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Statistical Inference 

RANDOM SAMPLE 

Definition: Random Sample 
nXX ,,1 �  is called a random sample from a distribution with pdf ( )xf  (or pf ( )xP ) if nXX ,,1 �  are 

independent and have identical distribution with pdf ( )xf  (or pf ( )xP ). It is often denoted “iid” 
(independent-identically-distributed). 
 

Note 
Let nXX ,,1 �  be a sample from a distribution with pdf ( )xf . The joint pdf of ( )nXXX ,,1 �=  is 

( ) ( ) ( ) ( ) ( )nnnn xfxfxfxfxxf ��� 1111 , == . 
 
 

SAMPLE MEAN 

Definition: Sample Mean and Sample Variance 

Let nXX ,,1 �  be a random sample. The sample mean is defined by 
n

XX
n

X

X n

n

i
i

n
++

==
�

= �11 , and the 

sample variance is defined by 

( )
1

12

−

−

=
�

=

n

XX

S

n

i
ni

. 

 

Theorem 
If nXX ,,1 �  are iid each with a ( )2,σµN  distribution, then nn XkXk ++�11  has a normal distribution 

with mean ( )µµµ nn kkkk ++=++ �� 11  and variance ( ) 222
1 σnkk ++� . 

More generally, if nXX ,,1 �  are independent and each iX  has a ( )2, iiN σµ , then nn XkXk ++�11  has a 

normal distribution mean nnkk µµ ++�11  and variance 222
1

2
1 nnkk σσ ++� . 

 
 

USEFUL DISTRIBUTION 

Theorem 

Suppose nXX ,,1 �  is a random sample from ( )2,σµN  distribution. Then nX  and ( )�
=

−
n

i
ni XX

1

2  are 

independent, and 

( )
2

1

2

σ

�
=

−
n

i
ni XX

 has a 2
1−nχ  distribution. 
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The t and F Distribution 
Two important distributions useful in statistical inference are: 

1) If ( )1,0~ NW  and 2~ rV χ  are independent, then 

r
V

W
 has a t-distribution. 

2) 2
1

~ rU χ  and 2
2

~ rV χ  are independent, then 

2

1

r
V

r
U

 has a F-distribution. 

 

THE CENTRAL LIMIT THEOREM 

Let  nXX ,,1 �  is a random sample with finite mean µ and variance 02 >σ . Let nn XXS ++= �1 . Then 

( )
( )

( )
( )

( )1,0
varvar 2

N

n

X

X

XEX

S

SES
n

n

n

nn

n

nn  →
−

=
−

=
−

∞→
σ

µ
. 

 
 

STATISTICAL MODEL 

Consider a random sample nXX ,,1 �  from a distribution with pdf ( )xfθ . The family ( ){ }Ω∈θθ |xf  (where 
( )xfθ  is pdf (or ( )xPθ  a pf), θ is an unknown parameter, Ω is a parameter space) is a statistical model. 

We know that the distribution under investigation is in the family, but don’t know which one. Based on the 
sample values nxx ,,1 � , we find an estimate for θ; Once we find θ, we know the distribution. 
 
 

LIKELIHOOD FUNCTION 

Definition: The Likelihood Function 
Let nXX ,,1 �  be a random sample from a distribution with pdf ( )xfθ  (or pf ( )xPθ ). The likelihood is 
defined by R→Ω:L  given by ( ) ( ) ( ) ( )nnn xfxcfxxcfxxL θθθθ ��� 111 ,,,| ==  where 0>c (or 

( ) ( ) ( ) ( )nnn xPxcPxxcPxxL θθθθ ��� 111 ,,,| == ). 
 

Definition: The Maximum Likelihood Estimate (MLE) 
The function Ω→S:θ̂  is called the maximum likelihood estimator. 

( )sθ̂  is called the maximum likelihood estimate of θ if for each Ω∈θ , ( )( ) ( )nn xxLxxsL ,,|,,|ˆ
11 �� θθ ≥ . 

 

The Algorithm 
This suggests that in order to obtain the MLE of θ, we maximum the likelihood function. Since a version of 
the likelihood version with 1=c  gives the same maximum value, we use this version. In most cases, this is 
done by differentiation. 

1) Write the likelihood function ( ) ( )∏
=

=
n

i
in xfxxL

1
1 ,| θθ � . 
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2) Write the log likelihood function defined by ( ) ( )( ) ( )�
=

==
n

i
inn xfxxLxxl

1
11 ln,|ln,| θθθ �� . 

3) Write the score function ( ) ( )
θ

θθ
∂

∂
= n

n
xxl

xxS
,|

,| 1
1

�
� . 

4) Write the score equation ( ) 0,| 1 =nxxS �θ  and solve for θ. 
5) Check that the solution is the global maximum. If it is, then it is the MLE of θ. 

 

Theorem 
If ( )nxx ,ˆ

1 �θ  is the MLE in Ω, and Ω′→Ω 1-1:φ , then the MLE in the new parameterization is 

( )( ) ( )nn xxxx ,ˆ,ˆ
11 �� θθφ ′= . 

 
Proof: 

( )( ) ( ) ( ) ( )( )( )

( ) ( ) ( )( )
( ) ( ) ( ) ( )nnnn

nnnxx

nxxnxxnn

xxLxxgxxfxxL

xxxxLxxf
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,,|,,,,,,|

,,|,,ˆ,,

,,,,,,|,,ˆ
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′===≥
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==′
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′

 

Hence for every Ω′∈′θ , ( )( ) ( )nnn xxLxxxxL ,,|,,|,,ˆ
1

*
11

*
��� θθ ′≥′ , and so ( )nxx ,,ˆ

1 �θ ′  is the MLE 
of the new parameterization. 

The Algorithm: The Multidimensional Case 
In the multidimensional case, the parameter space is ( ){ }1,,,1 >=Ω kkθθ � . 

1) Write the likelihood function ( )( )nk xxL ,|,, 11 �� θθ . 
2) Write the log likelihood function defined by ( )( ) ( )( )( )nknk xxLxxl ,|,,ln,|,, 1111 ���� θθθθ = . 

3) Write the score function ( )( )

( )( )

( )( )
��
�
�
�
�

�

�

��
�
�
�
�
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∂
∂

∂
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4) Write the score equation ( )( )

( )( )

( )( ) �
�
�
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�

�
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��
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∂

∂
∂
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11
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11

11 �
��

�

��

��

k

nk

nk

nk
xxl

xxl

xxS

θ
θθ

θ
θθ

θθ  and solve. 

5) Check that the solutions are the global maximum (the matrix of the second partial derivatives evaluated at 

( )kθθ ˆ,,1̂ �  must be negative definite, or equivalently, all eigenvalues negative). 
 
 

STANDARD ERROR AND BIAS 

Suppose θ̂  is the MLE; ( ) ( )( )nn xxxx ,,ˆ,,ˆ
11 �� θφφ =  is the estimate of ( )θφ . How reliable are the estimates? 

One measure of accuracy commonly used is MSE (mean squared error). 
 

Definition: Mean Squared Error 
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The mean squared error is defined as ( ) ( )( ) 	

�

�

� −=

2ˆˆMSE θφφφ θθ E  for each Ω∈θ . 

 

Theorem 
If ( ) R∈θφ  and R→ST :  such that ( )TEθ  exists, then ( ) ( ) ( ) ( )( )2varˆMSE θφφ θθθ −+= TET . 

Note: When ( ) ( ) ( ) ( )θφθφ θθ =⇔=− TETE 0 , then ( ) ( )Tθθ φ varˆMSE =  (unbiased). 
 

Definition: Bias 
( ) ( )θφθ −TE  is called the bias in the estimate. 

 

Definition: Standard Error 
( ) ( )TT θθ varSTD =  is called the standard error of the estimate. 

 
 

SUFFICIENCY 

The likelihood function for a model and data shows how the data supports the various possible values of the 
parameters. It is not the actual likelihood but the ratios of the likelihood at different values that are important. 
 

Definition: Statistic 
A statistic is a function of one or more random variables that does not depend on the unknown parameters. 
 

Example 

X  is a statistic, but 
σ

µ−X
 is not unless µ and σ are known. 

 

Note 
Although a statistic does not depend on unknown parameters, its distribution may. 
 

Definition: Sufficient Statistic 
If the statistic T is such that ( ) ( ) ( ) ( )nnnn yycLxxLyyTxxT ,,|,,|,,,, 1111 ���� θθ =�=  for some 

0>c  that may depend on ( )nxx ,,1 �  and ( )nyy ,,1 � , then T is called a sufficient statistics for the model. 
 

Example 

Suppose that { }4,3,2,1=S , { }21 ,θθ=Ω , and the probability distribution is given by ( )
��

�
�
�

=

=
=

1 4,3,2,

1,

6
1
2
1

x

x
xfθ  

and ( ) 4,3,2,1,4
1 ==

2
xxfθ . 
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If we define T by ( )
�
�
�

=
=

=
4,3,2,1

1,0
x

x
xT , then T is a sufficient statistic. Note that T has only 2 values compared 

to 4 values in the original model. 
 

Theorem: Factorization Theorem 
If the density (or probability) function for a model factors as ( ) ( ) ( )( )nnn xxTgxxhxxf ,,,,,, 111 ��� θθ =  
where h and θg  are non-negative, then T is a sufficient statistic. 
 
Proof: Suppose ( ) ( )nn yyTxxT ,,,, 11 �� = , then 

( ) ( ) ( ) ( )( )
( ) ( )( )
( ) ( )( ) ( ) ( )( )

( )
( ) ( ) ( )( ) ( ) ( )

( ) ( )nn

nnnn
n

n
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nnnn

yyLyyfc

yyTxxTyyTgyyh
yyh
xxh

c

yyTgyyh
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xxTgxxh

c

xxTgxxchxxcfxxL

,,|,,

,,,,,,,,,
,,
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,,,,
,,,,
,,,,

,,,,,,,,|
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1111
1

1
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1111

��

�����
�

�
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����

θ

θ

θ

θ

θ
θ

θ
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=′=

=�
�
�

�
�
�
�

�
=

=

==

. 

Hence T is a sufficient statistic. 
 

Definition: Minimal Sufficient Statistic 
A minimal sufficient statistic T for a model is any sufficient statistic such that once we have the likelihood 
function ( )nxxL ,,| 1 �θ  for the model, we can determine ( )nxxT ,,1 � . 
 

Example 
Let nXX �,1  be a random sample from ( )2

0,σµN  ( 2
0σ  is known). The likelihood function is 

( )
( ) 2

2
0

2
2
0 2

1

2

0
1

2

1
,,|

S
n

x
nn

n eexxL σ
µ

σ

σπ
µ

−−−−

�
�

�

�

�
�

�

�
=� . By the Factorization Theorem, ( ) XxxT n =,,1 �  is a 

sufficient statistic because any likelihood function is a positive multiple of 
( )2

2
02

µ
σ

−− x
n

e  which is completely 
determined by its maximum value x . Hence X  is a minimal sufficient statistic determined from the 
likelihood function of the model. 
 
 

CONFIDENCE INTERVAL 

Definition: Quartile 
For [ ]1,0∈p , the pth quartile px  for the distribution with cdf F is the smallest number px  such that 

( )pxFp ≤ . When F is strictly increasing and continuous, then ( )pF 1−  is the unique number px  such that 

( )pxFp =  or ( )pFx p
1−= . 

Particular Cases: 
1) ( ) 5.0

1 5.0 xF =−  is called the median. 

2) ( ) 25.0
1 25.0 xF =−  is called the first quartile. 

3) ( ) 75.0
1 75.0 xF =−  is called the third quartile. 
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Definition: Confidence Interval 
An interval ( ) ( ) ( )( )nnn xxuxxlxxc ,,,,,,, 111 ��� =  is an α-confidence-interval for ( )θφ  if 

( ) ( )( ) ( )( ) αθφθφ θθ ≥≤≤=∈ ulPxxcP n,,1 �  for every Ω∈θ . α is referred to as the confidence level of the 
interval. 
 

Confidence Interval for µµµµ 
 

1) Let nXX �,1  be a random sample from ( )2
0,σµN  ( 2

0σ  known). Then 
n

X

0σ
µ−  has a ( )1,0N  distribution. A 

100α% confidence interval for µ is �
�
�

�
�
�
�

�
+−

n
cx

n
cx 00 ,

σσ
 (it includes the parameter µ with probability α); 

here ( )
2

1+=Φ α
c  or �

�

�
�
�

� +Φ= −

2
11 α

c , where Φ is the cdf of ( )1,0N . 

 
2) Let nXX �,1  be a random sample from a distribution (not normal) with finite mean µ and finite variance 

2
0σ  (known). By CLT, 

n

X

0σ
µ−  has a limiting ( )1,0N  distribution. An approximate 100α% confidence interval 

for µ is �
�
�

�
�
�
�

�
+−

n
cx

n
cx 00 ,

σσ
; here ( )

2
1+=Φ α

c  or �
�

�
�
�

� +Φ= −

2
11 α

c , where Φ is the cdf of ( )1,0N . 

 

3) Let nXX �,1  be a random sample from ( )2,σµN  ( 2σ  unknown). Then 
n

S
X µ−  has a 1−nt  distribution. A 

100α% confidence interval for µ is �
�
�

�
�
�
�

�
+−

n

S
cx

n

S
cx , ; here ( )

2
1+= α

cG  or �
�

�
�
�

� += −

2
11 α

Gc , where G is 

the cdf of 1−nt . 
 

4) Let nXX �,1  be a random sample from sample from a distribution (not normal) with finite mean µ and finite 

variance 2σ  (unknown). By CLT, 
n

S
X µ−  has a limiting ( )1,0N  distribution. An approximate 100α% 

confidence interval for µ is �
�
�

�
�
�
�

�
+−

n
cx

n
cx 00 ,

σσ
; here ( )

2
1+=Φ α

c  or �
�

�
�
�

� +Φ= −

2
11 α

c , where Φ is the cdf 

of ( )1,0N . 
 

Note that 
n

cX
n

cXccc
n

X

n

X 00
00

σ
µ

σ
σ

µ
σ

µ +≤≤−⇔≤≤−⇔≤ −− , so 

α
σ

µ
σ

ασ
µ =��

�

�
�
�
�

�
+≤≤−⇔=

��
�

�

�

��
�

�

�
≤−

n
cX

n
cXPcP

n

X 00
0

. 

If ( )1,0~
0

NZ
n

X
σ

µ−= , then ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) 121 −Φ=Φ−−Φ=−Φ−Φ=≤≤−=≤ ccccccZcPcZP , so 

( ) ( ) ( )
2

1
12

+=Φ⇔=−Φ⇔=≤ ααα cccZP . 
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Confidence Interval for p 

Let ( )pnY ,binomial~  (p unknown). By CLT, ( )( )n
Y

n
YY

npY

−

−

1
 has a limiting ( )1,0N  distribution. An 

approximate 100α% confidence interval for p is 
( ) ( )

��
�

�

�

��
�

�

� −
+

−
−

n
c

n
y

n
c

n
y n

Y
n
Y

n
Y

n
Y 1

,
1

; here ( )
2

1+=Φ α
c  or 

�
�

�
�
�

� +Φ= −

2
11 α

c , where Φ is the cdf of ( )1,0N . 

 

Confidence Interval for σσσσ2 

Let nXX �,1  be a random sample from ( )2
0 ,σµN  ( 0µ  known, 2σ unknown). Then �

=
��
�

�
��
�

� −n

i

iX

1

2

σ
µ

 has a 

2
nχ  distribution. A 100α% confidence interval for 2σ  is 

�
�

�

�

�
�

�

� −−
��

==

n

i

i
n

i

i

a
X

b
X

11

,
µµ

; here ( )
2

1 α−=< aXP  

and ( )
2

1 α+=> bXP , where 2~ nX χ . 

 

Let nXX �,1  be a random sample from ( )2
0 ,σµN  ( µ  unknown, 2σ  unknown). Then 

( )
2

21

σ
Sn −

 has a 

2
1−nχ  distribution. A 100α% confidence interval for 2σ  is 

( ) ( )
�
�

�

�

�
�

�

� −−
a

Sn
b

Sn 22 1
,

1
; here ( )

2
1 α−=< aXP  

and ( )
2

1 α+=> bXP , where 2
1~ −nX χ . 

 
 
 

Testing Statistical Hypotheses 

Definition: Statistical Hypothesis 
A statistical hypothesis is an assertion about the distribution of one or more random variable(s). If the 
hypothesis completely determines the distribution, it is called a simply hypothesis. Otherwise, it is called a 
composite hypothesis. 
 

Example 
1) 75:0 =θH  is a simple hypothesis. 
2) 75:0 ≤θH , 75:1 >θH  are composite hypothesis. 

 

Definition: Test 
A test of statistical hypothesis is a rule such that when the experimental values ( )nxx ,,1 �  have been 
obtained leads to a decision to accept or reject the hypothesis under consideration. 
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Definition: Critical Region 
Let C be that subset of the sample space which in accordance to the prescribed rule of the test leads to the 
rejection of the hypothesis under consideration. Then C is called the critical region. 
 

Definition: Power Function 
The power function of a test of a statistical hypothesis of 0H  against 1H  is the probability of rejecting the 
hypothesis under consideration. 
 

Definition: Significance Level 
The maximum value of the power function when 0H  is true is called the significance level of the test. 
 

Definition: Best Critical Region 
A subset C of the sample space is called a best critical region of size α for testing 0H  against 1H  if for every 
subset A of S with ( )( ) α=∈ 01 |,, HAxxP n�  we have 

1) ( )( ) α=∈ 01 |,, HCxxP n� . 
2) ( )( ) ( )( )1111 |,,|,, HAxxPHCxxP nn ∈≥∈ �� . 

 

Theorem: Neyman-Pearson Theorem 

If we take ( ) ( )
( ) �

�
�

�
�
�

>≤
′′
′

= 0,
,,|
,,|

|,,
1

1
1 kk

xxL
xxL

xxC
n

n
n

�

�
�

θ
θ

, then C is a best critical region of size α for testing 

θθ ′=:0H  against θθ ′′=:1H . 
 
 

BASIC TESTS 

z-Test 
Let nXX ,,1 �  be a random sample from ( )2

0,σµN  where 2
0σ  is known. When the null hypothesis 

00 : µµ =H  is true, then ( )1,0~
0

N

n

X
Z

σ
µ−= . We reject 0H  if the P-value given by 

( )
	
	
	
	
	




�

�
�
�
�
�




�

�
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�
�

�

�

�
�
�
�
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−
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�
�
�
�
�

�
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�
�
�
�
�

�

�

−
−Φ+

�
�
�
�
�

�

�

�
�
�
�
�

�

�

−
Φ−=

�
�
�
�
�

�

�

�
�
�
�
�

�

�

−
≥=−≥−

n

x

n

x

n

x

n

x
ZPxXP

0

0

0

0

0

0

0

0
00 121

00 σ
µ

σ
µ

σ
µ

σ
µ

µµ µµ  is small. 

If the P-value is less than α−1 , then the results are said to be statistically significant at the ( )%1100 α−  level. 
 

Bernoulli Model 
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Let nXX ,,1 �  be a random sample from ( )θBernoulli  where [ ]1,0∈θ  is unknown. Suppose we want to test 

00 : θθ =H . When 0H  is true, then 
( )

n

X
Z

00

0

1 θθ
θ
−

−
=  has limiting ( )1,0N  distribution. Then the 

approximate P-value is 
( ) ( )

	
	
	
	
	




�

�
�
�
�
�




�

�
�
�
�
�

�

�

�
�
�
�
�

�

�

−

−
Φ−≈

�
�
�
�
�

�

�

�
�
�
�
�

�

�

−

−
≥

n

x

n

x
ZP

00

0

00

0

1
12

1 θθ
θ

θθ
θ

. We reject 0H  when the P-value is 

small. 
 

Equivalence Between z-Test and z-Confidence-Intervals 
Let nXX ,,1 �  be a random sample from ( )2

0,σµN  where 2
0σ  is known. The confidence interval 

�
�

�
�
�

� +Φ=
�
�

�

�

�
�

�

�
+− −

+++ 2
1

,, 1

2
1

0

2
1

0

2
1

ασσ
ααα z

n
zx

n
zx  includes µ with probability α. If we decide that for any P-

value less than 05.01 =−α  we declare the results statistically significant, then we know that the results are 
statistically significant whenever the 95% confidence interval for µ doesn’t contain µ. 
 

t-Test 
Let nXX ,,1 �  be a random sample from ( )2,σµN . Suppose we want to test 00 : µµ =H . When 0H  is true, 

1~ −
−= nt

n

S
X

T
µ

. We reject the null-hypothesis 0H  when the P-value given by 

( )
	
	
	
	
	




�

�
�
�
�
�




�

�
�
�
�
�

�

�

�
�
�
�
�

�

�

−
−=

�
�
�
�
�

�

�

�
�
�
�
�

�

�

−
≥

n

S
x

G

n

S
x

TP 00
, 122

µµ
σµ  is small; here G is the cdf of 1−nt . 

 

Sample Size Calculations 
We may determine the sample size n so that the margin of error for an %100α  confidence interval for µ does 
not exceed a prescribed value 0>δ . 
 
 

THE METHOD OF MOMENTS 

Let nXX ,,1 �  be a random sample with pdf ( ) ( ) ( ) Ω∈rxf
r

θθθθ ,,, 1,,1
�� . The expectation [ ]k

k XEM =  is 

the kth moment of the distribution. The sum �
=

=
n

i

k
i

k n
X

m
1

 is called the kth moment of the sample. 

 

The Method of Moments 
A method of point estimation called the method of moments can be described as follows: 
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1) Equate kM  to the experimental value km . 

2) Beginning with 1=k  and continuing until there are enough equations to obtain rθθ ,,1 �  as functions of 

�,, 21 mm , that is, ( ) rih rii ,,1,,,1 �� == θθθ . 
 
 
 

Bayesian Inference 

Consider a random variable X whose distribution depends on Ω∈θ . We have previously look on θ being 
some unknown constant. Just as we look on x as a possible value of X, we now look on θ as a possible value 
of the random Θ that has a distribution Π on the set Ω.  
 

The Prior Distribution 
We shall denote the pdf (or pf) of Θ by π and define ( ) 0=θπ  when Ω∉θ . ( )θπ  is called the prior pdf of Θ. 

This is because ( )θπ  is the pdf (or pf) of Θ prior to the observation on Y. 
 

The Posterior Distribution 
Let nXX ,,1 �  be a random sample from the distribution of X, and let Y be a statistic which is a function of 

nXX ,,1 � . We can find the conditional pdf (or pf) of Y given Θ, which we denote by ( )θ|yg . Thus the 

joint pdf (or pf) of Y and Θ is given by ( ) ( ) ( )θθπθ |, ygyk = . If Θ is continuous, then the marginal pdf of Y is 

given by ( ) ( ) ( ) ( )��
∞

∞−

∞

∞−
== θθθπθθ dygdykym |, . If Θ is discreet, then integration would be replaced by 

summation. In either case the conditional pdf (or conditional pf) of Y given Θ is 

( ) ( )
( )

( ) ( )
( ) ( ) 0,

|,
| ≠== ym

ym
yg

ym
yk

yK
θθπθθ . ( )yK |θ  is called the posterior pdf (or pf) of Θ. This is because 

( )yK |θ  is the pdf (or pf) of Θ after the observation on Y has been made. 
 
 

Model Checking 

One approach is to choose the discrepancy statistic R→SD : . If the observed value of D, ( )sD , lies in the 
region of low probability, then we reject the hypothesis that the model under investigation is true. 
In order to compare ( )sD  with D, we need to compute the P-value ( )( )sDDP > . This can be done via two 
methods: 

1) This method requires that D be ancillary. 
2) In this method, we use the conditional distribution of D given the value of sufficient statistic T. It can be 

shown that this conditional probability is the same for every parameter θ. 
 

Definition: Ancillary 
A statistic whose distribution does not depend on the parameter θ is called ancillary. 
 

Example 
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We assume nXX ,,1 �  is a random sample from ( )2
0,σµN  (µ unknown, 2

0σ  known). It has been shown that 

n
XX

X n++
=

�1  is a minimal sufficient statistic. 

Consider a sample value ( )nxx ,,1 �  and define ( ) ( ) ( )xxxxrrxxrr nnn −−=== ,,,,,, 111 ��� . It can be 
shown that: 

• ( ) ( )XXXXRRR nn −−== ,,,, 11 ��  has a distribution that is independent of µ. Hence R is 
ancillary. 

• R is independent of X . So the conditional distribution xXR =|  is the same as the distribution of 
R. 

Therefore, the two methods agree in this case. 
Also, ( )( ) niNR ni ,,1,1,0~ 12

0 �=∀−σ . Now consider the discrepancy statistic 

( ) ( )��
==

−==
n

i
i

n

i
i XXRRD

1

2

2
01

2
2
0

11

σσ
. We know ( ) 2

1~ −nRD χ . Compute ( ) ( )( )sDRDP >  to see if the 

observed value ( )sD  is in a region of low probability or not (values close to 0 and 1 indicates tails of the 
distribution and both cases indicate a region of low probability). If it is, then we reject the model under 
investigation being true. 
 

Example 
We assume nXX ,,1 �  is a random sample from ( )2,σµN  (both µ and 2σ  unknown). It has been shown 

that ( )2, SX  is a minimal sufficient statistic. 

Consider a sample value ( )nxx ,,1 �  and define ( ) ( ) ��
�

�
��
�

� −−
===

s
xx

s
xx

rrxxrr n
nn ,,,,,, 1

11 ��� . It can 

be shown that: 

• ( ) �
�
�

�
�
�
�

� −−
==

S
XX

S
XX

RRR n
n ,,,, 1

1 ��  has a distribution that is independent of µ and 2σ . 

Hence R is ancillary. 
• R is independent of X . So the conditional distribution xXR =|  is the same as the distribution of 

R. 
Therefore, the two methods agree in this case. 

Now consider the discrepancy statistic ( ) �
=

�
�

�

�

�
�

�

�

−
−=

n

i

i

n
R

n
RD

1

2

1
ln

1
. To use this statistic for model checking, we 

need to know the distribution of the statistic; this can be done via simulation. Then compute ( ) ( )( )sDRDP >  

to see if the observed value ( )sD  is in a region of low probability or not (values close to 0 and 1 indicates 
tails of the distribution and both cases indicate a region of low probability). If it is, then we reject the model 
under investigation being true. 
 
 

CHI-SQUARED GOODNESS OF FIT TEST 

Let kXX ,,1 �  have a multinomial distribution with parameters kpp ,,1 �  where 111 −−−−= kk ppp �  

and 11 −−−−= kk XXnX � . Define 
( )

�
=

−
−

=
k

i i

ii
k np

npX
Q

1
1 . It can be shown that as ∞→n , 1−kQ  has a 

limiting 2
1−nχ  distribution. Hence 1−kQ  is approximately a 2

1−nχ  distribution. 
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Procedure 

1) Let A be the sample space of a random experiment. ��

k

i
ik AAAAA

1
21

=

=∪∪∪=  where 

jiAA ki ≠∀∅=∩ , . 

2) Let ( ) kiAPp ii ,,1, �== . 
3) We repeat the experiment n times. 
4) Let iX  denote the number of times the outcome of the random experiment is in kiAi ,,1, �= . Then 

kXX ,,1 �  has a multinomial distribution with parameters kpp ,,1 � . 

5) We test the simple hypothesis 
00

,,: 110 kk ppppH == �  where 
00

,,1 kpp �  are specified values against all 

other alternatives. 

6) If 0H  is true, then the statistic 
( )

�
=

−
−

=
k

i i

ii
k np

npX
Q

1
1  has an approximate 2

1−nχ  distribution. We find c so that 

( ) α=≥− cQP k 1 , where α is the desired significance level of the test (the significance level of the test is 
approximately equal to α). 

7) We reject 0H  if the observed value of cQk ≥−1 . 
 
 

METHOD OF LEAST SQUARES 

Suppose we want to estimate ( )YE  based on a sample value ( )nyy ,,1 � . We select the point ( )nyyt ,,1 �  in 

the set of possible values of ( )YE  that minimizes ( )( )�
=

−
n

i
ni yyty

1

2
1 ,,� . 

The estimate ( )nyyt ,,1 �  is called the least square estimate of ( )YE . 
 

Note 

We have 

( )( ) ( ) ( )( )( )

( ) ( )( ) ( ) ( )( )���

��

===

==

−−+−+−=

−+−=−

n

i
ni

n

i
n

n

i
i

n

i
ni

n

i
ni

yytyyyyytyyy

yytyyyyyty

1
1

1

2
1

1

2

1

2
1

1

2
1

,,2,,

,,,,

��

��

, but 

( ) ( )( ) ( )( ) ( ) ( )( )

( )( )( ) 0,,

,,,,,,

1

11
1

1
1

1
1

=−−=

�
�

�

�

�
�

�

�
−−=−−=−− ����

====

ynynyyty

yyyytyyyyytyyytyyy

n

n

i

n

i
in

n

i
in

n

i
ni

�

���
. 

So ( )( ) ( ) ( )( )���
===

−+−=−
n

i
n

n

i
i

n

i
ni yytyyyyyty

1

2
1

1

2

1

2
1 ,,,, �� . This is minimized when ( ) yyyt n =,,1 �  

if y  is a possible value of ( )YE ; if not, we choose a possible value of ( )YE  that is closest to y  as the 

estimate of ( )nyyt ,,1 � . 
 

Case of Random Vector 
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1) We have 
�
�
�

�

�

�
�
�

�

�

=

nY

Y

�

1

Y  and ( )
( )

( )�
�
�

�

�

�
�
�

�

�

=

nYE

YE

E �

1

Y . 

2) We observe ( ) n
nyy R∈,,1 �  and find ( )

( )

( )
( ){ }YE

yyt

yyt

yy

nn

n

n  of  valuespossible
,,

,,
,,

1

11

1 ∈
�
�
�

�

�

�
�
�

�

�

=
�

�

�

�t  that 

minimizes ( )( )�
=

−
n

i
nii yyty

1

2
1 ,,� . 

 
 
 

Regression Models: The Simple Linear Regression Model 

We study the relation between the response variable Y (dependent) and the predictor variable X (independent). 
In the Regression Model, we think the change is the through the conditional mean, that is as x changes 

( )xXYE =|  changes. 

Definition 
In the Simple Regression model, we assume ( ) xxXYE 21| ββ +== . 1β  and 2β  are called the regression 
coefficients. 
 

Definition: Scatter Plot 
A scatter plot is a plot of data points ( ) ( )nn yxyx ,,,, 11 � . It shows whether a relation exists between X and Y 
and the form of the relation. 
 
 

LEAST SQUARE ESTIMATE, PREDICTIONS, AND STANDARD ERRORS 

Definition: Least Square Estimate 
Suppose we observe the independent numbers ( ) ( )nn yxyx ,,,, 11 � . We have 

�
�
�

�

�

�
�
�

�

�

+

+
=

�
�
�

�

�

�
�
�

�

�

==
�
�
�

�

�

�
�
�

�

�

n

nn

n x

x

xXxX

Y

Y

E

21

121

11

1

,,|
ββ

ββ
��� . The lease square estimate of the conditional mean is the 

value of ( )nyyt ,,1 �  in the set of possible values of the conditional mean that minimizes 

( )�
=

−−
n

i
i xy

1

2
121 ββ . The 1β  and 2β  that minimizes this is called the least square estimate of 1β  and 2β . 

 

Theorem 
Suppose that ( ) xxXYE 21| ββ +==  and we observe the independent values ( ) ( )nn yxyx ,,,, 11 �  for 

( )YX , . Then the least square estimates of 

• 1β  is xbyb 21 −= , 
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• 2β  is 
( )( )

( )�
�

=

=

−

−−
=

n

i i

n

i ii

xx

yyxx
b

1

2

1
2 , whenever ( ) 0

1

2 ≠−�
=

n

i
i xx . 

 

Note 

1) ( )( ) ( ) yxnyxyxxyyxyxyxyxyxyxyyxx
n

i
ii

n

i

n

i
i

n

i
i

n

i
ii

n

i
iiii

n

i
ii −=+−−=+−−=−− �������

======= 1111111

. 

2) ( ) 2

1

222

1

2

11

2

1

2

1

2 22 xnxxnxnxxxxxxx
n

i
i

n

i
i

n

i
i

n

i

n

i
i

n

i
i −=−+=−+=− ������

======

. 

So, 
( )( )

( ) �
�

�
�

=

=

=

=

−

−
=

−

−−
=

n

i i

n

i ii

n

i i

n

i ii

xnx

yxnyx

xx

yyxx
b

1
22

1

1

2

1
2 . 

 

Theorem 
If ( ) xxXYE 21| ββ +==  and we observe independent values ( ) ( )nn yxyx ,,,, 11 � , then 

• ( ) 1111 ,,| β=== nn xXxXBE � , where XBYB 21 −= ; 

• ( ) 2112 ,,| β=== nn xXxXBE � , where 
( )( )

( )�
�

=

=

−

−−
=

n

i i

n

i ii

XX

YYXX
B

1

2
1

2 . 

Thus 1B  and 2B  have unbiased property, that is they are unbiased estimators. 
 

Remark 
A natural predictor of a future value of Y when xX =  is ( ) xxXYE 21| ββ +== . Because we do not have 

the values of 1β  and 2β , we use the estimates 1b  and 2b  for prediction. That is, use the line xbb 21 + . 
 

Theorem 
If ( ) xxXYE 21| ββ +==  and ( ) xxXY ∀== ,|var 2σ , and we observe independent values 

( ) ( )nn yxyx ,,,, 11 � , then 

• ( )
( ) �

�
�

�

�

�
�
�

�

�

−
+===
� =

n

i i

nn
xx

x
n

xXxXB

1

2

2
2

111
1

,,|var σ� , 

• ( )
( )� =

−
===

n

i i

nn
xx

xXxXB

1

2

2

112 ,,|var
σ

� , 

• ( )
( )� =

−

−===
n

i i

nn
xx

x
xXxXBB

1

2

2

1121 ,,|,cov
σ

� . 

 

Corollary 
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From the theorem above, we obtain ( ) ( )
( ) �

�
�

�

�

�
�
�

�

�

−

−+===+
� =

n

i i

nn
xx

xx
n

xXxXxBB

1

2

2
2

1121
1

,,|var σ� . 

 
Proof: 

( )
( ) ( ) ( )

( ) ( ) ( )
( )

( ) �
�
�

�

�

�
�
�

�

�

−

−+=
−

−
−

+
�
�
�

�

�

�
�
�

�

�

−
+=

==+==+===

==+

���� ====

n

i i
n

i i
n

i i
n

i i

nnnnnn

nn

xx

xx
nxx

x
x

xx
x

xx

x
n

xXxXBBxxXxXxBxxXxXB

xXxXxBB

1

2

2
2

1

2

2

1

2

2
2

1

2

2
2

1121112
2

111

1121

1
2

1

,,|,cov2,,|var,,|var

,,|var

σσσσ

���

�

 

 

Theorem 
If ( ) xxXYE 21| ββ +==  and ( ) xxXY ∀== ,|var 2σ , and we observe independent values 

( ) ( )nn yxyx ,,,, 11 �  for ( )YX , , then ( ) 2
11

2 ,,| σ=== nn xXxXSE �  where 

( )�
=

−−
−

=
n

i
ii XBBY

n
S

1

2
21

2

2
1

. Thus ( )�
=

−−
−

=
n

i
ii xbby

n
s

1

2
21

2

2
1

 is an unbiased estimate of 2σ . 

Therefore, the standard error of 

• 1b  is 
( )� =

−
+

n

i i xx

x
n

s

1

2

21
, 

• 2b  is 
( )� =

−
n

i i xx

s

1

2
. 

 
 

THE ANOVA DECOMPOSITION AND THE F STATISTIC 

Lemma 

If ( ) ( )nn yxyx ,,,, 11 �  are such that ( ) 0
1

2 ≠−�
=

n

i
i xx , then an useful decomposition of ( )�

=

−
n

i
i yy

1

2  is 

( ) ( ) ( )���
===

−−+−=−
n

i
ii

n

i
i

n

i
i xbbyxxbyy

1

2
21

1

22
2

1

2 . 

• ( )�
=

−
n

i
i xxb

1

22
2  is called the regression sum of squares (RSS). 

• ( )�
=

−−
n

i
ixbby

1

2
212  is called the error sum of squares (ESS). 

  

ANOVA (Analysis of Variance Table) 
Source DF (degrees of freedom) Sum of Squares Mean Square 
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X 1 ( )�
=

−
n

i
i xxb

1

22
2  ( )�

=

−
n

i
i xxb

1

22
2  

Error 2−n  ( )�
=

−−
n

i
ixbby

1

2
212  ( ) 2

1

2
2122

1
sxbby

n

n

i
i =−−

− �
=

 

Total 1−n  ( )�
=

−
n

i
i yy

1

2   

 

Result 

We have ( ) ( )��
==

−+=
�
�

�

�

�
�

�

�
==−

n

i
inn

n

i
i xxxXxXXXBE

1

22
2

2
11

1

22
2 ,,| βσ� , which is equal to 2σ  if and 

only if ( ) 0
1

22
2 =−�

=

n

i
i xxβ . In other words, ( )�

=

−
n

i
i xxB

1

22
2  is an unbiased estimator of 2σ  if and only if 

( ) 0
1

22
2 =−�

=

n

i
i xxβ . 

 
Proof: 

( ) ( ) ( )

( ) ( ) ( )( )( )

( )
( )

( )�
�

�

�

��

=
=

=

=

==

−+=
�
�
�

�

�

�
�
�

�

�

+
−�

�

�

�

�
�

�

�
−=

==+==
�
�

�

�

�
�

�

�
−=

==
�
�

�

�

�
�

�

�
−=

�
�

�

�

�
�

�

�
==−

n

i
in

i i

n

i
i

nnnn

n

i
i

nn

n

i
inn

n

i
i

xx
xx

XX

xXxXBExXxXBXX

xXxXBEXXxXxXXXBE

1

22
2

22

1

2

2

1

2

2
112112

1

2

11
2
2

1

2
11

1

22
2

,,|,,|var

,,|,,|

βσβσ

��

��

. 

 

Definition: The F-Statistic 

Since ( )�
=

−−
−

=
n

i
ii xbby

n
s

1

2
21

2

2
1

 is an unbiased estimate of 2σ , hence the F-statistic given by 

( )
2

1

2
2

2 s

xxb

n
ESS

RSS
F

n

i i� =
−

=
−

=  is the ratio of two unbiased estimates of 2σ  when 0: 20 =βH  (there is a 

linear effect due to X) is true. Therefore reject 0: 20 =βH  when F is large. 
 
 

THE COEFFICIENT OF DETERMINATION AND CORRELATION 

Definition: Coefficient of Determination 
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Define 
( )

( )�
�

=

=

−

−
=

n

i i

n

i i

yy

xxb
R

0

2

0

22
22  as the coefficient of determination. Since 

( ) ( ) ( )���
===

−−+−=−
n

i
ii

n

i
i

n

i
i xbbyxxbyy

1

2
21

1

22
2

1

2 , we have that 

( )
( ) ( )��

�

==

=

−−+−

−
=

n

i i
n

i i

n

i i

xbbyxxb

xxb
R

0

2
210

22
2

0

22
22 , so 10 2 ≤≤ R . 

Note: When we use the model to make predictions, a value of 2R  near 1 means a highly accurate prediction, 
while a value of 2R  near 0 means the predictions will not be very accurate. 
 

Definition: Correlation 

We define the correlation coefficient by ( ) ( )
( ) ( )YX

YX
YXXY SDSD

,cov
,corr ==ρ . We know that 11 ≤≤− XYρ  and 

that cXaYXY ±=⇔±= 1ρ . 
 

Definition: Sample Correlation 

We define the sample correlation by 
YX

XY
XY ss

s
r = , where ( )( )�

=

−−
−

=
n

i
iiXY yyxx

n
s

11
1

 is the sample 

covariance estimating ( )YX ,cov , and ( )�
=

−
−

=
n

i
iX xx

n
s

1

2

1
1

 and ( )�
=

−
−

=
n

i
iY yy

n
s

1

2

1
1

 are sample 

standard deviations of X and Y. We have that 11 ≤≤− XYr  and icxayr iXY ∀±=⇔±= ,1 . 
 

Theorem 

If ( ) ( )nn yxyx ,,,, 11 �  are such that ( ) 0
1

2 ≠−�
=

n

i
i xx  and ( ) 0

1

2 ≠−�
=

n

i
i yy , then 22

XYrR = . 

 
Proof: 

( )( )

( ) ( )

( )

( ) ( )

( )
( )

( )

( ) ( )
2

1

2
21

1

22
2

1

22
2

1

2

1

22
2

1

2

1

2

2

1

22
2

1

2

1

2

2

12

R

xbbyxxb

xxb

yy

xxb

yyxx

xxb

yyxx

yyxx
r

n

i
ii

n

i
i

n

i i

n

i i

n

i i

n

i i
n

i i

n

i i

n

i i
n

i i

n

i ii

XY

=

−−+−

−
=

−

−
=

�
�
�

�
�
� −�
�
�

�
�
� −

�
�
�

�
�
� −

=
�
�
�

�
�
� −�
�
�

�
�
� −

�
�
�

�
�
� −−

=

��

�

�
�

��

�

��

�

==

=

=

=

==

=

==

=

. 

 
 

CONFIDENCE INTERVALS AND TESTING HYPOTHESES 

Theorem 
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If xXY =|  is distributed ( )2
21 ,σββ xN +  and we observe the independent values ( ) ( )nn yxyx ,,,, 11 �  for 

( )YX , , then the conditional distribution of 1B , 2B , and 2S  given nn xXxX == ,,11 � are: 

• ( ) �
�

�
�
�

�
�
�

�
�
�

� +
� −=

n
i i xx

x
nNB

1
2

12
11 ,~ σβ , 

• ( ) ��
�

�
�

�
� −=

n
i i xx

NB
1

2

2
,~ 22

σβ , 

• ( )
( ) �

�

�
�
�

�
�
�

�
�
�

� +++
� −

−

=
n
i i xx

xx
nxNxBB

1
2

2
12

2121 ,~ σββ , 

• 
( ) 2

22

2

~
2

−
−

n
Sn χ

σ
 independent of ( )21 , BB . 

 

Corollary 

1) 

( )

( )2~
1

1
2

1

2

11 −
+

−

� =
−

nt

n
S

B

n

i
xx

x

β
. 

2) 
( ) ( )

( )2~1

2
122

−
−− � = nt

S

xxB
n

i
β

. 

3) 
( )

( )

( )2~

1
2

1

21

2121 −
−−+

� =
−

−+

nt

S

xxBB

n

i
xx

xx
n

ββ
. 

4) If F is defined by 
( )
2

1

22
2

2
S

xxB

n
ESS
RSS

F

n

i i� =
−

=

−

= , then 0: 20 =βH  is true if and only if ( )2,1~ −nFF . 

 

Confidence Intervals 

1) An 100α% confidence interval for 1β  is 

( )
( )

( )
( ) �

�
�

�

�

�
�
�

�

�

−
+⋅−+

−
+⋅−−

�� =

+

=

+ n

i i
n

i i xx

x
n

sntb
xx

x
n

sntb

1

2

2

2
11

1

2

2

2
11

1
2,

1
2 αα . 

2) An 100α% confidence interval for 2β  is 

( )
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s
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1

22
12 2,2 αα . 

 

Testing Hypothesis 

We can test the hypothesis 0: 20 =βH  by computing the P-value 
( )

( )2,1~,
2

1

22
2

−
�
�
�

�

�

�
�
�

�

� −
≥
� = nFF

s

xxb
FP

n

i i
 

to see whether or not the observed value lies in a region of low probability. 
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Notice that we can also test the hypothesis 0: 20 =βH  by computing the P-value 

( )
( )2~,1

2
2

−
�
�
�
�

�

�

�
�
�
�

�

�
−

≥
� = ntT

s

xxb
TP

n

i i
. 

It can be shown that these two P-values are equal. 
 
 

ANALYSIS OF RESIDUALS 

Model checking is based on the residual ii xbby 21 −−  as discussed earlier. 
 

Corollary 
1) ( ) 0,,| 1121 ===−− nnii xXxXxBBYE � . 

2) ( ) ( )
( ) �

�
�

�

�

�
�
�

�

�

−

−
−−===−−
� =

n

i i

i
nnii

xx

xx
n

xXxXxBBY

1

2

2
2

1121
1

1,,|var σ� . 

 

Definition: Standardized Residual 

We define the ith standardized residual by 
( )

( )� −
−

=
−−

−−

n
i i

i

xx

xx
n

ii

s

xbby

1
2

2
1

22

1
. 

 

Note 

If the conditional distribution of nn xXxXY == ,,| 11 �  is normal, then 
( )

( )

( )1,0~
1

1
2

2
1

22 N
xbby

n
i i

i

xx

xx
n

ii

� −
−

=
−−

−−

σ
. This 

is approximately true for 
( )

( )� −
−

=
−−

−−

n
i i

i

xx

xx
n

ii

s

xbby

1
2

2
1

22

1
 for large n. 

 

THE RESIDUAL AND PROBABILITY PLOTS 

One approach to model checking is to see if the values of the standardized residuals look like a sample from 
( )1,0N . For this we use the residual and probability plots. 

 

Residual Plot 
We defined the residual earlier as ( ) ( )xxxxrr nn −−== ,,,, 11 ��r  where ( )nxx ,,1 �  is a sample value 

from ( )2
0,σµN . It can be shown that ( ) ( )( )nn NXXXXR 12

01 1,0~,, −−−= σ�  and is independent of X . 

• We standardize iR  as 
( )

( )XX
n

n
R ii −

−
=

12
0

*

σ
. Then ( )1,0~* NRi  has mean 0 and variance 1. 
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• When 2σ  is unknown, we estimate it by 2s . In this case 
( )

( )XX
nS

n
R ii −

−
=

12
0

*  is 

approximately distributed ( )1,0N . 

The plot of ( )*, iri  should not show any discernible pattern. Most of the values should lie in ( )3,3− . A 
discernible patter with several extreme values is evidence against the model assumption to be correct. 
Simulating normal random variables and plotting it gives a good idea of how the plot should look. 
 

Probability Plot 
Suppose nXX ,,1 �  is a random sample from ( )2,σµN ; suppose nxx ,,1 �  is a sample value. Then, it can 

be shown that the expectation of the ith order statistic satisfies ( )( ) ( )1
1

+
−Φ⋅+≈ n

i
iXE σµ . If the data jx  

corresponds to the order statistic ( )ix , that is ( )ij xx = , then we call ( )1
1

+
−Φ n

i  the normal score of jx . Then 

( )( ) ( )1
1

+
−Φ⋅+≈ n

i
iXE σµ  indicates that if we plot the points ( )( )1

1, +
−Φ n

i
ix  they should lie on a line with 

intercept µ and slope σ. We call such a plot a probability plot. 
 
 

Regression Models: One Categorical Predictor (One-Way 
ANOVA) 

Now suppose that the predictor X takes a values a,,2,1 � . Let ( )iXYEi == |β  the mean response when X 

takes the value i. Define ai
iX

iX
X i ,,1,

,0
,1

�=
�
�
�

≠
=

= . We have ( ) aaaa xxxXxXYE ββ ++=== �� 1111 ,,| . 

Since only one of the 1=ix  and the rest are 0, we obtain the simple linear regression model and hence all the 
results previously obtained hold. 
 

Least Square Estimate 
Now suppose we have in  values ( )

iini yy ,,1 �  when iX =  and all response values are independent. The 

least square estimates of iβ  are obtained by minimizing ( )��
= =

−
a

i

n

j
iij

i

y
1 1

2β . So the least square estimate of 

iβ  is �
=

==
in

j
ij

i
ii y

n
yb

1

1
. 

It can be shown that �
=

==
in

j
ij

i
ii Y

n
YB

1

1
 is an unbiased estimator of iβ , that is ( ) ( ) ii YEBE β== . 

 

Sample Variance 
Assuming xXY =|  all have conditional variance 2σ , that is ( ) iiXY ∀== ,|var 2σ . Then 

( ) ( ) ( )( ) ( )
i

i
i
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i

n

j
ij

i
i n

n
n

aXYXY
n

iXY
n
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i 2
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212
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1
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1
|

1
var|var

σσ ===+==
�
�

�

�

�
�

�

�
=== �

=

� , and the 

conditional covariance ( ) 0,cov =ji YY  when ji ≠ . 



STA261H1.doc 

Page 21 of 23 

We have ( ) a

a

i

n

ij
iij nnNyy

aN
s

i

++=−
−

= ��
= =

�1
1

22 ,
1

 is an unbiased estimate of 2σ . 

 

Confidence Interval and Testing 

If we assume that ( )2,~| σβ iNiXY = , then �
�

�

�

�
�

�
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i
ii n

NY
2

,~
σβ  independent of 

( ) ( )aN
SaN −− 2

2
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~ χ
σ

. 

Now ( )1,0~ N
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, and hence (by definition) 
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aP , hence an 100α% confidence 

interval for iβ  is ( ) ( )
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Also, we can test the null hypothesis 
0

:0 iiH ββ =  by computing the P-value 
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ββ
 where G is the cdf of the ( )aNt −  distribution. 

 
 

INFERENCE ABOUT DIFFERENCE OF MEANS 

We now study inference about ji YY − . 

 

Expectation and Variance 
We have ( ) ( ) ( ) jijiji YEYEYYE ββ −=−=−  and 

( ) ( ) ( )
�
�

�

�

�
�

�
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varvarvar 2
22

σσσ
 since iY  and jY  are independent. 

 

Confidence Interval 

Since �
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Since 

( ) ( ) ( ) ( ) αββα
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hence an 100α% confidence interval for ji ββ −  is 
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Also, we can test the null hypothesis jiH ββ =:0  by computing the P-value 
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 where G is the cdf of the ( )aNt −  distribution. 

 

Note 
If 2=a , X takes on only 2 values. In this case, T is called the “two-sample t-statistic”, the confidence interval 
is called the “two-sample t-confidence-interval”, and the t-test is called the “two-sample t-test”. In this case, if 
we conclude that ji ββ ≠ , then a relationship exists between X and Y. 

In general, when 2≥a , to test the null hypothesis that there is no relationship between the response and the 
predictor is equivalent to βββ == aH �10 : . If 0H  is true, the least square estimate of β is y . 
 

ANOVA Table 

We have the composition ( ) ( ) ( )�����
= === =

−+−=−
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j
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i
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2 . 

Source DF (degrees of freedom) Sum of Squares Mean Square 
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2  2s  
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F-Statistic 

To assess 0H  we use the F-statistic 
( )

2
1

2
1

S

aYYn
a

i ii −−� = . With normality assumption, we have 

( )aNaFF −− ,1~  and so we compute 
( )

�
�
�

�

�

�
�
�

�

� −−
>
� =

2
1

2 1

s

ayyn
FP

a

i ii
 and see if the observed value of F is 

in a region of low probability or not. 
When 2=a , this P-value is equal to the P-value we obtained for the “two-sample t-test”. 
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Model Checking 

To check the model we look at the standardized residuals given by 

in

iij

s

yy

11−

−
 and look at the residual plots as 

before. 
 
 
 
 


