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Statistical Inference

RANDOM SAMPLE
Definition: Random Sample
X4,..., X, iscalled a random sample from a distribution with pdf f(x) (orpf P(x))if X,....,X, are

independent and have identical distribution with pdf f (x) (or pf P(x) ). It is often denoted “iid”
(independent-identically-distributed).

Note
Let X,,..., X, be asample from a distribution with pdf f(x). The joint pdf of X = (Xl,..., X, ) is

f(xl,-"xn):fl(xl)"‘fn(xn):f(xl)"‘f(xn)-

SAMPLE MEAN

Definition: Sample Mean and Sample Variance

=Xt X,

sample variance is defined by § e

Theorem

If X,,...,X, areiid each with a NLu, o’ ) distribution, then kX +---+k, X, has a normal distribution

with mean kl,u+~~~+kn,u:(k1+---+kn),u and variance (k12+---+kn2)0'2.
More generally, if X,..., X, are independent and each X; has a N(/.li,O'iz), then kX +---+k,X, hasa

normal distribution mean kg, +---+k, 4, and variance klzo'l2 + ---+kn20'n2 .

USEFUL DISTRIBUTION

Theorem

n
is a random sample from NLu, o’ ) distribution. Then )?n and Z (Xi -X, )2 are
i=1

Suppose X,,..., X

n

n

D (Xi-x,)

independent, and =, > has a ;(3_1 distribution.

o
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The t and F Distribution
Two important distributions useful in statistical inference are:
1) TW~N (0,1) and V ~ ;(,2 are independent, then W
/17
-
l%
v

2) U~ ;(Z and V ~ ,1/,22 are independent, then Z L has a F-distribution.

V
r

has a t-distribution.

THE CENTRAL LIMIT THEOREM
Let X,,...,X, is arandom sample with finite mean # and variance 0% >0. Let S,=X,+-+X,.Then

Sn—E(Sn):Yn—E(Yn):Yn—ﬂ N(0,1).

1/var(Sn) \/var(}?n) \/o‘% e

STATISTICAL MODEL

Consider a random sample X,..., X, from a distribution with pdf f, (x) The family {fg (x) l8e Q} (where
fo (x) is pdf (or Py (x) a pf), @is an unknown parameter, Q is a parameter space) is a statistical model.

We know that the distribution under investigation is in the family, but don’t know which one. Based on the
sample values x,..., x, , we find an estimate for &, Once we find 6, we know the distribution.

LIKELIHOOD FUNCTION

Definition: The Likelihood Function
Let X,,..., X, be arandom sample from a distribution with pdf f, (x) (or pf P, (x) ). The likelihood is

defined by L:Q — R givenby L(@1x,....x,)=cfy(x).....x, )= cf5(x;)-- f,(x,) where ¢ >0 (or
L(Hlxl...,xn)zch(xl,...,xn)zcPa(xl)u-Pg(xn)).

Definition: The Maximum Likelihood Estimate (MLE)
The function é 1§ — Q is called the maximum likelihood estimator.

é(s) is called the maximum likelihood estimate of @if for each 8e Q, L(é(s)l Xlseoer Xy )2 L1 Xpseees X, ).

The Algorithm

This suggests that in order to obtain the MLE of 6, we maximum the likelihood function. Since a version of
the likelihood version with ¢ =1 gives the same maximum value, we use this version. In most cases, this is
done by differentiation.

1) Write the likelihood function L(61x, ..., x, )=H folx;).
i=1
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2) Write the log likelihood function defined by 1(81x, ...,x,)=In(L(01x, ..., x,))= z In f,(x;).
i=1
_ AO1x ....x,)
00 '
4) Write the score equation S (0 [x;...,x, )= 0 and solve for 6.

5) Check that the solution is the global maximum. If it is, then it is the MLE of 6.

3) Write the score function S(61x, ...,xn)

Theorem
If é(xl R ) is the MLE in Q, and ¢: Q—1 50, then the MLE in the new parameterization is

¢(é(x1 ...,xn))zé'(xl X))

Proof:

L*(é’(xl,...,xn)lxl,...,xn)z gé’(xl,...,xn)(xl’”"xn): 8 o(6(sy,

)
:fé(

X]Mx”)(xl,...,xn)zL(é(xl,...,xn)lxl,...,xn)

>LO1x,,....x,)= fo(xpsnx,)= 8o (X1, )= L (01 x,,....x,)

Hence for every 8’ Q’, L*(é'(xl,...,xn)l xl,...,xn)z L*(Q'le,...,xn ), and so é'(xl,...,xn) is the MLE
of the new parameterization.

The Algorithm: The Multidimensional Case
In the multidimensional case, the parameter space is Q = {(01 yeees Oy )k > 1}.
1) Write the likelihood function L((6,,...,8, )l x; ..., x, ).
2) Write the log likelihood function defined by ((6,,...,6, )1 x; ....x, ) =In(L((6,.....6, )1 x, ..., x,)).
ol((6,,....0, )1 x, ... x,)

3) Write the score function S(\6,,...,6, )l x;....,x, )= : .
(6:.....001, ) A(6,,....6)1%,....x,)

ol((6,,....0, )1 x,....x,)
26, 0
: =| : | and solve.

4) Write the score equation S((&,,...,6, )l x,...,x,)=0= :
a 6:.....001, ) A(6,,...0)1%,...,x,)

5) Check that the solutions are the global maximum (the matrix of the second partial derivatives evaluated at

(él yenes ék ) must be negative definite, or equivalently, all eigenvalues negative).

STANDARD ERROR AND BIAS

Suppose 6 is the MLE; é(xl T ): ¢(é(x1 e Xy, )) is the estimate of ¢(t9) . How reliable are the estimates?
One measure of accuracy commonly used is MSE (mean squared error).

Definition: Mean Squared Error
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The mean squared error is defined as MSE , (é): E, [(é —¢(9))2} for each e Q.

Theorem
If (@)e R and T:S — R such that E, (T) exists, then MSE, (é): vary (T)+ (Ee (T)—¢(t9))2.

Note: When E,(T)-¢(8)=0 o E,(T')=¢(6), then MSE, (¢?)= vary(T') (unbiased).

Definition: Bias
E, (T)— ¢(t9) is called the bias in the estimate.

Definition: Standard Error
STD, (T) =,/vary (T) is called the standard error of the estimate.

SUFFICIENCY

The likelihood function for a model and data shows how the data supports the various possible values of the
parameters. It is not the actual likelihood but the ratios of the likelihood at different values that are important.

Definition: Statistic
A statistic is a function of one or more random variables that does not depend on the unknown parameters.

Example

X -
o

X isa statistic, but

is not unless # and o are known.

Note
Although a statistic does not depend on unknown parameters, its distribution may.

Definition: Sufficient Statistic
If the statistic 7 is such that T(xl,...,xn)=T(y1,..., yn):> L(Hlxl,...,xn)=cL(0I yl,...,yn) for some

¢ >0 that may depend on ()c1 e X ) and (yl v Vi ) , then T is called a sufficient statistics for the model.

)

Example

1
Suppose that S ={1,23.4}, Q= {91 ,0, }, and the probability distribution is given by fo, (x)= {f
6

and f, (x)=1,x=1234.
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0,x=1 . - L
If we define Tby T(x)= {1 * 034 then T is a sufficient statistic. Note that 7 has only 2 values compared
9 x = 9~

to 4 values in the original model.

Theorem: Factorization Theorem
If the density (or probability) function for a model factors as f, (xl e Xy, ): h(xl R )ge (T(xl e Xy, ))

where 7 and g, are non-negative, then 7 is a sufficient statistic.

Proof: Suppose T(xl,... X ):T(yl,...,yn),then
L(t9|xl,...,xn)=cf6(xl,..., . =ch(xl,...,xn)gg(T(xl,...,xn))

x,)
Wxps...x,)go(T(x,,....x,))
V)86 ( ...,yn))h(yl’--wyn)ge(T(yl,m,yn))

h(yyen 3, )8 (T (v,
Mx,....x,

:(" by )jh(yw--’yn)ge(T(yl,---,yn)),'-'T(xl,--. x,)=T(y.....v,)
h(yl?' ?yn)

=y (sees v )=L(O1 y1s.es )

Hence T is a sufficient statistic.

Definition: Minimal Sufficient Statistic
A minimal sufficient statistic 7 for a model is any sufficient statistic such that once we have the likelihood
function L(t9 [ x;, ...,xn) for the model, we can determine T()cl oo X )

Ay

Example
Let X,,... X, be arandom sample from N Lu, 0'5 ) (O'g is known). The likelihood function is

_n (,_ 2 n—-1 52

n
1 P T S = .
L(,ulxl,...,xn):[ ] e 290 e 290 . By the Factorization Theorem, T(xl,...,xn):X isa

V2ro,

no— v
LTS
203( )

sufficient statistic because any likelihood function is a positive multiple of e which is completely

determined by its maximum value x . Hence X is a minimal sufficient statistic determined from the
likelihood function of the model.

CONFIDENCE INTERVAL

Definition: Quartile

For pe [0,1], the p™ quartile x p for the distribution with cdf F'is the smallest number x, such that

p<F (x » ) When F is strictly increasing and continuous, then F - ( p) is the unique number x, such that

P
p:F(xp) or x, :F_l(p).
Particular Cases:

1) F7'(0.5)=x,5 is called the median.

2) F7'(0.25)= x5 is called the first quartile.
3) F'(0.75)=x,5 is called the third quartile.
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Definition: Confidence Interval

An interval c(xl, ,xn) (l(xl, xn) u(xl )) is an a~confidence-interval for ¢( ) i
Py (¢(€)e c(xl T )) =P (1<p0)<u)=a forevery Be Q. ais referred to as the confidence level of the
interval.

Confidence Interval for u

Let X,,... X, be arandom sample from N (,u, 0'3) (Gg known). Then ;i/_” has a N(0,1) distribution. A
Vn

100a% confidence interval for g is [x c—,x+ c—j (it includes the parameter # with probability @);

W

orc=®" [(ZTHJ , where @ is the cdf of N(O,l).

here CID(c) =
Let X,,... X, be arandom sample from a distribution (not normal) with finite mean f and finite variance
X—u
> o
VG
for pis (x c\/_ J_] here ®(c )

Let X,,...X, be arandom sample from NLu, 0'2) (o unknown). Then

(0,1) distribution. An approximate 1000% confidence interval

o5

1 orc=d" [(ZTHJ , where @ is the cdf of N(O,l).

X hasa t,_, distribution. A

%ﬁ

100a% confidence interval for g is ()_c ci X+ —] here G(c)= a;1 orc=G! [Q,THJ’ where G is

VR

the cdf of 7,_,

Let X,,... X, bearandom sample from sample from a distribution (not normal) with finite mean g and finite

variance % (unknown). By CLT, / has a limiting N (0 1) distribution. An approximate 1000%

n

confidence interval for u is [x c— J_ \/_j <I>(c) = atl orc=d™! ((ZTH] , where @ is the cdf
of N(0.,1).
Note that SO

i

P 5_” <cl=ae [ c—S,uS)?+cﬂ]=a.
i Jn Jn

(0,1), then P(|Z| <c)=P(-c<Z <c)=d(c)-D(—c)=d(c)- (1-®(c) = 20(c)-1, so

If 7= X4
O
Y
a+l1

P(|Z|Sc):0u:>2<I>(c)—1:a(:»<l>(c):7.
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Confidence Interval for p

Let Y ~ binomial(n, p) (p unknown). By CLT, has a limiting N (O 1) distribution. An

W

]/ y +cy | here ®(c)= 0{;—1 or

approximate 100a% confidence interval for p is

:,|\<
:

c:(l)‘l[as_lj where @ is the cdf of N(O 1)

Confidence Interval for ¢

n 2
X —
Let X,,... X, be arandom sample from N(/‘o , 0'2) (4o known, o unknown). Then Z( : 'u) has a
i=1

X; X; -
;(,% distribution. A 100a% confidence interval for o is z —4 z —H ; here P(X < a) 1-a
= b 2

and P(X >b):1+Ta,where X ~;(,%.

~1)s 2
Let X,,... X, be arandom sample from N(,uo,az) (4 unknown, o’ unknown). Then % has a
o
—1)s% (n—-1)s? -
;(,%_1 distribution. A 100a% confidence interval for o is ((n b)S , (n )S ];here P(X < a)lea
a

and P(X >b)=+T where X ~ ).

Testing Statistical Hypotheses

1y
2)

Definition: Statistical Hypothesis

A statistical hypothesis is an assertion about the distribution of one or more random variable(s). If the
hypothesis completely determines the distribution, it is called a simply hypothesis. Otherwise, it is called a
composite hypothesis.

Example
H, :60="75 is a simple hypothesis.
H,:0<75, H :0>75 are composite hypothesis.

Definition: Test
A test of statistical hypothesis is a rule such that when the experimental values ()c1 yeees Xy ) have been

obtained leads to a decision to accept or reject the hypothesis under consideration.
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Definition: Critical Region
Let C be that subset of the sample space which in accordance to the prescribed rule of the test leads to the
rejection of the hypothesis under consideration. Then C is called the critical region.

Definition: Power Function
The power function of a test of a statistical hypothesis of H against H, is the probability of rejecting the

hypothesis under consideration.

Definition: Significance Level
The maximum value of the power function when H |, is true is called the significance level of the test.

Definition: Best Critical Region
A subset C of the sample space is called a best critical region of size & for testing H, against H, if for every

subset A of § with P((xl,...,xn)e AIHO):(Z we have
1) P((x.....x,)e C1H,)=
2) P((x,,....x,)e C1H,)>P((x,,....,x,)e Al H,).

Theorem: Neyman-Pearson Theorem
L(H'le,...,xn)
L(H”le,...,xn)
H,:0=6" against H :0=0".

If we take C = {()c1 e Xy, )I <kk> O} , then Cis a best critical region of size « for testing

Basic TESTS

z-Test
Let X,,...,X, be arandom sample from N Lu, 0'5 ) where 0'5 is known. When the null hypothesis

Hy:pu=p, istrue, then Z = X4 N(O,l). We reject H, if the P-value given by
o

I

P (X~ 1| 25— )= P, e

Vn Jn Vn Jn

If the P-value is less than 1—¢ , then the results are said to be statistically significant at the 100(1— a)% level.

| P Ho | f | [T o] | 2ol | [T ]
Oy Oy )

is small.

Bernoulli Model
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Let X,,..., X, bearandom sample from Bernoulli(&) where f¢e [0,1] is unknown. Suppose we want to test
Y - 00
0y (1-6)

n

H,:0=6,. When H, is true, then Z = has limiting N(0,1) distribution. Then the

approximate P-value is P| |Z| > i 2l 1-® - 6
60(1-6,) 6(1-6,)

n n

=l

. We reject H, when the P-value is
small.

Equivalence Between z-Test and z-Confidence-Intervals
Let X,,..., X, be arandom sample from N (,u, 0'3 ) where 0'3 is known. The confidence interval

— O-O - O-O -1 1
X=Z1g =X+ 21 = [ Zirq =P
2 NI 2 VI 2

value less than 1—a =0.05 we declare the results statistically significant, then we know that the results are
statistically significant whenever the 95% confidence interval for ¢ doesn’t contain .

+2a] includes u with probability ¢. If we decide that for any P-

-Test

Let X,,..., X, be arandom sample from N(,u, o? ) Suppose we want to test H, : ¢t = i, . When H| is true,
X - , , :

T= S £ t,_; - We reject the null-hypothesis H, when the P-value given by

%

Pluo?) |T|2)_C_% =9 1-G|[F2

is small; here G is the cdf of 7,_; .

Vn Vn

Sample Size Calculations
We may determine the sample size n so that the margin of error for an 100a¢% confidence interval for x does
not exceed a prescribed value d > 0.

THE METHOD OF MOMENTS

Let X,,..., X, be arandom sample with pdf f(‘gl!”_’gr)(.x), (6’1 yeens O, )e Q. The expectation M, = ElX kJ is

n k

the k" moment of the distribution. The sum m, = Z—’ is called the X" moment of the sample.
n
i=1

The Method of Moments
A method of point estimation called the method of moments can be described as follows:
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Equate M, to the experimental value m, .
Beginning with k =1 and continuing until there are enough equations to obtain 8,,...,8, as functions of
my,m,,..., thatis, 8, =h,(6,,...,0,)i=1,...,r.

Bayesian Inference

Consider a random variable X whose distribution depends on €€ Q. We have previously look on #being
some unknown constant. Just as we look on x as a possible value of X, we now look on fas a possible value
of the random @ that has a distribution IT on the set Q.

The Prior Distribution
We shall denote the pdf (or pf) of ® by 7and define 7(6)=0 when @& Q. z(6) is called the prior pdf of .

This is because 7[(0) is the pdf (or pf) of ® prior to the observation on Y.

The Posterior Distribution

Let X,,..., X, be arandom sample from the distribution of X, and let Y be a statistic which is a function of
X,,...,X, . We can find the conditional pdf (or pf) of ¥ given ®, which we denote by g(y | 19). Thus the
joint pdf (or pf) of ¥ and © is given by k(6, y)=7(8)g(y18). If @ is continuous, then the marginal pdf of Y is
given by m(y) = Jm k(H, y)dH = Jm E(H)g(y | G)dﬁ . If ® is discreet, then integration would be replaced by

summation. In either case the conditional pdf (or conditional pf) of ¥ given O is

K(GI y) = k(g’ y) = 7r(€)g(y | 9) , m(y) #0. K(GI y) is called the posterior pdf (or pf) of ®. This is because

m(y) m(y)

K (19 | y) is the pdf (or pf) of ® after the observation on Y has been made.

Model Checking

1)
2)

One approach is to choose the discrepancy statistic D : S — R . If the observed value of D, D(s) , lies in the

region of low probability, then we reject the hypothesis that the model under investigation is true.
In order to compare D(s) with D, we need to compute the P-value P(D > D(s)) . This can be done via two

methods:

This method requires that D be ancillary.

In this method, we use the conditional distribution of D given the value of sufficient statistic 7. It can be
shown that this conditional probability is the same for every parameter 6.

Definition: Ancillary
A statistic whose distribution does not depend on the parameter @is called ancillary.

Example
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We assume X,,..., X, is arandom sample from N Lu, 0'5 ) (4 unknown, 0'5 known). It has been shown that

}?=X1+‘+Xn

n

is a minimal sufficient statistic.
n

Consider a sample value (xl,...,xn) and define r=r(xl,...,xn)=(rl,...,rn)=(xl—)_c,...,xn —}).Itcanbe

shown that:
* R= (R1 ,..o R, )= (X1 -X,..., X, - )?) has a distribution that is independent of £ Hence R is
ancillary.
e Risindependent of X . So the conditional distribution R|X =X is the same as the distribution of
R.

Therefore, the two methods agree in this case.
Also, R; ~ N(O, 0'3 (1—%)1 Vi=1,...,n. Now consider the discrepancy statistic
D(R) = L Z Ri2 = Lz Z (Xl. - )?)2 . We know D(R) ~ ;(3_1 . Compute P(D(R) > D(s)) to see if the

2
Oy =1 Oy izl

observed value D(s) is in a region of low probability or not (values close to 0 and 1 indicates tails of the

distribution and both cases indicate a region of low probability). If it is, then we reject the model under
investigation being true.

Example

We assume X,,..., X, is arandom sample from N (,u, 0'2) (both y and o’ unknown). It has been shown

n

that (}? .S 2) is a minimal sufficient statistic.

: ) X=X X, —X
Consider a sample value (xl,...,xn) and define r=r(xl,...,xn)=(r1,...,rn)=( 1 e, ].Itcan
be shown that:

. R=(R1,...,Rn)=(

X, -X
S

X -X
eees "S J has a distribution that is independent of # and .

Hence R is ancillary.
e Risindependent of X . So the conditional distribution R|X =X is the same as the distribution of
R.
Therefore, the two methods agree in this case.
2
R;

n—1

Now consider the discrepancy statistic D(R) =—— Z ln( J . To use this statistic for model checking, we
n
i=1

need to know the distribution of the statistic; this can be done via simulation. Then compute P(D(R) > D(s))
to see if the observed value D(s) is in a region of low probability or not (values close to 0 and 1 indicates

tails of the distribution and both cases indicate a region of low probability). If it is, then we reject the model
under investigation being true.

CHI-SQUARED GOODNESS OF FIT TEST

Let X,,..., X; have a multinomial distribution with parameters p,,..., p, where p, =1-p, == p,_;
) : (Xi _”Pi)
and X, =n—-X,—---—X,_,.Define Q,_; = Z— It can be shown thatas n -, Q,_, hasa

=1 i

limiting ;(,f_l distribution. Hence Q,_; is approximately a ;{3_1 distribution.
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Procedure

k
1) Let A be the sample space of a random experiment. A=A UA, U---UA, = U A; where
i=1
A NA =0, Vi#j.
2) Let p; =P(A;)i=1,....k.
3) We repeat the experiment n times.
4) Let X, denote the number of times the outcome of the random experiment is in A;,i=1,...,k . Then

Xy,..., X, has a multinomial distribution with parameters p,,..., p;.
5) We test the simple hypothesis H : p; = py ..., p = py, Where p, ,..., p; —are specified values against all

other alternatives.

k
X. —np,
6) If H, is true, then the statistic Q,_; = Zﬂ
= np;
i=1 !

P(Qk_1 > c) =« , where «is the desired significance level of the test (the significance level of the test is

has an approximate ;{3_1 distribution. We find ¢ so that

approximately equal to @).
7) Wereject H|, if the observed value of Q,_; = c.

METHOD OF LEAST SQUARES

Suppose we want to estimate E(Y) based on a sample value (yl,..., Y ) We select the point t(yl,..., yn) in
n

the set of possible values of E(Y) that minimizes Z (yl. —t(yl vees Y ))
i=1

The estimate t(y1 yeers yn) is called the least square estimate of E(Y)

2

Note

n

(v =t(y1sen v, )? = (i =9)+G=t(yyoeeya )?

—
We have ' !

™

! , but

s |l

n n

‘ (y; _y)Z +Z(y_t(y1""’yn))2 +22()’i =¥ -t(yreeen )

i=1 i=1 i=1

n n

35009500~ I3 0950 035 |

G t3ronrs v o 1) =0

n n

So Z(yi —t(yl,...,yn ))2 = (yi —})2 +Z(§—t(y1,...,yn ))2 . This is minimized when t(yl,...,yn)= y
=1 i=1

i=1 i

=

if y is a possible value of E (Y ; if not, we choose a possible value of E (Y) that is closest to y as the
estimate of t(yl,..., Y )

Case of Random Vector
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Y, E(v,)
1) Wehave Y=| i |and E(Y)=
Y, E(,)
Hyaeeny,)
2) We observe (y,,...,y,)e R" and find t(y,,....y,)= : e {possible values of E(Y)} that
ty(Vises v

n

minimizes Z(yi —t; (yl,...,yn))2 .
i=1

Regression Models: The Simple Linear Regression Model

We study the relation between the response variable Y (dependent) and the predictor variable X (independent).
In the Regression Model, we think the change is the through the conditional mean, that is as x changes
E(Y I X = x) changes.

Definition
In the Simple Regression model, we assume E(Y | X =x)= B, + B,x. 3, and f3, are called the regression
coefficients.

Definition: Scatter Plot

A scatter plot is a plot of data points (xl, 1 hoies (xn s Vn ) . It shows whether a relation exists between X and Y
and the form of the relation.

LEAST SQUARE ESTIMATE, PREDICTIONS, AND STANDARD ERRORS

Definition: Least Square Estimate
Suppose we observe the independent numbers (xl Y ), cees (xn sV ) . We have

Y B+ Bax,

El| : 1Xy=x,....X,=x, |= : . The lease square estimate of the conditional mean is the
Yn ﬂl + ﬂZ Xn

value of t(y1 yeees Vi ) in the set of possible values of the conditional mean that minimizes

n

z (y; =B = Box, )* . The B, and B, that minimizes this is called the least square estimate of £, and f3,.
i=1

Theorem
Suppose that E(Y I X = x) = 3, + B,x and we observe the independent values ()cl N ), cees (xn s Vn ) for
(X , Y). Then the least square estimates of

* Pfiisb =y-byx,
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fl (xi—)_C)(yi_y) -
Z;:l , whenever Z (x, —%)* #0.

7:1 (x,. - })2 i=1

* Byisb, =

Note

n n

) Z(xi—x <—y=2xy, Vi~ %Y +Iy)= ny, Zy,—yzx +ny nyl

i=1 i=1

i=1
2) Zn:(xi—)_c Zx +Zx —Zxe —Zx +nx% —2nx —i X" = nx?.

i=1 i=1

Theorem
If E(Y1X =x)=f, + B,x and we observe independent values (x,,y;)...,(x,,y,), then

e EB/1X, =x,,....X,=x,)=/,,where B, =Y —B,X ;
2 = Xhy -7)
Z;(X"_}?)z

Thus B, and B, have unbiased property, that is they are unbiased estimators.

e EB,IX =x.....X, =x,)=p,,where B, =

Remark
A natural predictor of a future value of Y when X =x is E (Y I X = x) = 3, + B, x . Because we do not have

the values of S, and f3,, we use the estimates b, and b, for prediction. That is, use the line b, +b,x.

Theorem
If E(Y1X =x)= /8, + B,x and var(Y | X = x)=02,Vx, and we observe independent values

(xl,yl),...,(xn,yn),then

o var(BI1X, =% X, =x, )=0| Lo — |

)

o Valr(B2 X =x,...,X,=x,)=

o cov(B,.B, | X, =x,....X, =x,)=

Corollary
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From the theorem above, we obtain var(B1 +B, x|l X, =x,....X, =x, )=0% —+

" z:l:l(xi_)—c)z
Proof:
var(Bl+Bzx|X1:xl,...,X =x,)

=Var(B1 X, =x,....X, =)cn)+x2 Var(BleX1 =X, X, =)cn)+2)ccov(B1,B2 X, =x,....X, =xn)

- - —\2
1 %2 o’ o’x 1 xX—X
=0 —+ +x? 2 =0’ )

0 YT B S S S S U S s

i=1

Theorem

If E(Y1X =x)= /8, + B,x and var(Y | X = x)=02,Vx, and we observe independent values
(xl,yl),...,(xn,yn) for (X,Y),then E(S2 X, =x,....X, =xn)=0'2 where
1 ) ) n 2 . . . 2
Y. —B;,—B,X;)" .Thus s = . —b; —b,x; )" is an unbiased estimate of o ~.
n—2;(l 1 2 L) n—2;(yl 1 2 l)
Therefore, the standard error of

1 —2

. x

L bl 1S s _+n—2 s
\/n z;zl(xi -

N

)

§* =

® bh,is

THE ANOV A DECOMPOSITION AND THE F STATISTIC

Lemma

If (xl Y ),..., (xn , yn) are such that Z (xi —)_c)z # 0, then an useful decomposition of Z (yl. - i)z is
i=1

i=1
n n

Z()’i -y) :b222(xi -x)? +Z()’i ~b =byx;)" .
i=1 i=1 i=1
. b22 Z (xi - )_c)z is called the regression sum of squares (RSS).
i=1

o Z (y2 -b,—b,x; )2 is called the error sum of squares (ESS).
i=l

ANOVA (Analysis of Variance Table)
| Source | DF (degrees of freedom)

Sum of Squares Mean Square
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Error n—2 Z(yz _bl_b2xi)2

Total n—1 Z()’i —5)2

Result
We have E| B; (Xi —)?)2 | X, =x,...X, =x, |=0° +ﬂ222(xi —x)* , which is equal to & if and
i=1 i=l
only if ﬂ22 Z (xi —)_c)2 =0. In other words, 322 z (xi - )_c)z is an unbiased estimator of ¢ if and only if
i=1 i=1
N -2
B2 (x,-%) =0,

i=1

Proof:

n

B[ B3> (x,-X)1X,=x....X, =xn]=(
i=1 i

=

- Zn:(xi —)?)zj(var(Bz X, =x0n X, =2, )+ (EBy 1 X, =x,... X, =x,)))

Definition: The F-Statistic

n
2

Since s° = 5 z (yi —b,—b,yx; )2 is an unbiased estimate of >, hence the F-statistic given by
n—
i=1
n -)2
RSS b, z._l (xi - x) . . . . 2 :
F= ZSS = = 3 is the ratio of two unbiased estimates of o~ when H : §, =0 (there is a
s
n—2

linear effect due to X) is true. Therefore reject H,, : B, =0 when F is large.

THE COEFFICIENT OF DETERMINATION AND CORRELATION

Definition: Coefficient of Determination
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R? = bzz Z?:o (x" _})2

Note: When we use the model to make predictions, a value of R? near 1 means a highly accurate prediction,

, SO 0<R*><1.

while a value of R? near 0 means the predictions will not be very accurate.

Definition: Correlation
cov(X, Y)

We define the correlation coefficient by pyy =corr(X,Y)= W

. We know that —1< py, <1 and

that pyy =l Y =atcX .

Definition: Sample Correlation
We define the sample correlation by ry, = Sy , where sy, = le (xi —)_c)(yi —75) is the sample

SxSy n-14=

covariance estimating COV(X,Y), and sy :\/ ! 1 Z(xi —)_c)z and sy :\/ ! 1 Z(yi —y)z are sample
n=13 n—13

standard deviations of X and Y. We have that —1<ryy, <1 and ryy, =l & y=aztcx;,Vi.

Theorem

If (x;, vy )., (x,,,) are such that Z(xi -X)* 20 and Z(yi ~3)* 20, then R* =r2,.
i=l i=l

Proof:

() Sl By (-5

xy = =

DIMEEE S OIS IO IR IR D W

CONFIDENCE INTERVALS AND TESTING HYPOTHESES

Theorem
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If Y1 X =x is distributed N (,Bl + B, x, 0'2) and we observe the independent values ()c1 ) ) - (xn , yn) for
(X s Y), then the conditional distribution of B, B,,and § 2 given X, =x,..., X, =x, are:

‘ B“N(ﬁ“’z(% i)
o (ﬁz, n x.—x) )3

* B +Bx~ N(,B1 +,32x,0'2(i+n(x(_—x)2)z)],

i=1\i T

2
. % ~ 2, independent of (B,,B,).
Corollary
H—Bh o)
S l+}7z
(Bz -$,) n (xl _})2
2 z:zl - t(n_2)

3) B +Byx—f - frx H(n-2).

RSS B; z; (x; —x)?
ESS g2
n—-2

4) If Fis defined by F =

,then H, : B, =0 is true if and only if F ~ F(I,n—2).

Confidence Intervals
1) An 100a% confidence interval for S, is

1 1
b, g (”—2)'5 ;+nx—_2,b1 +t1ﬂ(n—2)-s ;+nx—_2
2 2521 (xi -¥) 2 Zizl (xi —x)

2) An 100a% confidence interval for S, is

x—x
U i=1

Testing Hypothesis

b, — b2 +t1+a n—

2
x—x
U i=1

b2 zl 1(xi —)_c)z

N

We can test the hypothesis H, : 8, =0 by computing the P-value P| F >

JF~F(,n-2)

to see whether or not the observed value lies in a region of low probability.
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Notice that we can also test the hypothesis H, : #, =0 by computing the P-value

by Z:‘ 1(x -%)°

N

,T~t(n—2).

P |T|2

It can be shown that these two P-values are equal.

ANALYSIS OF RESIDUALS

Model checking is based on the residual y; —b, —b,x; as discussed earlier.

Corollary
1) E(Y,-B,-Byx;1X,=x,....X, =x,)=0.

l_ (x; _)_5)2

gD )

2) var(Y, B, —B,x;1X,=x,,....X,=x,)=0"|1-

Definition: Standardized Residual
Yi —by =byx;

We define the i standardized residual by

Note

If the conditional distribution of Y | X| = x;,..., X, = x, is normal, then ~ N(0.1). This

—by, —b,x;

is approximately true for for large n.

THE RESIDUAL AND PROBABILITY PLOTS

One approach to model checking is to see if the values of the standardized residuals look like a sample from
N (0,1). For this we use the residual and probability plots.

Residual Plot

We defined the residual earlier as r = (rl, ,rn) (xl X,. - ) where (xl,...,xn) is a sample value

from N (,u 0'0) It can be shown that R = (X 1 X, ) N (0, o (1—ﬁ)) and is independent of X .

e We standardize R; as Ri* = ﬁ(X ; -X ) Then Ri* ~ N(0,1) has mean 0 and variance 1.
oyln-1
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e When o is unknown, we estimate it by s . In this case R; = ﬁ(X -X )
So n—1

approximately distributed N (0,1) .

The plot of (i, ri*) should not show any discernible pattern. Most of the values should lie in (— 3,3). A

discernible patter with several extreme values is evidence against the model assumption to be correct.
Simulating normal random variables and plotting it gives a good idea of how the plot should look.

Probability Plot

Suppose X,,..., X, is arandom sample from N(/t 2 ) suppose x;,...,x, isa sample value. Then, it can

be shown that the expectation of the i order statistic satisfies E(X ( (i )) H+o- D~ ( : ) If the data x;
corresponds to the order statistic X(i)» that is Xj = X0, then we call &~ ( ) the normal score of X . Then

E\X ( (i )) H+o- D ( ) indicates that if we plot the points (xi,CID (m)) they should lie on a line with
intercept ¢ and slope o. We call such a plot a probability plot.

Regression Models: One Categorical Predictor (One-Way
ANOVA)

Now suppose that the predictor X takes a values 1,2,...,a . Let B; = E(Y I X = i) the mean response when X
S LX=i

takes the value i. Define X, = o.x i =1,...,a.Wehave E(Y | X, =x,..., X, =x,)=Bix, +--+f,x,

Since only one of the x; =1 and the rest are 0, we obtain the simple linear regression model and hence all the

results previously obtained hold.

Least Square Estimate
Now suppose we have n; values (yil,..., Yin, ) when X =i and all response values are independent. The

least square estimates of f; are obtained by minimizing Z Z (yij - B )2 . So the least square estimate of

i=1 j=1
B is b =y, :_Z)’y -

l ] =1

- _Ixh, . . . . =
It can be shown that B; =Y, = —Z Y; is an unbiased estimator of f3; , that is E(Bi )= E(Y): B

i
ioj=1

Sample Variance
Assuming Y | X = x all have conditional variance o, that is var(Y I X = i)= o?,Vi. Then

(Y IX—z ZY X =i :n%(var(Yillel)+~-VaI(Yini IX:a)):n%(niaz):z—'z,andthe
n; j=1 i i i

conditional covariance cov(Yl, 1) 0 when i# j.
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a n;

1 - . . .
We have s> = E E (yl.. -y )2,N =n; +---+n, is an unbiased estimate of o’
N—a =<~ !
=1 j=i

Confidence Interval and Testing

2 _ )2
If we assume that Y | X =i ~ N(,Bi,O'Z), then 171 ~ N(,Bi,o-—] independent of M ~x*(N-a).
n; o
Now , and hence (by definition) T = 0/ f Y ~/ )
T T A

Since P[—a < a] o< P{z —a% <pB; < 171 +a%] =, hence an 100a% confidence
n; n;

S/J_

interval for f; is %'tlm (N—a)].
n, 5

= f3;, by computing the P-value

y, ———-t (N—a),§<+
i JZ HT(Z i

Also, we can test the null hypothesis H, : 5;

yi =B,
T

P||7|2

—1G_ﬁ
VU= |

; N—a || where G is the cdf of the t(N - a) distribution.

INFERENCE ABOUT DIFFERENCE OF MEANS

We now study inference about Y; — )7j .

Expectation and Variance
We have E(V;, -, )= E(Y,)- E(¥,)= B, - B, and

i

Var(fi - 17] ): var(Yi )+ Var(f ): 6—2+6—2 =0’ [L+L] since 17, and 17,. are independent.
n <

J
i nj i nj

Confidence Interval

2
Since ¥; ~ N ,Bi,o-— and Y; ~ N ,Bj,a— ,s0 Y, =Y; ~N ,3,.—,6’]-,0'2 L+L . We have
n; : Ton; n, n;

(Y ? ) = ) ~ N(0,1) independent of (N;_—Z)SZ ~ 2*(N -a). Thus
O, +
(n—y,%(ﬁi—ﬁ, _
e n)ss)
T
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Since

(r; - )(ﬁﬂ

— S —

Pl—-a< <a :a(:)P(Yi—Yj)—a—<,Bl.— . =Y, e,
/1 1.1 ’ ’ 1.1

S/ +o- Tt P

i J i J

hence an 1000% confidence interval for §; — B, is

t+a(N_a)’(§i_§j)_ s t+a(N_a) .
i+— T L+L T

n; i n on;

Also, we can test the null hypothesis H : §; = f; by computing the P-value

P||T|2 =2[1-G a || where G is the cdf of the #(N —a) distribution.

e I e

Note

If a=2, X takes on only 2 values. In this case, T is called the “two-sample #-statistic”, the confidence interval
is called the “two-sample r-confidence-interval”, and the #-test is called the “two-sample #-test”. In this case, if
we conclude that §; # £, then a relationship exists between X and Y.

In general, when a =2, to test the null hypothesis that there is no relationship between the response and the
predictor is equivalentto H : B, =--- 5, = . If H is true, the least square estimate of Sis y .

ANOVA Table
We have the composition ii (yij — })2 = ini (i,» —?)2 + ) (y[j - )2 .
Source | DF (degrees (;f: 1frg:ldom) l 1Sum of Squaresl:1 = Mean Square
X a—1 z n(y,-y)? Z; m (5 -3)°

i=1 a-1
a n

Error N-a ZZ()’U’—%)Z 52
i=1 j=1

Total N-1 ZZ (y,,» -5)

i=1 j=1

F-Statistic

> mlfi-7) fa-i
= . With normality assumption, we have

S 55 fa

S2

To assess H, we use the F-statistic

F~ F(a -1,N- a) and so we compute P| F > and see if the observed value of F is

in a region of low probability or not.
When a =2, this P-value is equal to the P-value we obtained for the “two-sample z-test”.
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Model Checking

Yij — Vi
s 1—1

i

To check the model we look at the standardized residuals given by and look at the residual plots as

before.
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