
Y

d
= , where ( )nX 2~ χ . 

• The pdf ( )
2

1
2

1

+−

�
�

	




�
�

�



+∝

n

n
y

yf , where the constant is 

�
	



�
�


Γ

�
	



�
�


 +Γ

2

2
1

n
n

n

π
. 

 

F Distribution 

• ( ) ( ) 0,1,~
21

2 >�
	



�
�


 +∝�

+−−
yy

n
m

yyfnmFY

nmm

. 

 
 

SEQUENCES OF RANDOM VARIABLES 

Suppose we have a sequence of random variables �� ,,,, 11 +nn YYY . 
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Definition: Convergence in Distribution 

nY  converges in distribution to Y ( YY d
n → ) if for every y such that ( ) 0== yYP , ( ) ( )yFyFn

n
=

∞→
lim , 

where ( ) ( )yYPyF nn ≤=  and ( ) ( )yYPyF ≤= . 
 

Note 
YY d

n →  ⇔ ( )[ ] ( )[ ]YgEYgE n →  for all bounded continuous g ⇔ ( ) ( )tctcn →  ⇐ ( ) ( )tmtmn → , 

( ) ( )sGsGn →  ⇐ ( ) ( )yfyf n → . 
 

Definition: Convergence in Mean Square 

nY  converges in mean square to Y ( YY ms
n → ) if ( )[ ] 02 →−YYE n . 

 

Definition: Convergence in Probability 

nY  converges in probability to Y ( YY p
n → ) if for every 0>ε , [ ] 0→≤− εYYP n . 

 

Definition: Convergence With Probability One 

nY  converges with probability one to Y ( YY wp
n  → 1 ) if ( ) 1→→ YYP n . 

 

Weak Law of Large Numbers 

Let �,, 21 XX  be iid with mean µ and variance 2σ . Then µ→
++

= pn

n
XX

X
�1 . 

 

Proof: Let 0>ε . Then ( ) ( )
( )

2

2

22

ε

µ
εµεµ ��

�
��
� −

≤�
	

�

�

 >−=>−

XE
XPXP . Now, 

[ ] [ ] [ ]( ) µµ ==++=
n

n
XEXE

n
XE n�1

1
 and ( ) ( ) ( )( )

nn

n
XX

n
X n

2

2

2

12
varvar

1
var

σσ ==++= � . So 

( ) ( )
0

var
2

2

22

2

→==
��
�

��
� −

ε
σ

εε

µ

n

XXE
. Therefore ( ) 0→>− εµXP  and thus µ→pX . 

 
 

CONVEX FUNCTIONS 

Definition 
A function is convex if for all 0x  there exists a c such that ( ) ( ) ( ) xxxcxgxg ∀−+≥ ,00 . 
 

Jenson’s Inequality 
Let g be convex. Then ( )[ ] [ ]( )XEgXgE ≥ . 
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MORE EXAMPLES 

Example 
Let nYY ,,1 �  be iid [ ]( )1,0uniform  and consider the order statistics ( ) ( )nYY ≤≤�1 . Set ( )nn YnW −= 1 . 

 

Then ( ) 1→p
nY . Let 0>ε . Then 

( )( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )εεεεεε −≤−≤−=−≤−=−≥=≤−=≤− 1,1111111 1 nnnnn YYPYPYPYPYP � ; since 

nYY ,,1 �  are iid [ ]( )1,0uniform , ( ) ( )( ) ( )( )[ ] ( ) 111111,11 11 →−−=−≤−=−≤−≤− nn
n YPYYP εεεε � . So 

( ) 1→p
nY . 

 

Set ( )nn YnW −= 1 . Then ( ) ( )1lexponentia→d
nW . Look at ( ) ( )wWPwF nn ≤= . If 0≤W , then ( ) 0=wF . 

If 0>W , then ( ) ( )( )( ) ( ) ( )
w

n

nnnn e
n
w

n
w

YP
n
w

YPwYnPwF −−→�
	



�
�


 −−=�
	



�
�


 −≤−=�
	



�
�


 −≥=≤−= 1111111 . 

Therefore ( )
��

�
�
� >−=

−

∞→ otherwise,0
0,1

lim
we

wF
w

n
n

, which is the df of an ( )1lexponentai . So ( ) ( )1lexponentia→d
nW . 

 
 

CENTRAL LIMIT THEOREM 

Let �,, 21 XX  be iid with mean µ and variance 2σ . Set 
n

XX
X n++

=
�1 . Then ( )1,0N→− d

n

X
σ

µ
. 

 
 

BIVARIATE RANDOM VECTORS 

Bivariate Normal 

Let 1Z , 2Z  be iid ( )10N , , and take 12 <ρ , R∈21 , µµ , 0, 21 >σσ . Set 
��

�
�

�

�
	



�
�

 −++=

+=

2
2

122

111

1 ZZY

ZX

ρρσµ

σµ
. 

��
	



��
�




Y

X
 is the bivariate normal. 

( )
( )��

�
�
�

2
11

2
11

,N~

,N~

σµ

σµ

Y

X
. 

Note that 
( )

( )��

�
�
�

=

=
2

1

1

var σ

µ

X

XE
 and 

( )
( )��

�
�
�

=

=
2

2

2

var

/

σ

µ

Y

YE
; ( ) ρσσ 21,cov =YX  and ( ) ρ=YX ,corr . 

Also, ( ) ( ) ( )1
1

2
2| µρ

σ
σ

µ −+=== xxXYExr  and ( ) ( ) ( )1
1

2
2| µρ

σ
σ

µ −+== XXrXYE  

 

Bivariate Poisson 

Let ( )1Poisson~ λU , ( )2Poisson~ λV , ( )3Poisson~ λW , and set 
�
�
�

+=
+=

WVY

VUX
. Then ��

	



��
�




Y

X
 is the bivariate 

Poisson. 
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Note that ( ) 3| λ+== npnXYE . 


