MAT327H1: Introduction to Topology

Topological Spaces and Continuous Functions

TopoLoGICAL SPACES

Definition: Topology
A topology on aset X is acollection 7 of subsets of X , with the following properties:
1. B,XeT.

2. If u,€T,x€A4  then UuszT.

€4
3. If w,€T,i=1,...,n  then (u,€T.
i=1

The elements of T are called open sets.

Examples
1. 7={8, x| isan indiscrete topology.
2. T=2"=set of all subsets of X is a discrete topology.

Definition: Finer, Coarser
T, isfinerthan T, if T,<T,. T, iscoarser than T, .

Basis For A TopoLoGY

Definition: Basis

A collection of subsets B of X is called a bais for a topology if:

1. The union of the elements of B is X .

2. If x€B,NB, ,B, B,EB , then there existsa B; of B suchthat xEB;cB NB, .

Examples

. . . . 1 1
1. B isthe set of open intervals (a,b) in IR with a<b.Foreach x€R, xE(x—E,x-FE).

2. B isthe set of all open intervals (a, b) in IR where a<b and a and b are rational numbers.
3. Let T be the collection of subsets of IR which are either empty or are the complements of finite sets. Note that
(AUB)=4°NB° and (ANB)'=A°UB . This topology does not have a countable basis.

Claim
A basis B generates a topology 7 whose elements are all possible unions of elements of B . That is, the topology
generated by B is the collection of arbitrary unions of the subsets of B .

Proof: Have to prove that if #,U---Uu, €T then u,N:-Nu,ET . By induction, it suffices to prove that if u,Uu,ET then
u,Nu, €T . 1f xEu,Nu, , then there exists #;=\J B, ,«€E4 and u,=U B, ,y€G . Also there exists By . ®,€4 and

B, ,y.€G suchthat x€B,MNB, so xE€B,, suchthat B,,cB,NB, .So MIQMZZQBW)\,

Y

Examples
1. S, the standard topology on IR, is generated by the basis of open intervals (a, b) where a <b .

2. The open sets of F are complements of finite sets and & .
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MAT327H1: Introduction to Topology

3. A basis for another topology on IR is given by half open intervals [a.b) ,a<b . It generated the lower limit topology
L.

4. The open intervals (a,b) ,a<b with a and b rational is a countable basis. It generateds the same topology as S .

Claim: S is finer than F, and L is finer than S .

Proposition
Suppose B and B' are bases for topologies 7 and T’ on the same space X . If they have the property that for every
BEB and x€EP there exists B'E€B’ suchthat xEB'< B, then T' is finer than T .

Proof: If BEB and x€P , there exists B,’ such that x€B,'cB and B,'€p’. B=UBx’€T,.So every BEP isin

XE€EB
TI

Definition: Sub-Base
A sub-base for a topology on X is a collection B of subsets on X satisfying BLEJB B=X

We build a basis by taking all finite intersections of the elements of .

THe Susspace TopPoLOGY

Relative Topology
Given a topology 7 on X andasubset ¥ of X, T induces atopology Ty on Y called the relative topology.
T,=(tNY|tET] .

Check that T’y is a topology:

1. B=0nNy, Y=xnY.

2. Let S.€Ty, S.=T,NY.So US.=UT)NY.

3. s,N--Ns,=(r,Nny)N---N(r,NY)=(T,N---NT,)NY |

CLosep Sets anp Limit PoINTs

Definition: Closed
A subset 4 C X atopological space is closed if 4 is open.

Properties of Closed Sets
1. B, X areclosed.

2. If 45 ,BEB is closed, then QAﬁ is closed.

Proof: (ﬂ A;;) = 4; is open.
BEB

BeB

3. If A,..., A4, are closed, then UA,- is closed.

i=1
Examples

Consider the standard topology on IR .
1. Let x€R . {x] is closed.
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MAT327H1: Introduction to Topology
2. I=[a,b] is closed.

Definition: Interior, Closure
Let X be atopological space. Let 4 C X . The interior of 4 , denoted 4 , is the largest open setin A4 . The closure A is
the smallest closed set containing A4 .

Proposition
x€ A4 if and only if there exists an open U suchthat xEU C 4 .

Proof:
(=) x€4.take U=4.
(=)If xeUc4, U open,then 4UU=4 is open and containedin 4 .So Uc 4 and x€A .

Proposition
x€4 ifand only if forallopen U, xEU, UNA#L .

Proof:

(=)If x€A, x€EU and UNA=8  then U is closed and contains 4 .So ANU° is closed and contains A , but
xZ&ANU which is smaller than A4 .

(<) Now suppose xEU, UNA#L . Consider 4°, which is open. If xe4°,then ANA°# @ . Contradition. So
XEA .

Definition: Limit Point
Let ACX. x isalimit point of 4 iff every openset U, xEU , intersects A in a point different from x .

Proposition 3
Let A4’ be the set of limit points of 4 . Then 4=A4U A",

Proposition
f:X =Y is continuous if and only if f(4)< f(4) forall ACX.

Proof:

(=) Suppose f is continuous and xE 4 . To prove f (x)Ef—A) , it suffices to prove that if V is open, f (x)EV,
then VN f(4)#8 .Now (V) isopenand x€ (V) so ' (V)NA=@ .So VNf(A)#0 .

(=) Suppose CEY isclosed. Then f(f~'(C))cC,and £ (f~'(C))cf(f~'(C))cC.So f~'(c)=r""(C).
Hence f~'(C) is closed.

Lemma 3
A isclosed ifand only if 4=4 .

Definition: Hausdorff
A topological space X is a Hausdorff space if given any two points x, y€ X, x7#y , there exists neighbourhoods U, of

x, U, of y suchthat U NU #8 .
Definition: T,

3 of 29



MAT327H1: Introduction to Topology

A topological space X is a T, if given any two points x,y€ X, x#y , there exists neighbourhoods U, of x such that
yEU, .

Proposition
If the topological space X is T, or Hausdorff, points are closed sets.

ConTiNnuous FuncTions

Definition: Continuity
Let X and Y be topological spaces. A function f:X —7Y is continuous if f _'(U ) isopenin X for every open set U
in Y.

Definition: Neighbourhood
An open set containing x is called a neighbourhood of x .

Definition: Continuity Pointwise
Let X and Y be topological spaces. A function f:X —7Y iscontinuousat x€ X iff f~'(U(f(x))) contains a
neighbourhood of x for all neighbourhoods U (f (x)) of f (x) )

Theorem
Let X and Y be topological spaces. f:X —7Y is continuous if and only if it is continuous at every x€ X .

Proof:

(= )Let x€EX and U(f(x)) be a neighbourhood of f(x) . Then f_l(U(f<x))) is a neighbourhood of x .

(=)Let UCY be open. Let x€f_‘(U) . Then f(x)EU,so f_'(U) contains a neighbourhood V', of x.
U v.=r"v) is open.

x€f7(U)

Example

— if x<0 . . . e .
f ( X ) - {Ol ilffxx> 00 is continuous in the lower limit topology of IR , but not in the standard topology.

Identifying Some Continuous Function

X and Y topological spaces.

1. Id: X — X is continuous.
Proof: 1d™'(U)=U .

2. If y€Y,then f:X—Y, f(x)=y,Vx€X (a constant function) is continuous.

3. If f:X—Y iscontinuous and 4 C X has the relative topology, then ( fl4 ) :A—Y is continuous.
Proof: (f14) (U)=7""(U)NA.

4. If ACX has the relative topology, i:4— X,i (a)= a is continuous.

5. If f(X ) is given the relative topology in Y and f:X —Y is continuous, then f:X — f(X
Proof: If U is open in f(X) , there exists 7 openin Y suchthat U=V NY so f_l(U)=

) is continuous.
£~ (V) is open.

Proposition
If f:X—7Y iscontinuousand g:Y —Z is continuous, then go f : X —Z is continuous.
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MAT327H1: Introduction to Topology
Proof: If U isopenin Z,then (gof)_](U)=f_1(g_l(U)) is open.

Proposition
Let 7, i=1,2 be the projection on the i -th factor (so m,(y, ¥,)=», and m,(y, ¥,)=y,). The T,'s are continuous.

Proof: If U isopenin Y, Trl_l(U)Z U XY, which is open.

Proposition
f:X—>Y XY, is continuous if and only if m;° f=f, is continuous for i=1,2 .

Proof:

(=) f and T, are continuous, so TT;° f is continuous.

(=) 1o f is continuous means given U, , (o £)™(U,) isopen, but £~ (U,xU,)=(m, )" (U,)N(m,0 £V (U,) is
open (using basis, etc.).

Proposition
The product topology is the coarsest topology with the property that f-X =Y XY, is continuous if and only if
fi:X =Y, is continuous.

Proof: 1d: Y, XY,—=Y XY, is continuous. So 7, °Id is continuous if U, isopenin Y, and U, isopenin Y,.Now
U, XY, isopenin Y, XY, and Y, XU, isopenin Y, XY, .

Proposition
f:X—7Y is continuous if and only if /! (C ) is closed for all closed C in Y.

c

Proof: r='(C)=(r""(c")) .

Definition: Homeomorphism
A 1-1ontomap f:X—7Y whoseinverse f~':Y — X is also continuous is called a homeomorphism. X and Y are said
to be homeomorphic.

Proposition
Suppose X is Hausdorff or Ty, and x is a limit point of X . Then any neighbourhood U of x contains infinitely many
distinct points of X .

Proof: Suppose U is a neighbourhood of x,and U has only n distinct points X, ..., x, where x;7x . Then there
exists U, neighbourhood of x suchthat x,2U, . Then UNU,N---NU, isa neighbourhood of x and
UnUN---NU, has only x in it. Contradiction.

Definition: Convergence of Sequences
The sequence x; ,i€IN converges to x in X iff for any neighbourhood U of x, there exists N such that x,€U for

all i>N . x is called a limit point of x, ,i€IN, written as lim x,=x or x,— x .

Proposition
If X is Hausdorff, then the limit points are unique; that is, if x;— x and x,— » ,then x=y .
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Proof: Assume otherwise. Then there exists neighbourhoods U, of x and U, of y suchthat U NU = B . So

x; ,i€IN can't converge to both x and y.

Proposition
Suppose X is Hausdorffand x,— x . Then {inx} is closed.

Proposition
Suppose xE€ X and x is not a limit point of X , then {x| is open.

Definition: Open Cover
Let U,, €4 beopensetsin X .Then U,,xE 4 is called an open cover if X= U U

Proposition
Let f:X—7Y bea function. Let U,, xE A4 be an open over. Then fis continuous if and only if f'|U, is continuous for
all x€4 .

_ _ -1
Proof: Suppose f|U is continuous for all «€4 and V' CY isopen. Then / ')=U v (r)

x €A

(f1U)"" (V) isopenin U, ,soitisopenin X .Hence f~'(V) isopenin X .

Pasting Lemma
Suppose 4, BC X areclosed, f:A—Y and g:B—Y,and f=g on AMB.Let h bedefinedon AUB, h=f on
A and h=g on B .Then h: AUB—Y is continuous.

Proof: Let CCY be closed. g7'(C) isclosedin B and f~'(C) isclosedin 4 ,s0 27'(C)=f""(C)Ug™(C) is
closed since 4U B is closed.

Proposition
f:X—Y is continuous if and only if /™' (U ) is open for every element U of a basis B of the topology on Y.
Proof: If U isopenin Y, then U:LéJA V'« for some collection ¥V, of basis elements in B . Then

-1 -1 -1
U= (Ur)=U () , which is an union of open sets, so open.

x€A €A

THe ProbucT ToPoLoGY

Examples: Product Spaces
1. X, Ysets. XXY=[(x,y)lx€X,yEY].

2. X, setsindexed by « €4 . The product H X« is functions from A to X « such that « goesinto X, .
x€EA

Definition: Product Topology
Let X, Y be sets with topologies Ty and T’y . We define a topology T yxyon X XY called the product topology by
taking as basis all sets of the form U XW where UET; and WET, .
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Note: “LEJA xxUr= U x.Xxv, . So a basis for 7y and a basis for T, generate a basis for 7y xy .

BEB («,B)EAXB

Examples
1. Standard x standard on IR’ ; basis is open rectangles.
2. Standard x standard x standard on IR’ ; basis is open cubes.

Definition: Box Topology
Let X,,x€ 4 be topological spaces. A basis of open sets of a topology on H Xois 11 Us where U, is openin X
x€4 o

. The topology it generates is called the box topology.
Note: If we allow U,# X, for finitely many € 4 , we get the product topology.

Remarks
* Box topology is finer than the product topology.

e Forfixed a€ 4, T(a.‘H X ,— X, is continuous.

Proposition
The product topology is the unique topology with the property that VER g X« is continuous if and only if

m,o f:Y—X, is continuous for each a €4 .

Proposition
If X,,x€4 are HausdorfT, so is g X with the product or box topology.

0

Proof: If x,yEHA Xo and x#y ,then X, 7, forsome €4 .Let U, and U, be open setsin X, such that
xe

X, €U, and y,, €U, and U,NU,=8 . Then UxXU X and nyl:[Xfx separate x and .

Proposition
If A4,CX, isclosed, so is H AaCH X..

Proof: Let xe(H Aa)c . Then x%E(A%)C for some «; . So XE(A(XU)CX H X(x=(H A,) is an open set.

x#E

THe MeTric ToPoLOGY

Definition: Metric

A metric onaset X isa function d : X X X —IR, such that forall x,y,z€X:
1. d(x,y)=d(y,x).
2. d(x,y)=0 iff x=y.
3. d(x,y)+d(y,z)=d(x, z) (triangle inequality).

Definition: Metric Space
A metric space is a set X with a distance function d .
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Definition: Open Ball
The open ball of radius »>0 around x€ X is Br(X)Z{y€X|d(x,y)<r} .

Lemma
If yEB,.(X),then Bs(y)CB,(x) for s<r—d(x,y) .

Proof: If ZEBS(y) , then d(x,z)Sd(x,y)+d(y,z)<d(x,y)+s<d(x,y)+r—d(x,y)=r.

Proposition
The open balls are a basis of a topology on X .

Proof: Let zE€B,(x)NB,(y).Let e<min(r—d(x,z),s—d(y,z)).Then BS(Z)CB,(X)QBS()/) .

Example
Let X be any non-empty set. Set d(x,y)=1if x#y forall x,y€X,and d (x,x)=0.Then B;_(x)={x} . This metric
generates the discrete topology.

Definition: Metrizable
A topological X is metrizable if there exists a metric d on set X that induces the topology of X .

Proposition
A metric space is Hausdorff.

Proof: If x#y ,then d(x,y)>0.So Bd(x,y)<x)de(x,y)<y):ﬂ , since if ZEBM()C)QBL?L)(J’) then

3 3 3

d(r.2)<3d(x.y) and d(y.2)<3d(x.y) but d(x,y)<d(x.2)+d(z.)<3d (x.7) 0 contradiction.

Examples
* If X has at least 2 points, then the indiscreet topology is not metrizable.

* The topology F (complements of finite sets on IR ) is not Hausdorff and not metrizable.

Example
On R, d(x,y)=|x—)| isametricon IR which gives the standard topology.

Proposition
If d, and d, are metrics on X , and for each x€ X, r r,€R, there exists s, 5,€R. such that Bfl‘(x)CBff(x) and

Biz(x)c Bf'(x) , then these two metrics generate the same topologies.

Proposition
If d, and d, are metrics on X and there exists ¢, ¢,>0 such that cldl(x,y)Sdz(x,y)S Czdl(x,y) for all
x,y€ X, then these two metrics generate the same topologies.
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Definition: Bounded
A metric space X is bounded (or has finite diameter) if there exists £>0 such that d (x Y ) <k forall x,y€EX.

Constructing a Bounded Metric
Start with a metric d on X . We can produce a new metric with diameter 1 which gives it the same topology.

Let d(x,y)=min(d(x, y),1) . Then B:ﬁn(m
gives the standard bounded metric.

(x)EBf(x) and B?mn(%_r) (x)SB{(x), so the topologies are the same. d

Example: Uniform Topology
If X,,«€A4 are bounded metric spaces with bounded diameters (say <1 ), then H X, has d(x,y )=S‘ipd (%, )

This gives the uniform topology.
Note: Product topology is finer than the uniform topology which is finer than the box topology.

Proposition
f:X—>Y iscontinuous at x,€ X if and only if given £>0 there exists 6>0 such that

dX(y,x0)<5:>dy(f(y),f(xo))<s,

Proof:
( =) This is obvious.
(=)If U is a neighborhood of f (x,) , there exists £>0 such that B, (f (x,))=U . So there exists >0 such that

Bé(xo)cf_l(Bg(f(xo))) , and so f(Ba(xO))CU~

Lemma: Sequence Lemma_
Let X be a metric space. xE€ A4 if and only if there exists x,E 4 such that x,—x .

Proof:

(=)If xEA4,then B}T(x)ﬁAiﬂ,Vn@N .Let X,€B.(x)N4  Then x,—x.

(=) If x,—x,then given a neighborhood U of x, U contains all but finitely many of the x,'s,so U ﬂ{xn}nem;ﬁﬂ
andso UNA# 0 .

Remark
The Sequence Lemma is true if X satisfies the First Countability Axiom: For any x€ X, there exists U,,n€IN open

neighborhoods of x such thatif ¥V is a neighborhood of x, V2 U, for some n€IN .

Theorem
Let X be a metric space. Then f:X —Y is continuous if and only if f (x,)— f(x) whenever X, X,

Proof:
(= ) Suppose f is continuous and U is a neighborhood of f (x) and that x,—x . Then f~' (U ) is a neighborhood of

x , so there exists N such that n>N=x,€ f~(U)= f(x,)EU.

(=) Toprove f iscontinuous, it suffices to prove f(Z)Cf(A),VACX. Let x€EA4, x,€A4, x,—x . Then
f(x,)= f(x).Sogiven U neighborhood of f(x), there exists N such that n>N= f(x,)€U . Since x,E 4, so
f(x,)ef(4) . So f(x)ef(4).

Definition: Uniform Convergence
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Let X and Y be metric spaces. f,. X =Y converges uniformlyto f:X —7Y if given €>0 there exists N>0 such
that forall n>N, d(f,(x),f(x))<e forall x€X.

Proposition
Let X and Y be metric spaces. If f,- X —Y converges uniformly to /X —Y and f, continuous, then f is
continuous.

Proof: Given x,€ X and €>0, we have to find >0 suchthat d (f(x,), /(v))<e whenever d(xo,y)<6 . Find

N>0 such that d(f(xl),fn(xl))<§ forall n>N andall x,€X.Now fix n>N. f, is continuous, so there exists
6>0 such that d (x, )<6=d(f,(x). /,(¥)< . So

d (f(xo), f(¥)=d(f(x0). [ (xo))+d ([, (x0), £, (D)) +d (f, (). f(y))<zH+z+5=¢.

THe QuoTient ToPoLOGY

Definition: Quotient Map
Let X and Y be topological spaces and f: X — Y a continuous surjective (onto) map. Then f is a quotient map if
moreover f ! (U ) CX isopenifandonlyif UCY isopen.

Definition: Open Map
f:X—Y isopeniff f(U)CY is open for allopen UCX .

Proposition
m: X XY —X isan open map.

Proof: Let U C X XY be open. Then U=U(UiXVi),so "(U)=E)I U: which is open in X .

i€l

Proposition
If f:X—Y iscontinuous, surjective, and open, then f is a quotient.

Proof: If f/~'(U)CX isopen, then U=/ (f""(U)) isopenin Y.

Definition: Equivalence Relation
A equivalence relation on a set X, (X , ~) , satisfy:
. x~ye®ypy~x,
2. x~x,
3. x~y,y~z=>x~z,
forall x,y,z€X.
Note: X is partitioned into equivalent classes. X/~ is the set of equivalent classes.

Remark
Let f:X—Y be surjective. Let x1~x2<:>f(x1)=f(x2) .Then X/~ isin1-1 correspondence with Y.
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Proposition
Given (X , ~) , there is a unique topology on X/~ which makes the natural map f:X — X/~ a quotient map and
X/~ aquotient space.

Proof: UC X/~ is open if and only if f_l(U) isopenin X .

Lemma

if xe .
Let (0,1} have the topology {ﬂ,{o],{o,l}} .Let UCX be open. Then ¢-‘X—’{0,1},¢(x)={10i1f;€l(]]c is
continuous.
Proposition

Let f:X—7Y be surjective and continuous. Then f is a quotient map if and only if given g:Y —Z, g is continuous if
and only if go f is continuous for all g and Z.

Proof:

(=) Suppose f is a quotient map. Assume g.:Y —Z is continuous, so g~ ( V)C Y open forall V€Z ,and so
(gof)'(V)=f""(g”'(V))c X is open since f is continuous. Assume go© f is continuous, so

(go £ (V)=f""(g”"(V))c X isopen,and so g™ (¥)CY isopensince f is open.

0if yEV

( =) It remains to show that if /~'(V) isopenin X ,then V isopenin Y. Let w:Y_){O’l}’l’U(y):{lifyéV‘ 1

is continuous if and only if @e f is continuous, which it is since f~' (V) is open.

Proposition
Let f:X—7Y.Let ~ be the equivalence relation of X where x,~x,< f (x1)= f (xz) . Then f is continuous if and
only if the natural map ;f - X /~—>7Y is continuous.

Proposition
If f:X—>Y isaquotient map, then f:Xx [/~—Y is a homeomorphism.

Proof: )Af is 1-1, onto, and continuous (since f is continuous). Let p: X — X/~ which is continuous. Then JA‘“ °of=p
is continuous, and /~' is continuous since f is a quotient map.

Definition: Retraction
Let ACX and f:X—A.If f|A=1d, and f is continuous, then f is called a retraction.

Proposition
A retraction is a quotient map.

Proof: If U isopenin 4, f ‘I(U ) isopenin X since f is continuous. It remains to show that if /™' (U ) is open in
X ,then U isopenin 4 .Now U=f_'(U)ﬂA since f|4=1d,,so U isopenin A since it is the intersection of an
open setin X with 4 .

Connectedness and Compactness
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CONNECTED SPACES

Definition: Separation
Let X be a topological space. A separation of X is a pair of nonempty open sets, U, and U, ,suchthat U, UU,=X
and U,NU,= .

Definition: Connected
X is connected if there is no separation of X .

Theorem
If f:X—7Y iscontinuous and X is connected, then sois f(X) .

Proof: Suppose f (X) is not connected. Let ¥, and ¥, openin f(X) be a separation. Then f~'(V,) and f~'(V,)
is a separation of X .

Proposition
Suppose Y CIR . If there exists a,h€Y and cZY such that a<c<b,then Y is not connected.

Proof: (—o0,¢)NY and (¢, 0)NY is a separation if Y.

Corollary
If f:X—R is continuous and X is connected, and f(x,)=a, f(x,)=b, a<c<b, then there exists x.€ X such that

fx)=c.

Proof: f(X) is connected, so it contains c¢ .

Theorem
The non-empty connected sets in IR are precisely the intervals.

Proof: Suppose Y€E€IR is a connected set. Let a=glbY and b=lubY. Y is the interval between a and b , perhaps within
the endpoints. Suppose U, and U, isaseparationof Y.Let a,€U,, b €U, , a<a,<b <b.Then we can find a,

and b, suchthat [a, b,] is separated by [a, b,]NU, and [a, b,]NU, . Let c=1ub[a2) b,]NU, . Then c¢#b, since b, is
in the open neighborhood [a, b,]NU, . Also ¢#U, since there exists ¢+e€U, ,so c#lubla, b,]NU, . Similarly

c#U, since there exists c—¢€U, ,so c¢#lub[a, b,]NU, . Hence by the openness of U, and U,, ¢ can't be
anywhere. Contradiction. So the intervals are connected.

Corollary
Let I beanintervalin IR .If f:/— X is continuous, then f (I ) is connected.

Theorem
Suppose X,&X ,x€A4 are connected, and there exists pEX,, .,V *x€4 . Then LE{ X« is connected.

Proof: Suppose U, and U, is aseparation. Then p isin U, or U,;say U,.Then X, CU, V€4 , for if
U,NX#8 then U NX, and U,NX, separate X .

Definition: Path Connected
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X is path connected if given x, yE€ X, there exists a continuous map f:/— X such that f(0)=x and f(1)=y.

Theorem
If X is path connected, then X connected.

Theorem 3
If AcX isconnectedand A S BS 4 ,then B is connected.

Proof: Suppose U, and U, separate B.Then U ,NA# 0 and U,NA#8 So U ,NA and U,NA4 separate 4 .
Contradiction.

Theorem
The product of a finite number of connected spaces is connected.

Proof: It is sufficient to prove for two. Fix a point (a,5)EX XY . Then {(x,b)lx€X ] is connected. So for an arbitrary
point (xo,yo) s {(x,b)lxe X}U{(xo)y)|y€ Y} is connected. Hence their union X XY is connected.

CompoNENTs AND LocAL CONNECTEDNESS

Definition: Component
Given X and x€ X, let the component of x, C,, be the largest connected set containing x , i.e. the union of all
connected sets containing x .

Proposition
For x,y€X,either C,=C, or C,NC =0 .

Proof: If C,NC ,# 8, thenlet zEC,NC, . Now z€C,—C.=C, and z€C,—~C.=C,.So C.=C, and C.=C,,s0
c.=C,.

Theorem
The connected components of X partition X .

Definition: Path Component
Given X and x€ X, let the path component of x (PC),= {y |y can be joined to x by a path} .

Theorem
The path components of X partition X . In fact, they partition the connected components of X , i.e. (PC).ccC,.

Definition: Local Connectivity

X is locally connected at x iff for each neighborhood U, of x there is a connected neighborhood V', of x such that
V.cu,.
X is locally connected iff X is locally connected at each point x€.X .

Theorem
If a space X is locally connected, then the connected components of X are open.
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Proof: Let x€C, . Thenany U, contains V,.Noweach V,cC,, so C, is open.

Lemma
If a space X is locally connected, then for each open U C X, U is connected.

Theorem
A space X is locally connected if and only if for every open set U of X, each component of U isopenin X .

Definition: Local Path Connectivity

X is locally path connected at x iff for each neighborhood U, of x there is a path connected neighborhood V. of x
suchthat V,CU, .

X is locally path connected iff X is locally connected at each point x€X .

Theorem
A space X is locally path connected if and only if for every open set U of X, each component of U is openin X .

CompAcT SpPACES

Definition: Open Cover
Let U,©X ,x€4 be open sets such that LGJ V=X {U Jue is an open cover of X .

Definition: Subcover
If BSA and {U,)uep is still a cover, then (U, .5 is called a subcover of {Ua}aEA )

Definition: Compact
X is compact iff every open cover of X has a finite subcover.

Theorem
If X iscompactand f:X —Y iscontinuous, then f (X ) is compact.

Proof: Let (U, ., be an open coverof f(X).Let ¥, beopenin ¥ and ¥ ,Nf(X)=U, . Then
' v)=r"(U,) isopenin X. {f (U}, isanopen cover of X, so there exists & ..., &, such that
SHUIU U (U, )= X butthen Uy UUU, =/ (X)

Proposition
A compact setin IR is bounded.

Proof: Cover R by (z—1,z+2),zEZ . A finite collection of these is bounded.

Proposition
A compact subset 4 of a Hausdorff space X is closed.

Proof: Suppose there exists pEA—A .Let xEA4 .Let U, and V', be neighbourhoods of x and p respectively such

14 of 29



MAT327H1: Introduction to Topology

that U,NV =8 . (U], forman open coverof 4.Nowlet U, ,...,U, be a finite subcoverand U=U, U---UU
and V=V, 0NV, Then UNV=H .But pEV and ¥N 4= . Contradiction. Hence pZA—A4 and A=4 so
A is closed.

Theorem
Compact sets are closed and bounded in IR, IR", or any metric space.

Theorem
If f:X—IR iscontinuous and X is compact, then f achieves its maximum and minimum, i.e. its lub and glb.

Proof: lub and glb are in £ (.X) .

Definition: Finite Intersection Property
A collection of (nonempty) sets [B a}ae 4+ has the finite intersection property if for every finite sub-collection {Ba,}?:l ,
B N--NB #4 |

Theorem
X is compact if and only if every collection of closed subsets of X with the finite intersection property has nonempty
intersection.

Proof:
(=) Assume X is compact. Let [CJxes be acollection of closed sets, so [Co)weq areopen. {Co).c, doesnot cover

a€A

X if there is no finite subcover, that is LEJAC;#X@Q CHl it UC #X o C %0 .
« =1 '

i=1

(=) Let {U,lucs bean open cover. Suppose {U Jues has no finite subcover. Then U ;l N---NU ;75 & for all finite sub-

collection, so Q Ue#8 and hence (XLJ Uu# X Contradiction since U yJues isan open cover.

Theorem
If X iscompactand 4 C X is closed, then A is also compact.

Proof: Let {U;}4e, bean open cover of A, U=V ,N A Vy openin X .Then [V ,),c,UA° is an open cover of X,
so there exists a finite collection B,...,B8, suchthat ¥y ,...,¥,, A" cover X .Hence Ug,....Us cover 4.

Theorem
If X is compact and Hausdorff, and 4, B are closed sets in X such that ANB=48 , then there exists open sets U and
V, AcU, BCV , suchthat Unvr=40 .

Proof: Let x€ 4 . There exists neighbourhoods U, of x and V, of B suchthat U.NV =8 .Let U,,....U, bea
finite subcover of 4 .Let U=\ U, and V=() V. .Then U and V areopenand UN V=g .
i=1

i=1

Theorem
Suppose X is compact. Let {C,},en be a collection of non-empty, closed, and nested sets (i.e. C,2C,2 ). Then

NC,#8

neN
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Proof: X is compact, so {C n]ne"\, has the finite intersection property. Suppose ’Qq C, 8 . Then there exists a finite

n n,
subsequence 7, ...,n, such that (") C,=48 ,but N C,=C, . Contradiction.

i=n, i=n,

Theorem
Suppose X is compact and Y is Hausdorff. If f: X — Y is bijective and continuous, then f is a homeomorphism.

Proof: We need f ~'-Y > X to be continuous. Let CC X be closed. Then C is compact. So f(C)cY is compact, and so
closed. Now (/7')'(C)=f(C).Hence if CC X be closed, then ( f~')'(C) is closed. Therefore f~' is continuous.

Lemma: Tube Lemma
Suppose Y is compact. Let X,€ X and U be an open setin X XY such that x,XY CU . Then there exists a
neighborhood W of x, suchthat WXYcU.

Proof: For each y€x, XY, there exists a product neighborhood U, ,XU, containedin U . Since Y is compact, there is a

finite collection y, ..., y, suchthat U,.....U, cover Y.Let W=(\U, , .Now WXU,cU, XU, foreach

i=1

i=1,....n,s0 Wx\J U,=WXYcU.

i=1

Theorem
Finite product of compact spaces is compact.

Proof: Note that it suffices to prove X XY is compactif X and Y are compact. Let (U, }ues bean open cover of X XY
. For each fixed x€X,let U, ,,..., U, . beafinite cover of xXY.Let U,= U U, ... U, isopen, so by the tube

i=1
lemma, there exists a neighborhood W, of x suchthat W XY cU . Since X iscompact, there exists X, ...,x, such
that W......W. cover X.So W XY, ...W XY cover X XY .Since eachtube W XY iscoveredby (U, )., a

finite number of open sets of X XY, U {Ux,,j};;l is a finite subcover of {U“}aEA .Hence X XY is compact.

i=1

Theorem
[a,b]cR is compact.

Proof: Let {U,}.c, be an open cover of [a,b].Let c€[a,b], where
c=lub {xElR|[a , x]is covered by a finite subcover of (U}, A] . Then c=b, and there exists an open set containing b .

Theorem

n

I1ia,. b]cR, is compact.

i
i=1

Theorem: Heine-Borel Theorem
X CR is compact if and only if X is closed and bounded.
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LocaL ComMPACTNESS

Definition: Local Compactness
X islocally compact at x if there is a compact subset C of X which contains a neighborhood of x .
X is locally compact if it is locally compact at every x€.X .

Example
IR is locally compact.

Definition: One-Point Compactification ~
Let Y be compact and Hausdorff. Suppose X CY such that ¥ —Xx ={o0] is one point and that X =Y . Then we call Y a
one-point compactification of X .

Theorem
Let X be locally compact and Hausdorff, but X is not compact. Then X has a one-point compactification. Moreover, if
Y, and Y, are both one-point compactification of X, then Id y extends to a homeomorphism /.Y ,— 7Y, which takes

Ooy‘ to Ooy2 .

Proof:

Let Y=XU{o},o0& X . Define the topology on Y as follows: U CY is open iff
* UcX and U isopenin X, or
* U=4° where AcX iscompact.

Y is Hausdorff: Take two points x; and X, in Y.If X, x,€ X, done. Otherwise, let x€ X and €Y. There exists U,
open and C compact such that xEU ,CCCX (since X be locally compact). co€ (¢ which is open. So U NC=4 .

Y is compact: Let [Uyucs bea open cover of Y. o isinsome U, and Umc is compact. Note that {0} is closed
(since Y Hausdorff). X isopen,so XMNU, isopen forall *E 4 . Then [XNU,Jues isan open cover of X, and hence
of U, . So a finite collection Uy,....U, covers U, ,and U, ,U,.....U, covers Y.

X=Y,ie 0EX:Let U, beanopen set containing o0 . Then U,=4°, where AcX is compactand 4# X, so

UsNX#=QD .

Corollary
Let X be Hausdorff. Then X is locally compact if and only if given x€ X and neighborhood U, of x, there exists a

neighborhood 7, of x suchthat ¥, iscompactand V,cU, .

Proof:
(—) X islocally compact and Hausdorff, so X CY where Y is compact and Hausdorff by one-point compactification.
Given U,, U ‘=U isclosedin Y and thus so compact. So there exists ¥, and N (U,°) neighborhoods of x and

U suchthat ¥ .NN(U, )= .So V,CU, and ©&V . Hence V iscompactand VycU,CX.

x

(<) Take C=V, compact. Then xEV CU_ . This is just the definition of local compactness.

Corollary
If X islocally compact and Hausdorff, and 4 C X either open or closed, then A is locally compact and Hausdorff.

Corollary
X is homeomorphic to an open subspace of a compact Hausdorff space if and only if X is locally compact and Hausdorff.
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Limit PoiINT COMPACTNESS

Definition: Limit Point Compact
X 1is limit point compact if every infinite subset of X has a limit point.

Theorem
If X is compact, then X is limit point compact.

Proof: Suppose X is not limit point compact. Then there exists an infinite subset 4 ©X which has no limit points. So for
all x€ X there exists U, suchthat U,N4 is at most one point, i.e. xEA=>U NA=K or x€EA=U N4 =[x} . Now
{U K}Xe x 1s an open cover of X but has no finite subcover since A is infinite.

Definition: Sequentially Compact
X is sequentially compact if every sequence {x,.} ;en has a convergent subsequence {Xn, Jian such that n, is strictly
increasing and X, converge.

Definition: Cauchy Sequence
In a metric space, a sequence {xi}iew is a Cauchy sequence if given €> 0, there exists N >0 such that d (x,,, xm) <e
forall n,m>N .

Definition: Complete
X is complete if every Cauchy sequence converges.

Lemma
If a subsequence of a Cauchy sequence converges, then so does the sequence.

Definition: Totally Bounded
A metric space is totally bounded if for all €> 0, there is a finite cover of X by ¢ -balls.

Definition: Lebesgue Number
Let {U(X}“EA be an open cover of X . Then 6>0 is a Lebesgue number for {U[x}aEA if given x€X, B,(x)CU, for
some xE€A .

Lemma: Lebesgue Number Lemma
Let X be complete and totally bounded. If [U “}ue 4 be an open cover, then there exists a Lebesgue number >0 for

{Uo(}o(EA .

Proof: Suppose not, i.e. for all ¢ , there exists X; such that Bj (x5)¢ U, forany @€ 4 .Pick a sequence 6,—0 (e.g.

1 1
6,= ? )and x; €X asabove. Since X totally bounded, consider finite covers of X by balls of radius ; , for each

1
i=1,2,... . Inductively construct a subsequence {xén}ielN such that the tail is in one ball of radius ; for i=1,2,....The
resulting sequence is Cauchy, and hence converges since X complete. So X5 —=x , x&€U, for some xE 4 , and

B.(x)C U, . Now, for i large enough, 6,,,<§ since 0,0, and that X5 €B, (x) . So B (x5 )=B.(x)cU, by the
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triangle inequality. Contradiction.

If (X.d) is a metric space, then the following are equivalent:
1. X is compact.
2. X is limit point compact.
3. X is sequentially compact.
4. X is complete and totally bounded.

Proof:

(1=2) Done.

(2=3) Let {x,-}iaN be a sequence. If {xi]iew is a finite set (finitely many different elements), then there is a constant
subsequence which converge. So assume 4 ={x,.|i E|N} is infinite and let x€ X be a limit point of A4 . Then we can find

. . . . 1 . .
infinite sets S,,i€IN such that S;;,<S; and points x,ES; with n,.,>n; such that d(xi,x)<7 (possible since

Bl,,,(x)ﬂS,- with §y=4 is an infinite set). Then X, =X since given £>0 there exists M >0 such that H< £, and so

for i>M d(x,,,,X)<L<Ml<s.

n;
( 3=4) Take any Cauchy sequence {xn},,e"\, . Since X is sequentially compact, there is a subsequence {xnl Jien which
converges. So the Cauchy {xn}new converges by lemma, and hence X is complete. Now suppose X is not totally
bounded. Let £> 0 be such that the ¢ -balls do not have a finite subcover. For x, ..., x, such that
d(x;x;)=¢e Vi, j<n,there exists x,;, suchthat x,...,x,,x,, have the same property (i.c.
d(x;,x;)=e Vi, j<n+1). So we can construct an infinite sequence {xi}iew such that d (x;,x;)=¢ Vi# . This

£ £
sequence has no convergent subsequence, for if it did, then given 5 there exists M such that d (x,-,x ) <E Y i>M, but

then d(x,.x,)>¢ i,j>M  so contradiction.
(4=>1)Let {Ua}me,1 be an open cover of X .Let >0 be a Lebesgue number for the cover. Let Bd(xl), . --,Bg(xk) be

a finite covering of & -balls. Then for each i=1,...,k, Bg(x,-)c U, forsome ;€4 .Hence Uy, Uy is afinite
subcover.

Corollary
If X is compact metric space, then any open cover has a Lebesgue number.

Definition: Uniform Continuity
Let X and Y be metric spaces. f:X —7Y isuniformly continuous if given >0, there 6>0 such that
d,(f(x),f(y))<e whenever dy(x,y)<8 forall x,yEX.

Theorem
Let X and Y be metric spaces. If X is compact and f:X —7Y is continuous, then f is uniformly continuous.

. . & . .
Proof: Given x€ X, there exists 6,>0 such that yEBd((x):dY(f(x),f(y))<5 since f continuous. Then

y,z€B; (x)=d,(f (), f(z))<e by the triangle inequality. Now the open cover {35\(x) Jyex hasa Lebesgue number
5>0.

19 of 29



MAT327H1: Introduction to Topology

THE TycHoNoOFF THEOREM

Definition: Maximal
A collection of sets D with the finite intersection property is maximal if forany D'DSD, D'#D, D' does not have the
finite intersection property.

Lemma
Given a collection C of sets with the finite intersection property, there exists D such that CC D and D is maximal.

Proof: Construct D using Zorn's Lemma.

Lemma
Let D be a maximal collection of sets in X with the finite intersection property. Then:
1. If 4,...,4,€D  then A/N--NAED,

2. If ANU# M YUED,then A€D .

Lemma

Suppose that D is a maximal collection of sets in H X, , where each X, is compact. Then Are-)) 4 s nonempty.

Proof: Note that closure the projection 7, (4) is closed in a compact space X, ,so 1,(A4) is compact. ArgD T, (4)# 8

{m (4)],cp has the finite intersection property and X, is compact Aer T, (A)# 8 . So there exists some

xaGTrm(A) Y A€D | so for any neighborhood U, of x, Uaﬂrrm(Aﬁéﬁ Y A€ED , and so

-1
T (U NA# 8 Y A€D . Let x=(x_)ye,.Let Vo= (fo)=UaXBl:[ X5, then V,ED . Therefore finite
VonnV,=U,x-xU,x [l XxeD

B#o, ..., 0

U X XU X H Xp mAiﬁ.Therefore xEA forevery 4 ,so0 M ‘:17&’6.

B, ... 0 AeD

Since

intersections of V4 'sisin D, i.e. , and so

Theorem: Tychonoff's Theorem
If X, is compact forall xE€ 4 , then 1}4 X s compact.

Countability and Separation Axioms

THE SePARATION Axioms

Definition: Regular
Let X be a topological space where one-point sets are closed. Then X is regular if a point and a disjoint closed set can be
separated by open sets.

Definition: Normal
Let X be a topological space where one-point sets are closed. Then X is normal if two disjoint sets can be separated by
open sets.
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Remark
Normal = regular = Hausdorff.

Proposition B
If X isregularand U is a neighborhood of x , then there exists a neighborhood V' of x suchthat VCU .

Proof: U° is closed. So there exist open sets ¥, and ¥V, suchthat x€V,, U°CV,, V,NV,=8 .So xEV,CU.

Proposition a
If X isnormaland U is a neighborhood of a closed set 4 , then there exists a neighborhood V' of A4 suchthat VCU .

Proof: U° is closed. So there exist open sets ¥, and V, suchthat A<V, U°CV,, V¥,NV,=8 .So AcV ,cU.

THE URYSOHN LEMMA

Theorem: Urysohn Lemma
Let X benormal, 4 and B closed such that ANB=/ .Let [a,b]<IR . Then there exists a continuous function
f:X—[a,b] suchthat f(A)=a and f(B)=

Proof: It is sufficient to take [a, b]= [O, 1] (since they are homeomorphic).
Now for every rational ¢€[0,1], construct open sets U,= X such thatif 0<p<g<I then U_,JC U,,and that ACU,,
ACPLJ U,, BNU,=& .Let U=X—B>4 and U, be an open set containing A with U,CU, .Let ¢:IN—QNT
where ¢(1)=0, ¢(2)=1. Suppose U, ) -2 Uy, are constructed. $(n+1) is between two closest neighbors, (i)
and (), on the list. Since ¢(i)<¢p (i), U, SU 44, so can pick Ugsy) to be a neighborhood of Uy, (that is

U4 U yns1) ) such that U¢(n+1 U4 . Hence by 1nduct10n, define Uq for all rationals qE[O,l] )

Now define / (x )_qér]f@{x EU .Then f(4)=0 and f (B)=1 . It remains to prove the continuity of f. First note that

xE€EU, :>f(x) r and x€U,= f(x)=r . Now let U be an open neighborhood of f(x)E[O, l] . Then there exists open

interval ( ¢,) such that f(x)€(q, ¢,)<U . Now f_l((qlﬁqz))DUq:—U_ql which is open and contains x , and that
fu, )C(

4,) . Therefore f is continuous.

THE TieTze ExTENsION THEOREM

Theorem: Tietze Extension Theorem
Let X benormal, 4CX beclosed, and f:A—[a,b] or f:A—R be continuous. Then f may be extended to a
continuous map defined on all of X .

Proof:
For f:A4 —>[a ,b] , it is sufficient to show for [a,b]=[— 1, 1] . Build a collection g; g,--- of approximates to f such
that f—g,—g,— " converges to 0 uniformly. That is g=z g,u—n;f on X.

e Let Blzf_‘([—l,—f]) , Ci=f"-3.5), “'([+,1]) . Then B, and D, are closed and disjoint. By
the Urysohn lemma, can find g, X —=[—1 —] such that g(B,)=—1, g(D,)=%, and that
If (x)=g (x)|<* Vx€4 Wegetobtam f=gA-[—% %
* Now by letting B,=(f-¢,/"(5[-1,=5)), C,=(f—g)" (3 %g]) ,=(/=g)" (5[5, 1]) , we can get

[—5.
3
2,°X = 3[—%, 1] by Urysohn lemma, w1th g(B,)=3(-1), ( ) 2(3), and

21 of 29



MAT327H1: Introduction to Topology

|f (x) =g (x)=g,(x)|<(3)" Vxed.

* By induction, let Bn=(f_gl_.“gn—l)_l((%)n_l[_17_%]) s an(f_gl_.“gn—l)_l((%)n_l[_%1% ) ,
D,=(f—g,—g,)" ((3)"'[+,1]) . Then we can get g, X—(3)""'[—3,3] by Urysohn lemma, with
g(B,)=G)"(=3), g(B,)=G)""(3),and |f(x)=g,(x)= =g, (x)<(3)" Vxe4.

* Now take g=z g, - Itis the extension we are looking for.

For f:A—-R ,itis sufficient to show for f:4—(—1,1) . Now, there exists g:X —[—1,1] suchthat g=f on 4 by
the first part of the proof. Let B= g_l({ —I}U[ 1}) .Then A and B are disjoint closed sets. By Urysohn lemma, there
exists ¢:X—>[0,1] such that ¢(A)=1 and <I>(B)=O,hence $pg=fon A4,and $g=0 on B.Then

pg: X —>(— l,l) is the extension we are looking for.

Definition: Separates Points
Suppose | f}acs is a collection of functions such that f - X — [0,1] . Let /X H [0,1] be defined by
A

(f(x))“=fa(x) . Suppose that for x#y , there exists a « such that falpha(x)#f“(y) (hence f is 1-1). Wesay f
separates points.

Theorem

Suppose X is normal and has a countable basis. Then there exists a countable collection of continuous functions

[ X— [0,1] such that, given x,€ X and a neighborhood U, of x,, there exists i such that f{(x,)=1 and f,=0
outside U, .

Remark
If we have such functions, then f separates points since given x, yE X, there exists U, suchthat y& U, by normality.

THE URYsoHN MEeTRIzATION THEOREM

Definition: Completely Regular
A space X is completely regular if one-point sets are closed ( 7' ), and if given a point pEX and a closed set 4 CX
such that p& 4 , there exists a continuous function f:X — [0,1] suchthat /(p)=1 and f(4)=0.

Theorem: Urysohn Metrization Theorem
If X is complete regular (or normal) and second countable (countable basis), then X is metrizable.

Proof: Let B, and B,, be basis elements such that ECB « - There exists a continuous function f, X —>[0, 1] such that
fun(B,)=0 and S»w(B,)=1 by Urysohn lemma. In a regular space, given a point x€ X and a neighborhood U of x
, there exists another neighborhood ¥ of x suchthat xEV CU . Hence given x,yE X there exists B, and B,, such
that x€B,CB, , y&B, ,andso f,, separates points. Now INXIN—IN is 1-1 and onto,so [ [ 1,..-x—[o.1]" is 1-1.
[0,1]" is metrizable.

Remark
If X is normal but not second countable, take H r:x—=[0117"" where f €C’(X, 1) (continuous function from X
to 7). If X is compact Hausdorff (hence normal), this is a homeomorphism.

THe SToNE-CECH COMPACTIFICATION
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Theorem

Let X be completely regular (or normal). Then there exists a compactification of Y of X (i.e. Y is compact Hausdorff

and X =Y) with the property that any bounded continuous function f:X —IR extends uniquely to a function g:Y —R .
Y is called the Stone-Cech Compactification.

Proof: Let B(X,IR) be the set of all bounded continuous functions f:X =R . Foreach fE€B let I ,=[—(X,», (X,]
contain the image of f. Let z= H s which is compact Hausdorff by Tychonoff theorem. Define #: X — H I, by

reB(x,R)
(h(x)),:f(x) .Let Y=n(X) be the compactification. Now let i:Y — Z be the inclusion, i|X =", then 00 extends

f uniquely.

Corollary
Let X be completely regular and W be compact Hausdorff. If ¢p: X — W is a continuous function, then ¢ extends to
Stone-Cech.

Proof: W — " is an imbedding, so X — W — " is continuous. Hence each coordinate extends.

Metrization Theorems and Paracompactness

Definition: Refine
A collection B of subsets of X is said to refine A4 if ULEJB UB=UL_€JA U, =X and for each U,E B there exists U ,EA4
such that BC 4.

Definition: Local Finiteness
An open cover 4 of X is called locally finite if for any x€ X, x€U , for finitely many U ,€4 .

Definition: Paracompactness
X is paracompact if every open cover 4 of X has a locally finite open refinement.

Theorem
Every metrizable space is paracompact.

Definition: Partition of Unity
Given a locally finite cover A4 , a partition of unity is a collection of continuous functions ¢, X — [0,1] such that ¢#0

on U, and Zd)uﬂ(x):l forall x€ X.

Complete Metric Spaces and Function Spaces

CompLETE METRIC SPACES

Definition: Cauchy Sequence
Let (Y, d) be a metric space. A sequence (yn),,aN in (Y, d) is Cauchy if given €>0 thereisan N >0 such that
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d (yn,y,,,)<$ whenever n,m> N .

Definition: Complete
A metric space (Y ,d ) is complete if every Cauchy sequence converges.

Definition: Standard Bounded Metric B
The standard bounded metric associated to d is d (x , y)gmin {d (x, y), 1} .

Definition
If Y ismetricand A isaset, Y* is the set of functions from 4 to Y.

Definition: Bounded

Let Y be metric. A function ¢:A—7Y is bounded if diam(c;b (A)) is finite. Let B(A Y ) denote the set of bounded
functions from 4 to Y.

Note: If Y has a bounded metric, then all functions are bounded.

Definition: Sup Metric
Let (Y, d) be a metric space and ¢, ¢,E B (A, Y) . The sup metricon Y* is

P, ¢:)Esup(d(y(a). $,(a))| Va4 .

Definition: Uniform Metric
Let (Y ,d ) be a metric space and let d be the standard bounded metric. The uniform metric on y* is

ﬁ(¢1,¢2)d=“sup{;1(¢1(a),¢z(a))|Va€A} .

Remark
p(p, ,)<1=p(d, ¢p,)<1  in which case p=p .

Proposition
Let f "€B<A, Y ) . Then f,— f in the uniform metric if and only if f,— f uniformly.

Theorem
If (Y,d) is complete, then (Y*,p) is complete.

Proof: Let (/.),en be Cauchy in y” . Then given £¢>0, Z)(fﬂ,fm)=sup{c:’(f,,(a),fm(a))l‘v’aeA}<§ for all
n,m>N, .So (f,,(a))”ew is Cauchy for all a € 4 , and hence f,,(a)—’f(a) .So

D(fn,f)=sup{5(fn(a),f(a))}<%<s forall n>N,.,so f,—f.

Proposition
Suppose 4 is a topological space and Y a metric space. Let C(4,Y) be the set of continuous functions from from A4 to
Y.Then C (A, Y ) is closed in B(A , Y) with the uniform metric.

Corollary
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If Y is complete, then C (A, Y ) is also complete with the uniform metric.
If Y is complete and A is compact, then C (A, Y ) is complete in the sup metric.

Definition: Completion
Let (X ,d X) and (Y,d;) be metric spaces. Let i: X =Y be an isometric embedding, that is
dy(x,x,)=d(i(x,),i(x,)) . Y is the completion of X if i(X)=Y and Y is complete.

Theorem
Every metric space has a completion.

Proof: Embed (X ,d X) into ¢(x,IR) (bounded) with the sup topology as follows. Fix x,€ X ;let a € X . Define
$.(x)=d(x,a)—d(x,x,) . Then ¢,(x)<d (a,x,) be the triangle inequality (hence bounded). Let i: X —C (X ,IR) be
given by i(a)=¢a . Now,

pli(a). i (6))=supl, (x)=, (v] =supld (x. @)= d(x x,)=d [x. B)+d (x. x| =supld [x. a)=d (x, D) <d(a.B) by he

xeX
triangle inequality. However, taking x=a, |d(a,a)—d(a,b)|=d(a,b) .Hence p(i(a),i(b))=d (a,b) so i isan
isometry. Let Y=i(X) .

Peano Space-FiLLing Curve

Cororally
There exists a continuous and onto map ¢.1—1 X1,

CompacTNESss IN METRIC SPACES

Theorem
A metric space is compact if and only if it is complete and totally bounded.

Definition: Equicontinuous
Let X be a topological space, ¥ a metric space. The set of functions F<C(X,Y) is equicontinuous at x,€ X if given
€>0 there exists a neighborhood U, of x, suchthat d(f(x), f(y))<e forall fEF andforall x,y€EU, .

F is equicontinuous if it is equicontinuous at each x,€ X .

Examples
* Suppose that FcC'(/,R) and |f'(x)<1| ¥V fE€EF xEI,then F is equicontinuous.
e Ifa(r(x), f(y))<c(d(x,y))" for some fixed C and fixed o ,then F is equicontinuous.

Proposition
If FcC (X Y ) is totally bounded in the uniform metric, then F is equicontinuous.
Note: d itself may or may not be bounded.

Proof: Let €>0 be given. Assume <1 . There exists [ ..., f; such that Bf/3(f,-) cover F . Sinceeach f; is
continuous, there exists a neighborhood U, of X, such that d(f,.(x),f,.(y))<§ forall x,y€U, .Given fEF,
[E€BL;(f) forsome i . Now d(f(x), f())=d(f(x), f(x)+d(f.(x).f:(y)+d(f(r).f(¥)),and since
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&

feBfJ=dlfl s, FEBL(£)=d (£ (), £IN<5 3, yEU, =d (£(x). £ (M)<75 50

d(f(x), f(y))s§+§+§=s .So F is equicontinuous.

Proposition
If X and Y are compactand F CC(X Y ) is equicontinuous, then F' is totally bounded.

Proof: Let 0<e<l1 be given. Since F equicontinuous, let U, be neighborhoods of a€ X such that

d(f(x),f(y))<§ VfEF,Vx,yEUa. X is compact, so let {U,l,}?;l cover X . Let {VSB(y,-)}f:l be a finite cover of

Y of 2 - balls centered at y; . Now consider the set of functions [(x] where o:{1,....,k}—{1,....1} . Ifthereis fEF

such that f (x) € Vg;(y“@»)) for each i=1,..., k, choose one label it f . Then we get a finite collection of ¢ -balls
[B°(f,)} .Nowlet fEF .Foreach i=1,...,k,choose «(i) suchthat f(x)E€V,;5(yys).Let xE X, then x€ U, for

some 4, S0 d(f(x), £,(x))<d(f(x). £(a))+d(£(a). £,(a)+d (£ (a). £(x)) <3 +5+T=e  Hence (BI(1.)]

cover F',so it is totally bounded.

Definition: Pointwise Bounded
FEY”™ is pointwise bounded if {f(x)} ¢, isabounded setin ¥ foreach xE X.

Theorem: Ascoli's Theorem, Classical Version
Let X be compact. Let FcC(X,IR"). F hasacompact closure if and only if F is equicontinuous and pointwise
bounded.

Proof: Let G denote the closure of F'.
(=) G compact, so G is totally bounded under the sup and uniform metric, and hence pointwise bounded. Also, G is
equicontinuous. Since F <G, F is equicontinuous and pointwise bounded.

(=) Note that G is closed in the complete space IR and hence is complete. Let €>0 and x,€ X be given. Since F is

0

equicontinuous, choose U, such that d (f(x), f(y))<§ Y rer Vx, ye U,, .Given g€G,choose fE€F such that

o(f.g) <§ .Then d(g(x), g( y))<§ V x, y€U, by triangle inequality. Hence G is equicontinuous. Now let x,€ X

be given. Given any &, £,€G choose f| f,€F such that p(fl,g1)<1 and p(f,g,) <l .Since F is pointwise

bounded, d (fl(xo), fz(xo))SM Vfl,fZEF ,and hence d (g,(x,), g,(x)))<M +2 .So G is pointwise bounded.

Now, for each a€ X, choose U, such that d (g(x),g(y)<1 Yg€G,Vx,y€EU, . Since X compact, cover it with
k

U,.---»U,, .Since G is pointwise bounded, (U {g(a,)},cq is bounded, so suppose it lies in B,(0)cIR" . Then
i=1

g(X)eBy,,(0) VgEG . Let Y=BN+1(0) , which is compact. Then GCC(X, Y) is totally bounded under p .
Therefore, G is compact since it is complete and totally bounded.

Corollary
Let X be compact. Let FcC(X,R"). F is compactifand only if F is closed and bounded under the sup metric, and
equicontinuous.

(=)If F is compact, it is closed and bounded. Since F=F , itis is equicontinuous.

(=) F isclosed,so F=F . F isbounded under the sup metric, so it is pointwise bounded. Also, F is equicontinuous.
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So F has a compact closure. But F is closed, so F=F is compact.

CowmpacT-OPEN ToPOLOGY

Definition: Compact-Open Topology
Let X and Y be topological spaces. Describe a basis for C(X,Y) as follows. S(K,U)< [fEC(X,Y)|f(K)CU}
isopenif UCY isopenand KC X is compact.

Definition: Evaluation Map
The map ev:C(X,Y )X X —Y definedby ev((f,x))=/(x) is called the evaluation map.

Theorem
If C (X Y ) has the compact-open topology and X is locally compact Hausdorff, then ev:C (X Y )>< X—Y is
continuous.

Proof: Let (f,x)€C(X,Y)XX and a neighborhood V'CY of ev((f.x)=f(x) be given. By the continuity of f,

f _I(V) is open and contains x . Since X is locally compact Hausdorff, there exists a neighborhood U of x such that
its compact closure UC f~'(V) , and hence f(U)CV.Let K=U.Then (/,x)ES(K,V)XU is open, and
ev(S(K,V),U)cV.

Definition

Given a function f:ZXX — 7Y, it gives rise to a function F:Z—Y" definedby F(z)(x)=f(z,x).
Conversely, given F:Z—Y", there is a corresponding function f:ZXX —Y givenby f(z,x)=F(z)(x).
F is the map induced by f.

Theorem
Give C (X Y ) the compact-open topology. If f:ZXX —Y is continuous, then F.Z—C(X,Y) is continuous.
Conversely, if F:Z—C(X,Y) is continuous and X is locally compact Hausdorff, then f:ZXX —7Y is continuous.

Proof:

(=) Suppose f:ZXX—Y iscontinuous. Let zEZ and F(z)€S(K,U) in C(X,Y) be given. By continuity of f,
f “'(U)cZx X is open and contains zXK . Since K is compact, the tube lemma implies there is a neighborhood W of
z suchthat WxKc f~'(U).Hence F(W)(K)=f(W,K)cU,so F is continuous.

(<) Suppose F:Z—C(X,Y) iscontinuous. Then j:ZXX—-C(X,Y)X X givenby j(z,x)=(F(z),x) is

continuous. Then ev:C (X Y )XX — Y is continuous since C (X Y ) has the compact-open topology and X is locally

compact Hausdorff. Therefore, evej:ZXX—Y givenby (eve j)(z,x)=ev(F(z),x)=F(z)(x)=f(z,x) is continuous.

Baire Spaces and Dimension Theory

BAIRE SpAcEs

Definition: Baire Space
Baire space is a space in which the intersection of a countable collection of open and dense sets is dense. That is, if

{ U n}new are open and dense sets, nrQN Us is dense.
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Proposition
X is a Baire space if and only if the countable union of closed sets without interior has no interior, i.e. if [A[} ;eN are

closed and int(4,)=8 Vi€ then int(gAi)=ﬂ.

Proof:

(=) 4 isopen. If U# & isopen,then UZ 4, since int(4,)=8 .So UNA#80 ,hence A is dense (since 4;=X)
. Since X is a Baire space so g A4; is dense, i.e. UQQ\‘ 4,8 for all open U . Therefore U(ZLE{, 4; , SO g\l 4 has
no interior.

Definition: Residual
A set A in a Baire space X is residual if it contains the intersection of a countable family of open and dense sets.

Proposition
If A and B areresidual, ANB is residual.

If A, isresidual, (4, is residual.

i€eN

Theorem: Baire Category Theorem
If X is compact Hausdorff or complete metric, then X is a Baire space.

Proof: Suppose {Ai}ie"\, is a family of closed sets with no interior. Want: ,Lg#, 4 has no interior, i.e. given any open set U

there is a point x€ U and ngAi.

ieN
We wish to construct U, suchthat U,.CU,_,, UNA=0, (YU#K .Thenlet x€( U, ,so x€U, Vi and
xEU,.Then x4, Vi and hence xeg A
A, has empty interior, so there exists U, suchthat x€EU, and x&4, . Since X is normal, there exists U, such that
x€U,, U CU;,and U,N4,=0 .Now assume U, is constructed. 4;,, has empty interior, so there exists
X+1€U;— 4, , hence there exists U, suchthat x;,,€U,,,, U;;,<U,, and U,.\NA4;.,=8 since X isnormal.
If X is compact Hausdorff, {U,};cn is a family of non-empty nested compact sets, so () U,#80 .

. . = | . — ) —
If X is complete metric, add diam UiSY.Then x; is Cauchy, so x;—x . Now x€U, Vi,so xe(U#9 .

Fact
QcIR is not residual. Given any ¢€Q, U =R —{q} is open and dense. But (Q U‘i)mQ:ﬂ ,$0 @ does not
q

contain the intersection of a countable family of open and dense sets.

Theorem
Consider FcC(1,R) where F=[f€C(1,IR)|f is not differentiable at any point xE 7} . Then F is residual in

c(1,R).
Proof: Construct a countable family of open dense sets in C(7,IR) whose intersection is contained in F . To be

differentiable, im LX) =/ (%)

P exists. Construct the family {f k}kEIN where the limit is larger than & for /4 small
h—0

enough.
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Proposition
Any open set in a Baire space is a Baire space.

Proof: Let U C X be open. Let {A,-},E"\, be closed subsets of U with empty interior. 4,=a,NU where a; closedin X .
a,NU has no interior, for if it did, let vEVCint(a,ﬂU) ,but ¥NU# M and is open, and that V¥ NU C int(A,-) , SO
contradiction. Hence {a,ﬁff}iew are closed in X with no interior. Since X is a Baire space, U (a;,n U) has no interior.

Therefore, U A, have no interiorin U .

Theorem
Let X be a Baire space and (Y ,d ) be a metric space. Let f,- X =Y be a sequence of continuous functions that
converge pointwise for all x€ X . Then f=lim f, is continuous on a dense set of points in X .

Proof: Let A, (e)={x|d(f,(x),f,(x))<e Vn,m>N] . 4,(¢) is closed. %’)AN(S):X.Nowforanyopen Uucx,

U (AN(S)OU)ZU, so at least one 4, (€)NU has interior. Let UEZU int(AN(f)) is open and dense. Let s=% .
Then A=m U,,, is residual.

. . . . 1
Claim: f is continuous at each point of A . Let x€A and fix €>0 . Take E<E .Then x€U,,, and

. 1
x€1nt(AN(4—1n)) for some N so there exists UXCAN(4_).SO for every y€U, andforall n,m>N
n

d(fn(y),fm(y))<41—n=>d(f,,(y),f(y))ﬁﬁ . Choose m> N . There exists ¥, such that
VeV, =d(f,(x), £, (7)< Then for x,yE€UNV,,
d(f(x), £ D<A (folx), £ ()4 (L (x), fu0 ) (f(), fp)smr g L=

4n 4n 4n 4n
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