MAT337H1 Introduction to Real Analysis

The Real Numbers

RaTioNAL FiELD
Take rationals as given.

o moneR, n#O} is a field with addition and multiplication defined.

Addition:

e xty=y+x ,

. (x+y)+z=x+(y+z) ,

e There exists 0€Q such that x+0=x .

e Foreach x€Q there exists y€Q suchthat x+y=0 (y=—x ).
Multiplication:

e xy=yx,

o (xy)z=x(yz],

o There exists 1€Q suchthat x1=1x=x VxeQ.

o Foreach x€Q\|0/ there exists yEQ such that xy=1 (yZ%:)f1 ).

Distribution: x(y+z)=xy+xz

Axioms of Order

If § isaset,anorder on S is a relation denoted by < such that

1. If x, y€S then exactly one of the statements x<y, y<x, x=y is true.

2. If x<y and y<z,then x<z.

We also write x>y if y<x; x<y if x<y or x=y; x=y if x>y or x=y.

Definition: Ordered Field

An ordered field is a field F which is also an ordered set such that (in addition)
1. x<y=x+z<y+z Vz

2. If x>0 and y>0 then xy>0 .

Bounbs

Definition: Bounded Above

Suppose S is an ordered set and W is a subset. We say W is bounded above if there exists SES such that for all xeW
x<B.

Note: B need not belong to W .

Definition: Least Upper Bound

Suppose S is an ordered set and W is a subset which is bounded above. Suppose there exists «€S such that
1. « isan upper bound for W .

2. Whenever B is an upper bound for W ,then B=«a .

Then o is called the least upper bound of V.

Note: « is unique.

Definition: Least Upper Bound Property
An order set S has the least upper bound property if whenever W is a subset which is bounded above, W has a least
upper bound.
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MAT337H1 Introduction to Real Analysis

Note: Q does not have this property, but R does.
Note: The least upper bound of W need not belong to W . If it does, then W has a largest element or a maximum.

Remark
The order property together with the least upper bound property characterize the real numbers.

Remark

An ordered set with the least upper bound property also has the greatest lower bound property, i.e. any subset which is

bounded below has a greatest lower bound.

Consider —W =|—x|x€W|. —W is bounded above, so it has a least upper bound o« . —o is a greatest lower bound for
w.

Depekino Cuts

Definition: Dedekind Cuts

Consider all subsets S of rationals such that

1. S isnot empty.

2. S is bounded above but does not contain its least upper bound.
3. If s€§ and r<s ,then res .

Note: These sets are in 1-1 correspondence with the real numbers

Note: A rational number ¢ is identified with the set ¢ *=[reQ|r<q|

Order
If « and B are Dedekind cuts, we define «<p if « is a proper subset of .

Least Upper Bound Property
A set X of Dedekind cuts is bounded above if there is a cut S such that «x<f for all x€X . The least upper bound of
such a set X is just the union of all sets in X . Thus the least upper bound property is satisfied.

Field Operations

If @ and B are Dedekind cuts, define

o atB=[r+s|rea,sepl.

e Oeclement: 0*=[reQ|r<0|.

o lelement: 1*=[reQ|r<l1|.

e The “negative” of acut o : —x=[s€Q|Ir>0,r€Qsuch that—s—r&Etx] .

Decimal Expansion
A Dedekind cut « can be identified with an infinite decimal expansion.
e Choose an integer 7, such that n,+1 isan upper bound for « , but #, isnot. There is a unique such integer.

+1
e There is a unique integer 7,€(0,1,...,9] such that ny+ i is an upper bound for « , but nﬁ-% is not.
.. . . . [ ] n1+1 I’l2+1 .
 Similarly, there is a unique integer 7,€(0,1,...,9] such that n,+ To + 100 is an upper bound for « , but
mEl . M isnot
_I__ —_ .
"0 T 100

Proceeding inductively, we construct an infinite decimal expansion expansion associated to a Dedekind cut o .
Note: Decimal expansions can be taken as the basis for the construction of the real numbers; however, it must be noted that
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such expansions are not unique (ex: 1.000---=0.999--- ).

Example
In the system of Dedekind cuts, /2 is associated with the cut {re@ |r*<2or r<0} ,and \2=1414---.

SEQUENCES

Definition: Sequence

A sequence of real numbers is a set of real numbers indexed by the natural numbers. It is usually written as {an}le .

Definition: Convergence
The sequence |@,| converges to the limit LER if given any £>0 there exists 7,€N such that |a,—L|<e whenever
n>n, .

Remark
A convergent sequence must be bounded, i.e. there exists B>0 such that

a,|<B forall n.
Definitions

e A sequence of real numbers is increasing if a,<a,,, Vn.

of real numbers is strictly increasing if a,<a,,, Vn.

(
l

A sequence [a
¢ Asequence |
[

]
J
]
J
la }°° of real numbers is decreasing if @,>a,,, Vn.
* Asequence |a } of real numbers is strictly decreasing if a,>a,,, Vn.

“Monotone” means either increasing or decreasing.

Theorem
An increasing sequence which is bounded above is convergent. The limit is the least upper bound of the sequence
(considered as a set of points).

Note: If a sequence {a |”_ is increasing, then either it is bounded above (and thus have a limit), or else it tends to o (i.e.

nin=1

forall M >0 there exists 7, depending on M such that a,>M for n=n, ).

Nested Intervals Lemma

Let 1,=|a,,b,] ,n=1,2,3,... be asequence of closed intervals such that /., <1, ¥ n . Then (1, isnot empty.

i=1
Note: This is not necessarily true for open intervals. For example, if /, 2(0, ;) , then the intersection is empty.

Note: This is not necessarily true for semi-infinite intervals. For example, if /,=[n, ) , then the intersection is empty..

Bolzano-Weierstrass Theorem

Every bounded sequence [an}le of real numbers has a convergent subsequence {ank},il .

Continued Fractions
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1

Consider 3+ 11

+—
3 34

e Terms are positive.
1

e ayy :3_'_—‘1”
1 1 an_an+1 . : a,—a |
a .,—a, . = - = . Since the denominator > 9, - Fn “ntll The
T T T3 T T3 e, [3ta,)34a,,) L
difference change signs and also approach 0 as n— o ..
o The subsequence of odd terms [a, a; as...| decreases and is bounded below. The subsequence of even terms
la,a,ag...| increases and is bounded above. So the greatest lower bound of the odd terms must be equal to the
least upper bound of the even terms, and thus the full sequence mush converge to this number.
-3+
e Let n— oo . Since we know the sequence has a limit L , we have Lzﬁﬁﬁ—iﬁ L—1:O:>L:3_T\/E
. Since L>0 we must have L=_3+T\/l_3 .

Definition: Cauchy Sequence
A sequence {a .°_, is called Cauchy if for any £>0 there exists N >0 such that

n=1

a,—a,|<e forall m,n>N .

Theorem

A sequence {an}::l (of real numbers) is Cauchy if and only if it is convergent.

Note: This theorem does not work with the rational numbers, i.e. a Cauchy sequence of rational numbers need not converge
to a rational number.

CARDINALITY

Definition
Two sets have the same cardinality of there is a 1-to-1 correspondence between the points of the sets.

Definition
A has cardinality less than B if there is a 1-to-1 mapping from 4 into B . In this case B has cardinality greater than A

Definition: Countable
A set S is said to be countable if it can be put into a 1-to-1 correspondence with the set of the natural numbers IN .

Topology of R"
Definition
R"€[%=(x,....x,)|x,€R] .

Inner Product
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The dot product or inner product is given by (%,3)=) x DR

[ = - /= - /

Notice that (X,7) is bilinear, (X,7)=(7,%),

i

Definition: Norm
The norm of ¥€R" is [|X||=V(¥, %)
Properties: ||%[>0 and ||x||—0<:>"=

leX[|=lellZll -

Schwarz Inequality
%, pl<lZI7

-

Proof: If t€R then (¥+¢7,%+7)=0 . Now (%477, x+ty/_ X, X
fixed ¥ and 7, this is a quadratic polynomial in ¢.If A7+ Bt+C>

4%, 3)<4|ZIPIPIP=VE 7)< IZ 7]l -

2/=> =\

J+2¢ < )+t 5. y)=lFP+2¢(%, )+ |3 - For
0 Vt,then 4B°~44C<0.So

Triangle Inequality
2+l <lIZ[I+ 17

Proof: Note that

[Z+3(F=(F+7,%+7)
=(X,%)+2(%,7)+(3,7)
=[%IP+2(%,5)+7I
<[P+ 20Z| I3 [+17IF
=(I%[l+13

Now take square root.
Definition: Distance
We define the distance between two points ¥, y€R" by dist (%, )=||%—7||

CoNvERGENCE AND ComPLETENESS oF R"

Definition: Convergence

A sequence [¥,|7_, convergesto ¥ER" if whenever £>0 is given, there exists N>0 such that [[X—7|l<e whenever

k>N.

Lemma

A sequence of points [X,],_, in R" convergesto G€R" ifand only if 11?30 X =a; J=heon where
X=X 10 X 00 X, ,) and @=(x, x5, ..., x,) .

Proof: It follows from the fact that if ¥=(y, ..., »,) then |y,|<||y||<\/; max |yj| )

Definition: Cauchy
A sequence of points |X,],_, in IR” is Cauchy if for any >0 there exists N =N () such that ||5c' —X,||<e whenever
Jj. k>N.
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Lemma
A sequence of points |X,[_, in R" is Cauchy if and only if each component is Cauchy, i.e. |x},|,_, foreach j=1,....n.

Theorem: Completeness Theorem for RR”
R" is complete, i.e. any Cauchy sequence converges.

Proof: If [x,];_, is a Cauchy sequence, so is (X} |,_, foreach j=1,....,n.Since R is complete, there exists @,ER such
that x, ,—a, as k—o foreach j=1,...,n.Hence ||X,—d|—=0 as k—oo .

CLosebp AND OpPeN SeTs IN N-DiMENSIONAL SPACE

Definition: Limit Point
Let A beasubsetin R". A point ¥€R" is called a limit point of a subset 4 of R

points in 4 which convergesto X .
In particular any point X€ A4 is a limit point.

m

if there exists a sequence |X|,_, of

Definition: Closed Set
A setin IR" which contains all its limit points is said to be closed.

Note: Generally, set defined by inequalities which are not strict are closed (eg: [¥€R’|1<[|Z]|<2]).

Proposition
The union of a finite number of closed sets is closed.

Proof: Suppose (@, |,_,S4,UA,U---UA, where 4, ..., 4, areclosed. Suppose a,—*€R". At least one of the
4,...,4, ,say A; mustcontain infinitely many terms of the sequence. Arrange these terms in order so that the subscripts

©

are increasing, then we get a subsequence |a1/],:0 of the original sequence. This subsequence converges to X . Since 4, is
closed, Y€4; and hence ¥€A4,UA,U---UA, . So the union is closed.

Definition: Closure
Let A be an arbitrary subset of IR”. Then a closure of A , denoted A , is the set consisting of all limit points.
Note: ASA4 .

Proposition
The closure of a set 4 is a closed set.

Proof: Let {)E’ k}fzo be a sequence contained in 4 and suppose ¥, —¥€R" . Since X, €4 , there exists a sequence of points

. . - . - - 1
in A converging to X .Choose an element of this sequence, called &, such that ||@,—X,||<— . Then
n

lim @, =lim |(@,—X,)+X,|=0+1im X, =% . Hence %< -
k— o k—w k—oo

Definition: Open Ball
The open ball of centre @ and radius 7 is the set B,(d)=|3eR"||—al|<r] .

Definition: Open Set
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A subset 4 of IR" is open if whenever @€ A there exists #=r(a)>0 such that B,(d)S4 .
Note: Generally, set defined by strict inequalities are open (eg: B, (@) ).

Theorem
Aset AcR" is open if and only if 4° is closed.

Proof:
1. Suppose A isopen. Let €A . Then there exists »>0 such that B,(d)S4 . Let [)cA ji—o beasequencein 4°.Then
|%,—@||=r.So [%,];_, cannotconvergeto @.So @ isnota limit point of 4°.

2. Suppose A isnot open. Then no ball centred at @ is contained in A4 . Hence for all n€IN , we can find a point
X,€B,,\ad) suchthat X,&€A4 where X,—d.Hence A° is not closed.

Proposition
The intersection of a finite number of open sets is open.

Proof: If d€U,U---UU, and each U is open, then for each j=1,2,...,k there exists 7, such that B, ( JSU, . Let

r=min (7, Thep B,[a)]sU, V j andso B,| ﬂ

1<j<k

Proposition
If {U j«es 1s any family of open subsets of IR", then U U is open.

Proof: If an U, ,then d€U,, . for some «, . So there exists »>0 such that B, ( )CU . Then B a)CU U,

o€J

COMPACTNESS

Definition: Compactness
A subset 4 of IR" is compact if every sequence {a" k}le of points in 4 has a subsequence which converges to a point in
A.

Proposition
The Bolzano-Weierstrass Theorem remains true in R” .

Proof: For the case n=2.Let d,= (xk;yk) be a bounded sequence in R*. Then [x,[;_, and |y,|7_, are bounded
sequences of real numbers. So | xA I+~ has a convergent subsequence. Consider | Vi ] . - The Bolzano-Weierstrass

Theorem implies that this has a further subsequence which is convergent, say { Vi ] . Now {x K, ]::1 is also convergent

m=1

. . 2
because it is a subsequence of a convergent sequence. Thus d; K, (x ko Vi ) is a convergent subsequence of points in IR” .

Heine-Borel Theorem
A subset of IR" is compact if and only if it is closed and bounded.

Proof:
(=)Iftheset C is unbounded, then for each k€N there exists @,EC such that ||£7 k||>k ; such a sequence cannot have

a convergent subsequence. If C is not closed, then there exists a sequence { a k}le of points in C which converges to a
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point d&C ; such a sequence cannot have a subsequence which converges to a point of C .
(=) Let { a, k}le be a sequence of points in the set A . Balzano-Weierstrass Theorem implies there is a convergent
subsequence, and 4 closed implies the limit of the subsequence is in A4 .

Cantor's Intersection Theorem
If C,2C,2C;2- is a decreasing sequence of non-empty compact subsets of IR" , then Q C#8

Proof: For each k there exists a point @,€C,. We have @,€C, Vk since C,2C, . The points |a,|;_, formsa

©

sequence which liesin C,. C; is compact, so there is a subsequence {a'}{/1 which converges to a point d€C, . We will

Jj=1
show @€C, Yk and hence "ED Ci . Consider C . - It is possible that @, ...,d,, donotliein C,, , but all remaining

terms in the subsequence {a*k }j.ozl doliein C,, . The remaining terms form a sequence of points in C,, which converges to
d . By compactness a subsequence of this sequence converges to ZECm . We must have 5=z and d€C,, Vm . Hence

C#0
k=1
Cantor Set
The Cantor Set is constructed as follows:
e S,=[0,1] .
1 2
. =0,=|Ul=,1].
5 [0’3] [3’ ]
1 21 2 7 8
. =[0,=|u| =, = |u| =, = |ul=,1].
Sz [0’9] [9’3] [3’9] [9’ ]
¢ Continue with n=3,4,5,... .
S, is compact for each # . Since $,25,25;2--, ()S,#8 by Cantor's Intersection Theorem.

n=1

In some sense, the Cantor Set is “small”. S, contains 2" intervals of length 37" . the middle third of each interval gets

removed and has length 377" . The sum of the lengths of the intervals removed is Z 3%+1 = 11/23/ 3 =1

n=1

In another sense, the Cantor Set is “large”; it is uncountable and have the same cardinality as the real numbers. Consider the
— ¢

ternary expansion of a number in [0, 1], Z 3—'; 1,=0,1,2 (eg.0.02022202...). A number is in §, if the first digit is either
k=1

0 or 2. A number is in S, if the second digit is either 0 or 2. So a number in [0, 1] belongs to Cantor's Set precisely when

the ternary expansion contains only 0's and 2's. Now take the binary expansion of any number in [0, 1] (eg. 0.01011101...)

and map this point to the point with ternary expansion by replacing each 1 in the binary expansion by a 2. This gives a 1-1

map of the interval [0, 1] into the Cantor Set.

Functions

Limits AND CONTINUITY

Definition: Limit
Let S beasubset of R". Suppose F:S—IR” isa function. Suppose @ is a cluster point (i.e. a limit point of S\|d| . We
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say l?lir;F(%):v where veR”™ if givenany £>0 there exists >0 such that |F(%)—¥||<e whenever 0<||X—dl/<e
and X€S.

Remark
If F(%)=(f,(X],.... f,,(%)) where f;:S—R ,j=1,...,m,then lim (x):‘”:'}_f; FiZ)1=v; where V=(v, v, .

X—-a

a

Definition: Continuity

Let ScR" andlet F:S—IR™.We say that F is continuous at a if forall €>0 there exists >0 such that
||F(%)—Fld)|l<e whenever ||%—dl|<é and X€S.

Note: If @ is an isolated point (not a cluster point) of S, then any function on S is continuous at & . Otherwise, F is

continuous at @ if and only if iif;F (%)=Flal

Definition: Lipschitz
A function F inasubset ScIR” is said to be Lipschitz if there is a constant C>0 such that ||F(X)—F(p)]|<C||z—7
forall x,yeS.

Note: This condition implies continuity. Given >0 , the condition for continuity is satisfied with & =C
Proposition

A linear mapping from IR" to IR™ is Lipschitz. In column notation, a linear mapping is A

n

Zalj(xj—yj)

- - > -\ _| J=1 n 2 n n
Proof: AX—Ay=A[3-7)= : - Note that (Z aij(xj_yj)) S(Z “i/z)( (xj_yj)z) -So
j=1

n

2 m n m
al.j(xj—yj)) S(ZZaiﬁ)H}—}Hz,andhence [4%—AF|<ClF-7I where C*=>. > a,’.

i=1 j=1

n

IIA%—AE/IIZ=Z(
i=1

j=1 i=1 j=1

Proposition
In one variable, a differentiable function with bounded derivative is Lipschitz.

Proof: f(x)—f(y)=f"'(t)(x—y) where ¢ is some point between x and y (Mean Value Theorem). So
|f(x)=f(y|=f"(t)lx—y|<Clx—y| where C isabound for |f'(z) on the interval we are considering.

Remark
A function with a continuous derivative is locally Lipschitz.

Remark
Locally Lipschitz implies continuity.
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Equivalent Conditions For Continuity
Let F:ScR"—>IR". F is continuous at a€S if and only if for all sequences |X,|;_, of pointsin S such that ¥,—d@ we
have F (X, )= F(d) as k—oo.

Proof:

Let €S andlet {X,],_, beasequencein S which convergesto @ .Let £>0.Since F is continuous at &, there exists
§>0 such that ||F(%)-F(adl|l<e when ||X—dl/<s for X€S. Since |¥,];_, convergesto &, there exists N>0 such
that ||¥,—d|<S when k>N.So ||F(X,)—F(d|<e when k>N .Hence F|(X,)—Fl(a).

For the converse, it is equivalent to show that if 7 is not continuous then the sequence condition is not satisfied. If F is
not continuous, then for all §>0 there exists ¢>0 such that there is a point ¥=%(5) such that ||%(5)—ad|/<5 but

N R e . . N 1 . -
|F(%(5))—F(@)|[>¢ . Construct a sequence |¥,];_, in S convergingto & as follows. Take 6=-" . There exists X, €S

such that ||)E'A.—Zi||<% but ||F(x;)—F(a)||>¢ . Then x,—a as k—oo but F(x,) doesnotconvergeto F(d).

Definition: Relatively Open
Let S be asubsetof R".Asubset V' of S is (relatively) open if there is an open subset U of IR" such that UNS=V".

Theorem
Let F:ScR"—=IR"™. F is continuous if and only if whenever W is an open subset of IR™,
F'(w)€|3eS|F(%)=#eW] isan open subset of S .

Proof:

Suppose F is continuous. Suppose W is an open subset of R” . Let geF ' (W),ie. Fla)=u€W . Since W is open, so

there exists >0 such that B.(#1]SW .Since F is continuous, there exists >0 such that for all €S such that
|%—d||<8 , we have ||F(%)—F(a)||=||F(%)—ill<e . This implies Y€ F~'(#).Hence F~'(W) contains B;(@)NS , and

therefore F~'(W) is open.

For the converse, let €S . Let >0 . Consider B,(F(d))=W an open setin R".Since F'() isan open subset of §
containing @ , so there exists 6>0 such that B,(@)NSSF~'(W) . This saysif ¥€S and ||¥—a||<& then
|F(%)-Flall<e .

ProPeRrTIES oF ConTINUOUs FuNcTIONS

Properties of Limits of Continuous Functions
Let f:SCR'>R" and g:SCR’'—R" be definedon SCR” . Let d€S . Let lim f(X)=#€R" zpq lim g(¥)=YER"

Let c€RR . Then: '
o lim f(Sc’)—i—g(?c):iH?
o limcf(X)=cu

e If fand g are real valued, then lgr: f(k’)g(}):uv_

e If v20, then lim LIEI=¥
i-a LX)V
Note: Coordinating functions in IR" are continuous; that is if X=(x,,...,x,) then X, is a continuous function of ¥ .
Therefore any polynomial in x,,..., x, is a continuous function of X . And hence any rational function in x,,..., x, is

continuous whenever the denominator is not zero.
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Composition Property
The composition of continuous functions is continuous.

Suppose f:SSIR"—R".Let T be asubset of R” containing the range of /. Suppose g:T<R”—R". Then
gof=f(g(X)) isacontinuous if f and g are. Thatisif f iscontinuousat @ and g is continuous at f (), then
go f is continuous at 4 .

Proof: Let (¥)|7_, be a sequence of points in S converging to @€S . Then |f(X,]|7_, is a sequence of points in 7
converging to f'(@) since f is continuous. Then |g(f (x;))|7-,=(g°f(%,)|", isa sequence of points which converges to

(
glfla))=go fla) since g is continuous..

ComPACTNESS AND EXTREME VALUES

Theorem
If K isacompact subset of R” and f:K —IR" is a continuous function, then f(K) is compact.
Proof: Let [7,]7_, beasequencein f(K).Choose ¥,€K suchthat f(X,)=y, for k=1,2,.... [%,];_, isasequence in

©

K . There exists a subsequence [} |"_ which converges to a point G€K . Since (£ (¥, )|7_,=[7} |'_, converges to

@), therefore f(K) is compact.

1

Extreme Value Theorem
If K isacompact subset of R” and f:K—IR is areal valued continuous function on K , then f assumes a maximum
and minimum in £ (K, i.e. there exists points @,beK suchthat f(ad)<f(%)<f(b) VieK.

Proof: K isacompact,so f(K) is compact, or equivalently, closed and bounded. Thus f(K) has a least upper bound
(supremum) M and a greatest lower bound (infimum) m , i.e. m< f(X)<M . There exists a sequence of points in f (K
converging to M , and since f (K| isclosed M € (K| . Hence there exists pcK such that f(b):M. Similar for m .

UniForm CoONTINUITY

Definition: Uniform Continuous
Let ScR”. A function f:S—IR" is uniformly continuous if for all €>0 | there exists 6>0 such that for all €S
| /(%)= f@)||<e whenever ||[¥—dl<5 and X€S.

Remarks
1. A function which is Lipschitz, i.e. ||/ (¥)—f()[|<C||¥—7| VX, P€S, is uniformly continuous.
2. A linear transformation from R" to RR" is Lipschitz, hence uniformly continuous.

Theorem
A continuous function on a compact set is uniformly continuous.

Proof: Suppose this is not true. Then there exists K cIR" compact, f:K —IR" which is not uniformly continuous. So there
exists £>0 such that there isno >0 such that forall a€K, ||f(%)— f(d)l|<e whenever ||¥—dl||<é and ¥€K . With

this ¢ , take 6=%.There exists @, X, €K such that ||)?,‘—d'k||<% but ||/ (%)—f(@,)||=€ . Since {&,];_, is a sequence

of points in K (compact), there is a subsequence [a'}( ]j: which converges to a point d€K . Since

0
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<+
k.

H f (x],)— f (a'j}(/)HZE . Contradiction. Hence f must be uniformly continuous.

X, —a,
1%~ i,

,j=1,2,3,... ;so ¥, =3 alsoas j—oo. f iscontinuousat d,hence f(d; )~ f(d).But

THE INTERMEDIATE VALUE THEOREM

Intermediate Value Theorem
If f is a continuous real-valued function on [a,b], then f assumes every value between f(a) and f(b) on [a,b].

Proof: It is sufficient to show that If f is a continuous on [a,b| and if f(a)<0 and f(b)>0 , then there exists a point
c€|a,b] suchthat f(c)=0.

Let S=(x€la,b]|f(x)<0]. S#0 since a€S. S is bounded above by b , hence S has a least upper bound ¢ . We'll
show f(c)=0.

Suppose £ (c)<0 . Then by continuity, there exists §>0 such that |f(x)—f(c)|<%|f(c)| if |[x—c|<d and x€la,b]|.

So f(x)—f(c)<—%f(c)=>f(x)<%f(c)<0 , in particular, this is true for x€(c,c+6) provided x€[a,b]. Thus ¢ is
not an upper bound for S.

Suppose f(c)>0 . Then by continuity, there exists >0 such that |f(x)—f(c)|<%f(c) if |[x—c|<6 and x€la,b].

This implies f(x)>0 for x€(c—6,c+5) provided x€[a,b|. Thus ¢ is not the least upper bound for S .
The only possibility leftis f(c)=0 .

MonoToNE FuNcTIONS

Definition: Monotone
f:la,b)—>R is monotonic if it is increasing on (a,b) or decreasing on (a,b) .

Remark
If f isincreasing, then — f is decreasing, and vice versa.

Proposition

If c€la,b) and f increasing, then 1131 SxI=L gng grjf(x):M,both existand L<f(c)<M .

Proof: Let L:ngpmf(x) and M:Yiﬁfb]f(x) .Let €>0.Then L—¢ isnotan upper bound for |f(x):a<x<c/,i.e.
there exists x,€(a,c) suchthat f(x,;)>L—¢ . Since f isincreasing, f(x)>L—¢ for x€(x;,¢).Let 6=|x,—c| . Then
|f(x)—Ll<e when x€(c—&,c). Thus limf(x)ZL’

Since L= sup f(x] , flx)<fle) Y x€la,c),hence Sup)f(x)ZLsf(C) )

x€la,c) x€la,c

Remark
f is continuous at ¢ ifand only if L=f(c|]=M .

Theorem
Suppose £ is monotone on a closed interval [a,b| . Then the number of discontinuities of f is at most countable.
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Proof: Without lost of generality, we can assume f is increasing.
For any point x,E|a,b], define the jump of f at x, to be Jxo)=lim f{x]=lim f(x] ( jlx,)=0 iff f continuous at

X=X, X=X,

X, ). How many points can there be at which the jump is greater than 1? N < f(b)— f (a) . How many points are there

| 1 1
where the jump satisfies ?SJ(XO)<F ,k=1,2,3,... 7 Let that number be N, . Then Nk?ﬁf(b)—f(a) , SO

. | 1
N, <2"(f(b)—fa)) . Every discontinuity at x, has the property that there exists k€N such that ?SJ(XO)<F .

Hence the number of discontinuity is countable.

Normed Vector Spaces

Definition: Normed Vector Space

A vector space V' is said to be normed if there is a function ||-|| on ¥ such that
1. [[9]|=0,and ||3||=0=7=0.
2. For ceR, |lc¥|=[c]||¥] .
3. [fa+vl<lall+% .

Example

Evenin IR", there are other ways to define a norm besides the standard Euclidean norm.
1

The p-norm is defined by ||?c||p=(|x]|p+--~+|xn|p); where X=(x,...,x,) .

,1<p<ow
The case p=2 gives the Euclidean norm.

||3E||1=|x1|+--'+xn .
[1%[],, = max |x,

X

seees |y

ToproLogY IN NORMED SPACES
In a normed vector space, the norm can be used to define convergence of sequence, Cauchy sequence, completeness, open
sets, closed sets, continuity of functions, etc.

Definition: Convergence
Let V be a normed vector space. A sequence {fm}mew is said to converge to a point a€V if forall £>0 there exists
N>0 suchthat ||X,,—d|<e whenever m>N .

Definition: Cauchy Sequence

A sequence (X, |,cy is said to be Cauchy if for all £>0 there exists N>0 such that ||x,—%,

<¢& whenever m,n>N .

Definition: Completeness
V' is said to be complete if any Cauchy sequence has a limitin V.

Definition: Open Ball
The open ball with centre @€V and radius >0 is defined by B,(d|=(veV||[v—all<r|.

Definition: Open Set
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Aset A isopenifforall €A there exists »>0 such that B, (d)=4 .

Definition: Limit Point
d€V ialimitpoint of aset ASV ifthere is a sequence in A which converges to a .
Note: @ neednotbein 4 .

Definition: Closed Set
A set is closed if it contains all its limit points.

Example

o0 0 i
Consider sequences of IR : (x, x,...) such that Z |x|”<oo . This gives a normed vector space with norm (Z |x].|p )’7 .
j=t :

Example
Certain spaces of functions give normed vector spaces.
Let K be a compact subset of a normed vector space. Consider the space V' for continuous functions on K with the norm

| /ll=max|f (x)| (acontinuous function on a compact set has a maximum). This norm satisfies the three properties of
x€K

norms.

Remark
The open unit ball with respect to any norm is open with respect to any norm.

Remark

The unit ball 31(6) with respect to a general norm on a normed vector space is convex, i.e. the line segment
(1—t)X+ty=X+t(y—%) ,0<t<1 is contained in 31(6) whenever 52,33615’1(6).

Proof: I |[%l|<1 and [[Fl|<1 , then ||(1—¢)%+¢Fl|<|[(1—¢ )%+ Fll<(1— )[R+ |Fll<1 -t =1 .

Remark
Consider the closed Euclidean unit ball Bf(ﬁ) Jdf %, j;eBlE(ﬁ) , then the line segment joining X and 7 is in the open

Euclidean ball except possibly for the end points. The closed Euclidean ball is strictly convex.
Note that the closed unit balls in the maximum norm and 1 norm are not strictly convex; there are line segments in the
boundary.

Example: Norms on Vector Spaces of Functions
1. Let V' be a vector space of continuous real valued functions on a compact set K . We can define the norm to be

£ .= max] £ (%] .

XeK

b 1
2. Let V be a vector space of continuous real valued functions on an interval [a,b] . Consider || f|| p:[_[ LF(x) dx]p

where 1< p<oo . This satisfies the properties of norms.
3. Let C'a, bl=|f:la,b]- IR| f and its derivatives up to order k are continuous on [a, b]] . This is a vector space. We can

define || £{|=Il /1L A1/ Il +--+ 1AL -

INNER PrRODUCT SPACES
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Definition: Inner Product Space
A vector space V' is an inner product space if there is a real-valued function on V' X} such that
1. Positive definiteness: (¥,%)>0 with equality if and only if ¥=0 .
2. Symmetry: (¥,7)=(7,%).
3. Bilinearity: <le1+czfzfj>>=cl<fl’j’>+cz<f2’3’> (similarly <7c,01)7’1+02)7'2>=cl<3c',)71>+cz<3c',)72> )-

Remark

In an inner product space, |1

x|| (%, %) )2 defines a norm.
\

Example

Let Cla,b| be the vector space of continuous real-valued functions on |a,b|. Define (f,g)=]| f(x)g(x)dx . Then

2 S >

Cla,b| becomes an inner product space.

Cauchy-Schwartz Inequality
|(%,%)|<[|Z[|l|]| , with equality if and only if ¥ and ¥ are collinear. By convention, 0 is collinear with any vector.

Proof: Let ¢t€R . Then (52 1y, X— )7>20=><x,?c/—2t<:?c,jz)+t ($,7)=0 . This is a quadratic in ¢, and thus its
discriminate is (2(%, j’;\ 4||x|| ||y||

Example
The Cauchy-Schwartz Inequality is true for infinite (square summable) sequences.

Let [x,];en and [)];en be sequences such that Zx <o and Zy <o . Then Zx y; and Z‘x |lv| are convergent
j=1 Jj=1
© o w 1
Zx [ (Z ) (Zy§)2~
= — =1

Since a series which is absolutely convergent is convergent and

1
2
and

, 1t 1s sufficient to show

Za( SZ|a/
o o \l/w 1 T NN\ e
Z;‘xj”yj‘s(zgxi)z(z yi)z . By the Cauchy Schwartz Inequality, Zl‘foyj‘g(Z; xf)z(zl )2 (Z:l
Jj= j= Jj= Jj= Jj= =

1

o0 00 - 0 l
Taking the limit as N —oo yields Z|xi||y/|5(z x?)z(z yi)z.
j=r =1 j=1

© ©

Hence, the sum of two square-summable sequences is square summable; z (x;+y,) = it Z 2x,y; +z y <. Also

J=1 J=1

> (¢ xj)zzt2 > xi<oo . So the set of square summable sequences form a vector space, and (¥, )= Z X,y; is an inner
J= i= pry
product of this space.

ORTHONORMAL SETS

Definition: Orthogonal
Two vectors are orthogonal if (X,7)=0 .

Definition: Orthonormal
A set of vectors is orthonormal if they are pairwise orthogonal, and ||[v|[=1 for each ¥ in the set.
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Gram-Schmidt Process
If {f ,-} is a finite or infinite set of vectors in an inner-product space, there is a way to construct a set of orthonormal vectors
with the same span.

o If ¥,=0,throw it out. If ¥,#0,let =%, .

R A NN & AU T2 I
e Let y,=x,— 2; flixlzxz—é_,z i-};iJ’l - Then <y1’J’2>:0~
101 1271

y
I CoT0 /) B C Y5 CY
o Let y;=xX;—75——= V75—V,
<)’1)y1> <J’2’J’2>
¢ Continue inductively.
) ~_ Y - . . -
Let VIZHyT', 1/2=||J72 ,etc. Then [V] is an orthonormal basis with the same span as (X} .
1 2
Remark
If €,,...,€, isan orthonormal basis of an inner product space, and if V=c,& +---+¢,é, ,then ¢,=(V,¢,).

Trigonometric Polynomials and Fourier Series
Consider functions on [—, 7| . Define (f,g)zif f(0)g(6)d 6 . Then:
T -1

2
| 1
° 1= — 12 2:1 .
) (hfn de)

o [1,V2sin(n6),v2cos(n6)],., is an (infinite) orthonormal set.

Expansions With Respect to Orthonormal Bases
Let €,,..., €, be an orthonormal set in an inner product space ¥ .Let M be the subspace spanned by €, ..., €, . Then any

n
¥€M can be written (uniquely) as ¥=) «,&,, where «,=(%,¢;).
j=1

Also,if 3= B,6,€M ,then (%,7)=2 «,B, . In particular, [|Z['=D oc.
=1 j=1 J=1

>

Note: These facts are completely analogous to what happens when V' =R" with the dot product and {e‘ f I';:, is the standard
basis.

ORTHOGONAL Expansions IN INNER ProbucT SpAcEs

Definition: Projection

A projection on vector space V is a linear map P:V —V suchthat P’=pP .

Note: Plg,, =1 where Ran P is the range of P, because P(P(X))=P**)=P(F).

Note: If P is a projection then /—P is also a projection, because (]—P)Q:(]—P)o(]—P):[—P—P+P2=]—P .

Definition: Orthogonal Projection
P is said to be an orthogonal projection if ker P is orthogonal to Ran P .
Note: We need to be in an inner product space to talk about an orthogonal projection.

Example
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In R*, (x,y)—(x,0) is a projection.
The x -axis is the range, the y -axis is the kernels, so this is an orthogonal projection.
(I—P)(x,y)=(0, y) is a projection.

Projection Theorem
Let €,,...,€, be an orthonormal set in a vector space ¥ .Let M be the subspace spanned by €,,..., €, . Define

P:V—M by Py= Z (9,€,)¢, , €V . Then:

1. P isthe orthogonal projection onto M .

2. Z( Z, ) <l7IF .

3. For all veM, ||5—v|’=|7—P3|f+||P7—|] - Hence PJ is the closet vectorin M to 3 (this requires P
to be an orthogonal projection).

Proof:
P*=P is clear.

P is an orthogonal projection. Let P}c’zz o€, ERan P=M . Let YEker P . So

Jj=1

:za‘jz_zzajﬁj ||)7||
j=1
=2« —2Za ﬁ+ZB —ZB +I7I°

=2 (o;=B,/=lIPFIF+]3I
j=1
=[%— P3P 3 +I3I

Ifweset =P, we get ||Py—7|*=—||P 3| +||3|* . This shows [|3|=|P || =Z

Also, we have % —3|=||%—PyIF—[|P 3| +3IF =l —PIIF +I|P7—FI] -

Bessel's Inequality

5> > 112
Let SCSIN and let { ,,nES be an orthonormal set in an inner product space V. For XV, Z (%.¢ > <[z

nes

Proof: If S is finite, this follows from Projection Theorem. If S is infinite, then we might as well take S=IN . Consider

N
Z< <|| || (follows from Projection Theorem). Letting a7, ., gives the result.

Definition: Hilbert Space
A Hilbert space is a complete inner product space.
Note: Any finite dimensional inner product space over IR is complete.
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Definition: Span
The span of a set of vectors 7 in a Hilbert space, denoted span 7, is the set of finite linear combinations of vectors in 7.

Definition: Closed Span
The closed span of a set of vectors 7, denoted span E , is the closure of spanT'.
Note: This is again a subspace.

Parseval's Theorem
Let E be a finite or countably infinite orthonormal set in a Hilbert space H .
e If E isfinite, say EZ{é'l,...,(?"} , then span E=span E .

©

e If E isinfinite, then the subspace M =span E consists of all vectors z «, €, where the coefficient sequence |«, |

n=1

n=1

belongs to /> (i.e. Y &, <w).

n=1

In either case, if ¥€H , then ¥€span £ ifand onlyif Y (%,¢&,)’=[|" (i.e. equality occurs in Bessel's Inequality).
Proof: Z > ? follows from Projection Theorem if we have a finite orthonormal set.
Otherwise, E:{ Let || €’ . Let )E’k:z «,€, . |X,];_, isa Cauchy sequence. Let £>0 . There exists K >0

n=1

I
Z o’ <e, 80 ||5c',—5c'k||<6 . Therefore {)?k]::l
n=k+1

/i 2
Z (XII en =

n=k+1

such that z 0(,12<£2 .Hence if [2k>K ,

n=K+1
converges to X€H . Since M =spanE , XEM .
Now suppose ¥€H is arbitrary. Set «,=(%,¢,) . Bessel's Inequality implies |

=Y «,é,. Then

x,—fk”z:

| -

Jer since D) o <[|%|] . Let
[Z-3IF=IZIF-2(%,3)+I3I

=%’ -2(%, X «,&,)+IFI’

=FP -2 o, (%.¢, +ZO‘

=[|%[I —22“ +Z

=[P &,

Now [i-7|’=0=[F[=D. & ei=)ei=), « M.

Theorem

Zx <oo] with inner product (X, 7) Z y, andnorm ||%||=v(X,%) . The space [*

n=1

Define / —[ =(x,,%,,...)

complete, hence it is a Hilbert space.

Proof: Let [X,];_, bea Cauchy sequence, with ¥,=(x, ,];_, . Soforall £>0 thereexists K>0 such that |[¥,—X|/<e
whenever k,/>K . Note that |x, ,—x,,
real numbers. Since R is complete, there exists »,ER such that x, ,—y, as k—ow . Let y=(y,|"_ =y, y,....) .

S||5c'k—5c',||<£ , hence the 7 -th component of the X, 's form a Cauchy sequence of

—X||<e for k,l>K . Hence the sequence |||%||;_, is Cauchy and so it

Show: ye/*.

converges to a limit L. Fix N . Then Zyn —hmz (xi <l1m||xk|| =L .Let N—o and get Zyn <L .Thus ye/’.

n=1 k—w =1

Show: X;,—¥ in /> norm. Fix ¢>0 and choose K>0 such that ||¥,—X||<e whenever k,l>K.F1x N . Then
N

N . .
Z|yn—xkyn|2:1imZ|x,’n—xkvn|2§lim||5c’,—fk||2<sz'LetLet N —oo and get 7%, <&’ =||y—5,||<e - Since ¢ is
n= -0 p=1 k—o
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arbitrary, this says X,—¥ in /> normas k—oo .
Hence /* is a Hilbert space.

THe L” Norwms

Definition: L? Norm
b

1
The L” normon C|a,b| is defined to be ||f||p:(f|f(x)|pdx)p where 1<p<co.

a

Remark

b 1
feL’la,b| if (f|f(x)|”dx)” is finite.

a

Lemma
If A,B>0 and 0<t<1 ,then A4'B' ‘<t A+(1—¢)B . Equality occurs for some ¢€(0,1) ifand only if 4A=5 .

Proof: Let a,b€ER . Let ¢‘=4 and e¢’=B . The statement becomes ¢ e”!'™=e***! "<+ (1—¢t)e” . Assume a<b

w.l.o.g. Since %(GX)ZG)BO , the result follows.

Holder's Inequality (for integrals)
1

b
On Cla,b], consider ||f||p§(f|f(x)|pdx)p where 1<p<ow . If feL’la,b] (ie. [2]f(x)"dx is finite) and if

b

| rlx)glx)dx

a

<[/l lgll, -

1 1
ge€La,b| where —+—=1, then
P q

Proof:
b

It is sufficient to show f|f(x)g(x)|dxs||f||p||g||q . Note that it is true for f=0 or g=0, so we can assume | /||,#0

|P

el plelel
1, sl

et )L(lgm el L Vbt }
(i) gl (Ilfll) q(llgll )

1/ (x] g lx sl
fIIfII ||g|| =TT, ||g||f'f g (x p{

and [gll,#0 . Let 4= x fixed. Let t=i , then 1—t=l since l—Flzl . Then
p q P 9

1

p q
" ek f'g o g LUALS 1Ol 1 1y

1 1 !
el P UL 9 (el P

(Il )
f|f(x)lIg(x)ldxﬁllfll,,llglb :

Generalizations of Holder's Inequality
1. One can introduce a weight function ( w(x) positive, continuous or piecewise continuous) in the integrals, i.e.

f|f(x)g(x)IW(x)dxs(fw(x)|f(x)|”dx)(fw x)|qu)q . Anexample is w(x)=1—x" used on the interval

[—1, 1], which leads to a system of orthogonal polynomials called the Legendre polynomials.
2. The interval could be infinite or semi-infinite. In these cases, one needs to consider convergence of the integrals.
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3. fand g could be piecewise continuous (continuous except for a finite number of discontinuities if the interval is finite,
or a finite number of discontinuities on any finite subinterval if the interval is finite).

4. There is a more powerful version of integration theory, called Measure Theory or Lebesgue Integration, in which
Hoélder's inequality still holds.

Holder's Inequality (for sequences)

If (an)leel” (i.e. sequences such that 2_ |a

{5l

Note These inequalities remain valid with weights w;,w,,... ,w ;>0 ie

o 1/ » 1
=3 \a,,b,,|s(z w,,|anr)p(z v, b)
1 1

n=1 n= n=

(b,)r_ €l" where LA , then
p g

n n

Proof: Take f(x)=a, ,xE[ -1, n) and g( |=b, ,xE[n 1, n) for 1<n<o. f and g are piecewise continuous on

[0,00) . Then ]O'|f(x)|pdx Z

©

an|p and f|g I"dx= Z

n=1

Minkowski's Inequality (for integrals)
(This is the triangle inequality for L? spaces)

b b 1
Let f,gEC[a,b} and 1<p<oo. Then (_“f(x) |pdx) (_“f |pdx) (f|g(x)|pdx)p'
Note: This shows the p -norms are indeed norms, i.e. they satisfy the triangle inequality.

Note: This is also true for p=1 and p=oo.

Proof: Let l=1—l , then q=L .
q P p—1

Note that |||f|"-‘||q=(f |f<x>|""“qu)‘f=(f If(x)I”dx)"=((f |f(X)l"dx)p);Z(Ilfllpﬁ:(llfllp)p' :

a

Now,

(Ilf+gll,)” flf +g (x| dx

| (x)+ g (I f (x)+ g (x| dx

IA

e & R >

£ e+ g el (ellae+ [ 1 () + g (el lg x|

b

|f(x)+g(x)|\pl’qu);(f |f(x)|pdx);+(f |f(x)+g(x)|p”qu);(f |g(x)|pdx);

a a

IA

IA
—_—

R > R

|f(x)+g(x)|”’”"dx)”’(IlfII,,JrIIgII,,)

=(Il/+¢&ll ) (sl +lel,)
Since §=p—1 ,we have (|l +gll,)"<(Il/+gll,)” " (1 71l,+llgll,)=1/ +ell, <l /1, +llll,

Minkowski's Inequality (for sequences)
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]S (Zer)

Note: This is also true for p=1 and p=w.

Let 1<p<oo . Then (

Remark
e Similarly, there are versions of Minkowski's Inequalities with weights.
e There are generalizations to piecewise continuous functions, infinite intervals, etc.

Proposition
If f€C[0,1] and, 1<r<s<oo,then [ £, <IfI,. Also [/, <llfIL.
Note: If the interval does not have length 1, then a constant (depending on » and s ) is introduced in this inequality.

Proof:
1 1

L. [1f(x) @=[]f(x)-1dx . Using Holder's Inequality with p=§>1 , we get
0 0

1

Jirisracs(| If(X)I”’dx)l(fl dx) {firteraf
||f||,—( £ (x |dx) (flf ’pd) (flf ldx)%=||f||;
2. ||f||,,—( I/ (x I”dx) s(f ||f||w”dX) —||f||m(f dx) =l 7L -

1

I
]

Remarks

1. If the interval does not have length 1, then a constant (depending on » and s ) is introduced in these inequalities.

2. On the finite interval, convergence in L” implies convergence in L” . More generally, convergence in [° implies
convergence in L" on a finite interval if r<s .

3. This is no longer true on infinite intervals. On a infinite or semi-infinite interval, L'z L° and L' L" if 1<r<s<owo .

Limits of Functions

What is the relation between convergence in L” and convergence in L? for different values of p and ¢ ?

Limits oF FuncTiONS

Definition Pointwise Convergence

If | f,]._, isasequence of real-valued functions on |, b], then f,— f pointwise if for each x€la,b]|, folx)= f(x) as

n—ao0 .

Definition: Uniform Convergence

If f,— f in maximum norm, then f, is said to converge to f uniformly.
Note: f,— f uniformly if and only if for all €>0 there exists N >0 such that
whenever n>N .

falxl=f(x)<e forall x€la,b]

Remark
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If S is compact, then uniform convergence is equivalent to convergence in L”(S) . Any continuous function on a compact
set S isin L”(S).

If S is not compact, consider the space C,(S)=|f :S—IR which are continuous and bounded| . For functions in C,(S),
uniform convergence is equivalent to convergence in L”(S) .

Theorem
For a sequence of functions | /,|”_ €C,(S), f,— f uniformly if and only if r?j§|fn_f|_’0 as n—o .

UniForM CoNVERGENCE AND CONTINUITY

Example

If 7 (x)=x" on [0,1], f, converges pointwise to /(X ):{(1) ’gif<l . The limit function is not continuous. This

cannot happen if the convergence is uniform.

Theorem
If f f , is a sequence of continuous functions on S and f,— f uniformly on S, then f is continuous.

Proof Let acs and E>0.NOW f( ) f(a)Zf( ) fulx)+ 1 x)=fla)+ f,la)=fla), so
|/ (x) |<|f |+| f.la a)| Now choose n sufficiently large such that

|f(x)—fn X |<§ V x€S (so in particular |f a)-f,la |<§ ). With this choice of 7, choose 6>0 such that

fn(x)—fn(a)|<§ if |x—a|<& . With this choice of & , |f(x)—f(a)|§§+§+§=f . Hence f is continuous.
Completeness Theorem
The space C(K) of continuous real-valued functions on a compact set K <IR" is complete.

) j.—1 1s a Cauchy sequence of real numbers,
such that f ( )— f (X) . The convergence

is a Cauchy sequence in ||-||, . Fix X€K . Then

VHE:
)

(
1
.Foreach X€K there exists real number f (X

UniIForM CONVERGENCE AND INTEGRATION

Proposition
b

If (1" isasequence of continuous functions on [a, b, then J‘fn(x)dxﬁf flx)dx

Note: This is not true in general if the convergence is not uniform.
Note: This is not true in general if the interval is infinite.

b

Proof: |[ f,(x)dx—[ f(x)dx

a

b

J(r.x-r

a

b

f

a

x)|dx . Let €>0 . Then there exists N>0 such that

falx)=flx)|<e |dx<fsdx e(b—a) . Hence ff dx—>_ff(x)dx
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Integral Convergence Theorem
Let |f,|7_, beasequence of continuous functions on [a,b] such that f,— f uniformly on |a,b] . Fix a point c€[a,b].

Let F,| ff )dt and F|(x) ff dt . Then F,—F uniformly on [a,b].

Theorem
Suppose |4,|

©

is a sequence of C' functions on [a,b] such that 4,’ converges uniformly to a function g on |a,b],
and suppose there exists a point ¢€|a,b| such that 113}0 h,(c)=

function /& such that A(c)]=y and h'=g

Jn=1

¥ exists. Then %, converges uniformly to a differentiable

Proof: Let 4, | +fh t)dt . Since h,(c)]—y and fh/(t)dt—)fg(t)dt uniformly, therefore
hy x> h(x y+fg dr - This says j(x)=g(x] and j(c)=y
Remark

In complex variable theory, uniform convergence of a sequence of analytic functions in a domaindoes imply uniform
convergence of the derivatives on compact subsets.

Example

Consider f,(x)= sin )

.Itis clear that f,—0 uniformly for x€R as n—oo . However, f',=cos(nx) which does not

converge on IR or on any finite subinterval.
sin (nx
In C, ()

does not converge to 0.

Theorem
d

Suppose f(x,t) (real-valued) is continuous on [a,b|X|c,d] . Let F(x)=ff(x,t)dt.Then F is continuous on [a,b] .

c

Proof: f is uniformly continuous on [a,b|X[c,d] . So given >0 there exists 6>0 such that |f(x,,7,)—f(x,.1,)|<€
when ||(x,.7,)— (xz, NIREE Inpartlcular |f(x1 t)=f(x,.t)|<e when |x,—x;|<6 forall z.Now

F(x,)=F(x,)= ff (x).1) dt—ff (x5, 1) dt—f(f(xl,t)—f(xz,t))dt’SO if x,—x,| <6 then

c
d

|F(x1)—F(x2)|sf|f(x1,t)—f(x2,t)|dt<fedtze(d—c) -Hence if ., is fixed, Flx|>F(xy) 3 x>x,-

c

Leibniz's Rule: Differentiation Under an Integral

Gf(
Ox

d
x,t) are continuous on |a,b|X[c,d]. Define F(x)sz(x,t]dt.Then F is continuous

c

Suppose that f(x,¢) and

on [a,b] and F'| fa—f
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F(xo-l—h)—F(xo)_j{ of

Proof: Fix x,E€|a,b| andlet hER, h#0 . Want P 5
X

(xo.7)dt—0 as h—0.

c

dt . By the Mean Value Theorem, for each ¢€[c,d| there exists a

point x(¢) lying in between x, and x,+/ such that f(x0+h,t)—f(xo,t)=%(x(l)yf)'h , and so
f(xo+h,t)—f(x0,t):ﬂ(x(t) 7) . Note that MVT does not say x(¢) depends continuously on ; , however for fixed
h ox

the LHS is a continuous function of ¢ and so the RHS is also.
Now aa—i(x(t), t)=f.(x,t) is continuous on the compact set [a,b|X|c,d], so it is uniformly continuous. So given >0
there exists >0 such that |f(x,.7,)=f(x,.7,)|<¢ when ||(x,,¢,)=(x,,8,)||<6 . In particular |f(x,,7)—f(x,.t)|<e
when |x,—x,|<6 forall ¢.Fix h with |h|<& .
F(xy+h)—F ‘ h +ht)=f(x.¢
R e

_ d
w—j %(xo, t)dt=0 , hence the result.

Fix & .

F(x0+h)—F(x0):j Slxog+h, t)=f(x.)
h ! h

— f(xo, ) dt sf fxle), )= 1 (% t)]dtsf edt=¢ld—c)

since |x(t)—x0|<|h|<5 . This implies lim p
h—0

Example
d . ro . f
afsm(xy)dy:fasm(xy)dy:fycos(xy)dy'

0 0 0
" cos " cos(mx) 1 d 7 . mwsin(mmx) cos(mx) 1
fsm(xy)dy:— Loyl ( )+—,SO d—fsm(xy)dyZ ( )+ (2 )__2'
) x| x x x4 x X X

sin (x y)|"

2 2
o X X X

} sin(xy)dy:Trsin(nx)+[cos(icy)]":nsin(rrx)+cos(rrx)_i .

J yeoslxyldy=y
0 o o x

SerIES oF FuNcTIONS

Series of Real Numbers

©

n
A series of real numbers is ), @, . The associated sequence of partial sums is s,= Y a, .
n=1 k=1
The series is said to converge if the partial sums have a limit s, and s is said to be the sum of the series.

Definition: Absolute Convergence

©

A series is absolutely convergent if z |an| converges.

n=1

Theorem
An absolutely convergent series is convergent.

1
Proof: If €>0 is given, then there exists N >0 such that z |a,,|<e whenever N <k </ (this is the Cauchy criterion of
n=k

/

2.,

n=k

/

<> |a,|<€ . This is the Cauchy criterion for the convergence of %;_, a, , or
n=k

the partial sums of 2,_, |a,| ). Hence

equivalently, the partial sums.
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Alternating Series Test

©

If |a,|=]a)= and llfolc @,=0 and if the signs of the a, 's are strictly alternating, then the series Y a, converges.

n=1

Definition: Series of Functions

©

If | f,]r_, are functions defined on a subset SSIR" with values in R (or in IR" ), then we consider the series > falx).
k=1
Note: We have the notion of pointwise convergence, uniform convergence, L? convergence, etc.

Examples

1. Power series: ). a,x" or Y. a,(x—x,|".
n=0 n=0
2. Fourier series: f~AO+Z (A, cos(nx)+ B, sin(nx)) .

n=0

Theorem

If z f,[x] is a series of continuous functions which converges uniformly, then the limit is a continuous function.
k=1

Theorem
A series of functions is uniformly convergent if and only if it is uniformly Cauchy.

Theorem
A sequence of functions is uniformly convergent if and only if it is uniformly Cauchy.

Proof:
If |s,/”_, is uniformly convergent, then given >0 there exists N>0 such that sn(x)—s(x)|<§ forall x when n>N.
Then for m,n>N and for all x, sn(x)—sm(x)|= sn(x)—s(x)—(sm(x)—s(x))|£ sn(x)—s(x)|+|sm(x)—s(x)|<%+§=£.

Equivalently, [|s,(x)—s,,(x]|[,.=]|s,(x)=s(x]=(s,(x)=s(x)), <[5, (x)=s(x)],+ sm(x)—s(x)||oo<%+§ze.

Now suppose the sequence is uniformly Cauchy. Given €>0 there exists N >0 such that for all iven £>0 there exists
N>0 such that forall xS, |s,(x]—s,(x]|<e when m,n>N.Foreach fixed x, [s,(x)],_, isa Cauchy sequence of
real numbers. Hence there exists s(x)ER such that s,(x)—>s(x) as n—w . Also [s,(x)=s,(x)]|<e when m,n>N
independent of x . Let m—oo , then s,(x)=s(x) . Therefore |s,,(x]—s(x)|$5 when n>N . Since N is independent of
x , the convergence is uniform.

Weierstrass M-Test
Suppose { f n}le are functions on SCIR* with values in IR” , and suppose {M n]le are non-negative real numbers such

that |1/ Ifilelgllfn(x)ﬂﬁmn . Then if z M <o, then ’; f.[x) converges uniformly on S .

n=1
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Proof: Note that Z{ Z[ (x)],, <Z M, , hence z f,x) is absolutely convergent.
n=1 n=1

k .
Hf(x)—z fx)l= Z flx Z 1£.(x)]|< z £, (x)]l < z M, independent of ,. . Hence

n=1 n=k+1 n=k+1 n=k+1

k
lim || £ (x)= 2 f,,(x)‘ <tim Y M,=0-
k—oo n=1 P koo p=f+1
Example
( l)ﬂ 2n+1 ) ) ‘(_1)11 2n+1‘ 2n+l © 2n+1
Consider the power series ;)ﬁ .On the interval [—A4, A] with 4>0, EETEST |$ CPRTR Z:: T
l)n 2n+1

converges absolutely by the ratio test for any A . Hence the power series z converges uniformly on [—A, 4] .

o 2n+1!

Power SEries
Root Test

©

1
Suppose ¢,=0 . If limsup ¢,"=y and y <1, then the series > ¢, converges.

n—o n=1

Note: If ¢, are not non-negative, we can apply the test to Z |Cn| .
n=1

1
Proof: Choose y' suchthat y<y'<l.Then ,»_ <y’ for n sufficiently large, and so ¢, <( . Now Z

©

convergent geometric series. Hence Z ¢, converges by the Comparison Test.

n=1

Hadamard's Theorem

If D a,x" isapower series, then one of the following is true.
n=1
1. The series converges for x=0 only.
2. The series converges for all x€R .
3. There exists R>0 such that the series converges for |x|<R and diverges for |x|>R (it may or may not converge for
x==*R ). The series converges uniformly for |x|<r<R.

o ,if x=0
1 . . . 0 ,ifx=w
Proof: Let a=lim sup |a,|" . We claim the radius of convergence is R=
noe ,if a€(0, )

X

=xfex

1. If x=0,then (x|x|—0 for all x . So the series converges for all x .
2. If a=w ,then «|x|=c0 unless x=0 . So the series converges only if x=0 .

1 1
3. If alx|/<1 ©|x|<;=R , then the series converges. If o x|>1 @|x|>;=R , then the series diverges.

© ©

J|r"=M, , the Weierstrass M-Test implies > a,x" converges

n=1 n=1

If 0<r<R then
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uniformly on [—r, 7] .

Theorem

Suppose Z H, isaseries of C' functions on [a,b| such that Z H,' converges uniformly to a function G and there

n=1 n=1

exists c¢€la,b| such that Z H,(c)=B exists. Then Z H, converges uniformly to a differentiable function H such that
n=1 n=1

Hl(c)=Bf and H'=G .

Application to Power Series (Differentiation)

n—1 . .
If flx Z a,x" ,then f'(x Z na,x"  with the same radius of convergence.
n=1
1 0 o ®©
- . -1 . . —1
a|" . Ttisclearthat Y na,x"”" convergesifandonlyif x Y na,x"'=) na,x" converges. Now
n—o0 n=1 n=1 n=1

1 0
1
) o ,hence D na,x"”" has the same radius of convergence as the

n=1

1 1 1 1
lim sup |na,|"=1i g an”:(limn")(
n—oo n—oo n—oo
o0
o . . n
original series Z a,x" .
n=0

1
Now take H ,(x)=a,x" on [—r,r| where r<R—— . Then ZH x) converges to a function G on [—r,r|, and

n=1
00

Z H,(0)=a, converges to a limit (in fact a constant). We conclude that Z H, converges to a differentiable function H
= n=0

on [—r,r] suchthat H(0)=a, and H'=G ( H|x Za x" and G(x Z X"
n=0 n=1
Remark

- (n)
If flx Za x" on (=R, R),then f"(x)=) n(n—1)-(n—k+1)a,x" " . Also a":f (0] .
n!

n=0 n=0

Application to Power Series (Integration)

If flx Zax"thenF jf dszt

n=0 n=0 0 n= 0 n+ 1
is the same as that of the orlgmal series.

! The radius of convergence of the integrated series

Example

Consider i |—r,r| forany fixed »€[0,1) (by the Weierstrass
M-test since | n):(; <" and Z r" converges). There is no convergence at the endpoints.

F x)zi é (—1 )"t"dtzé % converges uniformly on [—r, 7| to F(x { ,,Z:; (—1)"t”dt=§ (_’11):_);"“ . Now

f ﬁdtzlog (1+x) . Notice that log0 is not defined and the series diverges when x=—1 .
0
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- (—1)" 1 1

When x=1, the series =1 ——+——%+~ -+ does converge (very slowly) by the alternating series test. Also,

= n+l 23
log(1+x) is defined at x=1 ; its value is log2 .
. 1 1 1
Is it true that 10g2=1—5+§—z+~-- ?

Abel's Theorem

©

Let f(x)zz a,x" on (0,1) . Suppose also that z a, converges, i.e. the series converges when x=1 . Then lir? flx)
n=0 n=0 x—

©

exists and its value is ) a, .
n=0

Approximation by Polynomials

TAYLOR SERIES
jﬂM(a) ?

Suppose f :[c,d]—>R and f has derivatives of all orders. Let a€[c,d]|.1s f(x)=) a,(x—a) when a,= '

n=0
Two questions:
1. Where does the power series converge?
2. When it does converge, does it converge to f or to something else?

Note: In complex analysis, if f is analytic in a neighborhood of a point a€C , then f has a Taylor series expansion about
a which converges to f in the disc of center a and radius equal to the distance from a to the nearest singularity of f.

Example

1 n

1 —
Consider f(x):ei; . We extend f by defining f(x)=0=1im e * . One can show that jﬂ f(x) =0 . Hence the
X

x—0 x=0

Taylor series of f about a=0 is 0+0x+0x>+---=0.

Example: Differential Equation Method
This is sometimes useful in studying convergence of Taylor series to the original function.

Consider (1+x)* where €R . Recall that (1+x)_l=z x" isvalidin |x|<1 . Notice that g(x)=(1+x)" satisfies
n=0

(1+x)g'(x)=xglx) ,g(0]=1. Solve this differential equation by power series method. Try f(x)=> a,x" where the
n=0
coefficients are to be determined. f '(x):z na,x""'=(1+x)f ’(x)zz [n anx"71+na,,x"} . So we have
n=0 n=0
(1+x) f'(x)=a f(x)= ), [nanx'ﬂ—i-nanx"]:az a,x"= ((n+1)a,, +na,~xa,)x"=0 Vx- Hence for ,—q,1, ..

n=0 n=0 n=0

(n+1)an+1+nan—0‘an:0:,an“:0:’11an.Weknow a,=1 since (14x]"=0 when | _ , and therefore we know all the
n
a's: an:zx(a—l)(a—2)---(o<—n+1):(0() .

If « is a positive integer (say o«=N >0 ), then the series terminates and coincides with the expansion of (1+ x)N
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an+1

. |x—n . .
=lim ’21 . Therefore the radius of convergence is 1.

Also, lim
n+1

n—ow n—o

a}’l
©

Z a,x _Z ( ) e solves the differential equation (1+x) f "(x)=« f( x) and satisfies the initial condition
n

n=0
X
f10)=1.Toshow f(x)=(14x)*, we show that (1f+( ))“zconstant . The constant must be 1 since f(0)=1 and
X

. x ) 14+x) = Fx)a(T+x)" (14+x) o Flx)= Flx) (142"

et Wetake L[ L8 ]L L R~ ol ax rl= el
dx | (1+x) (1+x) « (T+x) e
Definition: Taylor Series
If f have derivatives of all orders in a neighborhood of a point a , the Taylor series of f at a is
Definition: Taylor Polynomial
f “a _ k is the Taylor polynomial of order ,, .
z a) ylor poly n

Theorem ‘
If feC”“[A B|,andif M isabound for |/"*(x)| on [4,B],andif a€[4, B],then R,(x)=f(x)—=P,(x] satisfies
| | | _1|n+1

T (n+1)
Proof: P,(x) has the same values as f for its derivatives up to order # at the point « , therefore
R¥a)=f"(a)-P¥(a) for k=0,1,....,n
Also R:’”)(x):f(””( J—P"V(x)=f"*""(x) since P,(x) isa polynomial of degree # .
Now by FTC, R"(x)=R"(a fR“'“ dr—o+ff’"+“ dt . So |RM(x|<|[ M dl|=M|x~al .

(n—k) M|x—a|kJrl (n—k—1) In=#]( k)

Suppose we have shown that for some k, 0<k<n, ’R“n”’k“(x)‘sw .Now R *(x)=R"" +_[R” t)dt,

(n—k—1) [ |t_a|k+1 |3€_a|k+1
) |R‘n"’ - (x)|s_£M sy di|=M = . By induction the estimate is true for k=0,1,...,n

|x_1|n+l
Hence |R,(x)|<M
(m+1)!

How Not 1o ApPROXIMATE A FuNcTION

The Taylor polynomial use information only at one point.

Consider a continuous function f on |a,b|.Pick x,,...,x, in [a,b|. There is an unique polynomial ¢, of degree n
such that ¢, (x)=f(x j) . Does this procedure produce a family of polynomials which converge to f in the uniform norm?
Not necessarily.

Weierstrass Approximation Theorem
Given a continuous function f on |a,b], there exists a sequence polynomials |y,|"_,

L0 as n—ooo.

Proof: We'll give a proof using Bernstein's polynomials. Note that it is sufficient to prove the theorem when [a, b|=[0,1] .
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BernsTEIN's PrRooF oF THE WEIERSTRASS THEOREM

Bernstein Polynomials

Recall (x—i—y)":z (k)xky" ¥.Set y=1—x.Then (x—i—l—x)”:z (Z)xk(l—x)"7k=1 . Let
k=0 k=0

PZ(x)z(”)xk( 1 —x)"ik k=0,1,..., n - These are the Bernstein polynomials. Notice that:
k

e P, is apolynomial of degree n .
e P{(x)>0 on [0,1]; zeros can occur only at the endpoints.

e P hasamaxmlumat k , k=0,1,.

If £ is a continuous function on [0, 1], we define the polynomial B, f (x)=_ f(E)PZ(x) )

k=0

Properties

1. B,f isapolynomial of degree at most 7 .
2. B,(f+g)=B,f+B,g.

3. B,cfl=cB,f

4. B,f=0 if f>0.

5. B, f=B,gif f>g.

6

<B,g if |fl=g.
Lemma
1. B1=1.
2. B,x=x.
2 n—1 2 1 2 x—xz
3. B,x'= X +—x=x"+
n n
Proof:
BnIZZPZ(x)Z
k ! —-1) —
2. Note that ( ) ey n Al (k—(n) (n)—k) :(Z_}) . So
n—1
( ) —xZ(n ) (1—x)" kzxZ(”_l)xk(l—x)" ey (xH(1=x) =x
k— o\ k
k2 a\_k—=1+1  (n—1) n—1 1 (n—1) 1 (n—=1) n—1(n-2 n—1
= += = + ,
3. Note that (k) 7 k=Kl 7 a1 lh—12ln—kN nlk—10n—kll n (k 2) n(k—l) S0
— _1 —2 k n—k 1 z —1 k n—k
B— = (”)1—+—(")1—
' n() nkzzk—zx( SR i Ell _
C n2k 1 < nt-k_n—1 5 1
Z::( ) +nka::‘J( ) —x) =, x—l—nx

Theorem
If f€C[0,1],then B,f— f uniformly as n— o .
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Proof: We want to show for all €>0, there exists N>0 such that ||f—B,f],<¢ forall n>N.
Note that f is uniformly continuous on [0, 1], i.e. given >0 there exists >0 such that |f(x)— f(y)|<e whenever
|x—y|<6 and x,y€[0,1].

& 2M
Let M =| f]l, <o .Fix a€l0,1]. Then |f(x)—f(a)|s§+ = (x—a) forall x€[0,1].If |x—a|<§, this is true. If
(x—a) _¢ (x—af
|x—a|=6 ,then |f(x)—fla)|<2M<2M < s§+2M 5
3 2 M| 5 x—x 2) 3 2M( 2 x—xz)
B =|B = + —2ax+a’|==+ + .
n[f f | ‘ f (2 ) ) 2 5 (x n axra 2 5 (x a) »
£ 2M 2 . . 1
Set x=a . Then (a)—fla)< 5+ o . The function ¢(a)=a—a’ has its maximum on [0, 1] when a=>
1 1 e 2M (1 £ M
. 1\_1 B _ <£ L\_¢ .
with a value of <,b(2) 2 . Therefore |B, f(a)—fla) 7 (4n) A . The RHS is independent of a .

£ M M
<-<N>—— thenforall n=N

Choose N>0 such that —2 4L
oose N>0 such that ——7=5 <7 e ’226222

FouRrier SeRIES
Definition: Fourier Series

Let f,g€C|-m,m|. Let <f,g>=_ll f(0)g(6)d6 , then {l,ﬁcos(nﬂ),\/zsin(né)} n€IN is an orthonormal system on

™

|—1, 7| . Define the Fourier series of f tobe f~A,+). (A4,cosn0+B,sinn0), where Aozﬁf flejde,

n=1
4=L [ rle)cosnodeo, B =1 [ rlo)sinnode .
™, ™ o
Note: The formulas make sense for piece-wise continuous functions; in fact for all absolutely integrable functions (i.e.

J|f(9)|d9<oo)~

Theorem
Any continuous function on [—Tr , Tr] which is periodic with period 2 can be uniformly approximated by trigonometric
N

polynomials C,+ Y (C,cosn0+D,sinn0) . More precisely,
n=1
1. Forall >0 there exists a trigonometric polynomial p(@) such that ’f(@)—p(9)|<s for all 96[—77, Tr] ,1.e
If=pl.<e.
2. There exists a sequence of trigonometric polynomial p,,(@) such that || f=p,
Note: This does not say that the Fourier series of f converges uniformly (or pointwise) to f.

.—0 as n—ow.

Corollary

The Fourier series of f convergesto f in L.

Note: This need not imply pointwise convergence.

Note: This remains true for piecewise continuous functions.

Proof: Let {qb N}zzl be the sequence of trigonometric polynomials which converge uniformly to f'. ¢, involves 1,
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cosn@ ,and sinn® for 1<n<N . Uniform convergence on a finite interval implies L’ convergence, hence ¢y— f in
2
L.

Let Sy be the partial sums of the Fourier series of f,i.e. S,(6)=4 +z A,cosnf+ B, sinn 9) By the Projection

Theorem, ; in fact, =SyF+IIS v ¢N|| Since ||f—¢y|,—0 as N—oo, hence

Hf—SNH2—>0 as N—oo .

Corollary

N
- J‘ Pdo=Al+= 1 > ( A2+ Bi) . Hence if the Fourier series of a (piecewise) continuous function is 0, then the
n=1

functlon is 0. Therefore if f and g are (piecewise) continuous functions with the same Fourier series coefficients, then

f=g.

Proof: Follows from the Fourier series of f convergingto f in L*.

Proposition
Suppose the Fourier series of a continuous periodic function f converges uniformly to some function. Then this function
mush be f.

Proof: Let g(6)=4,+ Y. (4,cosn0+B,sinn0) . g is continuous and periodic. What are its Fourier coefficients?
n=1

- J' glo)d 9__ f A+ i (4,cosk0+B,sink0)[cosn0d0=A after interchanging summation and integration.
- k=1
Slmllarly for the other Fourier coefficients of g . Therefore f=g since the have the same Fourier coefficients.

Lemma
The Fourier coefficients of an absolutely integrable function are bounded by |A0|S|| Sl
n=1.

™

Proof: |A0|:‘i [ rlo)do

1 7 _
sﬁi|f(9)|d6—||f||l-

Theorem

If f isa(piecewise) C' function whichis 2 -periodic and f~A0+Z (An cosn0+B,sinn0) , then

n=1

f'~2.(nB,cosn0—nd,sinno)-

n=1

Proof: Let f'~a,+ ), (a,cosn0+b,sinn0).

_ 1 ' _1 T _ since ¢ is periodic.
a= g5 | 1(01d0=7lr (o)) =0 shnee 1
1 . 1 o 17 .
anz—f f (9)cosn9dQz—[f(ﬂ)cosné?},n-i——f f10)nsinn6d 6=0+nB,=nB, -
™, T L
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b =L [r '(e)sinnedezi[f(e)sinne]’jn—if F(0)ncosn0d 0=0—nA,=—nA,-
L. s ™
Theorem

If fisa C* function whichis 27 -periodic, then the Fourier series of f converges uniformly to /. In particular, it
converges pointwise to f .

©

Proof: f~Ay+Y. (A,cosn0+B,sinn6), f'~Y (nB,cosn0—nd,sinn0), f''~=> (n’4,cosn0—n’B,sinno).

n=1 n=1 n=1

SLZMZ> A" Slz and
L mn

£" is continuous on |—, 7|, hence |||, =M <oo . Hence |-#°4,

2
‘—n B,

1 M . . - , :
== M =|B,|<— . The the Weierstrass M-test, the series A+ Y (4,cosn0+B,sinn6) converges uniformly.
m™n n=1

Since it converges uniformly, it must converge to f'.

Pointwise Convergence of Fourier Series
If f satisfies a Lipschitz condition on |—7t, 7|, then the Fourier series of f converges pointwise to f.

Metric Spaces

DEeriniTIONS AND EXAMPLES

Definition: Metric Space

A metric space is a set X together with a distance function p: X X X —>[0, o) such that
o plx,y)20, plx,y|=0ex=y;
o plx,yl=ply, x);
e plx,z)<plx,y)+ply,z) (triangle inequality).

Remark
Any normed vector space is a metric space.
Any subset of a normed vector space is a metric space where p(%,7)=[|x— 7 .

Example

The surface of a sphere in IR® can be made into a metric space into two natural ways:
1. Define p(x,y) to be the straight line distance (by tunneling through).

2. Define p(x,y) to be the distance from x to y along the circle joining them.

Definition: Open Ball
Let X be a metric space. An open ball of center @ and radius r is B,(a)=|x€X|p(x,a)<r| .

Definition: Open Set
Aset A isopenifforall a€A there exists »>0 such that B, (a4 .
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Definition: Continuity

A function f:X —R is continuous at a if forall £>0 there exists >0 suchthat |f(x)— f(a)|<e whenever
plx,a)<é.

More generally, if X and Y are metric spacesand f: X —7Y,then f iscontinuousat a if forall €>0 there exists
6>0 such that p,(f(x), f(a))<e whenever py(x,a)<d .

f is continuous if it is continuous at all a€ X .

Definition: Convergence
If {xn}” is a sequence in X, we say x,—x€EX if £>0 there exists N>0 such that py(x,,,x)<f whenever n>N .

n=1

Definition: Cauchy
A sequence {xn}::l in X is Cauchy if €>0 there exists M >0 such that py(x,,,xm)<8 whenever n,m> N .

Definition: Completeness
A metric space X is complete if any Cauchy sequence converges to a point in X .

Definition: Limit Point
Let AcX and a€A4 . a isalimit point of 4 if there is a sequence of points [an}le in A suchthat a,—a as n—o.

Definition: Closed Set
A subset Ac X is closed if it contains all its limit points.

Theorem
A subset Ac X is open if and only if the complement of A4 is closed.

Theorem: Characterizations of Continuity
Let X and Y be metric spaces. Let f:X — Y be a mapping. The following are equivalent:
1. f is continuous.

2. Whenever |x,|”_, isasequencein X suchthat x,~a€X, f(x,)— flal€Y.

nln=1

3. Whenever U is an open subset of ¥, 7~'(U] is an open subset of X .

CompacT METRIC SPACES

Definition: Open Cover
An open cover of a metric space X is a collection of open sets [ULXLEB such that Xg}ejg U,

Definition: Compact
A metric space X (or a subspace 4 C X ) is compact if any open cover of X (or of A ) has a finite subcover.
Note: “Subspace” here do not mean vector subspace.

Example

. 1 1 * . .
X=(0,1) is not compact. Take U,,Z(;, 1—;) ,then | U,=(0,1) . Butif we take finitely many of these sets, say
n=2
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k
U,..--U, andlet N=max|n,,...,n |, then U,cUy j=L....k.So \UJU,=U,#(0,1).

J=1

Example
X =[0,1] is compact in this sense.

Definition: Sequentially Compact
A metric space X is sequentially compact if every sequence {xn}f:l in X has a subsequence [x,,/};o:l which converges to

apointin X .
Note: In a metric space, compactness is equivalent to sequential compactness.

Theorem
If f:X—7Y isacontinuous mapping between metric spaces X and Y and X is compact, then f(X) is compact.

Proof: Let [U,].c; bean open covering of f(X). Then fﬁl(Ua) x€EB is open by continuity, and {f_l(Ua)}aEB is an
open covering of X . Since X is compact, finitely many of the f~'(U,),say /' (U,)...../ (U, ) cover X .Hence

Uyr- Uy cover f(X),ie flX)clU U, - This is true for all open coverings of f(X),so f(X) is compact.

J=1
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