STA347H1 Probability

INTRODUCTION

Sample Space
Data/observation: X=(x,,...,x,)
Sample space: S=Q=(%]
Functions: X -2—R v (random variable).
Functions: X : Q—IR* rvec (random vector).

Stochastic Process, Probability Space

Suppose you observe continuously in time function #>0 . Then 2 =% (2)}
Let X, (¥(1))=x,.

{x,} : stochastic process.

{Q , collection of events, P} . probabﬂity space.

Sample space: Q={w}

Sample point: @ .

X:0-R o X(w) isanumber.
Events: Subsets of {2 ; 4 is a typical lable.

Expectation, Probability
We will assign expectation to rv's. Notation: E(X) .
{ 1if Aoccurs

P(A)=E(I l,= .
Then we define P(4)=E(I,) where I, Dotherwise

Random Variables

Forrv's, X=X"—-X .

Note: |X|=X"+X" (this avoids having co—c0 ).
X+X B -
XX g =X

Y ite X' =
ou can write B 3

Expectation

Axioms of E

1. X=0=2E(X)=0

2. E(1)=1 ;in general E(constant)=constant .

3. E(cX+dY)=cE(X)+dE(Y) if E(X) and E(Y) exist.
4 X X=E(X)=lmE(X,)

n—o

Called Monotone Convergence Theorem (MCT).

Note: X (@) is an increasing sequence of numbers ( X ;(w)<X,(w)<-+  )and X(w):?glo X, (o) (meaning of
X,1X).

Note: LHS=RHS only if RHS exists.

Note: w=lub |

X200y E(x)=1im E(X,)
X,1X P

hd
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STA347H1 Probability

6. If X,,....X,>0 ,then E(Z X[):Z E(X))

i=1 i=1

Note: 1—4 is equivalent to 1—3 + 5 is equivalent to 1—3 + 6.

Consequences

1. X<YeoE(X)<E(Y)

2. If A,=A4, (occurrence of A, implies occurrence of 4, ), then P(A,|<P(4,) .

3. [Ex)=E(x]) , —Ellx])<EX]<E(X])

4. Assume E(X°) and E(X) aren'too. Then E(X)=E(X')—E(X") and E(X|)=E(X)+E(X")
Note: Often convenient to assume E (|.X|)<co , and we will assume it as needed.

Theorem: Kolmogorov Axioms of P
1. P(4)=0 .
2. Pla)=1

3. If 4, and 4, are disjoint, then P(4,UA,|=P(A4,)+P(4,)

4. If A4,,4,,... have no overlap (ie disjoint), then P(qA"): P(4,)
= i=1
Or, equivalently, if 4,T A4, , then ,{EP(A"):P(ETO An):Aoc

Markov's Inequality
P(|X|20)SM
c

Definition
X=Y inmeansquareif E[(X-Y)|=0 .We write X2y .

Proposition

If xZy,then X=Y with probability 1 in the sense that P(X=Y)=1 . We will write X wly (“with probability 1) or
XZv (“almost surely”).

Note: ¥ Zy doesnotimply XY=y as the second moment may not exist (they may be infinite). If E (X 2) and E ( Y?) and
XZvy,then x=y.

Proposition
Let Y>0 and E(Y)=0 .then Y'2'0.

Jensen's Inequality
If g is convex (ie for any point x, there exists a constant ¢ such that g(x,)+c(x—x,)<g(x) ), then
ElglX))=g(E(X)) .

Moments oF RANDoM VARIABLES

Definition
E(X), E(X?) .. are the moments of X.
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Variance and Standard Deviation
Variance: (rzzvar(X)ZE[()(—;J)Z]ZE()(2)—(E()())2 ,where H=E(X) .
Standard Deviation: o0 =SD(x)=vvar(X)

Lemma

1. ElaX+b)=aE(X)+b.

2. var(aX +b)=d’var(X).
X—u

Note: If X'is a rv, then o has mean 0 and variance 1.

Moments oF Ranbom VECTORS

Definitions
Random vector: { = :
nX1 Xn
L [E(X)]
Expectation: E (X)= : =
E(X,)

Variance: szar(ff)=E[(5(—ﬁ)(5(—/21')T]z{E[(Xi—ui)(Xj—uj)]}:"j:():{cov()(i, X )| _, - Notice the diagonal elements

of 2 are the variances of the components.

Lemma
Let A denote a constant matrix.
1. E(AX+b|=AE(X)+5
2. Var(A)?+b):Avar()?)AT.
Note: If 4=1" , then Var(ITX):Var(X1+"'+X,z):1TZIZZCOV(X:"X/').
ij
Note: If szar()?) , then =37 . Also, ETZEzvar(ETE()ZO ,thus 2 is positive semi-definite (write X>0). If for
any ¢#0 , var('c'T)?)>O ,then X is positive definite (write X>0)and 3~ exists.

Facts

1. 2>0 iff ' exists.

2. X=0"DQ where 0"0=1=00" (so Qis orthogonal matrix) and D is a diagonal matrix with non-negative diagonal
elements (which are the eigenvalues of X)..

3. 37 existsiff det(X)>0 | Note det(X)=det(Q" DQ)=det (DQQT)Zdet(D)ZH diagonal elements .

Linear PREDICTION

Xl

Let X=[ : | . Want to predict ¥ using .X . We assume 0 means and only use linear predictor ¥=a" X .
Xﬂ

Choose a to minimize the mean square error D(Zz)zE[(Y—?)z]zZyy+ﬁTZXXZi—ZZETZYX . Since
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X ().
If X }(1;( exists, then (*) yields d=X% }(l)-( X, ;- More generally, if @ solves (*), then it minimizes D|(d) , and Y=a'X is
the best linear least squares predictor.

DisTRIBUTIONS
Let 2=S=(w] , X:S>R | X -SSR".

Definitions: Continuous and Discrete Random Variables
1. If E[r(X H:f hix)f(x)dx,"V'"h  then X is an (absolutely) continuous random variable and f is the probability

density function.
2. If E[h(X)]=D. h(x)f(x)dx," "h ,then X is an discrete rvand f is the probability function ( f(x]=P(X =x) ).
Similar definitions apply to random vectors.

Definition: Independence
X, X,... areindependentif E|h (X )h,(X)-|=E|h/(X)|E|[h(X]]-

Definition: Independent Events
A, and A, are independent events if /, and 7, are independent.
Note: 4, and A, independent implies P (A4, 4,|=P(4,|P(4,) .

SpaTiAL PoissoN PROCESSES

e Throw N particles onto RcR" independently and in a uniform way.
e Let N(4,) bethe number of points in 4, . N(Ai)~multinomia1(N, P).

. ... N
e The density of points is W:p .
o Let R=R" and N—oo suchthat p is fixed.
e Then N(Ai)i»Poisson(p|AiD . Also, N(4,),N(4,),... become independent in the limit.

This yields a Poisson Point Process on R"

ProBABILITY GENERATING FUNCTIONS

Definitions: Probability Generating Function
1. G(s)=E[s*| ,where X=1,2,... isa countingrv.
2. G('S')ZE[SIX'-~~S,,X“] ,where X,=1,2,... isa counting rv.
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Note:
1. If X and Y are independent, then G v.y(8)=G,(s)G,(s) . This extends to sums of finite number of rv's.
2. GX(s)zE(sX)ZZ P(X=k)s"=P(X=0)+P(X=1)s+ a power series.

3. If |s|]<1 , then |GX(s)|=|E(SX)|SE(|SX|)=E(|s|X)<oo . So the radius of convergence is at least 1.
dk

4. gG(S)ZE[X(X—1)(X—2)~~-(X—(k—1)) HasGH1)=E| X (X =1)(X=2)(X ~(k—1))]
5. P(sz)zGi—)SO)

CONDITIONING
Let Y be a random variable.
Let A beaneventwith £(/,)=P(4)>0

Definition: Conditional Expectation

E(XI, | iy . .
ElY |A)=W is the conditional expectation of Y given the event A4 .
A
Proposition

Let 4, ..., 4, partition €2 . Then E(Y):ZE(YlAi)P(Ai) (*).

Note: This is true for n=c .

Definition: Conditional Probability

PUBIAI=E(114)=E1 A2

Note: By setting Y=1, , (¥) is just P(B):ZP(B|A1')P(A1').

Special Case: Regression

If X and Y are rv's, we want to talk about E(Y|X=x) .

E(YI, )
Plx=x]

If Y is also discrete, then E(Y|X=x)= ny ylx), where f (y|x)= f(x,;/) If Y is continuous, then

flx
B 1) L

If X is discrete, then it would justbe E(Y|X=x)=

Now, 7(x)=E(Y|X=x) isa possible value of (X, which is called the conditional expectation of Y|X and is denoted
by E(Y|X) .

Proposition
E[(Y=E(Y|X))h(X)]=0 | orequivalently E[Y]=E|E(Y|X)h(X)|.
Note: This means E|[(Y—E (Y|X))} 0= E|Y|=E[E(Y|X)].

Propositiion
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STA347H1 Probability
var(Y)=E|var(Y|X)+var(E(Y|X))|

Example: Matching Problem
If you have n letters and n envelopes, what is the probability of j matches if they are matched at random?

:L n (_1)/cfj
j!k:j (k_j)!

Let 4, ;=|jmatches| . Then P(4,

n,j
1
Let the number of matches be X =1,+---+1, ,where I,=1 ifthe i-th letter matches and is Bernoulh(;) . Then

Ex)=E(Y x)=1 ’COV(II_’IJ_):( 1 )(l)_(l)a#]’ and Var(X)zzVar(l,,)—i-Zcov(I,,I‘,):l

n—1/)\n n i#]

Example
Consider a graph with nodes [1,...,n] andedges [1,..., M| .Let B be a set of nodes and

c(B)=number of edges with exactly one node in B . Then max c(B)z% ,
B

StocHAsTic PROCESS

Definition: Stochastic Process
A collection of random variables |X,:7€T| is called a stochastic process.

Special Cases
e T=[t:t=0] continuous time process.
e T=[0,1,2,...] discrete time process.

Definition: Process With Independent Increment
Suppose for every f,<t,<t,<--- , the increments AX,=X,—X,  are independent. Then {X Lt GT} is called a
process with independent increment.

Definition: Poisson Counting Process
Consider a Poisson process of rate A on >0 .If N|(¢] denotes the number of points in [0,¢] , then [N (z):>0] is
called a Poisson (counting) process of rate A on >0 .

Definition: Poisson Process
[N (t):t=0] is a Poisson process of rate A if the number of points in non-overlapping sets are independent and the number
of points ina set A is distributed Poisson(A|4]) .

Another Definition: Poisson Process
e No points on origin.
e Independent increments.

] P(l point in(t,t+h)):]\h+0(h) , where lim O(hh):o
h—0

e P(>1pointin(¢,t+h))=o0lh).

Example
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Take a Poisson process of rate A on ¢=0.Let 7 ='time to the " point . Then T,~gamma(r,A) with pdf
f (x):Arxr—le—/\x:Arxr—le—)\x
T, r'(r) (r—1)!

1. Let X, denote the time to the first point. Then X, ~exponential (A) since P(X1>x):P(N(x)=0)=e’” _If the
joint pdfis f(x, x,), then
flx, x,)dx, dx,~P(X €(x, x,+dx,), X,€(x, x,+dx,))~e “Adx,e “Adx,~ f(x,)dx, f(x,)dx, , which
“implies” X, and X, areiid exponential(A);in fact, X, X,... areiid exponential(A). So
Tr=z X, gamma(r,A)
i=1

2. Since, P(N(x)<r)=P(Tr>x)=l—FTl(x) , SO fT,(x) is the gamma pdf by differentiation.

Definition: Compound Poisson Process
Let [N (¢):¢>0] be a Poisson Process ofrate A . Let X, X,... beiid and independent of [N (z):¢>0].Let X,=0 .

Nl(t)

Then Y(t)= X,,t>0 isa compound Poisson process.

i=1

ORDER STATISTICS

Definition: Order Statistics
Let X, ..., X, beiid with pdf f(x) anddf F(x).Then X <X,<--<X, are the order statistics.

Probability Density Function

1. Thedfof X, is F(x)=P(X,<x)=P(X,<x,..., X, <x)=P(X,=<x)-P(X,<x)=[F(x)]" , and thus
Sulx)=F ) x)=nlF )" £ (x]

2. For i< ,the joint pdf of X and X is

n!

fupla,bl=—— —(Fla))"'(F(b)=Fla)/""(1=F (b)) f(a) £ (b) for a<b , and
(=1 j=1)n—j)
fuyla,b)=0 0 otherwise.
3. In the uniform case, the joint pdf of X j,..., X, is f (..., X)=n f(x) fx,)  for x<-<x,,and

%1 ees x,)=0 otherwise.

THe MuLTiNOMIAL
Let items be classified in one of & ways. Consider kzl , a multivariate Bernoulli. Let Y=Z7 1+~~-+Z . ( Z ;'s iid), then it

is a multinomial.

Probability Generating Functions
= - zZ Z z
The pgfof Z is G(s)ZE(Sl sy ‘)=p1s1+-~~pksk . Note that G(slsl,...,l)ZE(s1 ‘)=p1s1+p2+---pk=q1+p1sl ,
which is the Bernoulli pgf.
The pgfof ¥ is G;(5)=|G,(5)["=(p,s,+ - p;s,)" . Expand it to get P(Y:j/):(y " y )P1yl"'17kyk where
Lo Vi

Vi =0 and y+-t+y,=n.
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Conditional Expectation as a Random Variable

Background
o If E(Y?)=0 ,then yZ0 .
e YZ X means E{(Y—X)Z]ZO

Definition

E(Y|)?) is that function of X which satisfies E[(Y—E(Y|)?))h()?)]=0,Vrea1h , or
E|Yh(X)|=E|E(Y|X)h(X)], Vrealh (*).

Equivalently, if £(¥?*)<eco , E(Y|X) is that function of X which minimizes E[Y—E(Y|X)] (*¥).

Proposition
A solution to (**) is unique and satisfies (*), and vice versa.

Remarks

1. We still have to show that (*) and (**) has a solution.

2. For (*), there exists such a function and it is unique with probability 1.

3. For (¥*), there is such a function and it is unique up to mean square equivalence.
4. From (¥),if h(X)=1,thenwesee E[Y|=E|E(Y|X)|.

5. For fixed X, E(Y|X) satisfies the axioms of E.

6 E(E(Y|X1,Xz)|X1)=E(Y|X1) ,1e.if E<Y|X1,X2) is a function of X, , then it equals E(Y|X1) )
7. cov( , ) is an inner product. So with mean 0, |y|=vE(Y?) ,andthe L, space results.

INDEPENDENCE
X and Y are independent if E(g(Y)h(X))=E(g(Y))E(h(X))¥ g,h . Thisis the same as saying
E(glY)|X)=E(glY))Vg (*).

Example

X+t X c -
Let X,...,X, beiid N(H,Uz) .Then X=—""—""and 52=Z(X,~—X)2 are independent.
n i=1

i

Limits and Convergence

CompLeEx NUMBERS

Definitions

1. Complex number: z=a+ib where ¢,bER and j*=—1 .
2. Conjugate: a+ib=a—ib .

3. Square-length: |z[’=4”+b” . Notice |z['=zz.

Definition
e"=cost+isint
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Note:
1 z__ a+ib__ _a ib
.oef=e=e"e" .
2. e"=cost—isint=cos(—¢)+isin(—¢)=c¢™"
3.

le'f =cos’t +sin’t=1=e"|=1 -
Results

1. |21+Zz|s|21|+|22|

2. ‘2122|=|21H22’ .

o o t d(eitz—it,) t d(eitfit,) t ) i
3. e <lt,~1|  (since " |=|f di|<|[ di|=|[ lie"|at|=|[ dt|=|t,~1] ).
T dt oa T !
4' e”z_itlsz .
5. |cost,—cost)|<|t,—t||
6. |sint,—sint,|<[t,—¢| .
CHARACTERlSTlC FuncTions
Definition: Characteristic Function
If X is arv, its characteristic function is ¢(¢)=E(e™)
Proposition
1. clo)=1, lelt)<1 .
2. ¢lt)=c(~t).
3. cy.,=e"cylat) .
Inversion Theorem
17 o .
1. If X haspdf f(x),then f(x)zﬁj e “clt)dr  Note c(t):f e™ f(x)dx .
1 o e—ity_ —itx
2. F(y)—F(x)zz—f fdt,where F(y) and F(x) are continuity points of F .
s —i

Notes
1. c¢(¢) determines the distribution.

2. If X isarvec, ¢(7)=E(e" ¥).
3. From c(7),wecanget F(%)=P(X<3%).

Facts
1. F(X)=F(x,)---F(x,) ifandonlyif x,...,x, areindependent.
2. c(?)zc(t1)~-~c(tn) implies F(}):F(M)"'F(xn) .

Proposition

If X and Y independent, then ¢,y (f)=c(t]c,(t) .

Proof: ¢y, (t)=E(e"**)=E(e™ e |=E(e™)E(e™)=c(t)cyt)
Note: ¢y, ylt)=cylt)cy(t) does not imply independence.
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Facts
1. If m(7) (mgfof X) exists in a neighbourhood of 0, then ¢(7)=m(i7)
n )

2. A version of Taylor's Theorem: If g"'(0) exists, then g(x)z(z fx")+o(x") as x—0 ;here o(x") is the

=0 J!
2

o(x”) —0 X2 x+%+a(x)

remainder and has the property that lim .Notice 1+x+o(x)=e"*" and 1+x+7+o(x)=e

x—0

; o f J . 0 Jj N ) )
2. Formally, e=) —(l]g X’ and“so” E(e™) J=> —( 3 E(X7),and “s0” ¢/(0)=i E(X7) .
=1 J

i=1

3. We “know” m'/(0)=E(Xx7).

Theorem
Let X be finite wpl. Then c(¢) is uniformly continuous. If E(|X|')<co ,then E(X*e™) is uniformly continuous (in ¢ ).

Consequences
1. If E(|X[)<oo, then ¥

(=}

| exists. Note however that if ¢*(0) exists, E{|X|")<oo onlyif k is even.
oY

2. Ellx[)<wo=clt) ZA: E(X7)+0(¢")=c¥(0)=i E( x") .

i=1

k‘ ‘

CONVERGENCE

Cauchy Property
If a,—a,—0 as n,m—o ,thereexistsan a suchthat a,—a .

Definitions: Types of Convergence
1. Mean Square: X,5X if E[(X,~X)'|-0 as n—oo.

2. Probability: X, 5 x ifforall €0 P(|X,—X|<e)—=1 as n—ooo.
3. Pointwise: X,— X if lim X, (w]=X (w), VweQ
4

n—o

. With Probability 1 or Almost Surely: X " X or X, Sxif P (hm X, =X ) 1 This is almost like conventional

n—o

convergence, except for the set of @ s it may fall on has probability 0.

Fact: All these have the Cauchy Property in that X Sxex . 50 Vm ,n— oo ; the latter is called mutual
convergence.

Theorem: Monotone Convergence Theorem (MCT)
If 0<X, and X,TX wpl,then E(X,|=2E(X) .
) <0

Theorem: Dominate Convergence Theorem (DCT)
If X, 35X and |X,|<Y with E(Y)<w ,then E(X, )= E(X].
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Definition: Convergence in Distribution (Weak Convergence)
Xni))( ( X, convergesto X weakly) if for all bounded continuous 4 wehave E(h(X,))—=E(h(X]) (*).

Separating Class of h
The separation class of 7 s is the subset of all bounded continuous functions such that if (*) holds for them, then it holds for

all bounded continuous functions.
Oneis [sintx,cosmx|Vi)=[e™|V¢| ,ie. if ¢,(t)=clt) Vi | then XniX.

WEeak Law oF LArRGe NumBers (WLLN)

Let X,..., X, beiid withmean 4 .Then X Sy .

Note: Yni)c:Yngc .

Proof:
Let c(¢) bethecfof X,.Weknow c(t)=1+iut+olt)=e""*" . So

=le
iut+nol—
)
_)eiut
which is the cf of the constant u .
CenTrAL LimiT THEOREM
X—u d
Let X, X,... beiid withmean p and variance o . Then U/\/;_’N(O’l)
Proof:
. (X, 0-2 ) ) ;O-zt2+0(lz) )_(—[J .
The cfof X \—H is Ele"™#)=1——r+0(r*)=e ? . So the cf of is
2 al\n

( i,X/iﬁ) ( it f[<x\—m+---+<x,,—uﬂ)
E e glNn :E eUVn
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which is the cfofa N(0,1).

ResuLTs IN CONVERGENCE

Proposition

d p
X,—mc=>X,—c

Little Results
For any continuous function g :

L X, 5x=g(X,)5elx).
2. XnﬂX:g(Xn)ﬂg(X).
Results are also true in the vector case.

Proposition
Ifforall €>0 | D, P

Yn

>g)]<oo | then Y,50 .

Corollaries
1. Let E,,lo If ZP(|Y"|>5"><OO,theI‘1 Yng()_

2. If Xn—p+ X , then there exists a subsequence {X,ﬁ, X, ] such that Xm&X.

3. X, 2 x if and only if every subsequence has a further subsequence converging wpl to X .

Proposition
Let £,>0 . If ) &, <oo and ZP(|Xn+1—Xn|>5n)<oo,then X, 5X.

APPLICATION
Result
Let R,,i=0,1,... be countingrv's with E(R,)<M . Then ZR,-Si converges wpl on |s|<I .

i=0

Lemma
Let A, A,... beevents with P(4,)=1 Vi . Then P(N4,)=1

Definition: Stopping Time
Let X, X,... berv'sand N€|0,1,2,...] acountingrv. Ifthe event [N=n] (or [N<n/) depends only on
XoX,...,X,, thenwecall N a stopping time for the sequence.

Wald's Equation
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Let X, X, X,... beindependent with X,=0 and X, X, ... iid. Let N be a stopping time and u=E(X,) .Then
N

E(Z Xn):uE(N)
n=0

Renewal Process

Discrete Tive RENEwAL PRoCESss

Let X, X,... beiid with pgf G(s) andlet X,—0 be renewal points. Assume P(X,=0)<1

Let S;=X,+X,++X, be the time to the k -th renewal.

Let R, be the number of renewals at time ¢ (discrete, R,=1 by convention) and let u,=E(R,} (u,=1).

Problem

©

From G|(s) wewantthe u,'s. Set U(s)=)_ u,s".
t=0

Theorem
1. z R[stzz 5
=0 r=0
2. Uls)]=——L—
1-G|s)
Uls)— . e e . . .
Note G(s)= [(JS ()s) , so knowing the renewal probabilities yields that distribution of the inter-arrival times.

Definition: Regeneration Point

Take discrete stochastic process {X t} . Suppose that whenever {X tGA} the event a happens, the process regenerates in
the sense that given a the present and future are independent of the past. Then a is a called a regeneration point.

In equations this is E[g({XV‘SZt})Ia, {XX;s<tH=E[g({Xx;sZt})|a] where g is a function of the X, 's.

Theorem: Elementary Renewal Theorem
Let N(¢) be the number of renewals up to ¢ (not counting the initial item). Set m(¢)=FE (N (¢)) . This is the renewal
m(t) 1

function. Call HZE(X,]>0 (since P(X,=0)<1 ). Then &

Proposition
N(t)+1 is a stopping time for X, X,... .

Corollary

E(Sy)=E(X)E(N(t)+1)=pE(N(t)+1)  This yields E(N(t)—i—l):wmﬁ .

Theorem: Renewal Theorem
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t t t
For the renewal process, E(N(t)—i—l):E(z Rk)z u,:%z u,—
=0

, which almost yields the stronger result % ; .
k=0

=
Il
=}
= | =

Markov Process

When renewals happen the process begins over. This notional generalized to the at of a regeneration point for a stochastic
process [X ,} . In particular, if for each ¢,, X, is aregeneration point, then we have a Markov Process. This is defined in
many different (equivalent) forms. We assume ¢ to be “true”.

Definition: Markov Process
|X,| is Markov if for each ¢, functions of the present and future |X,, s>¢| are independent of functions of the past

|X,, s<t| given the present X, .

Definition: Markov Process
[X,] is Markov if for each “for all” functions &, E|h(| X, s=t])||X,, s<t||=E|h(|X,, s=1])].

Definition: Markov Process

(X,| is Markov if E[A(X, )IX,, X, ... X, |=E[h(X, )IX, | Vi<t,<|X,.

Definition: Time Homogeneous
If the conditional structure does not change over time, then the process is said to be time homogeneous. There the
conditional distribution of X, | X, does not change with ¢.

Note: We will assume this is the case.
Note: This assumption of time homogeneity of the conditional distribution is different than that of stationary which one finds

frequently in time series. There |{X,| is stationary if the joint distribution of X ,,---, X, ,, do not change with 7.

Definition: State Space
Let {X,] be Markov and time homogeneous. The state space is U/ all possible values of X | .

Note: We mainly consider countable state spaces and talk of X,=i (the process is in state i at time ¢).

Note
Let N(t) be the number of renewals up to ¢ (not counting the initial item). The process [N (¢),#>0] is a renewal

counting process.
In continuous time if the inter-arrivals were iid exponential (A) then we would have a Poisson process of rate A | and it

would have the Markov property.
In discrete dime the Markov property would hold if the inter-arrivals were geometric.

Ageless Property (Lack of Memory)
X ~exponential (A] satisfies P(X>s+/|X>s)=P(X>t) Vs,1>0,and it is the only continuous positive rv with this

property.
X ~geometric(p) satisfies P(X>s+t|X>s)=P(X>t) Vs,t>0,s,t€Z ,and it is the only counting rv with this

property.

Definitions: Markov Chain States
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States of which recurrence is uncertain is called transient.

States with finite recurrence times is called recurrent

Recurrent states with finite recurrence times are called positive recurrent. Otherwise they are called null recurrent.
States that only recur at multiples of d>1 (an integer) are periodic. Otherwise they are aperiodic.

PO

Poisson PrRocEss

Definition: Nonhomogeneous Poisson Process
Consider {N,,tZO} where Ny=0 and N, be the number of points in [0,¢] . Let Alt)=0  and set m(t):f/\(u)du
0

{ N, t 20] is a nonhomogeneous Poisson (counting) process of rate Alt) ifit has independent increments and
N,~Poisson (m(t)) .

Definition: Homogeneous Poisson Process
If Al£)=A  then the process is homogeneous and simply termed a Poisson Process.

Notes

1. A Non homogeneous Poisson process is a Markov Chain. If A(f)=A then it is also time homogeneous.
t

2. N((t.t,)) is the number of points in (7, #,] and is distributed POiSSOH(I?\(u)du)ZPOiSSOH(m(tz)_m(’1))

t

3. If mlt) is strictly increasing (can be relaxed) then {N t 20} is a homogeneous Poisson process of rate 1.

m'(1)”

THe GALTON WATsoN BRANCHING PRoCESS

We start with one individual (can be generalized to k) at generation/time 0. The individual has offspring according to an
offspring distribution with pfg G|(z) . These offspring live for one generation and each of them independently has offspring
according to G . This generates a Markov Chain |{X,,7=0,1,2,...] where X, is the number of people in the 7 -th
generation. Since X,=1 , X, has pgf G(z):E[zX'] . Set IJZE(X]) .

We are interested in calculating P~ }LHOIO P(X,=0) which we may term the probability of ultimate extinction.

Theorem
Assume 0<P(X,=0)<1 . Then
e u<l=p=1 (subcritical case).
e u=1=p=1 (critical case).
e u>1=p=1 (supercritical case).

Time Homoceneous DiscreTe Time Markov CHAINS

Consider |X,,7=0,1,2,...| . Set p(t) tobe the pfof X,; p(0) represents the initial distribution. Define the 7 -step
transition probabilities via p[j(n)z P(X,Fj | oni) . Set the matrix P(n)z[p,-j(n)] and call P=P(1) the transition
matrix. Then »(¢) =5(0) P(¢t)=p(t—1)" P

i J

Stationary/Equilibrium Distribution
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If p(¢)'>7 (alimiting pf), then we must have 7t =7 P .Sucha T is called a stationary or equilibrium distribution.
In such a case 7t will not depend on the initial distribution and the process is then said to be ergodic.

From p(¢]"=p(0)" P(¢), by taking 5(0)'=(1 0 0 - . p(0)

t—o©

T
=0 1 0 --,etc,yields lim P(¢)=|7 | . Since

P(0)=1 weconclude P(¢)=P' and hence p(t)=p(0)P" .

Chapman Kolmogorov Equations
Consider ¢,<t¢,<t; . We have
P(XISZ‘].’X[I:Z.)
P(X, =i
X =k X, —1)

P(X
Zk: (X,I—z)

P(X,=jIX,=i]=

P(X, =k, X, =i
P(X, =i

Z
; (X,=jlX, =k)|P(X, =k|X, =i

(X, =Jj1X =k, X, =i

The equations P(Xt3:j|Xr,:i):Zk: P(Xt,x:j |sz:k)P(Xt2:k‘Xt.:i) are called Chapman Kolmogorov equations
(CKE). In the time homogeneous case they reduce to P(s+¢)=P(s)P(¢) (in matrix form).

Definition: Recurrent State

State i is recurrent if starting from 7 one is certain to return.

¢ Notice that this is simply stating that the recurrence time is finite wpl.

. Note that if the recurrence time is finite then the number of recurrences must be infinite. The number of returns is

Z X,=i|X,=i) with mean ZE[ X,=i|X,=i)|]=2_ p,(t], and it follows that state i is recurrent iff
=1

=1 t=1
0

Definitions

1. A recurrent state is positive recurrent if the mean return time is finite. Otherwise it is null recurrent.
2. A state which is not recurrent is called transient.

3. A state which can only return at multiples of d>1 is called periodic. The smallest d is the period.

Definitions

1. j isaccessible from i (i—j)if p,-,j(n)>0 for some n=0 .
2. i and j communicate (i<>j)if i—j and j—i.

3. A Markov Chain is irreducible if all states communicate.

Theorem
If i and j communicate, then they are the same type (recurrent, transient, etc).

Remarks

1. States which are not periodic are termed aperiodic. The behavior of a periodic state can be determined by looking at
times kd ,k=0,1,....

2. For a finite Markov Chain which is irreducible all states must be positive recurrent.
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3. A sketch of the one-step transition probabilities is often helpful.

Theorem
In a irreducible, aperiodic, positive recurrent Markov Chain,

lim P(X ,=i|X,=i)=lim P(X =i)=m,
t—o© t—o

1
mean recurrence time

,and 7T is a pf with n=mp.

where T7,=
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