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Introduction

This survey deals with research in ancient Greek mathematics and, to a lesser extent, mathematical
sciences in the long first decade of the 21st century. It is modeled on the two foregoing surveys by
J.L. Berggren and K. Saito and gives my personal appraisal of the most important work and trends of
the last years, with no attempt to be exhaustive.

My overview of the work in this period is divided into two main sections: the “Methods,” which
researchers have applied, and the “Topics,” which have garnered significant research interest. Many of
the methods and topics that have been addressed in this period are not new, but the emphasis has often
changed in response to a changing historiography. Of course, many of the individual works I discuss
utilize more than one method and address more than one topic. Hence, the placement in my paper of
any particular study is necessarily somewhat arbitrary.

I should mention some restrictions that must necessarily be made in such a survey. I deal only with
mathematics, and some of the exact sciences insofar as they relate to mathematics, mathematical practice
and mathematicians. This is a fairly arbitrary division. Ptolemy and Heron regarded themselves as
mathematicians; astrologers of the Hellenistic periods were called mathematicians. A similar survey for
astronomy, however, would be as long as that for mathematics, and those for mechanics and astrology
would be nearly as long again. I only consider work in major European languages. In general, I restrict
myself to the first decade of this century, give or take a few years on either side. I do, however, make a
few exceptions to this to mention works published in the previous periods that were not discussed in
either of the foregoing surveys by Berggren or Saito.

It may be useful if I explain my general views on the changing historiography of the period, which
led me to organize this paper as I have. The majority of scholars working in the field now share certain
methodological and historiographical commitments. There have been no polemics along disciplinary
lines such as erupted in the 1970s (see pages 5—6 and 20, above). Of course, there have been disputes
about historiographic methods, but these have largely focused around questions about the best way
to rewrite the history of Greek mathematics, not about whether or not this needs to be done at all.
The majority of scholars in the field now appear to accept the idea that Greek mathematics is not our
mathematics, and that it needs to be understood in the context of its own historical setting. It appears
that the old historiography has been overcome. There are very few who still believe in such historio-
graphical artifacts as Pythagoras’ deductive mathematics, geometric algebra, or a crisis precipitated by
the discovery of incommensurability.

In general, the historiography of Greek mathematics has responded to changing trends in the his-
toriography of science and of mathematics, but only slowly and tentatively. This is partly because the
methodologies and approaches of these various fields are still necessarily different. Historians of Greek
mathematics cannot directly employ many of the methodological approaches, such as studies of in-
stitutional practice or instrumentation, used by historians of later periods; and they are compelled to
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use methods, such as philology and reconstruction, which historians of later periods have no interest
in, or find distasteful. Nevertheless, in the period under consideration, historians of Greek mathemat-
ics have followed earlier trends in the history of science, such as focusing on local topics for which
there is good evidence, exploring the implications of material culture, and fleshing out the influence of
cultural, religious and intellectual contexts on mathematical activity. Most importantly, historians of
Greek mathematics, like other historians of science, are now no longer primarily interested chronicling
a series of results, which are arbitrarily assumed to be important, but are rather focused on practices of
knowledge production and discourse in the mathematical sciences and how these were related to such
practices in other areas of ancient life.

With the passage of time, there have been changes in the group of researchers focusing on ancient
Greek mathematical sciences. A number of senior scholars have moved on to other interests, or reduced
their output; but the most significant change, in this regard, has been the untimely loss of the late
W.R. Knorr, the most prolific and prominent historian of Greek mathematics in the second half of the
twentieth century [Fowler 1998]. At the same time, a number of new scholars have entered the field,
to the extent that it now appears to be more active than it had been for decades. Of the new scholars,
I will mention only the two most active and influential, R. Netz and F. Acerbi.

A snapshot of changing trends in the field can be captured by considering three books that have
been published during the period covered by this survey. The most influential book during this period
has been R. Netz's The Shaping of Deduction in Greek Mathematics [1999a], which is perhaps the only
book on Greek mathematics to have received a wide audience and recognition among non-specialists.
This book has done much to open new approaches to deduction in Greek mathematics by focusing on
cognitive, linguistic and diagrammatic practices. S. Cuomo’s Greek Mathematics [2001] takes a broad
scope of mathematical activity in the ancient Mediterranean world and gives as much attention to the
historical evidence as to the topics treated. Although this book provides almost no coverage of the
technical accomplishments of the Greek mathematical sciences, it situates mathematical practices in
the broader social and political context and addresses the fact that mathematics was used by many
professional practitioners in the course of their work. F. Acerbi’s I silenzio delle sirene [2010a] is a
compact, technical work that will probably not attract much attention outside of the circle of specialists.
But for them it will be essential. The book deals with historiographical issues concerning methods and
topics, treats the techniques that Greek mathematicians used to approach their subject matter, and ends
with a full appendix on the Greek manuscript traditions of the major sources. Although the arguments
are often brief, this work shows how the old historiography has been left behind and argues for a
reevaluation of many suggestions and assumptions of previous historians that have often been accepted
as fact.

Methods

Many of the methods employed by scholars during this period have been used for decades, even cen-
turies — such as manuscript studies and mathematical formalization — while others are techniques
emphasized by historians of science working on more modern periods — such as studies of material
culture, or contextualization in various social and religious milieus.

Textual Studies

Those who study the history of the ancient mathematical sciences face a conspicuous scarcity of evidence.
For Greek work, although there is some papyrological evidence, there is almost no other material
evidence and the descriptions of mathematical activity in literary and philosophical texts are often
difficult to reconcile and interpret. Hence, for the history of Greek mathematics, our principal sources



Research on Ancient Greek Mathematical Sciences, 1998-2012 27

are the mathematical texts preserved in the medieval manuscript tradition.

For these reasons, the foundation of scholarship in the Greek mathematical sciences has been, is,
and will remain, textual studies, in which all serious scholars of Greek mathematics engage to one
degree or another. Textual studies, however, encompass a wide range of activity including codicological
studies of the papyri and manuscripts themselves, producing critical editions on the basis of these,
grammatical and philological analysis and description of the text, translation, and mathematical and
scientific commentary.

Ancient Texts

Our most direct textual evidence for Greek mathematical activity comes from papyri and other written
sources, of which there are very few. Arithmetical tables, and publications and studies of these, have
been catalogued by Fowler [1988, 1995]. A couple of papyri dealing with “algebraic” type problems
have been published and studied by Sesiano [1999]. Biilow-Jacosen and Taisbak [2003] have edited, and
studied, a papyrus containing “practical” geometrical problems of the kind that we find in the Heronian
corpus, and Jones [2012], relying on new readings of certain abbreviations, has reedited it, and produced
a new technical study.

For the history of Greek astronomy, the largest new source of documents has been published and
studied by Jones [1999], in his Astronomical Papyri from Oxyrbynchus. This work shows that the tabular
methods of Babylonian mathematical astronomy were circulating in Greek by at least the early centuries
of the common era and that these were in use at the same time as tables based on pre-Ptolemaic
geometric modeling, and Ptolemy’s Handy Tables.

There is still no comprehensive study of mathematics and mathematical astronomy in Greek papyri,
but Friberg [2005, 193-267] has made a study of the mathematical methods contained in Greek papyri
from Egypt, and shown that the technical methods used in these texts go back to Old Babylonian
methods.

Medieval Manuscripts

The vast majority of work on Greek mathematics deals, not with the relatively few ancient texts that
have survived in various forms, but with the much greater quantity of texts that are preserved in medieval
manuscripts. There have been a number of new studies of the medieval manuscript traditions of Greek
mathematical works. Along with older work by Mogenet [1950] and Noack [1992] on Autolycus and
Aristarchus, respectively, a new study of the manuscripts of Theodosius’ Spherics, by Czinczenheim
[2000], gives us a good sense for the overall manuscript tradition of the so-called Little Astronomy.
Decorps-Foulquier [1999a] has produced a thorough study of the manuscripts of the scholarship on
Apollonius’ Conics carried out by Eutocius.

There is no work that covers all of the manuscript evidence for Greek mathematics, but Acerbi
[2010a, 269-375] gives a treatment of the Greek traditions of a number of major works. This will be
invaluable for experts and can help others get a sense for the real basis of our current editions and
appreciate how unreliable this sometimes is. This means that we now have overview coverage of the
major manuscript sources in both Greek and Arabic.

The Direct and Indirect Traditions

Historians of Greek mathematics divide the manuscript sources into direct and indirect traditions. The
direct tradition is constituted by source texts, in Greek, found in manuscripts, or papyri, while the
indirect traditions are commentaries and summaries of these in Greek along with translations, and
their commentaries and summaries, largely in Arabic and Latin. A useful overview of the medieval
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transmission of mathematical texts is provided by Lorch [2001].

Although it might seem that only manuscripts in the direct tradition should be treated by historians
as primary sources, even in the direct tradition the mathematical texts were subjected to numerous
revisions over the centuries. The texts were often edited by scholars who were themselves practitioners,
or teachers, of the fields that the texts transmitted, and who took the scope of their role to include
a correction of the words of text based on their own understanding of the ideas that these words
conveyed. Hence, in order to understand the nature of our source documents, we are often in a position
of having to reconstruct a lost context of mathematical activity on the basis of both the direct and
indirect traditions.

The question of the relative importance of the direct and indirect traditions has been reopened
by Knorr [1996, 2001], who revisited a late nineteenth century debate between the classical philolo-
gist J.L. Heiberg and the Arabist M. Klamroth. The debate concerned the importance of the indirect
tradition for determining the original form of that most canonical of Greek mathematical works, Eu-
clid’s Elements. At the time, Heiberg had argued that the Arabic sources were not reliable and could
be ignored, but Knorr looked at propositions from Book XII in Greek, Arabic and Latin versions and
came to the conclusion that certain Arabic traditions were more valuable than the direct tradition. This
question was taken up again by Rommevaux, Djebbar and Vitrac [2001], who enlarged the scope by
examining Book X, and concluded that the Greek sources were considerably more varied than Heiberg
acknowledged, but that the relationships between the various versions were too complex to simply as-
sert that the Arabic witnesses were more valuable. Acerbi [2003a] has studied the importance of the
Arabo-Latin tradition for studying the contexts of Book V. The manuscript tradition has also been
studied by looking at the scholia in Greek and Arabic manuscripts [Vitrac 2003; Djebbar 2003]. This
work has culminated in a detailed study by Vitrac [2012] of the issues involved, including an intro-
duction to the entire textual history of the Elements, which will be of great use to both experts and
non-experts alike. He concludes that the indirect tradition is also very diverse, that differences between
the various traditions are rarely global, and that, in our present state of knowledge, it would more useful
to produce editions of the various versions of the indirect tradition than a new edition from the Greek
manuscripts.

Because of the fidelity of William of Moerbeke’s Latin translations of Archimedes, and the loss of
a number of the medieval Greek manuscripts, the indirect Latin tradition has long been an important
resource for studying his work. Recently, d’Alessandro and Napolitani [2012] have edited the fourteenth
century Latin translations of Archimedes’ works by Jacob of San Cassiano. They conclude that Jacob
had access to a Greek manuscript which is not otherwise known to us, and which sometimes contains
better readings than those which are still extant. This reconfirms the importance of the Latin tradition
for assessing Archimedes’ mathematics.

For some topics and authors, the indirect tradition is essential. For example, Hogendijk [1999/2000]
has found traces of a lost book by Menelaus on the foundations of geometry in works by al-Sijzi, and
I have argued that an examination of various Arabic and Latin versions of Menelaus’ Spherics indicates
that the so-called Menelaus Theorem was not his discovery but was adopted by him from previous
work [Sidoli 2006]. Details of scholarship on the indirect tradition in Arabic are discussed by Van
Brummelen in his contribution to this book (see below, pages 102-107).

New Editions

There have been a number of new critical editions, in both the direct and indirect traditions. Some of
these are based on a reassessment of the manuscript evidence, but many of them make a critical edition
available for the first time. The bulk of these are editions of versions in the indirect traditions. Arabic
editions are treated in detail by Van Brummelen (pages 102-107), and I will only mention a few of
them here.

Czinczenheim [2000] has produced a new edition of Theodosius’ Spherics, along with a French trans-
lation. Tihon [1999] has completed the project, begun by Mogenet, of editing Theon of Alexandria’s
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larger commentary on Ptolemy’s Handy Tables. Tihon [2011] and Mercier [2011] have also begun
the project of editing Prolemy’s Handy Tables, along with an English translation and technical com-
mentaries. Stiickelberger and Grasshoff [2006] have produced a new edition and German translation of
Prolemy’s Geography. This includes extensive commentaries and a CD-ROM containing all the location
data.

In Arabic sources, Berggren and I have produced an edition of the Arabic text, along with English
translation and commentary, of Ptolemy’s Planisphere, previously only published in a later Latin version
[Sidoli and Berggren 2007]. Rashed and Bellosta [2010] have produced the first critical edition of
Apollonius’ Cutting off a Ratio, previously only available in Halley’s Latin translation.

In Latin sources, Jones [2001] has reedited, along with an English translation and commentary,
the Latin of William of Moerbeke’s translation of a Greek work on catoptrics, erroneously ascribed to
Ptolemy and usually thought to be due to Heron. Takahashi [2001] has provided the first edition, along
with English translation and commentary, of a medieval Latin translation of Euclid’s Catoprrics.

A welcome, and important, new trend has been the publication of editions that include multiple
versions of a text. Kunitzsch and Lorch [2010, 2011] have edited Arabic versions of Theodosius” Spher-
ics and Habitations together with Latin translations based on these. Vitrac and Djebbar [2011] have
produced a new Greek edition of the so-called Book XIV of the Elements, actually due to Hypsicles of
Alexandria, along with the first edition of an Arabic translation of this text. Rashed, Decorps-Foulquier
and Federspiel [2008-2010] have carried out the massive task of providing a full edition of the Greek
and Arabic texts for Apollonius’ Conics, along with a French translation and commentaries. This is the
first time that the first four books of the Arabic text have been edited.

F. Acerbi and B. Vitrac have started a new series of editions, including translation and commentary,
of Greek works, focusing especially on less well-known treatises. Acerbi [2012] has produced the first
volume of the series, a new edition of Diophantus’ Polygonal Numbers, with Italian translation and
technical commentary. The anonymous introduction to Ptolemy’s Almagest, the first three parts of
which have already appeared, will be published in this series [Acerbi, Vinel and Vitrac 2010].

The Language of Greek Mathematics

Following previous work by Mugler [1959] and Aujac [1984], Federspiel has carried out a series of
studies on the technical language of Greek mathematical works. Of these, I will mention a paper on
the usage of the definite and indefinite article, which introduces the concept of the “anaphor” as a part of
a proposition in which the mathematician explicitly draws inferences that result from the construction
[Federspiel 1995], and a series of papers on the language of Apollonius’ Conics, including one on the
problems, which is relevant to the way we understand constructions in Greek geometry [Federspiel
1994, 1999-2000, 2002, 2008].

Chapters 4 and 5 of Netz’s Shaping of Deduction in Greek Mathematics, on “Formulae” and “The
shaping of necessity,” deal with the linguistic structure of Greek mathematical prose [Netz 1999a, 127-
239]. Netz shows how Greek mathematical prose is structured from the bottom up — from simple
objects, such as points and lines, to clusters of assertions, including previous theorems or aspects of the
diagram, into arguments. Acerbi [2011a], in his monograph study La sintassi logica della matematica
greca, gives extensive coverage of the linguistic choices that Greek mathematicians used to express the
logical development of their arguments.

There have been a number of other papers that treat the language of Greek mathematics, of which
I will mention only two. Vitrac [2002] gives a careful analysis of the language of a locus theorem
in Aristotle’s Meteorology 1I1.5, which he argues, against the majority opinion, may have been due
to Aristotle himself. Acerbi [2011b] provides a careful study of the “givens” terminology of Greek
mathematicians, arguing that they used the concept of “given” to deal with the determinate existence
of mathematical objects and as a way to give a deductive framework to constructions and calculations.
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New Translations

There have been many new translations of source texts during this period. Most of the new editions
are accompanied with modern language translations, and a number of the translations are discussed in
the next section, on canonical authors. Here, I will mention only a few works that do not fit into these
other categories.

Solomon [2000] has made a new translation, with commentary, of Ptolemy’s Harmonics, and Berg-
gren and Jones [2000] have translated the theoretical chapters of Ptolemy’s Geography, adding an in-
troduction and detailed annotations. Bowen and Todd [2004] have produced an English translation
of the short treatise by Cleomedes, the Heavens, which they argue was part of a general exposition
of Stoicism. The translation is accompanied by critical notes and many diagrams. Evans and Berggren
[2006] have translated Geminus’ Introduction to the Phenomena, and included a thorough introduction,
commentary and translations of a number of related texts. Winter [2007] has made a new translation
of the Aristotelian Mechanical Problems, which he argues was written by Archytas, based on the rather
dubious assumption of a linear progression in the history of early mechanics. Sefrin-Weis [2010] has
made a new translation, with detailed commentary, of Pappus’ Collection IV, which although providing
the first English translation includes a number of peculiar translation choices. This book also includes
an edition of the Greek text, which was made by comparing two previous critical editions with the
only manuscript source. The diagrams, however, are not an accurate reflection of what we find in the
manuscript, but have been reconstructed from the mathematical argument.

Textual Studies on Canonical Authors

For Greek mathematics, the canonical authors have always been the three great geometers of the Hel-
lenistic period: Euclid, Archimedes and Apollonius. Since our understanding of ancient Greek math-
ematical sciences centers around these three figures, they have been the focus of considerable textual
work.

Euclid

Euclid is probably the most canonical author in the history of mathematics, and most studies of Greek
mathematics begin, and unfortunately often end, with an investigation of his texts.

There have been a number of new translations of his works. Vitrac [1990—-2001] has finished his
project of making a French translation of the Elements with commentaries, and Acerbi [2007] has
translated the complete works of Euclid into Italian, along with a fair number of related texts and
provided the whole with commentaries. Acerbi’s translation has Greek on the facing pages. Taisbak
[2003] has made a detailed study of the much neglected Data, including commentaries and an English
translation facing a reprinting of the Greek text.

The work referred to above on the direct and indirect traditions of ancient Greek works has high-
lighted the importance of the medieval versions of Euclids Elements, not just for understanding the
medieval period in its own right, but also for our understanding of Euclid’s own work, with the core
text being the Elements. There has been considerable research on the medieval tradition of Euclid’s
works, especially by S. Brentjes, G. De Young, A. Djebbar, E. Kheirandish, and A. Lo Bello. The de-
tails of this work are discussed by Van Brummelen, below (see pages 102—-106). This work constitutes
the greatest recent addition to our knowledge of the textual sources for Euclids work, but it should be
stressed that although we have a Greek edition and a number of Latin editions of his Elements, there
is still no complete edition of any of the Arabic versions of this essential text.
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Archimedes and the Archimedes Palimpsest

Arguably the greatest mathematician of the Hellenistic period, Archimedes had a different approach
from Euclid. In place of systematic, foundational treatises, he focused on the measuration of curvi-
linear figures, and the mathematization of mechanics. Netz has begun a project of producing the first
English translation of his works, with linguistic and literary commentaries, of which the first volume
has appeared [Netz 2004a].

The most important development in textual studies of the Archimedes corpus has been the redis-
covery, and sale at auction, of the so-called Archimedes Palimpsest. This manuscript, which contains
some unique treatises by Archimedes, was read by Heiberg in the first decade of the twentieth century
and then subsequently lost. Wilson [1999] gives a description of the codex, and the fascinating story of
this object is told by Netz and Wilson [2009]. Netz, Noel, Wilson and Tchernetska [2011] have now
produced a transcription of the text with facing pages of various images of the palimpsest,' accom-
panied with papers on the history, conservation and imaging of the manuscript and The Archimedes
Palimpsest Project.

Since Heiberg was able to read the majority of the Archimedes text, including some parts that have
since been lost, this work on the palimpsest has not revolutionized our knowledge of Archimedes,
as some researchers had initially anticipated. Nevertheless, this textual work has lead to some new
readings, such as a new interpretations of Method 14 [Netz, Saito and Tchernetska 2001-2002], and a
new reconstruction of the final propositions, based on considerations of the physical conditions of the
original Archimedes codex [Saito and Napolitani, below]. It seems certain that further study of this
important source will continue to yield insight into Archimedes’” mathematics.

Apollonius

The textual work on Apollonius during this period has been extensive. As well as Decorps-Foulquier’s
work on the Greek Apollonius manuscript tradition, and Federspiel’s work on prose usage in the Greek
text, discussed above, they have collaborated with R. Rashed in producing a new edition of the Greek
and Arabic sources of Apollonius Conics, along with a French translation [Rashed, Decorps-Foulquier
and Federspiel 2008-2010]. Taking this work together with the new edition of the Arabic, and oldest
surviving, edition of Apollonius’ Cutting off a Ratio [Rashed and Bellosta 2010], we now have a solid
textual basis on which to form an assessment of Apollonius’ contribution.

At the end of their lengthy study of Apollonius’ Conics, Fried and Unguru [2001] have appended
the first English translation, by Fried, of Conics IV. It has also appeared in a separate printing, with an
introduction discussing the contents of the book [Fried 2002].

Diagrams

Another major area of research interest related to textual studies has been on the diagrams preserved
in the manuscript sources, treated as both material object and text. The recent interest in this area
was largely motivated by Chapter 1 of Netz’s Shaping of Deduction in Greek Mathematics, “The lettered
diagram” [Netz 1999a, 12-67]. Saito [2009] has given an overall discussion of the importance of textual
studies for understanding Greek mathematics, which situates diagram studies within the scope of textual
studies.

With the exception of the Belgian school, earlier editors, particularly Heiberg, paid little attention
to manuscript diagrams, so that the critical editions of the canonical works do not contain the diagrams
that were transmitted in the ancient or medieval periods. This situation is now beginning to be rectified.
Netz’s translation of Archimedes’ Sphere and Cylinder includes a critical edition of the manuscript figures

! The palimpsest has been imaged using different spectra of light, including ultraviolet and x-ray fluorescence, to try to
bring out the erased text.
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[Netz 2004a]. K. Saito has undertaken a major project of examining and editing the manuscript images,
focusing first on the work of Euclid. The diagrams of Elements I-IV and VI have been published, along
with those of a number of Euclid’s other works, such as the Phenomena and Optics [Saito 2006b, 2008].2
The diagrams in the Euclidean tradition in Arabic have been investigated by De Young [2005].

The overall characteristics of the manuscript diagrams have been described by Saito [2012], with
respect to diagrams in Euclid, and by Saito and myself, with respect to diagrams in Euclid, Archimedes,
Apollonius, Theodosius, and others [Saito and Sidoli 2012]. The main results of this work shows that
diagrams in ancient Greek works functioned as a kind of schematic, characterized by oversimplification
and indifference to visual accuracy. In many cases, especially in solid geometry, the diagrams were
meant to be redrawn on the basis of the text and the manuscript diagrams. This implies that it is the
construction, rather than the diagram, that acts as a new source of necessity in the argument.

There have already been a number of results from this interest in diagrams. Decorps-Foulquier
[1999b] has used the diagrams in Apollonius’ Conics to explore the editorial work that Eutocius per-
formed in preparing the Greek edition of the Conics that has come down to us. I have used the variant
diagrams of a proposition from Aristarchus’ On the Sizes and Distances of the Sun and Moon to show that
the text was read in different ways by different readers in the medieval period, and to point out some
technical issues that had previously gone unnoticed [Sidoli 2007]. Malpangotto [2010] has used the
diagrams in ancient, medieval and early modern version of Theodosius’ Spherics to show that different
authors and editors used diagrams as a way of organizing their approach to spherical geometry and their
conceptualization of the objects on the sphere.

During this period, there have also been a number of philosophical and logical studies on diagrams
and diagrammatic reasoning. These are discussed below.

Material Culture

The material culture of science became a major area of interest and research for historians of science in
the 1970s and 80s. Probably due to a scarcity of evidence, and the difficulties involved in interpreting
the little evidence that there is, it took a long time for this trend to influence historians of the ancient
exact sciences. During the period under consideration, however, a number of scholars have attempted
to bridge this divide through various techniques.

In the first place, there have been a number of new discussions of the material evidence we do have.
In her general overview, Greek Mathematics, Cuomo [2001] discusses some of the material evidence
for the use of mathematics by various types of professionals, such as builders and acountants. Lewis
[2001] has provided a textual, archeological and reconstructive study of the surveying instruments that
were used by engineers and builders. This study includes translations of a number of related texts. Evans
[1999] gives an important discussion of the material evidence for astronomy in the Greco-Roman world.
In this regard, Jones has studied the meridian lines on a group of three sundials used to indicate the
time of year (see below). Evans [2004] also discusses the material objects that would have made up the
practice of professional astrologers, who were often called mathematicians in the ancient period.

There have been a number of treatments of astronomical works that were presented in the form of
monuments, or public installations. Jones [2005b] gives a new edition, with translation and commen-
taries, of Ptolemy’s Canobic Inscription. The original installation is not known, but a transcription of it
is preserved in the manuscript tradition. Jones [2006] has also made a study of the Keskintos Astro-
nomical Inscription, based on the actual artifact. This includes a text, translation and a reconstruction
of an epicycle model that could produce the values found on the inscription. Lehoux [2007a] has made
a complete study of the Greco-Roman material, both artifacts and text, that relate to parapegmata —
monuments that were constructed in public spaces to keep track of a local position in some cyclical,
usually astronomical, phenomena.

2 See www.greekmath.org/diagrams/diagrams_index.html for the latest results of this project.
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An important area of prolific activity has been research on the so-called Antikythera Mechanism —
that is, the remains of a system of gears used to produce analog calculations of astronomical positions.
There has been so much work done in this area that I cannot hope to cover it all in this context. I will
mention only the main projects and individuals.

Since the mid 90s, M.T. Wright, and his collaborators, have been working on the Antikythera
Mechanism, using new x-ray imaging and physical reconstruction. Wright [2007] has summarized the
fruits of this work, and also included a bibliography of over ten of his papers that have resulted from
this project. In the early years of this century, a new research project, The Antikythera Mechanism
Research Project, has brought together researchers from a variety of backgrounds to study the device.
This project has produced computed tomographic data of the internal structure of the device as well
as new surface images. The project has led to a number of new results, of which I will mention only a
few. Freeth, et al. [2006] set out the preliminary results of the project and proposed a new structure
for the internal gearing. Freeth, Jones, Steele, and Bitsakis [2008] describe much more detail of the
chronological and eclipse prediction dials on the surface of the object, and Freeth and Jones [2012] give
an overview of their current view of the workings of the device and its relationship to ancient astronomy
and cosmology. J. Evans, C.C. Carman and A.S. Thorndike have also been working on the device using
the new images from the Antikythera Mechanism Project, comparison with ancient geometric models,
and physical reconstruction. They have made a number of interesting findings, and offer a somewhat
different interpretation of the gearing [Evans, Carman and Thorndike 2010; Carman, Thorndike and
Evans 2012]. In their contribution to this volume, Evans and Carman argue that the Antikythera
Mechanism can be used to help us reconsider the material culture of mathematical astronomy in the
ancient world [Evans and Carman, below].

There have also been a number of studies which attempt to get a picture of the material conditions
of Greek mathematicians by seeing what we can learn about this from their written works. For example,
Tybjerg [2004] has argued that Heron makes mechanical devices tools of demonstration, and applies
geometry to the mechanical objects. K. Saito and I have argued that the presentation of Theodosius’
Spherics indicates that mathematicians were drawing diagrams on real globes in the course of studying
spherical geometry [Sidoli and Saito 2009]. In harmonics, Creese [2010] has given a study of the texts
related to the monochord as a scientific instrument, and Barker [2000, 192-229] has analyzed Ptolemy’s
treatment of scientific instruments in his Harmonics. This work makes it clear that Heron and Ptolemy
were working in a similar tradition of using mechanical devices in their work, and applying mathematics
to the study of instruments.

Social and Institutional Context

Another research methodology which has slowly affected the history of the ancient exact sciences from
history of science has been research into the social and intellectual contexts in which ancient practition-
ers worked. Again, the primary reason why this trend has so weakly effected research on the ancient
period is the almost total lack of evidence. For even the most famous of the Greek mathematicians, we
often know with certainty nothing about the actual circumstances of their lives.

Nevertheless, there have been some studies that try to bridge this evidential gap in roundabout ways.
Netz [2002a] has used loose demographic techniques to argue that there were very few mathematicians
throughout the whole period of Greco-Roman antiquity, and a broad survey of the textual evidence
to assert that those whose lives we know anything about came from the upper classes and did not
generally earn a living through their mathematical activities. Asper [2003] has argued that theoretical
mathematics arose out of a background of the practical mathematics practiced by professionals, and
that mathematicians developed an interest in impersonalization, proof, and diagrams as way to distin-
guish themselves from other elite intellectuals, such as philosophers and sophists. Asper [2009] has
also argued that theoretical mathematics, at least in the early period, was characterized by having no
institutional setting, whereas the practical mathematics of professionals was loosely institutionalized
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in the educational settings of oral instruction where professionals learned their trades. Cuomo [2000,
9-56] has provided a discussion of the textual evidence we have for the social role of professionals who
used mathematics, such builders, accountants and astrologers, and for the general, albeit vague, praise
that intellectuals of all types had for a mathematical education.

If we take a strict sense of context, we still know little of the life circumstances of most mathe-
maticians — how they made their living, where they learned mathematics, if they had any students, or
how many people they might expect to read and understand their work. In fact, however, if we take a
slightly broader concept of context, there has been a fair bit of work done to contextualize Greek math-
ematicians. In later sections, I will discuss work that broadens our understanding of the philosophical
and intellectual contexts in which mathematicians worked, and the context of mathematical practice in
which they produced their results.

Mathematical and Logical Studies

Historians of Greek mathematics now put less focus on producing the kinds of formal descriptions
— in the logical or mathematical sense — of Greek mathematical works that were common in the
past. Nevertheless, philosophers, logicians and mathematicians continue to have an interest in Greek
mathematics, particularly Euclid’s Elements. Moreover, there have been a number of developments along
these lines which are important for our understanding of Greek geometry. In particular, it is now
widely recognized that the predicate logic at the basis of Hilbert’s program of critically reevaluating
the foundations of geometry is insufficient to grapple with constructive practices and diagrammatic
inferences. Hence, the constructive nature of Greek geometry was never properly understood under
this program. Recently, a number of researchers have been working from various perspectives to try to
develop the logical apparatus to handle the constructive, diagrammatic aspects of Greek geometry.
The authors of the following works are largely concerned with aspects of their projects that will
be of interest to working mathematicians and logicians. In the following summaries, however, I only
highlight aspects of their work to which I think historians of Greek mathematics should pay heed.
Using Martin-Lof’s intuitionistic type theory, Mienpid and von Plato [1990] give a formal treat-
ment of Euclid’s construction postulates (Posts. 1-3) and provide deduction rules that show how theo-
rems and problems can be described in a single logical structure. Mienpii [1997] gives a type-theoretic
reading of Greek mathematical analysis which shows that predicate logic does not give a natural treat-
ment of the fact that geometrical analysis treats a configuration of objects, and cannot explain the
fundamental role of auxiliary constructions. He also discusses the overall logical form of an analysis-
synthesis pair, which gives a new reading of the sense in which analysis is the reverse of synthesis.

There has been some work put into formalizing Euclidean geometry. Avigad, Dean and Mumma
[2009] have developed a formal system that gives a model of Euclid’s geometric practice. This includes
attention to diagrammatic reasoning, which is provided with its own system of axioms — such as axioms
of betweenness or intersection. In this model, constructions are performed by rules that guarantee the
existence of certain objects, given certain conditions. This is not, however, fully constructive in the
sense that construction rules are “built-in” theorems which assert that given some conditions certain
objects exist that have various properties. Beeson [2010], however, provides a formal model of Euclidean
constructive geometry as a intuitionistic geometry, and shows that if the geometry proves an existence
theorem, the object can be constructed using the constructive methods provided by the theory. He
argues that Euclid’s constructions are meant to be well-formed algorithms in the strict sense. As well
as developing formal models, specific questions can also be addressed using such methods. For example,
Alvarez [2003] has given a logical analysis, in terms of construction, of the proof structure of those
propositions in the Elements that rely on superposition, 1.4, 1.8 and II1.24.

Pambuccian [2008] gives an overall treatment — historical, conceptual and technical — of work
devoted to axiomatizing geometric constructions throughout the twentieth century. He is only briefly
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concerned with Greek geometry, but points out that constructive axiomatics preserves the distinction
attributed to Geminus by Proclus between postulates, which ask for the production of something not
yet given, and axioms, which refer to relationships that obtain between givens. He defines constructive
approaches as quantifier-free, and points out that the intuitionistic approach mentioned above fails to
meet this criterion.

Logical and Philosophical Studies of Diagram-Based Reasoning

Closely related to this material are a number of philosophical and logical studies that deal with dia-
grammatic practice, and the use of diagrams to draw inferences in Euclidean geometry.

K. Manders has published a work on Euclidean diagrammatic practice that has circulating widely
among philosophers of mathematics in preprint form since 1995, introduced by a shorter overview
of his ideas and how they have changed [Manders 2008a,b]. In these papers, he asserts that diagrams
introduce concepts and starting points into the Euclidean argument and claims that Euclidean geometry
is a practice of making inferences on diagrams and statements, but that it does not depend on geometric
objects. Miller [2007] has created a formal system for diagrammatic inference and proof. He argues
that the idea that diagrammatic methods are inherently informal is incorrect, and that the Euclidean
practice can be understood as an informal implementation of a potentially rigorous approach. Panza
[2012] provides a new study of the diagrammatic practices of Euclids plane geometry, incorporating
the new approaches that have been developed by logicians and philosophers, but arguing that Euclidean
geometry is fundamentally about geometric objects and that the diagrams represent these. He argues
that diagrams allow Euclid to deal with issues of identity, construction, existence and being “given,”
and that the geometric objects under study in the text inherent some properties from their diagrams.

Unfortunately, all this work focuses strictly on Euclid’s Elements, and usually only the first book.
Hence, a number of the conclusions reached are incompatible with the broader context of constructive
and diagrammatic practices in which the Elements should be situated.

Balanced Reconstruction

For good reasons, elaborate reconstructions of ancient mathematical results and theories have fallen
out of favor. In particular, historians of ancient mathematics no longer try to recreate the historical
development of periods for which the texts have been completely lost, or never existed. The primary
reason for this is that our reconstructions must always be plausible and linear whereas we know that
the history of mathematics and science, for periods in which we have ample evidence, does not always
proceed in such an idealized way. Moreover, the number of plausible, reconstructed histories is often
equal to the number of scholars working along such lines.

Nevertheless, since so many of the Greek texts have been lost, historians still engage in a more
balanced form of reconstruction, in which they try to show that certain results were possible, that
certain methods could have been used, or how a certain result may have been shown, relying strictly on
methods that are consistent with the available textual evidence. The scope for such reconstructions is
more limited than the reconstruction of historical developments. For example, Masia-Fornos [2010] has
shown that a putative lacuna in Archimedes’ Sphere and Cylinder can be supplied rather naturally using
concepts and methods readily available to Archimedes. In a similar vein, I have shown that mathematical
methods evidenced in Ptolemy can be used to reconstruct the full argument for an obscure chapter in
Heron’s Dioptra [Sidoli 2005]. Acerbi [2011c] has given a reconstruction of the proof for the final,
incomplete proposition of Diophantus’ Polygonal Numbers. He has also given a proof in five theorems,
using ancient methods, of the ancient claim that there are only thee homeomeric lines [Acerbi 2010b].
Such an argument does not prove that this proof was actually made in antiquity, but does show that a
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proof of its kind could have been produced, so that there is no reason to doubt the ancient claim that
there was a proof of this fact.

New Readings

As the study of Greek mathematical sciences has come more strongly under the influence of the history
of science, it has also come under the general tendency of scholars in the humanities to produce new
readings of canonical texts. Of course, in some sense all historical work on this period involves the
production of new readings of familiar texts; nevertheless a number of influential tendencies can be
discerned.

Ancient Mathematical Contexts

In a sense, the most pervasive tendency of the new historiography has been the continuing practice of
reading Greek mathematical texts in the context of ancient mathematical methods: that is, using the
often terse technical sources to try to understand how Greek mathematicians actually thought about,
and did, mathematics. Hence, many studies in the period under consideration could be placed in this
section, but I present here only a selection of significant examples.

Probably the most complete project in this vein is a monograph study of Apollonius’ Conics by Fried
and Unguru [2001]. This book presents a new reading of the complete extant text and argues that
Apollonius’ mathematics should be understood and explained in the geometrical form in which it is
presented. It also takes a polemical attitude towards the old historiographical methods and presents a
case study for the success of the new historiography advocated by Unguru in the 1970s. Fried [2002]
has studied the role of analogy in Apollonius’ introduction and the use, in Conics VII, of the so-called
homologue, a line which is defined by cutting the transverse axis in the same ratio that the transverse
axis has to the latus rectum. He argues that proportion, as analogia, was an organizing principle in
Apollonius’ theory.

There have been new readings of the theory of ratio developed in Elements V. Acerbi [2003a] gives
a new reading of both the Greek and Arabo-Latin traditions of Elements V, in which he argues that by
the time the theory was composed, the concept of generality and the linguistic tools used to express it
were fully developed. Looking at the same material, but reading it in a different context, Saito [2003]
argues that the pre-Eudoxean theory of proportion reconstructed by Becker is unnecessary to explain
the usage of proportion theory in the ancient mathematical context. The proportion theory put forward
in Elements V can be understood better as a ratio theory that is useful for doing elementary geometry
than as a complete, and general, treatment of ratio. Hence, any pre-Eudoxean theory should also be
understood as having been some loose set of theorems and techniques for ratios that are useful in
geometry.

There are also a number of specific results, or new readings of texts that have been produced in
this way. By showing that Heron’s Dioptra 35 can be read in the context of mathematical methods
found in Ptolemy’s works, I have argued that ancient gnomonics can be applied to the solution of
problems in spherical astronomy [Sidoli 2005]. Saito [2006a] examines the treatment of quadrature in
a range of Archimedean works and shows that the texts can be read more naturally when we realize
that Archimedes did not work with a general concept of quantity but rather investigated well-defined
figures and compared their various attributes with one another.

This approach has also been used to help us understand the goal and approach of lost works. For
example, Acerbi [2008] provides a background for understanding the goal of Euclid’s Fallacies by dis-
cussing the role of false proof in a wide range of philosophical and mathematical sources, and identifying
a number of false proofs as possibly having an origin in this lost text. While we still do not know about
the detailed contexts of this work, we can now develop a better sense of the questions it may have
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addressed and the approaches it may have followed.

Intellectual and Philosophical Contexts

Another type of scholarship which is not new, but which has certainly be influenced by tendencies in
history of science and other areas of humanities scholarship, has been the practice of reading ancient
mathematical authors in the contexts of other philosophical and intellectual fields with which they were
in contact and with which they competed.

Mansfeld [1998] has examined the introductions to mathematical texts from Apollonius’ Conics
to Theons commentaries. This examination of the preliminary material, in contrast to the austere
and often strictly technical core texts, shows that Greek mathematicians situated their work in the
intellectual and philosophical currents of their time. Cuomo [2000], in her book on Pappus, spends
considerable effort situating his work in the general intellectual context of his time.

Bernard [2003b] gives a programmatic argument that categories of ancient rhetoric can be used to
analyze mathematical texts. He also provides a detailed example of this program, arguing that an obscure
passage in Pappus’s Collection can be understood in terms of the techniques developed by orators and
rhetoricians in late antiquity [Bernard 2003a].

Feke and Jones [2010] give a general overview of Ptolemy’s philosophical approach, which shows
both that he conceived of his project in the terms of the philosophy of his time and that his works had an
internal philosophical consistency. Bernard [2010] makes a reading of the ethical and practical aspects
of Prolemy’s mathematical project and argues that many aspects of its presentation may have been
addressed towards the discourse of professional astrologers. Feke [2012] shows that Ptolemy situated
his work in the philosophical currents of his time, while maintaining that the best way to pursue true
philosophy is through mathematical investigations of the natural world.

Literary Readings

A relatively new trend has been a handful of studies that introduce non-mathematical, almost literary
readings of Greek mathematical texts.

Netz [1999a], in passages of his Shaping of Deduction in Greek Mathematics, argues that there is
a similarity between the use of formulaic language in Greek mathematical texts and in Homeric epic
poetry. In his Ludic Proof [2009], he argues that the Hellenistic geometers can be read as using literary
techniques that are comparable to what we find in the literature of this period — such as compositional
variation between themes and methods, an element of surprise in the narrative structure, and exper-
imentation with various genres. Wagner [2009] has given a Deleuzian reading of his own speculative
reconstruction of Greek mathematical practice, and argues that Deleuze’s analysis of Francis Bacon’s
approach to painting may be of use in understanding diagrammatic practice in Greek mathematics.

Unguru and Fried [2007] have gently ribbed the idea of highly postmodern readings by producing a
fictional, purely literary, reading of Apollonius’s Conics as a work on sexual politics and comparing this
with a H.G. Zeuthen’s highly mathematical and their own more historical readings.

Topics

In this section, I discuss a number of topics that have been addressed by historians over the long first
decade of this century. Some of these topics have been perennial favorites — such as the origins of Greek
mathematics, or geometrical analysis — while others are fairly new, such as late ancient mathematicians
and commentators, or combinatorics.
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Origins and Early Evidence

The origins of Greek mathematics, although poorly documented and highly speculative, was once a
favorite topic for historians of the subject. Despite the fact that most historians have grown wary of
such origin stories, it still receives some attention.

The relationship between Greek mathematics and Mesopotamian, that is Old Babylonian, mathe-
matics can now be reappraised in the light of the many new studies of the latter that have been made
since the early 1990s. Friberg [2007], in a study of various similarities between the two, has tried to
revise the old view of a strong and direct influence of Babylonian mathematics on the development of
theoretical Greek mathematics. It should be noted, however, that these similarities are only found in
the subjects studied — which are relatively obvious objects of elementary mathematical investigation
— not in the concepts or methods. Robson [2005], on the other hand, expresses the opposite opin-
ion, namely, that given the rather stark differences of conception and approach, and the fact that Old
Babylonian mathematics had already died out over 1,000 years before Greek mathematics began to be
practiced more than 1,000 miles away, it is unlikely that the one greatly influenced the other. Given the
current state of evidence, it seems unlikely that consensus can be reached on this issue. Although there
certainly seems to be some continuity from Old Babylonian and Selucid mathematics to the “practical”
material found in Greek papyri and the Heronian corpus, as shown by Friberg [2005, 193-267], the
more advanced material of the Old Babylonian period shows such divergence from the approaches and
methods of the Greek geometers that it is possible to argue that the later is independent of the former.

Although most historians of Greek mathematics are now highly doubtful that Pythagoras and the
early Pythagoreans played a significant or unique role in the origins of Greek mathematical science,
Zhmud [2006] has presented an updated version of his views on this in the new English translation
of his book on the early Pythagoreans. In particular, he has strengthened his arguments by references
to his work on Eudemus’ histories of the mathematical sciences [Zhmud 2012]. It should be pointed
out, however, that for the earliest history he must still rely on reconstructions, which are based on the
assumption that the mathematical sciences must develop in a linear, cumulative way. Also on the subject
of Pythagorean science, Borzacchini [2007] takes what he calls a cognitive approach to reconstructing an
origin for the idea of incommensurability in Pythagorean music theory. Most of his concrete evidence,
however, is drawn from the work of Archytas, which is rather late for an origins story. Mueller [2003]
reconstructs a more intuitive and less rigorous proof of Elements 1.32, that the sum of the angles
of a triangle are two right angles, and argues that this could have been written as early as the fifth
century, possibly by Pythagoreans. The majority opinion, however, now seems to be that the early
Pythagoreans did not play a unique role in the development of the mathematical sciences. For example,
Asper [2003] argues that theoretical mathematics, which arose first among the sixth century Ionians,
crystalized in the Athenian milieu in the attempts of mathematicians to differentiate themselves from
other elite intellectuals, such as philosophers and sophists. Netz [2004b], however, associates the origins
of theoretical mathematical work with the production of mathematical texts, and hence studies the
earliest source we have of for written proofs, Simplicius’ account of Hippocrates” quadrature of lunes,
which was taken from Eudemus’ history.

There have also been a number of studies of the mathematics of Plato’s time. Zhmud [1998] has
made a skeptical study of the common idea that Plato was an “architect of science” by showing that this
idea originated in the early Academy, which suggests that Plato was more influenced by mathematicians
than they by him. Huffman [2005] has produced a monograph study of Archytas, a late Pythagorean
contemporary of Plato’s, who everyone agrees did important work in theoretical arithmetic and har-
monics. Acerbi [2000, 2005] has done some work on the often cryptic references to mathematics in
the writings of Plato himself.
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Late Ancient Mathematicians and Commentators

Most of what we think we know about the origins of Greek mathematics comes from texts written many
centuries later, in the late ancient period. This material used to be primarily of interest to historians
of Greek mathematics because of its usefulness for studying earlier periods. A welcome change in this
recent period of historical scholarship is that historians have developed an interest in the mathematics
and scholarship of late antiquity for its own sake, and not merely for the historical material it contains.

Cuomo [2000] has produced a monograph study of Pappus, the most creative mathematician of late
antiquity, and shown that his treatment of the mathematics of his predecessors was both an essential part
of his mathematical project and explicable in the context of other late-ancient cultural and intellectual
practices. Bernard [2003a] has explored the rhetorical aspects of Pappus’ work, and linked it with
the rhetoric of the period. He has also shown that this can be used as an example to argue for the
general utility of sophistical and rhetorical categories as a context for understanding mathematical work
[Bernard 2003b].

There has also been new work on Eutocius’ commentaries on Archimedes and Apollonius. Netz
[1999¢] has argued that Eutocius’ treatment of a problem due to Archimedes actually transforms the
mathematical concepts in important ways, and he later situated this study between a study of Archime-
des’ approach and that taken by the medieval mathematician ‘Umar Khayyam [Netz 2004c]. Decorps-
Foulquier [1998, 1999a,b] has made a number of studies of Eutocius as an editor of, and commentator
on, Apollonius’ Conics.

Netz [1999b] has studied the famous divisions of a proposition set out by Proclus in his commentary
on Euclid’s Elements 1. He shows that this division was probably a description produced by Proclus that
affected the later transmission of the Euclidean text. Hence, it should not be used as a universal model
for all Greek mathematical texts.

Netz [1998] has written a general description of the commentary tradition and its effect on our
image of Greek mathematics. Chemla [1999] has responded to this by pointing out the difficulties often
involved in distinguishing between source text and commentary, and Bernard [2003c] has responded

by highlighting the didactic aspects of this tradition.

Numeracy

Although there has been much study of literacy in the Greco-Roman world, our understanding of the
state of numeracy in this period is still very slight. Netz [2002b] introduced a program of studying Greek
numeracy, defined as counting with physical counters. More recently, Cuomo [2012] has announced
a project to study Greco-Roman numeracy more broadly by focusing on textual and archeological
evidence. This work in still in a preliminary stage.

Greek Combinatorics

One of the most interesting developments in the period covered by this paper has been some work that
demonstrates that combinatorics, in a fairly developed sense, was practiced by Greek mathematicians.
This refutes the previously prevailing view that the Greeks did no substantial work in combinatorics.
The first significant step in this work was made by mathematicians who recognized the relationship
between two numbers attributed to Hipparchus by Plutarch and Schréder numbers in modern com-
binatorics [Stanley 1997; Habsieger, Kazarian and Lando 1998]. This was then built upon by Acerbi
[2003b], in a historical paper in which he shows how Hipparchus’ work in combinatorics could have
been related to technical features in Stoic logic, and gives a discussion of many of the passages by Greek
mathematicians and philosophers that have a combinatorial significance. He argues that this work on
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combinatorics probably took place in the context of technical studies of logic, the source texts of which
were lost as interest in the technical study of logic declined.

Another argument for the use of combinatorics in Greek works concerns Archimedes’” Stomachion,
which only survives in two separate Greek and Arabic fragments. Netz, Acerbi and Wilson [2005] argue
that Archimedes used combinatorial reasoning in his analysis of the stomachion puzzle-game. There
is no direct evidence of combinatorics in the fragments that survive, however, and Morelli [2009] has
argued that a combinatorial interpretation is not supported by any of the other ancient evidence for the
game.

Computation and Algebra

There are still relatively few studies of the practical mathematics that was used by professionals, such
as builders, accountants and astrologers. J. Sesiano has made editions and new studies of a number
of texts related to these problem solving techniques, which clearly had relations to the mathematical
practice of other Mediterranean and Near Eastern cultures [Sesiano 1998, 1999]. The last chapter of
J. Friberg’s book on the mathematics of Babylon and Egypt is also a key study of this material [Friberg
2005, 193-268].

Diophantus

A significant achievement of the last ten years has been a reevaluation of the work on Diophantus
from the perspective of the new historiography. Although there has been some recent work on Dio-
phantus along the lines of the old historiography [Meskens 2009, 2010], most work during this period
has moved away from an algebraic interpretation of his work. That is, it seeks to understand the pos-
itive characteristics of his mathematical practice, without simply situating him as a precursor to the
development of algebra.

A number of recent studies have shown that, although Diophantus is not doing algebra in the sense of
exploring methods of solving certain types of equations, he does present general and systematic methods
for solving arithmetic problems, that is, producing rational numbers that satisfy various conditions. For
example, Thomaidis [2005] has shown that Diophantus transforms arithmetical problems into the
special terms of his arithmetic theory in such a way as to finally produce an equation that can be solved.
In a later paper, he identifies two types of equations in Diophantus’ approach, what he calls equalities,
which are statements of equality that are not to be solved, and the equation proper, which is the
end result of the transformation into the arithmetic theory and which is then solved using the standard
techniques of ancient and medieval algebra [Thomaidis 2011]. Christianidis [2007] has helped elucidate
the general approach (hodos) by showing that the introduction can be read as an explanation of how
to transform a problem into the arithmetical theory, and then solve the resulting equation. He then
applies this analysis to a famous problem, Arithmetica I1.8, to divide a proposed square into two squares.
Bernard and Christianidis [2012] present a new framework for the first three books of Arithmetica, in
which they attempt to catalog all the types of methods that are used to transform the conditions of the
problem into an equation, and to explain the enigmatic role of “positions” (hypostaseis). Acerbi [2009]
also supports an essentially non-algebraic reading by arguing that the technical term plasmatikon is a
late interpolation and cannot be used to support an algebraic reading of the text, as had been done by
some scholars.

The result of this research is that we will probably soon be in a position to characterize Diophantus’
work — which has so far seemed idiosyncratic at best and cryptic at worst — using the terms and
methods in which he expresses himself, and, in this way, develop a historically sound reading of his
text.
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Analysis

Discussions of geometrical analysis remain a regular pastime of historians of Greek mathematics. As
well as the articles discussed above, in relation to logical studies, there have been a number of studies
of the goals, language and techniques of analysis.

In a collection of essays in memory of W.R. Knorr, Berggren and Van Brummelen [2000] provide
a clear overview of the structure of an analysis-synthesis pair and give examples from both Greek and
Arabic texts. In the same collection, Netz [2000] argues that analysis was not heuristic in a meaningful
sense, but that a Greek mathematician would publish an analysis in order to reveal the key idea behind
the solution to a particular problem.

There has been new research into the terminology of “givens,” which is fundamental to Greek math-
ematics. A given object is one that (1) is present at the beginning of a piece of mathematical discourse,
(2) assumed by the mathematician, or (3) determined on the basis of either of these. Fournarakis and
Christianidis [2006] make a linguistic study of the terminology in geometrical analysis and conclude
that different grammatical forms of the base verb didomi are used to make philosophical distinctions
regarding the direction of the inference, which they relate to Pappus’ discussion of analysis. It is not
clear, however, that these distinctions have any meaning in mathematical practice. Acerbi [2011b] has
studied the use of this terminology in all its forms and in the full range of mathematical texts and
shows that the concept of “given” was used to discuss the concepts of uniqueness and existence, and to
create a general framework within which mathematicians could treat different types of argumentative
steps, such as constructions, calculations and operations.

K. Saito and I have made two studies of geometrical analysis that seek to revive the idea that analysis
was a heuristic technique that could be used to help solve problems and work out theorems. We have
argued that the diorisms that are found in problematic analysis are remnants of a practice of both
exploring the possibility of solutions and enumerating all possible solutions [Saito and Sidoli 2010].
We have also explored a form of theoretic analysis not previously noticed by historians, and argued that
this can be taken as evidence that Greek mathematicians actually did do theoretic analysis, contrary to
the claims of some historians [Sidoli and Saito 2012].

Greek Foundations of Mathematics

There has always been interest in the foundations of Greek mathematics, but the influence of the new
historiography has produced a focus on what Greek mathematicians themselves thought about the
logical foundations of their own activity. Going back to the work of Stenius [1978] and others, there
has been a recognition that Greek mathematicians approached foundations by doing mathematics, not
meta-mathematics.

Acerbi [2010c] has studied what remains of the foundational work of Apollonius and Geminus and
shown that for Greek mathematicians, foundations were approached in directly mathematical ways
by reworking the elements — that is, invoking new definitions and construction postulates, justi-
fying constructions by superpositions, rewriting the proofs for accepted theorems and trying to prove
assumptions such as common notions and postulates. In this sense, we can see that most Greek mathe-
maticians were involved in foundational issues. For example, Borzacchini [2006] argues that Archimedes
introduced the axiom that was subsequently named after him in order to deal with the quadrature of
curvilinear figures, to which the Eudoxian and Euclidean approach may not have been readily adaptable.

One mathematician of the Imperial period who was especially interested in foundations was Menelaus.
He was proud of the fact that he had used no indirect arguments in his Spherics and that he had been
able to avoid constructing lines inside the sphere, for both of which he criticized Theodosius. He also
wrote an Elements, which has been lost, but which was almost certainly meant to be read as work on
the foundations of mathematics. Hogendijk [1999/2000] has recovered a number of fragments of this
text from al-Sijzi’s geometry.
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Another way in which Greek mathematicians did foundational work was by paying attention to the
structure of their arguments, both at the local and global level. Into this category fall debates about the
relative importance and position of problems and theorems, the pros and cons of indirect argument,
the use of double indirect arguments to show equalities that were established by various means, the
suppression or multiplication of cases, and so on. K. Saito has argued that Greek mathematicians used
such structures to address patterns of argument, such that an individual proof often served as a paradigm,
in the sense of a model [Chemla 2012, 30-31]. Mendell [2007] has shown that a paradigmatic type
of two-step argument, involving showing that a proportion holds first for commensurable and next for
incommensurable magnitudes, can be found already in Aristotle’s writings.

Constructions

Greek mathematicians seem to have regarded constructions and problems as closely bound up with
foundations, as evidenced by the work of Euclid, Apollonius and Menelaus. For much of the twentieth
century Zeuthen’s thesis that problems served as proofs of existence dominated thinking about Greek
constructive practice [Thiel 2005]. Especially, following Knorr [1983], however, scholars came to doubt
this view.

Harari [2003] argues that constructions in the Elements serve to exhibit spacial relations between
objects and that, furthermore, Aristotle’s ontology is not compatible with construing constructions as
existence proofs. K. Saito and I have used a study of the constructions in Theodosius’ Spherics to show
that ancient geometers distinguished between constructions for the sake of a proof and constructions
that can be used to solve problems [Sidoli and Saito 2009]. The former can be counterfactual, while
the later are abstractions of operations that can be carried out in practice. This makes it clear that
Greek geometers clearly distinguished between their diagrams and the objects the diagrams modeled.
This is made clear in their use of the word “to imagine” (noein), which is used to mark situations
when the diagram may not fully model the objects under consideration. Netz [2010] has studied all the
occurrences of this word in the mathematical literature and determined that it primarily denotes three
types of situations: three dimensional figures, models of physical objects, and disparities between the
diagram and the objects it models.

The Exact Sciences

The exact sciences were regarded by Greek practitioners, not as applications, but as essential branches,
of mathematics. From Archytas to Ptolemy we read of the division of mathematics into geometry,
arithmetic, astronomy and harmonics, with each individual practitioner setting the significance and
relationships of these fields according to his own research interests. In authors like Geminus, we find
more elaborate divisions of the mathematical sciences.

There has been considerable work in each area of the exact sciences and I will not be able to do
justice to many of them here. I have already discussed a number of editions and translations of works
in the exact sciences, but here I will describe a number of important studies in the main fields of the
exact sciences.

For the early history of mathematics, the most important science was always astronomy. There
has been considerable work on Greek astronomy during the period under consideration, of which I
will mention only a few examples. J. Evans’ History and Practice of Ancient Astronomy [1998] gives a
wonderful introduction to many aspects of ancient Mediterranean, and to a lesser extent, Near Eastern,
astronomy, with an emphasis on practical methods and concepts. Although this book was designed as
a textbook, it is also of use to scholars. Jones [2005a] has made a study of the relationship between
mathematical models and the physical reality that they represented in Ptolemy’s work. This paper
explores the function of mathematical modeling in all of Ptolemy’s major writings. Berggren and I have
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studied Aristarchus’ On the Sizes and Distances of the Sun and the Moon as a work of mathematics and
shown that physical hypotheses are used in this work simply to show how mathematics can be applied
to them to produce new knowledge [Berggren and Sidoli 2007]. Van Brummelen [2009], in his book on
the early history of trigonometry, has devoted two chapters to Greek trigonometry and its relationship
to astronomy (Chaps. 1 and 2).

Spherics, which was the combined study of spherical geometry and spherical astronomy, was a
science that bridged our modern conceptual distinction between mathematics and astronomy. I have
studied the mathematics involved in Heron’s Dioptra 35, which shows how to use simultaneous lu-
nar eclipse observations to determine the distance between two terrestrial locations, and shown that
this can be interpreted as allowing an exact calculation using the so-called analemma methods [Sidoli
2005]. Malpangotto [2003] has studied Pappus’ treatment of, and commentary to, Theodosius’ Spherics.
K. Saito and I have shown that Theodosius’ Spherics provides evidence that ancient spherics was often
practiced by producing drawings on actual globes [Sidoli and Saito 2009].

Another essential branch of the exact sciences was harmonics, which became a field of the quadriv-
ium and was developed by mathematicians from Archytas to Ptolemy. A number of recent studies
have fully embraced harmonics as an ancient science. Barker [2000] has investigated Ptolemy’s scientific
method as it functions in his Harmonics, with due attention to conceptual, mathematical and instru-
mental approaches. He has also produced a monograph study of harmonics in the period from the
late Pythagoreans to Theophrastus [Barker 2007]. He treats harmonics as a science and sets out the
details of the various methodologies, with their different approaches to mathematization and quantifi-
cation. Finally, Creese [2010] has produced a thorough study of the monochord, which became the key
scientific instrument of ancient harmonics. This work helps us understand the relationship between
mathematization and instrumentation in harmonics.

Optics was another area developed by a number of Greek mathematicians. Smith [1999] has made
a sort of textbook for studying Greek optics based on original sources in English translation, with an
emphasis on Prolemy’s Optics. Lehoux [2007b] discusses Galen and Ptolemy’s accounts of vision and
argues that Prolemy was deeply concerned to construct a sound epistemological grounding for vision,
which he regarded as the most mathematical of the senses.

Another important area of mathematical work was mechanics. Tybjerg [2004] has studied Heron’s
mathematical approach to mechanics and argues that he integrates mechanics and geometry and presents
mechanics as a theoretical discipline based on mathematical demonstration. Berryman [2009] studies
the history of Greek mechanics and argues that mechanical conceptions of processes and objects were
a vital part of ancient natural philosophy. J. Evans and C. Carman have argued, using the Antikythera
Mechanism, that mechanics and the mechanical hypothesis may have been important in the develop-
ment of astronomical modeling in the Hellenistic period [Evans and Carman, below].

Conclusion

I hope it is clear from this often brief survey that the first decade of the 21st century has seen considerable
work done on the history of the ancient Greek mathematical sciences. More researchers have entered
the field than have left, and it has been invigorated by new approaches and ideas.

It is clear that the old historiography has been overcome. The new historiographic approach that was
so hotly debated in the 1970s has become mainstream. There are now almost no serious scholars of the
subject trying to determine how Greek mathematics must have originated based on what seems likely
from some mathematical or logical perspective, or trying to understand the motivation for methods
found in Apollonius or Diophantus using mathematical theories and concepts developed many centuries
after these mathematicians lived. At the same time, Greek mathematics is mathematics and attempts to
read these works using literary or postmodern approaches have not gained much traction.

There is still no book that does for the new historiography what T.L.. Heath’s monumental 4 His-
tory of Greek Mathematics [1921] did for the old historiography. Hence, scholars of the subject will
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still make use of Heath’s work, and they will still suggest that their students read it. So, while the
old historiography has been overcome, it has not been left behind. There is still value in making a
mathematical reading of an ancient text, as a number of the studies surveyed above have shown.

The wealth of new studies on both familiar and novel topics means that we will soon be in a position
to produce a new synthesis, which will describe the practices of Greek mathematicians as mathematical
activity, which can be related to other intellectual and cultural activities of the period, and compared
with the mathematical activities of other ancient cultures.
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