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Subgroups of SLy(Z)

We have SLy(Z) = {(

a b
c d
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The action of v € SLsZ on z € C is given by

) ta,b,e,d € Z,ad — be = 1}. Define the following subgroups:
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Proposition. T'g(4) is generated by

~1 0 11
(0 h) () o
0

Also, if S = ( X Bl ) then ST1S~1 = ST1S = R.
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The map
x : To(d)rele— (Z/4)™ — {£1}
= (4 5)—d modap—x)
defines the character of «. Here, € is a homomorphism.
Remark. x(T) =1, x(—-I) = -1, x(R) = —1.

Definition (Congruent Subgroup). A congruent subgroup is a subgroup of SLa(Z) which contains T'(N) for
some N > 1.



Three Basic Functions

Theta Function
Let 0(t) =X, e ™" ,0<teR.

Proposition. 6(t) = %9(%)

Proof. Apply Poisson Summation, i.e. ) f(n) = 3. f(n) , to fi(z) = e=™*"  Then fi(y) = 2= fi(%) and

—mtn? ~ 1 n 1
S e = 3 fualn) = 0 hn) = 2 3 () = 04,

Proposition. If ®(s) = [~ ¢9/2 (0(t) — 1) % + fol ts/2 (9(t) - ) 4t then ®(s) = ®(1 — s) and so

%
A(s) =7 ?T(5)¢(s) = A(L — 5)

where T'(s) = [;° e~ "u* " du.

With the definition of 8, put z =it € H and obtain the Theta function.
Definition (Theta Function). Define

0(z) = Z 2 G(z) > 0.
nez

Proposition.

1. 6(x) = A6,

2. 0(-L) = ()" 0(2), and
3. 0%(—L) = 20%(2).

4z

Proposition. ©? satisfies

where (v, z) = (dety)~/2(cz + d).
Proposition. © transforms as follows. For v € Ty(4),

0(12) = () ex'(ez + ) 120)
1 d=1 (mod 4)

where z has argument in (—7/2,7/2] , (5) is the extended Jacobi symbol and €4 = .
v (=m/2.7/2, (3) Y ¢ {z d=—1 (mod 4)



Eisenstein Series
Let )
Ge)= D e

(m,n)#(0,0)
This converges absolutely for k& > 2.

Proposition. For all v € SLyZ,
Gi(v2) = j(7,2)" G (2).
We normalize G (z). Let

1
Ey(z) := SRD)

Setting k = 2, we get a conditionally convergent series Fa(z). Note that

1 1 1 !
B = 5rg) > WZHT@)ZZW'

(m,n)#(0,0) m#0 neZ

Gi(z) k> 2 keven.

Proposition. Es(z) = Z%Ez(—%) + %'

To deal with convergence issues, set

5 1 1
Es(2) izl—mZZ(szrny(szrn—l)'

m#0neZ
Proposition. Es(z) = Ey(z)+ %(2) Dm0 2nez (mzlJrn - mZJrln%) is absolutely convergent and converges
to Fs(z).

Eta Function
Definition (Eta Function). For z € H, let

oo
77(2) — eQTriz/24 (1 _ eQm’nz) ]

Proposition. 7(—21) = (5)1/2 n(z).

z K3

Relations of the Three Functions

5
o 1°(22)
Proposition. O(z2) = ———-—.
& = )
Let 1 < N € Z. Consider (a1,as) € (Z/NZ)?. Let 3 < k € Z. Set
al,a 1
G2 (2) = 3

k
miz+m
mi=ai (modN)( 1 2)

mo=az (mod N)

and
N-1

h(z) := H Ggo’a2)(z).

az



Proposition. h(z) is a constant multiple of (

Proposition. Let p be an odd prime. Set ¢(z) = O(3) and ¢(z) = Zzgz) Then

—

opz) _ Y(2)
¢r(z) Y2z +1/2)

Modular Forms of Integral and Half-Integral Weight

Cusps

Definition (Cusp). A cusp z € P1(R) = RU {co} is an element which is fived by a parabolic element of T
(v € T is parabolic if [tr(y)| = 2).

Example (Cusps of SLy(Z)). ioco is the only cust of SLa(Z).

This is b o1 ) fuesico. P, (@) =1 c#0, then (© 00T (0] h
is is because (o zes 100. If & » \a,0) =1, ¢ cwmen g 0 1 c d
fizes it.

In general, if I' C SLo(Z) is of finite index, then there are only a finite number of I'-equivalent cusps.

Example (Cusps of I'g(4)). Note that T'g(4) := “ Z € SLy(Z) : ¢ =0 (mod 4)}

gr(z)::{(‘c‘ Z)eSLg(Z): (‘CL Z)z ((1) (1)) (m0d4)}
There are three T'o(4)-inequivalent cusps.
e ico. If4|c and (a,c) =1, then £ is T'o(4)-equivalent to iocc.
o 3. If2|n and (m,n) =1, then ™ is T'y(4)-equivalent to %.
e 0. Ifnis odd and (m,n) = 1, then ™ is T'o(4)-equivalent to 0.

Example (Cusps of T'g(p)). The cusps of To(p), p prime, are {0,ic0}.

Modular Forms of Integral Weight

Definition. Let T' C SLy(Z). A modular form f of weight k € Z is a holomorphic function f : H — C
such that:

1. f(yz) = (cz+d)* f(2) Vy= ( CCL Z ) el and

2. f is holomorphic at all cusps of T'.
Proposition. Gg“’@) € Mp(T'1(N)).

Proposition. h(z) € Msq,_1)(I'1(p)).



Metapletic Group

Consider the extensions
1—K-—G—H—1.

If we can lift H to a subgroup of G, then G is the semi-direct product of H and K, and it is considered the
trivial extension.

We want to consider the non-trivial element.

Consider a degree 4 extension of GL3 (Q)

1—>M4—>C~¥—>GL;(Q)—>1

where g = {£1, £i}. Here,

~ a b cz+d
G=<(a,¢):a= € GLJ (Q), ¢ holomorphic function on H s.t. ¢?(z) =t ,t= :l:l} .

Proposition. G is a group under the operation (o, 9)(B,0) = (af, z — d(B2)1(z2)).
Remark. G is not an algebraic group.
Example.

i(n2) = (5)eatlez+ )Yy eTo()

is an example of ¢ since j2(v,z) = (5)2632(02 +d) =1(£1)(cz + d).

Modular Forms of Half-Integral Weight
Let f be a function on H. Let £ = (o, ¢) € G. Set

(FIk€)(2) = Flaz)p~F(2) k€ %z.

G acts on the space of functions in this way.

Definition. Let k € %Z. A modular form f of weight k for T C SLo(Z) is a holomorphic function f : H —
C such that:

1. fley=f forally €T, and
2. f is holomorphic at all cusps of T.
Example. 7 is a form of weight % for SLa(Z). A :=n** is a form of weight 12.
Example. Let I' C Ty(4). Let I'so = {y € T : y(ic0) = ico}. Then I'ss is an infinite subgroup of SLa(Z)
1 h
generated by < 0 1 )

Consider
. _ . & _
Bip(z)i= Y ina™ i) = (5)ert e+ )25 <k odd
V€T \I'0(4)
where Tso\I'0(4) have coset representatives {( z Z ) eTy(4) : 4m,(m,n) =1,n > 0}. Then Ej/o(2) is

a modular form of weight g for To(4). Its Fourier coefficients are Dirichlet L-function values!



The Shimura Correspondence

To define the Shimura correspondence, we first need to discuss Hecke operators.

Hecke Operators
Let T be a congruent subgroup of SLy(Z). Let f € Mp(T"),0 < k € Z.
Suppose a € GLJ (Z). We may consider
(flver) (2) = (cz + d)~*(deta)*/? f(az).

If « €T, then f|pa = f.
We have that f|ga € My (I") where I' = T'Na~'Ta, since (f|a) |a ™ 'ya = flya = fla.
The groups I' and o~ 'T'a are commensurable, i.e I' N o 'Ta is of finite index in both ' and o~ 'Ta.
Suppose A := [ : I"]. We may decompose I' = U;\:1 IV~!. This gives a decomposition IVaI' = U;\:1 IMan,.
We can define the action of the double cosets. Define

A
fATar) =3 flav.
=1

This is well-defined. In fact, f|(I'al') € My (T).

a

Definition. Suppose (n,N) =1, ' =T((N), a = ( c

b
d > Define

To(f) =M1 30 fl(rar).

a€EMs(Z)
deta=n
Nle

Lemma. T, : M(T') — My(T') is a linear map.

The Integral Weight Case

Consider the integral weight case.

Definition. For (n,N) =1, f € My(T'1(N)), define

Ta(f) = 0271 7 FICL(N)al's (N))

where o ranges over the set of double coset representatives in

An:{a<‘c‘ 2>EMQ(Z):detan,a_((l) 7’;) (modN)}.

Note that I'; (N) acts on A™ from the left and the right. Thus A™ can be expressed as the disjoint union
of I'1 (V) double cosets.

What does T, do to Fourier coefficients? Write f(z) = > 07 an,e*™*. Then T,f € M(I'1(N)) and
T, f(z) = >0, bne*™ "% with

k—1
by, = apm + P a%

where az = 0if p{m.



Lemma. If f € M(To(N),x) is an eigenform for all the Ty, say Ty f = A f, then
an = )\nal

where f(z) =Yo7 | a,e?™"z.

The Half-Integral Weight Case

e~

For the half-integral weight case, we can define T, by analogy. Let I =T (N); the double cosets are r¢r.

Set£n=<<(1) 2))

Proposition (Shimura). If (n, N) =1, 4| N, k odd, f € My, (f), then

f|(f£nf) =0
unless n is a square.

Corollary (Shimura). T,,f = 0 unless n is a square.

—_~—

Theorem. Let 4 | N, x is a character modulo N. Suppose f € Si;2(Lo(N),x) (i.e. a cusp form) with
0 <k €Z odd. Suppose f is an eigenform for {Ty2 : pt N}, i.e. Tpof = A\, f. Define

[eS)
g(z) = Z Cn62ﬂ'inz

n=1
where c1 =1, ¢y = Ay, Cpit1 = cpcpi — X(P)2P" " 2Cpi-1, Cmn = Cmen if (m,n) =1,
Then N
g9 € My (Fo (2) ,X2> -
If kK > 5, then

N
g€ Sp_1 (Fo (2> ,XQ) .

Thus, if there is a basis for Sy /7 (F/o—(\/]\f)7 X) consisting of Hecke eigenforms, this defines the Shimura map

Sk/2 (Im’X) — Sk (To (§),x2).

Kohnen Subspace

We wish to define subspaces (Kéhnen subspaces) M;j/z (Im, X) and S;j/z (I%, X) consisting of f(z) =

S @, €™ with @, = 0 unless (1) 2 n=0,1 (mod 4).

Petersson Inner Product
Definition. Let f,g € M(To(N), x). Define

. 1 oy , drdy
29 = [SLa(Z) : To(N)] /FO(N)\H f=)9(=)y y?

assuming at least one of f or g is a cusp form so that the integral converges.



This inner product is Hermitian with respect to the Hecke operators, i.e.

(f1Tn, 9) = x(n){f, 9|Tn)

and

(9. f) = (f.9)-
Proposition. There is a basis of Sp(To(N), x) consisting of eigenforms for all the T,,, (n,N) = 1.

Lemma. Si(T'o(N)) has a Q-structure. That is, there exists a basis of forms with rational Fourier coeffi-
cients, i.e. Sp(To(N))g ®q C = Sk(To(N)). Thus, the Hecke operators are defined over Q, i.e. they act on
this space.

Consider the characteristic polynomial which has coefficients in Q.

Corollary. The Fourier coefficients of normalized Hecke eigenforms are algebraic. In fact, they are algebraic
integers. Moreover, they live in a number field.

Remark. This is not known in the half-integral weight case.

L-Functions

We can define the L-function in two ways: Mellin transform and Hecke operators.

Mellin Transform
Let f € Sk(To(N), x). Consider
o ) s d
= [ syt
0 )
If f(2) =Y.°0, a,e®™"* then

n=1

- > —2min . de
I:Zan/o e 2T f(iy)y oy

n=1

Letting u = 27ny, we get

. o~ n,
I=027)"°T(s) vt
n=1
Definition. Define
e} an
L(f, S) = -
ne
n=1
0 -1
Now suppose that flwy = enf where wy = N o0 ) Then

S I d
(éﬂ LL(fs) = NP2 /O flin)y™
1/VN .
_ s/ A n—kj2k ke[ T\ dY
= N2</0 en N7F2ihy f(Ny>y

o 1\ dy
+/ e ANRI2hy kg () ay
VN Ny) y



Setti = ! t
etting u = Ny we ge
NAY 00 d
YN LS, s) = / £(iw) (Nk/“‘syvlrkzv*s/2uk*5 + N5/2u5) au
27 1/VN U

If ey =i~ %, then N*/2¢ 1 iTE NS/ 2k L NS/2ys = N5 k- $ 4 N/2q%. This is invariant under s — k— s.
This gives the functlonal equation

VN’ (VW)
(%) D(s)L(f, )—@L<%> T(k — s)L(f, k — s).

Hecke Operators
Definition. Assume T,f = A, f if pt N and Upf = ppf if p| N. Define

L(f,s) = H (1 — Ii>_ H (1 —App %+ X(p)pk—l—Qs) .

p|N ptN

If f is a normalized Hecke eigenform (including for wy, then it is the same as the L-function defined by
the Mellin transform. Moreover, there is a ”multiplicity one” theorem.

Constant Term Function

Definition. Suppose F : H — C is I' C SLy(Z) invariant. Define

1
C’(F,y):/ F(x+iy)dx fory>0.
0

= /CFy —g
sdxd
// x—i—zy Ty
y
1

We have the action of I', = {:I: ( 0 1( ) } on H and we may consider the half strip of integration to be

T \H. Also, I'no C T C SLy(Z). Using this, we have

If we use the Mellin transform and set

dxdy
L(F,s) = F(2)y®—;
(F.s) 2;0\ / o T
sdzxdy
= F(vz)(Im(vz))°
Werzxj\r/r\ﬂ (72) (Im(y2))* 22
= z m(yz))*® dudy
- /F\HF() > ) ) %

YET\T



If we define E(z,s) = > cr_\r(Im(72))* = 3. a)£(0,0) ‘Czi%, this is the Eisenstein series.
Consider the case f € Sp(To(N)). Let F(z) = (Imz)*|f(2)|?. If we write F(2) = Yo7 | a,e?™"*  then

n=1

C(Fy) =y* ) lan|Pe ™

and )
|an|
ns+k7 1°

L(F,s) = (4m) > F (s + k- 1))

n

Notice that
dxdy

L(F,s) = F(Z)E(z,s) 7

I\H

Thus, if we have an analytic continuation of E(z, s), then we deduce an analytic continuation for L(F, s).

Remark. Suppose we drop the T-invariance and consider instead an F satisfying F(vz) = j(y2)*F(2) with
v eT €Ty(4). We can still define

1
C’(F,y):/ F(z +iy)dx fory > 0.
0

The Mellin transform is

> d
L(F,s) = / C(F,y)ysfg
0 Yy
dxd
= F(y2)(Im(y2)) 257
YET\T '\H Yy

eToAT |z + d|?* Y2

" cdxdy
= / F(Z2)E*(z,8)y" —5.
I'\H Y

I\H

In the previous case we had
dxd
L(F,s) = / F(Z)B(z,5) g2
T\H Y

where E(z,5) = > cr_\r(Im(72))* = X2 a)£(0.0) ICZ-ZOJTP”'
To analytically continue all L, we only need to continue E. To continue F, continue its Fourier expansion.
Consider the Fourier expansion of F(z, s):

E(z,s) = Z ar(y,s)e 2™ d.
reZ

By definition,
1
ar(y,s) = / B(z + iy, s)e 2™ dg.
0

10



Normalize E and write E(z,s) = £ °T'(s) > ver.r(Im(y2))*. Then

ar(y,s) = 17r_sl"(s) /1 yise_zmmda:
e 2 0 lcz + d|?s
(e,d)#(0,0)

oo 1
7 °T(s)y® Z Z/o (cx +d)? + czyQ) T eI gy

c=1deZ
Writing d = eq + p, we get (cx + d)? + 2y = (c(x + q) + p)? + c*y?, and the double sum becomes

oo c—1

ZZ/OO ((ca:+p)2 +C2y2)_8 6727rim:dx'

c=1 p=0" infty

Now set u =z + £. Then (cz + p)? + c*y? = ¢*(u* + y?). This makes the double sum become

o0

26725 o0 (u2+q2)—s e 2miru Z e2mirp/e | g — 26172S /°° (u2+y2)7s€72m‘rudu.
c=1 infty p mod ¢ c|r infty

Set oo (1) = ¢ ¢

c>0
The term with r = 0 gives

T (s)y" <<<2s - 1) / T+ y2>5du) — = T (s — 12)y G (28 — 1),

oo

Thus, the constant term is

aoly,s) = 7 °T(s)((2s)y" +7'/27"T(s — 1/2)y'*((2s — 1)
75T (5)C(28)y° + 7~ =91 — 5)C(2 — 25)y' %,

Therefore ag(y, s) = a(0,1 — s), and we have analytic continuation of the constant term.
In general,

ar(y, s) = 201 a5 (7)) |r|* /2 gks_12(27|7|y)

where k,(y) = % [T e v(t+1/D¢sdl ig the Bessel function. Note that ks(y) = k_,(y) and has exponential
decay in y. Thus a,(y, s) has exponential decay in |r| and a,(y,1 — s) = a,(y, s).
This gives the analytic continuation and functional equation of F(z,s). Note:

E(z,5) = ao(y, s) +>ar(y, 5)e”™"

pole at s=0,1, residue#0 r#0

entire

Thus this gives the analytic continuation and functional equation of L(F,s) = fF\H F(2)E(z, s)z—g It has
a pole at s = 0,1 and its residue Res(L(F,s),s = 1) = Res(E(z, s),s = 1) fF\HF(z)dzgy.

11



Kohnen Subspace

We have
Skr1/2(l0(4)) — S2x(I'0(2)) and My y1/2(Lo(4)) — M2k (I'o(2)).

Niwa proved, under the Shimura Correspondence, forms of level 4N go to forms of level 2N. The map is
Hecke equivalent and an isomorphism:

Skt1/2(To(4N)) — Soi(To(2N)).
Kohnen defines a subspace

S+

k+1/2(F0(4N)) — Soi(To(N)).

For N =1, this is an isomorphism.

Theorem. (Kohnen)
1. S;+1/2(4) (and M,:'+1/2(4)) is preserved by Hecke operators T)z.
2. There is a basis of Hecke eigenforms.

3. If f e S,j+1/2(4) is such an eigenform, say Tp2(f) = \pf, then there is an F € Sy,(1) such that
T,(f) = N\ F.

4. If f(z) =207 ap(n)q" and F(z) = > ap(n)q", then L(F,s) => >, ail(sn) satisfies

(52 402) (1 (2)

as(|D)L(F, s)

S (g (2

5. The map
Sg : Sk+1/2(4) I Sgk,(l)

Somat S X(F) o) |
n=1 n=1 \d|n

is Hecke equivalent.

6. There exists a linear combination of the Sg that defines an isomorphism.
The proof relies heavily on explicit calculations involving U, and Wy:

o UtV (Ve = #f(p2) and (U, )(2) = S04 £ (252
' Wy where d | N

)

Niwa showed UyWy is a Hermitian operator on Sjy11/2(4). It has eigenvalues

2
= 9F = +2F
“ (2k+1)

Qg = —=0Q7




Kohnen essentially identifies
k1281w, —a, = Skr1/2(4).

Now, L(F, s) satisfies the functional equation
(27)"*D(s)L(F,s) = (2n) " =)D (k — s)L(F, k — s).
The centre is at s = k. Also,

T30 T2 (2)

p p

where oy, + B, = Ay, a8, = p*71 and || = |6B,] = pF~1/2. Hence the Euler product converges absolutely

for Re(s) > k — 1 + 1 =k + 1. Moreover, it is non-zero in the half plane Re(s) > k + 3.

Theorem. (Kohnen) Consider

S Spr1j2(4) — Sar(1)
f - F

The image of Si is the space generated by {F € Sar(1) : L(F, k) # 0}.
Corollary. For k =6, we have S12(1) = CA and L(A,6) # 0. Also, 813/2( 0(4)) = S12(1).

Waldspurger’s Formula

The Waldspurger’s formula relates Fourier coefficients of modular forms of weight % to special values of

L-function of (twisted) modular forms of integral weight. In the case when dealing with level 1 (i.e. forms
for Ty(4)), the relation can be proven by explicit calculations (Kohen-Zagier).
Recall that we have a map

Sh : SM/Q(FO( ) — San(SLa2(Z))
Z):Zag(q") — f(z) =) as(d")
n=1

We have g | k+1/2( p?) = f | T (p), and for any fundamental discriminant D with (—1)¥D > 0 we have
a5 (07 D)) = a1 D) Y ld “).
aln

Equivalently,

Z:: |D| = as(ID]) <§:1 a};z(?)> L(s—kil,(?))'

Theorem. Let g € Sk+1/2( 0(4)) and f = Sh(g). Let D be a fundamental discriminant with (—1)*D > 0.

then
ay(D)? _ (k=D 1 L (5 (2) 4)
(9,9) * (£, 0

13



Remark. This amazing formula still leaves open the following two questions:
1. What is a4(|D])? Which square root? What does the sign mean?

2. Ramanujan Conjecture: For f € S(Io(N)), is lay(n)| < d(n)n*=Y/2 where d(n) = # of divisors of n?
For example, a theorem of Deligne asserts that |af(p)| < 2p*=V/2. What about g € Sk+1/2( o(IN))?
We might expect the analogue of the Ramanujan Conjecture, that |ay(n)| < a(n)n®/2=1/4 where a(n)
is an elementary function of n.

Remark. a,(n) € R since, in general, if f € Sp(T'o(N)) (say, a normalized eigenform f | T,, = as(n)f,
then

ag(n)(f, f) =
= {

= ap(n)(f. f)

Therefore, ay(|D])? > 0. In particular, this implies that L (f, (Q) ,k) > 0; this is predicted by the Riemann
Hypothesis for L (f, (2) ,s).

Suppose we assume the Riemann Hypothesis for L (f, (2) ,5). Then for any € > 0,

‘L (ﬁ (D> Jk+ z‘t) ‘ <. (IDPN(|t| +2))°.

(0 (2) ) <o

ag(IDD? _ (k= 1>'L (2)
(9:9) whk f

In other words,

From Waldspuger’s formula ):+) |D|F=1/2]

‘%(‘DDP Lfog.e |D|k_1/2"'E (Lindelof)

= lag(ID))] < DMV

Idea of Proof of Waldpurger’s Formula

Consider the Eisenstein series
kap(z) L 1—-k XD + Z Z < >dk 1 q"_l S Mk(FO(D),XD)

and
Gk74D(z) = Gk7D(4Z) — 9k (g) Gk,D(QZ) € Mk(FO(ZlD),XD)

where xp = (2)
Define the trace operator: Let I'g(1) = SLy(Z) = UTo(D)a;. Let

Tr: Mp(Do(D)) — My(To(1))
f — Tr::Zf|Oéi~

14



Note that Tr(f) | o = Tr(f) Yo € SLa(Z). Also, we have

Uﬂla%=1%nwfwxg<ﬂ@hﬁ€ﬁy=-~=<fcfﬂm,

and so
(fgl Ty = (figla) = =(flatg)=> *(f.9) = (f.9).
Define the projection operator: Let M, (Io(4)) — My(Io(4)). Let
prt: Mg(To(4)) —  M;f(To(4))
P ) = (00—t )

Then (f,prtg) = (prtf,g). Also, if f € M* and g € M, then (f,prtg) = (f, g).
Define

Fp(2) = Trry(p)—s1.2) (Gr,p(2)?).
Note that Fp(z) € Ma(SLa(Z)).

Proposition. Suppose f € S (To(1)) is a normalized eigenform. Then

1(2k— 21 L(1 — k, xp)
2 (AP T L{k.xp)

<f>~7:D> L(f72k_1)L(faXka)

Here, L(f,xp, k) is L(f, xp,) evaluated at the critical line.
Define

-1
Gp(z) = (2 (1 - (g) 2_k>) Trr,(ap)—ro(4)(Grap(2))O(|D]2).
Note that Gy 4p(2)O(|D|z) € Mj11/2(T'0(4D)) and Gp(z) € Mk+1/2( 0(4)).

Proposition. Suppose g € Sk+1/2(F0(4)), g=>.c(n)q". Then

1T(k—1/2) L(1 — k, xp)
4 (4m)E=12 Lk, xp)

(f,Gp) = ID|*=Y2L(f,2k — 1)e(|D]).

Proposition. For S}, : M, To(4)) — Mo (To(1)), we have
D k+1/2

S;(Q p) =Fp.
Using these propositions, the theorem is proved as follows.

Proof. St +1/2(T0(4)) has an orthogonal basis {g, } consisting of Hecke eigenforms so that

{fu cfu= Sh(gu)}

is a basis of normalized orthogonal Hecke eigenforms of Sai(T'o(1)).
Now, Mk+1/2(I’0( ) = Slj+1/2 ® (CHk+1/2 where HkJrl/2 is an Eisenstein series. Also,

Gp = My + ) A
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since (Gp, g,) = M\ {9, g9,). Moreover,
Sh(gv) = e, (ID)) fo

where ¢, (|D|) is the | D|-th Fourier coefficient of g,. Thus, applying S},

Fp = AL(1 =k, xp)Gar(2) + > Meu (D)) fy

and so
(Fo,Fp) = (DD, fo)h
9p, gy
— QD) )220,
Now apply the first two propositions:
L(fs,xp:k)--- = e (|D])?|DIFV2
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