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Abstract

This paper is a study, based on four medieval manuscripts, of al-Harawt’s
edition of Menelaus’ Spherics, the oldest version of this treatise in our
manuscript sources. We provide a critical edition and translation of a number
of key passages. We show that this version of the text can be used to eluci-
date some of Menelaus’ concerns as a mathematician, to study al-Harawt’s
work as an editor and as a mathematical scholar, and to understand the early
efforts of the ‘Abbasid translators of technical works into Arabic.
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1. Introduction

The author of this revision of Menelaus’ Spherics is called Ahmad ibn Abi
Sa‘d (or Sa‘id) al-Harawi,' and he is usually thought to be the Abi al-Fadl
al-HarawT mentioned by al-Birtni.2 If these names do, indeed, refer to the

! The name is Sa‘d in three of our manuscripts, but Sa7d in one, B; see Section 1.3.2.

2 Ali [1967, 67], who translated al-Birtini’s discussion of the observations, reads the name
as al-Hirawi. For discussions of the little that we know about al-Harawi, see Krause [1936,
32-34], Sezgin [1974, 329], and Rosenfeld and 1hsanoglu [2003, 101].
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same individual, then—on the basis of various comments made, and astro-
nomical observations attributed to him, by al-Btrini—he can be dated to be-
tween about 930 and 990 CE. If they are different men, then the author of our
treatise lived sometime between around 883 CE, the death of Abu ‘Abdallah
Muhammad ibn Tsa ibn Ahmad al-Mahani, whose work he edited, and 1144
CE, the date of our earliest manuscript.

Al-Harawi made his revision of Menelaus’ Spherics on the basis of al-
Mahani’s revision of a lost translation probably made through Syriac,® and
another unnamed source in the same tradition,* but in apparent ignorance
of a more recent translation by Ishaq ibn Hunayn,> which may have been
revised by Thabit ibn Qurra. As we will argue below, despite the fact that
al-HarawT discusses Thabit’s comments on the Almagest, he seems not to
have known, or to have been uninfluenced by, the more specialized work
by Thabit on the Sector Theorem —often called the Menelaus Theorem—
and compound ratio that would have been useful to his project.® Hence, this
source gives us valuable insight into mathematical activity in the medieval
Islamic world, probably in Iran, which was taking place in relative isolation
from the presumably more active center in Baghdad.

To date, the only study of this complete treatise is that provided by M.
Krause [1936, 34-42] in his masterly study of the medieval traditions of
Menelaus’ Spherics.” Krause worked with a single manuscript, L (see Sec-
tion 1.3.1), providing a summary of the whole work, comparisons with other
medieval versions, and translations of certain historically interesting sec-
tions. This paper complements, and largely confirms the findings of Bjérnbo
[1902], Krause [1936], Hogendijk [1996], and Lorch [2001a]—whose work
we refer to in many places below —but also supplements them with a study
of all the relevant manuscript sources now known.

3 This suggestion was made by Krause [1936, 85], and supported by Hogendijk [1996, 26]
on the basis of the letter names of geometric objects. We add further evidence for Hogendijk’s
position on the basis of a new manuscript below; see Section 1.3.2.

* This source is discussed by Krause [1936, 34], and see also page 165, below.

3 Krause [1936, 39] shows that al-HarawT was uninfluenced by Ishaq’s translation.

% These works have been edited and translated by Lorch [2001a].

7 Lorch [2001a] also studied two manuscripts of this treatise, LA, in connection with al-
HarawT’s treatment of the Sector Theorem, including editing and translating some passages.
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1.1 Sketch of the Early Medieval Versions of Menelaus’ Spherics

In order to facilitate the discussions below, we provide a brief overview
of what is currently understood about the early medieval transmission of
Menelaus’ work 2

No known Greek manuscripts contain Menelaus’ text, although his ter-
minology is discussed by Pappus, and passages of the text can be extracted
from Theon’s Commentary to the Almagest.’

It is not known when the oldest Arabic translation, U (= Krause’s Uy),
was made, but it is thought to have been based on a Syriac translation, or to
have been made by Syriac speakers.!? This translation was apparently quite
poor and a number of “corrections” were made based on it. One of these,
Ma, was made by al-Mahani, probably in the middle of the 9th century.!!
Al-HarawT used this version when he studied the text and as his primary
source for compiling his edition, telling us that al-Mahant stopped work-
ing on it at a proposition that we will call Mahanit’s Terminus, Prop. H.I1.10
(N.IIL.5).12 Al-Harawt states that he also made use of another correction,
O, which was apparently itself in rather bad shape. A marginal note in
some of the manuscripts of al-Tas1’s recension of the text suggests that al-
HarawT made use of a correction by Ibn Yusif of a different translation by
al-Dimishqt, which some scholars have associated with ©.!3 Since, how-
ever, al-HarawT mentions no names associated with O, it is probably best to
admit that we do not know anything about this other correction.

Another translation, bH (= Krause’s bH), was made by Ishaq ibn Hu-
nayn, in the second half of the 9th century, directly from at least one Greek
manuscript. Although his name is not mentioned in this regard in our sources,
Thabit ibn Qurra may also have been involved in the production of this text.
Ishaq and Thabit worked together on a number of other canonical treatises
in the Greco-Roman exact sciences,'* and the difficulty of this treatise, its

8 This section can be taken as an update to a previous survey of the text history by one of
us [Sidoli 2006, 46-52]. This previous survey was probably too optimistic in its claims to
certainty.

° Bjérnbo [1902,22-27] compiled the Greek fragments and compared them with the corre-
sponding passages in Gerard’s Latin translation.

10 See note 3, above.

1 Al-Mahant’s lost correction is discussed by Krause [1936, 24-32].

12 See Section 1.2.1 , for a discussion of our conventions with regard to naming propositions.
"% See, for example, Krause [1936, 35] and Taha and Pinel [1997, 153, n. 10].

14 A useful overview of the Greco-Roman sciences in Arabic translation is given by Lorch
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Figure 1: Stemma of the early medieval transmission of Menelaus’ Spherics.
Open-face letters (A) indicate a text tradition; bold-face letters (A) indicate
a manuscript. White items are found in our extant sources; light gray items
are directly attested by these; dark gray items are supposed by scholars on
the basis of evidence drawn from extant sources. Solid lines indicate depen-
dancies that are stated or can be shown; dashed lines indicate dependancies
that are assumed, conjectured or doubtful.

late position in mathematics curricula, and Thabit’s demonstrated interest in
its contents make it plausible that he had an active role in its translation.'> Tt

[2001b].

15 Thabit’s treatises Sector Theorem and Composition of Ratios deal directly with material
relevant to the final part of Menelaus’ Spherics, after the introduction of the Sector Theorem,
the so-called Menelaus Theorem. These treaties have been edited, translated, and studied by
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is often assumed that this was a straightforward translation of a single, un-
problematic Greek manuscript, but it is also possible that this version was
the result of a long-term research project on a linguistically and mathemati-
cally challenging source. At any rate, it was probably completed fairly late
in Ishaq’s life, towards the end of the 9th century, since it was apparently
unknown to al-Mahani. Indeed, the motivations for making this new trans-
lation may have included al-Mahant’s realization that the earlier translation
was unmanageably corrupt.

No manuscripts of any of these versions— U, O, Ma or bH —are extant.
The earliest tradition for which we have any manuscript sources is the edition
of the text made by al-HarawT around the middle of the 10th century, H,
which forms the subject matter of this paper. Al-Harawi seems to have been
unaware of bIH, which may be an indication that bH was not well known.

Further evidence that bHH did not circulate widely can be drawn from a re-
constructed amalgamation of Ma and bIH that we call D, j, (= Krause’s D).
D, was apparently drawn from these two sources such that D, consist-
ing of Props. H.I.1-61 (N.I.1-1I.17), came from Ma, while Dy,, consisting
of Props. H.I.50-III.11 (N.I1.9-1I1.25), came from bH.' Although D, 1, is
also lost, its basic structure, and the key fact that part of it came from Ma
and the rest from bH, can be drawn from a Latin translation of it made by
Gerard of Cremona, (5, a Hebrew translation made by Jaqob ben Mahir, J,
and excerpts drawn from it by Ibn Had al-Mu’taman for his Perfection (Istik-
mal)."” All of this suggests that D, j, was made somewhere in the western
part of the Islamic sphere, possibly from an early draft of bIH.

Sometime in the first half of the 11th century, a revision of bIH was made
by Abtu Nasr Mansir ibn ‘Alf ibn ‘Iraq, N, who added comments relevant
to astronomical application. This is the only version of the text that has yet
been critically edited.'® The final phase of the early history of the text was
the production by Nasir al-Din al-TasT, T, which was based on a number of
different versions —particularly, H and IN—and contains historical, textual,

Lorch [2001a].

'8 Note that Props. H.I.50-61 (N.IL.9—17) are repeated. It used to be believed that Prop. H.IL.5
(N.IIL.1) was part of Dy, but this can no longer be maintained; see Lorch [2001a, 332-334]
and Sidoli [2006, 50].

17 The argument for the structure of D}, was made by Krause [1936, 10-20]. Hogendijk
[1996] showed that the Men. Spherics material in al-Mu’taman’s Perfection was also drawn
from this source.

18 Krause [1936] gives the Arabic edition and a German translation.
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mathematical and astronomical commentaries. This version has been printed
in the Hyderabad [1940] series of canonical texts of Islamic societies. There
were also versions of the treatise made after al-Tusi, but these will not con-
cern us here.

It should also be noted that the different traditions probably underwent
some crossover and it is clear that individual parts of the work, such as dia-
grams and individual propositions sometimes circulated separately.'® Hence,
we have tried to distinguish clearly between traditions of manuscripts, which
we denote with open-face letters (A) and individual manuscripts, which we
denote with bold-face letters (A).

Textual criticism is usually based on the tenuous assumption of a single,
authoritative original followed by an unbroken chain of reproductions, the
goal of each one of which was textual fidelity to its source. But whether or
not this actually is what happened is a question that must be decided on the
basis of the extant sources. In the case of the early history of the Menelaus
texts, however, this is not possible. For example, we cannot now determine
whether or not all of the perceived superiorities of the sources that depend on
bH over those that depend on U are due to the fact that U was based on a cor-
rupt source manuscript while bIH was based on a fine one. Indeed, they may
also be due to mathematical scholars in Ishaq’s circle extensively reworking
the bH translation, or, most likely, some now undecidable combination of
both. Just as modern critical editors produce uniformity out of sometimes
conflicting manuscript sources, we often find that medieval editors had a
tendency to standardize any diversity that they found in their sources. This
was especially true in the mathematical sciences, in which scientific content
and intelligibility were often considered as important as authorial intention.
Thus, the notion of a text tradition is a substitute for a number of manuscripts,
extant or lost, that bear some, often unspecified, relation to one another.

1.2 Conventions

In this section, we introduce a number of conventions that we employ in the
hope of making this material more accessible.

1 For an example of the diagrams circulating separately see Section 1.3.2, below. As for
individual propositions, in the case of the famous Sector Theorem, one of us has argued that
anumber of the medieval traditions of the Men. Spherics contain a version of this theorem that
has been adopted from Thabit ibn Qurra’s Sector Theorem, based on his reading of Ptolemy’s
Almagest and perhaps Theon’s commentary on it; see Sidoli [2006].



Al-Harawt’s Version of Menelaus’ Spherics 155

1.2.1 Naming Conventions

There is a bewildering diversity in the way propositions are named in the
various surviving medieval versions of Menelaus’ Spherics. Even the four
known manuscripts of the al-Haraw1 version have different numbers. In Ap-
pendix A, we present a concordance of these manuscripts and the Abt Nasr
version, IN, since this is the only critically edited text.

For the purposes of this paper, we refer to propositions from Menelaus’
Spherics using the numbers in the Istanbul manuscript, A (see Section 1.3.3),
followed by the number for the equivalent proposition in the Abt Nasr ver-
sion, since this is the one that readers will be most readily able to consult, and
which is most often used by scholars. For example, Men. Spherics H.II1.1
(N.IIL.14) refers to the first proposition in Book III of the al-Harawt text,
which covers the same material as the fourteenth proposition of Book III in
Abit Nasr’s version.

Since Menelaus often uses propositions from Theodosius’ Spherics in his
arguments, it is also necessary to refer to these. As a critical edition of one
of the Arabic versions of this text is now available, 2 we refer to this Arabic
version but include also the name of the relevant proposition in the Greek
editions. In this way, Theo. Spherics A.1.18 (G.I.17) refers to the eighteenth
proposition in Book I of the Arabic version, which has the same mathematical
content as the seventeenth proposition in Book I in the Greek.

1.2.2 Editorial Conventions

The texts in Appendix B are edited following fairly standard procedures. All
major variants have been noted in the critical apparatus. We have not, how-
ever, noted differences in dotting, often silently correcting, or supplying, the
gender of verbs, and so on. With respect to the letter names of the geometric
objects we have usually not noted variants in dotting or the difference be-
tween ~ and >, unless the alternate reading can be understood to make some
mathematical sense.

For the orthography of the Arabic text, we have generally followed the
practice of the Brown school of the history of mathematics, which is itself
an attempt to follow the medieval sources. Since, however, the manuscripts
do not always agree, this can be somewhat arbitrary. In general, we have not
noted initial hamzas, unless they are essential for the sense of the passage, we

20 See Kunitzsch and Lorch [2010].
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have neglected the shaddas of sun letters, and so forth. We have not noted
every variation of spelling in the apparatus—for example, we omit noting
13a for 1da, Ol glews for b 9lws, and so on. In order to contribute to readability,
however, we have punctuated the text.?! Since there is almost no punctuation
in the manuscripts, this process is necessarily somewhat subjective and is
often influenced by the punctuation of the translation.

In the translation, material that is not found in the Arabic text appears in
square brackets, [ ], while English expressions that appear in parentheses,
( ), translate Arabic expressions that we take to be parenthetical to the train
of thought.

1.2.3 Graphical Conventions

Since the ancient and medieval diagrams of solid geometry and spherics have
their own internal logic,?? but are sometimes difficult for modern readers to
interpret, we have supplied diagrams based on the manuscript figures for the
texts and diagrams using techniques of linear perspective for the translations.

1.3 The Manuscript Sources

In this section, we discuss the following four manuscript sources, which are
the basis of our study of the text:

L: Leiden, Universiteit Leiden Or. 399, sec. 2, ff. 82b—105b. 539 AH
(1144 CE),

B: London, British Library Or. 13127. 55 {f. 548 AH (1153 CE),

A: Istanbul, Saray, Ahmet 11l 3464, sec. 5, ff. 74b-103a. Early 7th c. AH
(early 13th c. CE),

K: Private collection, sold by H.P. Kraus, sec. 5, ff. 71v-94r. Late 7th
c. AH (late 13th c. CE).

2! Dallal [1999, 67] makes a good case for punctuation.

22 Neugebauer [1975, 751-755] made a case for studying the diagrams as they appear in
the manuscripts, which has been done, by, among others, Malpangotto [2010] and Le Meur
[2012]. Saito and Sidoli [2012, 148—-152] provide a brief overview of the characteristics of
the manuscript diagrams for solid geometry and spherics.
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1.3.1 The Leiden Manuscript, L

This is the oldest extant manuscript containing the treatise. Our treatise is
the second in the manuscript, following the famous commentary and text of
Euclid’s Elements compiled by Abu al-‘Abbas al-Fadl ibn Hatim al-Nayrizi.
The manuscript was copied by a certain Abii Sa‘d Muhammad al-Bayhaqt al-
Barzuhi (f. 81a) in a slightly cramped naskh script, in black ink, of generally
29 lines per page. There is some red highlighting, such as at the beginning
of books and propositions. There are a few marginal scholia and a number
of corrections that were made when the text was copied. The bottom portion
of the pages have been affected by water damage that starts at about a third
of the way up the central binding and slopes towards the corners, rendering
some passages illegible.

The propositions are labeled continuously from 1 to 91 in abjad numer-
als, written in the margins. Despite this, however, the text contains internal
references to a system of numbering by book (for example, see f. 102b). As
well as the original labeling, a later hand has labeled some of the propositions
from 71 and on, in black ink, with numbers that correspond to those in some
other manuscript of the al-Harawt text (see Appendix A). Despite the fact
that the proposition numbers are continuous, the second book is introduced
as such. The break between the second and third book, however, which is
found in the other manuscripts, is not found in this manuscript, so that it has
only two books. Indeed, the final proposition, 91, is followed by the state-
ment, “The end of the second book of the treatise of Menelaus” (f. 105b).

The diagrams are well-drawn in red ink with black letter names, placed in
boxes left for them when the text was copied.

1.3.2 The London Manuscript, B

This manuscript, which is just a bit younger than L, is almost exclusively the
al-HarawT text, followed by a set of diagrams from an uncorrected version of
the Menelaus Spherics, and finally a few lines of scholastic theology and a
table of measures written much later, in Cairo, dated 1509/10.23 According
to the colophon, the al-HarawT text was written by a certain Isma‘Tl, who may
have been a student of the mathematician and astronomer Najm al-Din Abu
al-Futih Ahmad ibn Muhammad ibn al-SarT ibn al-Salah from whose copy

» We are grateful to Dr. Bink Hallum for bringing this manuscript, which had been incor-
rectly described in the British Museum catalog, to our attention.
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of the text we are told this transcription was made (f. 51a). The script is a
large, legible naskh, in black ink, now faded to brown, at 17 lines per page.
There is no red highlighting by the original hand.>* There are a number of
longer scholia in the margins, some of which are attributed to Ibn al-Salah and
some of which are largely illegible.>> There are also marginal corrections that
were written in the process of correcting the copy. The manuscript has water
damage on both the top and the bottom, which takes the form of dark bands
around an unaffected island in the middle of some pages and renders the text
illegible due to fading in a number of places. The folio numbers of the codex
were apparently added in 1968, since the same hand that has written them in
European style Arabic numerals wrote “55 ff” followed by “21.6.1968” on
the final page, above a small red stamp for the British Museum.

One set of proposition numbers in the margin are continuous, but start-
ing from book two, there is a second set of numbers, apparently in the same
hand, directly below the first, which count the propositions according to three
books (see Appendix A). Both the second and third books are introduced and
closed in the text, so the second set of proposition numbers clearly corre-
sponds to the numbering of the propositions in these books.

The diagrams of this manuscript are historically quite interesting. From
Prop. 1 to Prop. 51, the diagrams for the text are well-drawn in faded black
ink using a fine-tipped pen with black letter names, in boxes left for them
when the text was copied. Starting from Prop. 52 to the end of the treatise,
however, the diagrams are drawn with a thick pen in unfaded black ink, with
black letter names, sometimes very crudely, in boxes that were probably pre-
viously left blank. The black ink of this second set of diagrams has bled over
onto the facing pages, indicating that these figures were probably drawn after
the manuscript was put into codex form—although this may have happened
later due to excess moisture. The second set of diagrams has been supplied
from a different source, which is preserved at the end of the same manuscript.

Starting from folio 52, there are four folia containing seven pages of dia-
grams, from which one folio, containing around twenty diagrams (numbers

2% In the table of dry measures on the final page, written in 1509/10, we find a short passage
and numerals in red ink.

% One of the scholia attributed to Ibn al-Salh appears below, see pages 189 (n. 127) and
207.14.
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46-65),2° has gone missing.>’ The second set of diagrams are well-drawn,
using a fine-tipped pen in faded black ink, with black letter names, and the
whole set is labeled “Figures (J\S.2) of the Treatise of Spheres by Menelaus,
transcribed from a copy that was not corrected, but was translated based on
the first composition” (f. 52a). These figures, which we will call the un-
corrected diagrams, are, indeed, different from those in the al-Harawt text,
sometimes significantly so. Moreover, they show some interesting features,
such as early usage of ¢, b, and &, which Hogendijk [1996, 26] found in
al-Mu’taman’s Men. Spherics material, and which he pointed out is evidence
for a transmission through Syriac. The figures are numbered so as to agree
with the proposition numbers in the text.

It is clear that the later, poor diagrams that are found in the text were copied
from these, often with little mathematical understanding, since the diagrams
are sometimes in error and the letter names in the figures often do not corre-
spond to those in the text. We cannot be certain whether or not the diagrams
for the lemmas at the beginning of Book II were in the uncorrected edition,
because they would have been on the missing folio, but a consideration of
the diagrams that are found in the text makes it likely that they were not.
The three diagrams for the lemmas in B are all different from those in L. and
have an interesting relationship to those in A.?® The first two are very poorly
drawn and indicate that the copyist had no exemplar and did not understand
the mathematics. The third is quite different from that in L and seems to have
been drawn from a failed attempt to reconstruct the figure from the text. In
A, the first two drawings are essentially the same as those in L but these are
quite simple and could have been correctly redrawn by anyone who followed
the mathematical argument. The third diagram for the lemmas in A is essen-
tially similar to that in B, although that in A is better and more complete. It
appears that these three diagrams in B were haphazardly redrawn based on
a superficial reading of the text.

The change in the diagrams, along with the fact that the 28 folia containing
the original diagrams contain almost three times as many marginal scholia
as the 23 folia containing the uncorrected, often unusable, diagrams, make it
clear that the manuscript was probably not seriously studied in its entirety.

%6 1t is not certain whether or not the diagrams for the lemmas to Book II were included,
although it seems unlikely.

2" This folio must have gone missing before 1968, because the codex is numbered continu-
ously.

2 The K manuscript does not contain the lemmas (see Section 1.3.4, below).
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1.3.3 The Istanbul Manuscript, A

This is a collection of seventeen treatises, mostly of the Middle Books, of
which our treatise is the fifth.?> The manuscript is written in a few different
hands, and a number of the individual treatises have dates in the colophons.
Our treatise is not dated, but the fact that those that are were all written in the
early 13th century makes it likely that the al-HarawT text was copied around
the same time.

The al-Harawi treatise was copied by two hands, both of which are dif-
ferent from the hands of most of the other works in the manuscript. Hand
1, which makes up most of the text is a clear, midsize naskh, in black ink,
with little dotting and almost no other diacritical marks, of 23 lines per page.
There are relatively few red highlights, especially in comparison to the other
treatises in A. Hand 2, which takes over for short stretch from the middle of
96a to the middle of 97a (Prop. H.I1.4-7), is a sloppy naskh, with little dot-
ting or diacritical marks. The little red highlighting in this short section was
probably added later, after Hand 1 took over again. There are some marginal
comments and corrections, but fewer than in L and B. The manuscript is in
good condition and legible.

The proposition numbers are written in red ink in the margins. All three
books are introduced and closed in the text and the proposition numbers cor-
respond to the numbers in the individual books. We have used these numbers
as the basis of our numbering system for the text (See Appendix A).

The diagrams are well-drawn in red ink with black letters, placed into
boxes left for them. The diagrams for that part of the text written by Hand 2
were also drawn by a different hand, again fairly hastily. The ink for these
six figures is darker than those of the other diagrams and the diagrams of
Prop. H.I1.4 were drawn in the place left for those of Prop. H.IL.5, and visa
versa. Notes in red ink make it clear, both verbally (> s, <aJJu) and numeri-

cally (e, ¥), that this mistake was noticed (f. 96a,b).>0

It appears that A was drawn from an exemplar much closer to B than to
L. As an examination of the critical apparatus of the edited text in Appendix
B shows, BA generally agree against L, and most significantly in omitting,
or including, the same words and phrases. Furthermore, a number of scholia
found in B are also in A, and, in one case, a scholia in the margin of B has
found its way into the text of A (see page 200.9). This relationship is also

2% A full list of the treatises in the manuscript is given by Lorch [2001a, 22-23].
% See Sidoli and Li [2013,49-50], for a discussion of these details.
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confirmed by the diagrams for the lemmas. The diagram for the final lemma,
H.II.Lemma.3, although rather odd, is structurally similar between B and
A, although that in A is more competently done (see page 205, below). It
appears that a copyist in the A tradition looked at a diagram like that in B
and tried to rework it based on a careful reading of the text.

1.3.4 The So-called Kraus Manuscript, K

This is a collection of the Middle Books that is of high historical value, be-
cause the colophons of many of the treatises report that they are the versions
of Qusta ibn Liuqga or Thabit ibn Qurra3! It is now privately owned and its
name derives from the bookseller H.P. Kraus, from whom it was purchased.??
Our study is based on a black and white reproduction and we have seen only
a single page in color.

It was copied by a certain al-Shaykh Abi ‘Alf al-Mushhir, who E. Kheiran-
dish [1999, xxvii] has cogently argued should be identified as Sharaf al-Din
Abii ‘AlT al-Hasan ibn ‘Al1 ibn ‘Umar al-Marrakushi, who worked in Cairo in
the latter part of the 13th century. At any rate, the text often offers mathe-
matically superior readings when compared to other manuscripts. Likewise,
the diagrams of the whole manuscript are competently done and generally
mathematically sound. Both of these observations support the claim that this
manuscript was composed by a mathematically competent scholar.

The Men. Spherics material contained in this manuscript is not, in fact, the
al-HarawT text itself, but is an epitome that is clearly based on al-Harawi’s
work and has no other obvious sources.>* The argument for this is as follows.
Although many of al-HarawT’s interventions have been stripped out, K still
refers to al-Harawt in a number of critical places, includes material that al-
HarawT explicitly claimed as his own, and, importantly, K does not contain
any significant deviations from the mathematical structure of the arguments
in al-HarawT’s version.>* Below we will see a number of places where K
contains material that is attributed to al-Harawi, and which is differentiated
from material due to “Menelaus,” in agreement with LBA. Finally, K offers

31 See Lorch [2001a, 28] for a list of the treatises in the manuscript.

32 We are grateful to the owner of this manuscript for making images of it available to schol-
ars.

3 One of us, following Lorch [2001a, 333-334], previously claimed, incorrectly, that this
version of the Men. Spherics predated al-Haraw’s correction; see Sidoli [2006, 49].

3% Krause [1936, 35-36] drew up a list of places where the argument in al-HarawT’s version
agrees with, or differs from, other medieval versions of the treatise.
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no information, material or overall proofs that are not also found in LBA,
despite the fact that the mathematical arguments are sometimes slightly better
in K. Hence, we take K to be an indirect witness to the al-HarawT edition.

The script is a highly legible, well-pointed Maghribi naskh, in black ink,
of 25 lines per page. The diagrams are competently drawn in black ink, with
red letters, and where they differ from the diagrams in LBA, this can usually
be explained on the basis of mathematical considerations. The proposition
numbers are written in the margins. All three books are introduced and closed
in the text and the proposition numbers correspond to the numbers in the
individual books.

The text has been subjected to a number of structural changes. The pref-
aces for Books I and II have been taken out, as well as all the enunciations
of the individual propositions. Although the latter may seem an odd choice,
because the verbal enunciations of propositions in ancient spherics are some-
times so involved as to be almost incomprehensible, this may have been done
in order to make the treatise more readable >

The prose is often locally different from LBA. There are minor shifts in
vocabulary and some arguments have been tidied up. A number of examples
of these types of changes can be seen in the critical apparatus to the edited
passages (see Appendix B). Individual expressions have often been rewrit-
ten to be clearer, more concise, and more in line with contemporary Arabic
usage. By comparing these four manuscripts, we can see how the Arabic
prose was made more natural over time. For example, verbs that could be
taken as either personal-active or impersonal-passive, were eventually taken
as active, although they are sometimes surrounded by sentences in which the
forms of the nouns required passive readings. The syntax, which originally
reflexed the source language was changed to be more natural in the target
language 3¢

The critical apparatus to those parts of the text that we have edited show
that K is somewhat closer to the BA transmission than to that of L. Nev-
ertheless, since K sometimes shares readings with L against BA, this rela-
tionship is not as clear as that between B and A. Full clarification of these
relationships will have to wait for a complete study of all manuscripts.

The overall impression is that this epitome was made in order to facilitate

35 By way of example, we ask the reader to compare the intelligibility of the relatively simple
enunciation of Prop. H.1.37 with that of the exposition that follows (page 180). Many of the
enunciations in the text are much more convoluted than this.

% For an example of these sorts of changes, see Section 4.2, below.
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mathematical work with this rather difficult text. Anything unnecessary to
the mathematical argument has been stripped out and both the text and the
diagrams have been altered in numerous ways that seem to have been guided
by the mathematical sense.

2. Al-Harawt’s Editorial Interventions

Because we no longer have al-Mahant’s edition of the Spherics, nor the other
correction that al-HarawT used, it is difficult to be certain about many aspects
of al-HarawT’s work as an editor. For example, when al-HarawT’s text differs
from our reconstruction of ID,, we cannot know whether this difference is
due to al-Harawt himself or to one of his sources, from which the unknown
editor of D, 1, deviates. Nevertheless, there are some cases where we can
be fairly sure that al-Haraw is relying on his sources, such as when his text
agrees with D, 1,, or where, for example, his attribution of certain obfuscat-
ing abbreviations to Menelaus indicates that they were found in at least one
of his sources (see Section 3.1.1.1, below).

We do not know for certain if the overall division of the text into books and
the numbering of propositions is al-Harawi’s, but the fact that he explicitly
calls Mahant’s Terminus the tenth proposition of the second book suggests
that the numbering did, indeed, derive from his sources (see Section 3.1.3,
below). Hence, we have followed the numbering by books found in A in
preference to the continuous numbering found in L.

Finally, there are a number of cases where we can be certain that particular
features of the text are due to al-Harawt himself: the first and second books
begin with prefaces that he explicitly claims, the second of which contains
a number of lemmas; and he gives three alternative proofs, two of which he
claims as his own. We turn to this material now.

2.1 The First Preface

Al-Harawi begins by praising Menelaus’ originality and making a few pro-
gramatic and historical remarks. Here and elsewhere, al-Harawt is atten-
tive to what we could describe as Menelaus’ philosophy of mathematics. He
claims that Menelaus believed that the science of spherics has its own “funda-
mental principles” (0 ), which involved avoiding the use of straight lines,
cutting planes and their intersections. He will later, in the course of Book
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I and in the preface of Book II, also explain that Menelaus avoided indirect
arguments.

He then states that geometers found the Spherics difficult, and this along
with “the wretchedness of the translation” ( JaJ) &¢l>,) led to it being ne-
glected for some time. This state of affairs persisted until al-MahanT cor-
rected the first book and part of the second.

Al-Harawi then makes some remarks about his view of the historical re-
lationship between Menelaus and Ptolemy, particularly with regards to the
Sector Theorem. He says®’

We find Ptolemy dealing with this treatise, especially in the sec-
ond book of the Almagest, on the subject of angles and the trian-
gles that result from the intersection of great circles. As for the
Sector Theorem, which is the one that the treatise the Almagest
relies on, it is due to this man. For, he provided it as a lemma
for many propositions, for he secured propositions with it, and
he resolved propositions into it. We find him demonstrating the
two parts of this proposition, namely that in which the lines meet
in it and in which they do not meet,>® as one finds in what Thabit
ibn Qurra corrected of the Almagest.>® We will demonstrate the
cases of these propositions when we come to the second book.

It appears that al-HarawT had no special historical knowledge of these matters
but is merely basing his remarks on his reading of the texts.*’ This is true
also of his understanding of the function of the Sector Theorem in Menelaus’
Spherics, as we will argue below.

Following these remarks, al-Haraw1 explains that he was urged to work on
this treatise by a certain Ustadh Abt ‘Alf Muhammad ibn Ahmad ibn al-Fadl,
who, considering the praise that al-Haraw1 bestows on him, was probably his
own teacher. To this end, al-HarawT studied al-Mahant’s correction of the
treatise, which, because he found it defective, he says he corrected in “word”

37 The Arabic text for the following passage is given in Appendix B, page 197.

38 These are the two cases given in this text, based on whether or not two of the internal lines
are parallel. The parallel case is also demonstrated in G and IN —both of which are thought to
go back to Dy, —and in Thabit’s Sector Theorem, but neither in the Almagest nor in Theon’s
commentary on it.

3 This may be a reference to Thabit’s revision of the Almagest. For a recent study of a Latin
translation of this work see Grupe [2012].

40 See Section 2.2.1, below, for a discussion of our current understanding of the historical
relationship between Ptolemy and Menelaus.
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(L4)), “sense” (_s~), and “proof” (Ol» ;) until he reached the proposition at
which al-Mahant gave up—Mahant’s Terminus, Prop. H.I1.10 (N.IIL5).

He goes on to state that he then found another “correction” that was far
from correct, made by some modern authors ( -, \.uu L—‘)Lo\ Lw\ Ol 99
oedeell g2l CM\). This version, apparently, corrected parts of the text
and left parts of the text untouched, but was, at any rate, unimpressive to al-
Harawi. Nevertheless, he appears to have used it to supplement al-Mahant’s
correction and to complete his own version of the text. There is no indication
in his description of these sources that he had more than one manuscript of
either source, nor that he thought that this second text was based on a different
translation than that of the al-MahanT correction.

After some remarks on the difficulty of this treatise and its place in the

science of hay’a (cosmography, or structural astronomy), he proceeds to
41

Menelaus’ introduction. The text reads as follows:
This is the beginning of Menelaus’ treatise. Menelaus, the ge-
ometer, said:

Oh King Aladhya,** I found an approach— deductive, reputable,
astonishing—to the properties of spherical figures. So, from
the obscurity of this science, many things were established by
me, which I do not believe occurred to anyone before me. I ar-
ranged the preliminaries and the proofs suitably, and with it the
advancement becomes easy for the lovers of science, and the
attainment of sublime, universal theorems (44 & AﬁjS ¢ sle). 1
address you with what I say—Oh King, due to my learning, in
your time, you delight in the knowledge of the difficulty of this
science. But brevity is best.

This is followed immediately by the definitions.**

“I The text for this passage is given in Appendix B, page 198.

4 As Krause [1936, 117, n. 3] points out, here and below, this vocative is probably a mis-
guided attempt to translate the proper name “Basileides.” Based on the reading in IN, Krause
plausibly restores the name to “Basileides Helladios.”

4 Menelaus’ definitions, in al-HarawT’s version, have been translated by Krause [1936, 36—
37].
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2.2 The Second Preface

The second time that al-HarawT intervenes editorially at length in the text is
with the preface to Book II, which is longer than that for Book I. It begins:**

Ahmad ibn Abt Sa'd* al-Harawt said: Of the difficulty of this
science, Menelaus overcame what was not possible for any be-
sides him, but, with his mastery of it and the sublimity with
which he carried it out, he did not mention many lemmas that
are necessary for whoever would contemplate this book and is
not of the rank of Menelaus.

We see that he considers Theodosius inadequate in his treatise
On Spheres and thinks that the method he followed is other than
satisfactory, since there is difficulty in it, and the setting out of
many lines, and he did not adhere, in it, to the properties of
the figures that occur on the sphere, namely the conditions of
the angles that arise from the intersection of the circles. Upon
my life, Menelaus has easily shown everything that Theodosius
proved in that book and he intends that the proof be by the direct
method*® without using straight lines.

The first part of this passage indicates that al-Haraw1 did not find any lem-
mas in his sources that were attributed to Menelaus—a conclusion that is
supported by the evidence of the diagrams in the B manuscript (see page
159, above).

Following the discussion of Menelaus’ abilities and the lack of lemmas,
al-HarawT again compares the approach of Menelaus to that of Theodosius,
coming down in favor of Menelaus. There seem to be two main points.

The first of these is that Menelaus showed everything using direct argu-
mentation. In the text, al-HarawT has already noted this feature of Menelaus’
work, in the comments to Prop. H.I.37 (see page 184, below), and it is not
simply his own interpretation based on his reading of the work. The opening

4 The text is found in Appendix B, page 202. It was also edited and translated by Lorch
[2001a, 330, 339].

45 Again, B reads “Sa‘id.”

46 This is literally “straight way,” but the expression denotes a direct, as opposed to indirect,
argument.
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remarks that are attributed to Menelaus following al-Haraw1’s preface, in the
opening of Book II are as follows:*

Since, we have shown, by way of exposition, the preliminaries*®

that are required, then, let us now turn to what Theodosius de-
sired to come to grips with, for he proved it stating the complete
opposite if he obtains the absurd.*® So, we show his error and
we correct what he marred.

It is clear from this that Menelaus took one of his primary accomplish-
ments to be the production of proofs by direct argument for propositions that
Theodosius had shown indirectly. The idea that Menelaus sought to establish
foundations of mathematics that eschewed indirect arguments is supported
by a passage in Proclus’ Commentary on Elements Book I, in which he at-
tributes to Menelaus a proof of Elements 1.25 by direct argument—in two
triangles with two sides respectively equal, the greater angle subtends the
greater base.>® Although Proclus neither points out the fact that this argu-
ment is direct, nor mentions Menelaus’ motivation for producing an alterna-
tive proof, it becomes apparent when we consider that Euclid used an indirect
argument for Elements 1.25 by assuming the contrary to the thesis and show-
ing that it leads to a contradiction with Elements 1.24—in two triangles with
two sides respectively equal, the greater base subtends the greater angle. In
light of this comment in the Spherics, it is clear that Menelaus was interested
in rewriting the foundations of geometry in order to do away with indirect
arguments, perhaps in his lost Elements of Geometry or Triangles.>!

The second point that al-HarawT makes about Menelaus’ philosophy of
mathematics concerns a belief about how spherics should be pursued—
namely, by dealing directly with the objects that lay on the surface of the

4T The text is in Appendix B, page 205.

“8 This could also mean “lemmas,” but since al-HarawT’s discussion makes it fairly clear
that there were no lemmas in the older sources, it is likely that Menelaus is referring to the
elementary methods of spherical geometry, based on spherical triangles, that he developed as
preliminary to the study of more advanced topics in spherics, to which he now turns.

4 The text might also be read as “stating the complete opposite, that he obtains the absurd.”
The expression is awkward but the meaning is clear. If a contraction was reached, Theodosius
then asserted the opposite of what he had assumed.

** For this proof, see Freidlein [1873, 345-346], or Morrow [1970, 269-230].

3! See Hogendijk [1999/2000] for a recent discussion of these lost works and some material
drawn from the former found in Arabic sources.
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sphere, such as the properties of spherical figures and the angles between
circles, and an avoidance of the use of cutting planes and straight lines,
which was a persistent feature of Theodosius’ approach. Since a statement
to this effect is not found in either of the prefaces that al-HarawT attributes to
Menelaus, it may be his own interpretation of the mathematical approach of
the Spherics. Nevertheless, given Menelaus’ other interests in foundations
of mathematics, it is a plausible claim.

Although Menelaus makes much use of propositions by Theodosius that
involve straight lines, such as Theo. Spherics AIl.11 (G.I1.11,12) or A.IIL.1,2
(G.IIIL.1,2), he himself does not construct straight lines, and when he requires
a straight line in an argument he uses indirect expressions such as “the line
drawn from A to B,” without actually depicting this line in the figure.>?
In fact, the only proposition in the treatise in which Menelaus produces a
straight line is the Sector Theorem, to which we now turn.

2.2.1 The Sector Theorem

Next, al-HarawT turns to a discussion of the Sector Theorem, covering
Ptolemy’s treatment of the theorem, and comparing this to the way that
Menelaus dealt with it. Before we discuss al-Harawi’s comments, however,
it may be useful to go briefly over the historical difficulties involved with
this theorem.

In Greco-Roman antiquity, the theorem makes two primary appear-
ances.” First, it was used by Menelaus, in his Spherics, as the starting
point of a new approach to spherical trigonometry, focusing on the prop-
erties of spherical triangles, and opening up the prospect of a new field of
mathematics. Second, it was used by Ptolemy, in his Almagest, to provide
numerical solutions to problems in spherical astronomy, but with no refer-
ence to Menelaus, nor to any of the more interesting work that the latter had
done in spherical trigonometry. Ptolemy’s approach was commented upon
by Theon of Alexandria, with no additional historical or mathematical mate-
rial and again no mention of Menelaus.

In the medieval period, however, Islamicate mathematicians became ex-
cited about the promise of a new approach to spherical trigonometry offered
by the final section of Menelaus’ Spherics, and they studied the treatise

52 This terminology can be found in Prop. H.I.37; see page 181, below.
3 See Van Brummelen [2009, 56-82], for a recent summary of the Sector Theorem and
spherical trigonometry in Greco-Roman antiquity.
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intensively —even after the mathematics of the Sector Theorem were well
understood and even while they were simultaneously developing theorems
that would eventually replace the Sector Theorem as a basis for spherical
trigonometry.>* From this period on, the Sector Theorem was attributed to
Menelaus and eventually became known as the Menelaus Theorem. The
complicating issue is that all of our documents containing Menelaus’ ap-
proach to the Sector Theorem come from this same time period in which
the Sector Theorem itself, and the spherical trigonometric methods founded
on it, were active areas of current research. Hence it has been difficult to
determine how Menelaus himself handled this theorem.>

Considering the stemma in Figure 1, it is clear that the three versions of
the theorem that are most likely to be close to the original are those found in
H, D, 1, (as attested in GG and J), and N.

An examination of the text of the theorem in IN, however, allows us to
rule this version out for consideration as that which Menelaus included in his
text.>® It consists of three cases, with one subcase: disjunction (M.T.II) un-
der the assumption that (1a) an internal line meets a diameter of the sphere in
one direction, or (1b) the other direction, or that (2) the internal line is parallel
to the diameter, and (3) conjunction.57 The proof of (2), however, contains
an indirect argument which obviously was not produced by Menelaus, and
which is also found in Thabit’s proof of the Sector Theorem in his eponymous
treatise.’® Moreover, the case of conjunction, which is not found in any of
the other early versions of Menelaus’ Spherics, also contains the same argu-
ment as that found in Thabit’s treatise. Hence, the overall structure and the
internal arguments of this version of the theorem lead us to the conclusion
that it was put together from what was found in the Menelaus text and from
supplementary material drawn from Thabit’s Sector Theorem or his redaction
of the Almagest, presumably by Abti Nasr, but possibly by Thabit himself.>

% For an overview of these developments, see Van Brummelen [2009, 173-192].

55 The medieval history of the Sector Theorem has previously been studied by one of us,
Sidoli [2006], although some of the conclusions in this work can no longer be maintained.
5 The text of the Sector Theorem in N is given by Krause [1936, 62—-64 (Arabic)].

37 For the purposes of this paper, we will not enter into a full discussion of the details of the
Sector Theorem. See Lorch [2001a, 154—156] or Sidoli [2006, 44—-46] for a discussion of the
terminology and its mathematical meaning. See also Section 3.1.1, below.

38 The text of the theorem in Thabit’s Sector Theorem is provide by Lorch [2001a, 50-58].
% The version of this theorem in Dy, 3, is different from that in N, but it is possible that Dy 3,
derives from an early draft of bIH, in which case IN would have derived from a “corrected”
draft.
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The version in H, however, can also be dismissed, because it is merely a
proof sketch.%” It deals with cases (1a) and (2), providing a diagram for each,
but merely outlining the proof. Perhaps the argument was meant to appeal
to the lemmas that al-Harawt provided, but this is not made explicit in the
proposition as it stands. Moreover, as we will discuss below, al-Harawi did
not provide all of the lemmas necessary to the argument.

Hence, the variant of the Sector Theorem in D, j, emerges as the most
likely candidate for a version close to what Menelaus actually wrote, and
an examination of its contents supports this assessment. This version must
come from Dy, = bH and its basic structure can be found in G.%! It con-
tains three cases: (la), (2), and a final case, (4), which is again disjunction
but, trivially, takes the inverse of the compound ratio shown in (1a) and (2).92
Significantly, in this variant of the theorem, the mathematics contained in the
lemmas provided by Ptolemy, and others following him, have been incorpo-
rated into the proof itself, so that there is no need for auxiliary lemmas, which
were apparently not found in the Menelaus text.

With this as background, we now turn to what al-Harawt has to say about
the Sector Theorem in his second preface. Immediately following the pas-
sage of al-HarawT’s second preface that we quoted above, the text continues

as follows:®3

In this book, he produced the theorem that Ptolemy calls the
Sector [Theorem] and he based many propositions upon it.

Ptolemy uses many propositions from this treatise in the second
book of the Almagest, without attributing it to anyone or show-
ing anything from it.%* Everything that is used in the angles that
arise from the intersection of the ecliptic,®® the horizons, and so
on is only made clear with this treatise. The lemmas that are
necessary for it are the very ones that Ptolemy furnished, as the

8 The text for this theorem is given by Lorch [2001a, 340-342].

81 For the text of the theorem in Gerard’s version, see Sidoli [2006, 72-74].

62 The final case, (4), is probably a late interpolation.

%3 The text is in Appendix B, page 202. Our text and translation are slightly different from
that of Lorch [2001a, 330-331, 339-340].

64 By this he presumably means that Ptolemy did not use the Sector Theorem to demonstrate
any of the more useful theorems of spherical trigonometry that Menelaus developed in his
Spherics.

8 Literally, “the orb of the signs.”
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intersection of two lines between two lines and the composition
of the ratios that are made up from them.

In this book, we perhaps see Menelaus shifting, transitioning
to the Sector Theorem without setting forth his method, as he
makes for it neither a preface (&otu“,a) nor a study (L), nor
does he make it the starting point of a book. So, the lemmas that
belong to this proposition were either facts generally known to
them, or have dropped out of the book. These are the lemmas...

As al-Harawi remarks, Ptolemy uses a number of theorems that are found
in Menelaus’ Spherics in Almagest 11, but these are all from the early parts
of the book, and none of them involve the spherical trigonometric methods
that Menelaus developed on the basis of the Sector Theorem. Moreover, the
lemmas that al-HarawT believes the theorem requires, and which he did not
find in his sources for the Menelaus text, are among those found in Almagest
1.13. As we will see below, al-HarawT includes two of Ptolemy’s lemmas in
his introductory material.

Finally, al-Haraw1 claims that Menelaus’ approach to the Sector Theorem
is remarkable, insofar as he does not seem to make any special fuss about
it, neither introducing it in any way, making it the focus of a specialized
study, as Thabit had done, nor making it the starting point of a book. As
Krause [1936, 39] points out, this passage makes it clear that al-HarawT was
unfamiliar with the bH translation, since in this version the Sector Theorem
is the first theorem of Book III.

A full consideration of the Sector Theorem in the various editions of
Menelaus’ Spherics reveals that this theorem has a number of characteris-
tics that differentiate it from the rest of the text. (1) In all editions, it is the
only proposition that has no enunciation; it begins directly with an exposition
through specific letter names. (2) It is the only theorem in the treatise that
does not treat spherical triangles, which were the stated object of study —
indeed, it concerns a spherical convex quadrilateral. (3) It is the only propo-
sition that directly constructs internal, straight lines and includes these in the
diagram. As al-HarawT points out, one of Menelaus’ foundational goals ap-
pears to have been an avoidance of straight lines in spherical figures. All
of this indicates that in Menelaus’ approach the Sector Theorem acted as a
lemma, which was probably either well-known or taken over from a previ-
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ous work.®® Whatever the case, it is clear that Menelaus intended to mark
the Sector Theorem as an outlier.

2.3 Other Historical Remarks

As well as the foregoing remarks by al-HarawT in his prefaces, his version
contains an important historical remark that appears to go back to Menelaus
at the end of Prop. H.II1.8 (N.II1.22). Although this remark was not included
in IN, it appears to have been included in Ishaq’s translation, bIH, because it
is found in G.%7 Since these remarks were contained in both of the transla-
tions, they almost certainly go back to Menelaus. Al-HarawT’s text reads as

follows:%8

Menelaus said: This proposition shows the difference in how
he proceeds and Theodosius in the third book of his treatise On
Spheres, since he looks to prove that GH has a ratio to DE less
than that which is as the diameter of the sphere to the diameter of
circle DA. Apollonius uses this in his treatise On the Complete
Art (Z.fiii\ el @’), and that makes it clear, once again, that
this is extremely useful, insofar as Apollonius uses it—namely,

he demonstrates that ratio GH to DE is greater than a certain
ratio and less than a certain ratio.

In this comment, Menelaus situates his work in the context of that of two
of his predecessors. The reference to Theodosius is clearly to his Spherics.
Bjornbo [1902, 117] and Krause [1936,239, n. 1] were of the opinion that the
reference to Apollonius was to a Universal Treatise (1) ka@OAov mpayparteio)
referred to by Marinus in his Commentary on Euclid’s Data.%° This is possi-
ble, but not certain. At any rate, the only thing we know about this Universal
Treatise is that it contained a definition of the concept of mathematically
given.

Whatever the case, from this passage we can see that Menelaus was trying
to justify what he must have believed his readers would perceive as an ob-

% A more historical argument for this position has already been presented by one of us; see
Sidoli [2006].

7 Krause [1936,239,n. 1] gives the text for Gerard’s translation.

58 The text is in Appendix B, page 209.

% For Marinus’ discussion see Menge [1896, 234], or Taisbak [2003, 242].
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scure approach by relating it to canonical authors. As usual, he simply points
out that his approach is better than that of Theodosius, a fairly recent author.
He then goes on to explain that this material is important because Apollo-
nius made use of it—or rather, could have made use of it. In this sense, it
is taken for granted that everything related to the work of Apollonius must
be important. Here we see Menelaus as a typical intellectual of the Roman
imperial period, explicitly laying the motivation for his work in the interests
and activities of his great predecessors.

3. Al-Harawi’s Mathematical Interventions

As well as the historical and philosophical prefaces, al-Haraw1 provides a
number of new mathematical arguments in his edition. Most of these take
the form of a group of lemmas to material in his Book II, but he also provides
a number of alternative proofs.

3.1 Lemmas

At the end of the preface to Book II, al-Haraw1 provides a number of different
lemmas that he considers necessary to the argument. The first group concern
the Sector Theorem, the next two deal with compound ratios, and the final
one he intends to use to complete his own argument for Mahant’s Terminus.

3.1.1 Lemmas for the Sector Theorem

Immediately following the passage quoted above, al-Harawi demonstrates
five different forms of the plane version of the Sector Theorem. Considering
Figure 2, he shows the following:

G B

Figure 2: Simplified figure for Men. Spherics HIl.Lemma.1.
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. BZ _ BE ,, DG
Lemma 1.1: 73 = 0 X Ga>
. BA _ BD ,, EG
Lemma 1.2: 37 = g X Gz°
Lemma 1.3: 2 — BZ , 4G

ED — ZA © GD°

Lemma 1.4: Z4 = 28 « ED

4G — sE X pG-and

. AZ _ ZG ., AB
Lemma 1.5: D5 = oF X 3D

The first two of these, Lemma 1.1,2, are those shown by Ptolemy in his Al-
magest,70 and are plane versions of what Thabit, in his Sector Theorem, calls
“the aspect of disjunction” ( J.24) ig>) and “the aspect of conjunction”
(S A &), respectively.”! The next two, Lemma 1.3 4, are simply rear-
rangements of the terms of Lemma 1.1, while Lemma 1.5 is a rearrangement
of the terms of Lemma 1.2.

Ptolemy proves just one version of each of disjunction and conjunction
and leaves it up to the reader to infer how these can be manipulated to form
the other versions that he occasionally uses. Thabit, relying on the lemmas
in the Almagest, proves one of each type from the geometry of the figure,
and then shows that many other combinations can be found by carrying out
ratio manipulations on these two. In his Composition of Ratios, Thabit ex-
haustively shows all of the combinations that hold when a compound ratio is
given.

Al-Harawr, for his part, proves each of the five lemmas in about the same
space directly from the geometry of the figure but provides neither a general
discussion of the different cases nor any explanation of how they are orga-
nized. Nevertheless, his presentation of these lemmas probably has pedagog-
ical and foundational implications. His statements of the compound ratios
themselves —involving consecutive uses of the same letter (as “AB to BG”)
and moving through certain geometric patterns on the figure — were probably
meant to make the lemmas easier to remember. His derivation of each of the
lemmas from the geometry of the figure may have been meant to show the
reader that they follow directly from the geometric configuration and do not
need to be shown using ratio manipulation.

0 For Ptolemy’s treatment of this material, see Heiberg [1898—1903, 69-76], or Toomer
[1984, 64-69].
! See Lorch [2001a, 48].
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Following the compound ratios that he gives, he notes that’?

Many cases are made up from the composition of these ratios;
nevertheless, most of what is required in this book are these
cases we have mentioned.

On the whole, al-HarawT’s approach seems somewhat disorganized. Al-
though he mentions a commentary to the Almagest by Thabit, and presum-
ably read it, he seems not to have carefully studied Thabit’s works directly
treating the Sector Theorem and compound ratios, if indeed these are dif-
ferent from the commentary he mentions. He gives no justification of why
he chose to provide just those lemmas that he has, and gives no indication
of where in the text these particular lemmas are used. Finally, he does not
provide either of the lemmas from the Almagest that allow us to establish the
spherical Sector Theorem on the basis of its plane counterpart by equating
a ratio of two chords of double arcs with a ratio of two segments that are
related to these arcs, which are also found in Aba Nasr’s edition.”> He may
have intended that his readers consult the Almagest, or should have mastered
its contents, but if so he does not explicitly state this.

3.1.1.1 Comments on Abbreviations

Directly following the foregoing remarks about the various lemmas, al-
Haraw1 explains certain abbreviations that occurred in his sources for the
text. He says’*

It should be known that when he mentions the drawing or says
“as what is in the plane” or “as what is in the drawing” or “due
to what is in the drawing,” it simply means these cases of the
intersection of these lines, which we have mentioned. When he
says “the ratio of an arc to an arc,” it simply means the ratio of
the chord of its double to the chord of the double of the arc that
is related to it. He uses this expression for expedience.

The way that al-Harawi expresses this indicates that he found these expres-
sions in his sources, not that he introduced them himself. Since, however,

72 The text is in Appendix B, page 203.
3 Toomer [1984, 65-67] calls these two lemmas Almagest 1.13.3 4.
™ The text is in Appendix B, page 203.
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the latter part of Ma was not included in Dy, y,, it is now no longer possible
to be sure when these abbreviations originated.

The second abbreviation is particularly haphazard. By dropping the
“chord of double” from the expression “chord of double arc AB,” this ab-
breviation makes it difficult to appreciate any mathematical difference be-
tween an arc and the chord that subtends twice that arc. Hence, the abbrevi-
ation renders different mathematical objects linguistically indistinguishable,
and makes all of the material following the Sector Theorem —involving both
“arcs” and “chords of double arcs” — somewhat difficult, and the final the-
orems (following Prop. H.III.1 (N.III.14))—involving both “ratios of arcs”
and “ratios of chords of double arcs” —almost incomprehensible. Since these
second abbreviations are found in neither N nor (G, however, they are almost
certainly not due to Menelaus himself.

3.1.2 Lemmas for Compound Ratios

The comments on abbreviations are immediately followed by two lemmas
on compound ratio. For these lemmas on ratio manipulation, we adopt a no-
tation of circled numerals. This is fairly true to the sense of the medieval
Arabic. Because the text denotes the terms of the proportions by the expres-
sions “first,” “second,” “third,” etc., along with the Arabic letters alif, ba’,
Jjim, etc., which could also have been read as abjad numerals, by translating
them as numbers we hope to convey to a modern reader a better sense of how
a medieval reader would have understood the flow of the theorem than if we
transliterated them in purely alphabetic form.

Considering Figure 3, which is not needed for the argument, the lemmas
are as follows:
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@ @ @) ®|

Figure 3: Men. Spherics H.Il.Lemma.2.
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The first lemma, Men. Spherics H.Il.Lemma.2.1, is demonstrated, while the
second, Spherics H.Il.Lemma.2.1, is simply stated.

In order to appreciate how far removed al-HarawT’s procedure is from an
algebraic one—in which the lemma becomes too trivial to warrant a full
argument—it may be useful to look at his argument. His text proceeds as
follows: "3

Lemma 2.2

Again, in the composition [of ratios], he uses when the ratio of
the first to the second is composed of the ratio of the third to the
fourth and of the ratio of the fifth to the sixth, and the third is
equal to the first, then the ratio of the fourth to the second is as
the ratio of the fifth to the sixth. So, because the ratio () to 2) is
composed of the ratio (3) to (@) and of the ratio ) to (6), and if
(3 is equal to (1), then the ratio (4) to (2) is as the ratio () to (©),
and that is obvious because when we make (4) a mean between
(D and (2), [then] the ratio (1) to (2) is composed of the ratio () to
(@ and of the ratio (@) to (2). But, the ratio (1) to (2) is composed
of the ratio (1) to (@) (that is of (3) to (@) and of the ratio () to
(6). Hence, the ratio (@) to (2) is as the ratio () to (6).

The argument, which is based on the ancient operational concept of com-
pound ratio—mathematically equivalenttoa : b = a: x = x : b, for any
x—is as follows:

By the definition of compound ratio,

O_0 9
2 @ @
But since 3) = (1), by hypothesis,
O_0 ©
@ @ ®

Hence, we can conclude the proposition from the structure of the two state-
ments.

75 The text is in Appendix B, page 203.
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3.1.3 A Lemma for Mahant’s Terminus

Following the lemmas for compound ratios, al-HarawT turns to Mahanhi’s
Terminus, stating:’®

The tenth proposition of this book is that at which al-Mahant
ended, and he did not go beyond it. It requires a lemma, which
is this...

Figure 4: Men. Spherics H.Il.Lemma.3.

Considering Figure 4, the lemma shows that where A is the pole of circles
BGD and ZHTK, and where BG || LN, BC || LH, BD || LT, and BM || LK,
then

NS  Crd(2GE)
SO  Crd(2DE)’

The proof that al-HarawT gives for this proposition is valid; however, as
we will see below, it is insufficient for showing Mahant’s Terminus.

The argument relies on one of the lemmas that Ptolemy proves in the Al-
magest, which allows us to equate a ratio between two chords subtending
double arcs with a ratio between two segments that depend on these arcs.”’
This lemma is not explicitly referred to by al-Haraw1, but this may be another

76 The text for the following passage, and for the lemma itself, is given in Appendix B, page
204.

" Toomer [1984, 67] calls this lemma Almagest 1.13 4.
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indication that he expected his readers to either have the Almagest to hand,
or to have mastered its material.

3.2 Al-Harawt’s Alternative Proofs

As well as these lemmas, al-Harawi provides a number of alternative proofs.
One of these appears to have been by al-Mahani, but the other two are cer-
tainly his own.

3.2.1 Al-HarawT’s treatment of Men. Spherics H.1.8,9 (N.I.8)

Al-HarawT’s version counts individually two arguments for this theorem,
which all other versions count together as the eighth proposition. The theo-
rem is the spherical analog of Elements 1.24 and its converse 1.25—namely
that in two triangles if two sides are respectively equal then the greater an-
gle between these two sides is subtended by the greater base (1.24), and the
greater base is subtended by the greater angle (1.25).

Prop. H.I.8 simply notes that “the proof of this and its converse is as the
proof according to the straight lines” (b gasl Je Ols JIS° aSey s Ola g
M\), which is either a reference to the proofs of Elements 1.24 and 25,
or a reference to the proofs of these theorems that Menelaus himself wrote.
As we pointed out above, Section 2.2, Menelaus wrote an alternative proof
to Elements 1.25 that used a direct argument.

Following this, Prop. H.I.9 begins “And this is sometimes known by an-
other proof™ ( ;'-T Ol o 23 (..Lu 434) and proceeds to give an argument using
construction of two lesser circles and the definition of equal inclination found
in the prefatory material. This argument must be due to al-Mahani, because
itis also found in G,”® along with a similar argument for another case, which
assumes a different side is longer than the other. Its use of two lesser circles
is particularly unsuitable to Menelaus’ approach, which hardly ever employs
lesser circles.

The proof found in IN may be a better candidate for what Menelaus wrote
since it only uses great circles and is analogous to a proof in the plane. It
also involves two cases, depending on which of the lines is assumed to be
longer, but this was a practice found already in the ancient commentaries to
the Elements and may have appealed to Menelaus.”” The argument for the

8 See Krause [1936,27-28] for a translation of the the proof in Gerard’s version.
7 See, for example, Proclus’ Commentary to Euclid’s Elements I [Freidlein 1873,336-344].
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converse in this text, however, cannot be Menelaus’ because it simply states
“The converse to this is proved through the method of contradiction.”

Here, as often occurs when studying this text, we run up against a difficulty
in every one of our early versions of the Men. Spherics and we must affirm,
once again, that none of our sources can be assumed unproblematically to be
whatever Menelaus actually wrote.

3.2.2 Al-Harawt’s treatment of Men. Spherics H.1.37 (N.1.36)

The next substantial, mathematical intervention that al-HarawT makes in the
text is an alternative proof to Prop. H.1.37 (N.I.36), for which he explicitly
takes credit. Since this is a good opportunity to see al-HarawT at work as a
mathematician, we quote this text in its entirely. It reads as follows:®!

[I.]37 When the sum of two unequal sides of a triangle are
less than a semicircle, and an arc (of a great circle) is produced
from the angle that they enclose, bisecting the base, such that
when a point is marked on that arc inside the triangle, and two
arcs (of great circles) are produced to it from the endpoints of
the base, then they enclose, with the two unequal sides, two un-
equal angles, the greater [angle] being with the lesser side and
the lesser [angle] with the greater side.

Example of it: BG is greater than BA, and their sum is less than
a semicircle. BD (of a great circle) is produced, bisecting AG at
D. Point E is marked on BD,%? and AE and EG (of great circles)
are produced. I say that angle BAE is greater than angle BGE.

Proof of it: BD bisects AG, so angle ABD is greater than an-
gle GBD 3 Angle GBE is less than a right [angle]?* and angle
AGB is less than angle BAG.% and they are less than two right
angles,86 so angle BGD is less than a right [angle]. So, the arc

80 See Krause [1936, 7 (Arabic)].

8! The text is in Appendix B, page 198.

82 K reads “supposed” in place of “marked.”

8 Proved in the second part of Men. Spherics H1.34 (N.1.33).

8 Since, by Definition 1, all angles are less than 180°, ZGBA < 180°, and since, as just
noted, ZABE > /GBE, therefore ZGBE < 90°.

85 Men. Spherics HI.10 (N.1.9).
86 Because the sum of arcs GB + BA is less than a semicircle.
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produced from E at right angles to arc BG cuts between points
B and G. So let it be produced, and let it be arc EZ. What was
produced from E to AB at a right angle falls between points A
and B, or it does not fall like that.

[Case 1] So, first, let it fall. And let that arc be EH. So, angle
BHE is a right [angle], and angle BZE is a right [angle]. Angle
HBE is greater than angle EBZ, and BE is common to each of
the triangles,®” so HE is greater than EZ.3® So, let HT be equal
to EZ 3 and we produce AT (of a great circle). And AB[+]BG is
less than a semicircle, and AB is less than BG, so AB is less than
a quadrant, so AH is less than a quadrant.

And AT is greater than AH, because angle AHT is aright [angle],
and arc AH is less than a quadrant, and arc AH intersects with arc
EH at right angles.”® So, the line produced from A to H is less
than all of the lines produced from A to arc EH, and the nearer
to it is less than the farther.”! So, the line produced from A to T
is less than the line produced from A to E. So, arc AT is less than
arc AE. And arc AE is less than arc GE, because AD is equal to
DG. And DB is common, and BG is greater than BA, so angle
BDG is greater than angle BDA.? And likewise when we make
DE a common,” GE is greater than AE, and AE is greater than
AT, so GE is greater than AT.

And AT is greater than TH (because angle H is a right [angle]),”*
and arc TH is equal to arc EZ, so arc AT is greater than arc EZ.
So, we can produce from E to arc ZG an arc equal to arc AT,
falling between Z and G. Let it be produced, and let it be EK.
So, because ZE is equal to HT, and right angle Z is equal to

87 That is spherical triangles BHE and BEZ.

8 Men. Spherics HI.36 (N.1.35).

8 This is a construction. See Sidoli and Saito [2009], for a discussion of these sorts of
constructions in ancient spherics.

% The Arabic could more literally be translated as “arc AH is an intersectant with arc EH.”
! Theo. Spherics AIIL1 (G IIL1).

2 Men. Spherics HI1.8,9 (N1.8).

% Tt is not clear what this means, especially as the next two steps repeat the previous two.
% Following this, the more recent manuscripts, AK, add “and TH is less than a quadrant.” A
as a marginal note, and K in the text. See the critical lemma to the text, page 199.14, below.
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angle H, and EK is equal to AT, so the angle HAT is equal to
angle ZKE.>> So, angle HAE is greater than angle ZKE.°® And
GE[+]EK is less than a semicircle,”’ so angle ZKE is greater than
angle ZGE, so angle HAE is greater than angle ZKE, therefore it
is much greater than angle ZGE.

Figure 5: Men. Spherics H.1.37, Case 1.

[Case 2.1] Again, if the arc produced from E to AB at right angles
is such that it falls outside, as in the second diagram, like arc
EH, and we extend HA and HE, meeting at K, then KAH is a
semicircle.”® As for when AH is less than a quadrant, the proof
of this is as before.

% This is a form of SSA congruency, shown in Men. Spherics HI.14 (N.1.13).

% Since, by the geometry of the figure, ZHAE > /HAT.

7 The argument could be fleshed out a bit. By hypothesis, GB + BA < 180°, but, by the
geometry of the figure, GE < BG and EK = AT < BA, so GE + EK < 180°.

%8 By construction and Theo. Spherics AI1.12 (G.I.11).
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[Case 2.2] And if it is not less than a quadrant, so that AK is less
than a quadrant, then I say that angle BAD is greater than a right
[angle].

For if not, [2.2a] it is a right [angle],”” and angle K
is a right [angle],'*’ then point 7 is the pole of circle
KAH, and AT is a quadrant and it is less than half of
AG,'0! 50 AG is greater than a semicircle. So, an-
gle BAG is not a right [angle].'%? [2.2b] And if it is
less than a right [angle], and BAL is made a right [an-
gle],'93 then point L is a pole of circle KAH,'* so AL
is quadrant. And, AT is greater than AL,'® and it is
less than half of AG, so AG is much greater than a
semicircle. Therefore, angle BAD is greater than a
right [angle].

And angle ABD is less than a right [angle], as what became clear
before this,!% so angle EBH is obtuse, so EH is greater than a
quadrant. And, EK is less than a quadrant, and AK is less than an
quadrant, and angle K is a right [angle], so angle FAK is acute,
so angle EAB is obtuse. And it was shown that angle EGB is
acute.'?” Therefore, angle BAE is greater than angle BGE. And
that is what we wanted to show.

The argument for this theorem is difficult to follow, as the many variants
in the manuscripts attest. It divides into two cases, the second of which has
subcases. As al-HarawT himself, in the following passage, asserts, the only

% The Arabic appears to say “because it is not a right [angle],” but the structure of the math-
ematical argument requires “because if it is not, it is either a right angle or less than a right
angle.”

190 By construction.

101 Because D is the midpoint of AG.

192 This follows from considering the initial conditions, namely that GB + BA < 180° and
GB > AB.

193 We can use Men. Spherics HI.1 (N.I.1) to construct an angle equal to the angle at H or K.
1% Theo. Spherics A1.14 (G1.13).

195 Because AK < 90°, AL = 90°, and AT extends out of the spherical triangle ALK.

196 This appears to be a reference to the argument in Case 1.

107 Again, this probably refers to Case 1.
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. bH

Figure 6: Men. Spherics H1.37,Case 2. The dotted lines are the continuation
of arcs KB and KE onto the back surface of the sphere.

part of this theorem that is actually his own is Case 2. Case 1 is essentially
the same in both D, and H, and is similar to that in IN. Case 2, however, has
an indirect argument, and cannot be due to Menelaus. Hence, the version of
Case 2 that appears in IN should be taken as closer to Menelaus’ approach.

Following his treatment of the theorem, al-Harawi includes the mangled
remains of an argument that he says is the best he can make out of what has
been attributed to Menelaus for the second case of the theorem. The text
reads: 08

Al-Harawi said: The proper proof for the second part of this
proposition is that which we use. As for Menelaus, he intends
that all of his proofs be by the direct method, and what appears to

198 The Arabic is given in Appendix B, following the text for the foregoing theorem; see page
201.
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us of his arguments for this, despite the corruption of the trans-
lation and its distance from what is taught, is this:'°

[Case 2.1] If arc AH is less than a quadrant, then the arrangement
initis one such thatitis clear that angle BAE is greater than angle
BGE. [Case 2.2] And if arc AK is less than a quadrant, then arc
EH is at right angles on arc AH, and EB is less than a quadrant.
So, angle EBA is less than a right [angle], and EH is greater than
a quadrant, and AH is greater than a quadrant, and EK is less
than a quadrant, and AL is less than a quadrant, so angle EAL
is less than a right [angle]. So, angle EAB is obtuse and angle
BGE is acute. And that is what we wanted to show.

Again, the argument is in two cases, but neither of them are complete,
nor make much sense. Krause [1936, 35] argued that the presence of such
passages in al-HarawT’s edition shows that he must have had access to the
original translation, U. But there is no reason to assume this. On the one
hand, al-Haraw1 mentions that he worked with another version produced by
unnamed, recent scholars, which was corrected in parts and left uncorrected
in parts and which may have contained the remains of Menelaus’ arguments.
On the other hand, al-Mahant’s correction may also have contained these
references to Menelaus’ proof, just as al-Harawi’s does. The fact that they
do not appear in D, j, may be because they were taken out by whoever com-
posed that later edition. At any rate, there is no compelling reason to suppose
that al-HarawT worked with more sources than those he explicitly discusses.

The fact that al-Harawt refers to his argument as the correct one makes
it clear that he, like the other Islamicate mathematicians, merely took note
of Menelaus’ avoidance of indirect argument, but neither thought that it was
worth following, nor tried to reconstruct Menelaus’ thought along such lines.

3.2.3 Al-HarawT’s treatment of Men. Spherics H.I1.10 (N.IIL.5)

Following the lemmas, discussed above, the next major mathematical change
that al-HarawT introduces to the text is his attempt to prove Mahant’s Termi-
nus, using the final lemma from his second preface. As we will see below,
his argument was not successful.

1% In the K manuscript this paragraph reads: “That proof is al-HarawT’s and it is by the method
of contradiction. As for Menelaus’ proof, it is by the direct method, and its substance is like
this.”
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Prop. H.I1.10 (N.IIL5) reads as follows:'°

[II.]J10  When two angles of two triangles are right, and two
angles are acute and mutually equal and each of the sides con-
taining the mutually equal, acute angles are less than a quadrant,
then the ratio of [Crd 2] the sum of the two sides containing the
acute angle to [Crd 2] the excess of one of them over the other
is as the ratio of [Crd 2] the sum of the two sides containing the
angle equal to it, to [Crd 2] the excess that one of them has over
the other.!!!

Let angles B and M of triangles ABE and MLO be two right [an-
gles], and let angles A and L be acute and mutually equal.

I say that the ratio of [Crd 2] the sum of BA and AE to [Crd 2]
the excess of AE over AB is as the ratio of [Crd 2] the sum of ML
and LO to [Crd 2] the excess of LO over LM. Then, we make
AG equal to AB and AD equal to AB, and likewise LN and LS to
ML. 1 say that the ratio [Crd 2] GE to [Crd 2] DE is as the ratio
[Crd2] NO to [Crd?2] OS.

Proof of it: We make A a pole, and we describe circle ZHTK
with the side of the square,!'? and we extend BGZ, BAH, BDT
and BEK. So, because point A is the pole of ZHTK and arcs AG,
AB and AD are mutually equal, then when we make point A a
pole of a circle that is parallel to circle ZHTK with distance AG,
therefore, arc BG with twice GZ is a semicircle.!'® So, when we
make ZP equal to ZG and we extend AH, it is clear that it will

110 The text is in Appendix B, page 206.
T Although the text omits an expression for “double the chord,” as discussed in the passage
in Section 3.1.1.1, we have supplied this as “Crd 2” to make the argument more intelligible.
112 The expression “the side of the square” was standard in ancient spherics and refers to the
side of a square inscribed in a great circle of the sphere. Theo. Spherics A1.17,18 (G.1.16,17)
implies that a circle drawn with a point as a pole and this side as distance will be the great
circle about the given pole; see Sidoli and Saito [2009, 593, n. 44].

'3 The argument can be fleshed out as follows:
Where great circles AGV and HAH' meet at the
pole, A, shared by parallel circle BG and great
HZV, and some other great circle BGZ intersects
the parallel circle at B and G, then GZ = BZ' and
GZ + GB + BZ' is a semicircle.
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meet it at P.!'"* We extend AG and HZ, meeting one another at
V. Then, because the pole of circle ZHT is on DAG, angle Vis a
right [angle]. Likewise, angle H is a right [angle]. So, angles H
and V in the two triangles GZV and HZP are right [angles], and
the two angles [at] Z are mutually equal,'' but, both HP and GV
are less than a quadrant, so HZ is equal to ZV.''® We extend AZ
(of a great circle), and AH is equal to AV,''” and HZ is equal to
ZV, so angle HAZ is equal to angle VAZ,'!® so angle HAG has
been bisected by arc AZ. Likewise, angle HAD is bisected by
arc AT.''? And, the two angles GAH and DAH are equal to two
right [angles], so half of them is a right [angle]. So, angle ZAT is
aright [angle].'?® Again, because angle H is a right [angle], and
angle B is a right [angle], then point K is the pole of circle BAH,
and therefore T is the pole of circle BGZ,'?! so TZ is a quadrant,
and KH is a quadrant.

We proceed with triangle MLO from the production of MNF,
MLC, MSQ and MOX, and great circle FCQ with pole L, and
the production of LF and LQ. So, it is clear that angle FLQ is
a right [angle], and arc FQ is a quadrant, and likewise XC. So,
HZ is equal to FC, and the sum ZK is equal to the sum FX.!?
So, according to what we prefaced,123 the ratio [Crd2] GE to
[Crd 2] DE is as the ratio [Crd 2] NO to [Crd 2] OS. And that is
what we wanted to show.

The proof in the text does not appear to justify the proposition. Although
it is not certain how al-Harawi intended to proceed, even with the lemma, the

114 That is, we construct the spherical opposite of triangle BZ’'H' (Figure in note 113).

!5 That is, the vertical angles.

6 If HP and GV were quadrants, circle GZP would be perpendicular to HZV and the arcs HZ
and ZV could have any relation to one another.

"7 They are both quadrants.

118 Men. Spherics H1.30 (N.1.29).

119 That is, by the same type of construction and argument.

120 Since 2/HAZ + 2/HAT = 2R, and ZZAT = /HAZ + ZHAT.

12K states that T'is a pole of circle AZ.

122 Since HZ and FC are arcs of great circles subtending equal angles while KH and XC are
quadrants.

123 This is presumably a reference to his lemma, Men. Spherics HII.Lemma.3, see Section
3.1.3.
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Figure 7: Men. Spherics H.I1.10.

argument is incomplete. In the step just before al-Harawt invokes his lemma,
he stated that ZK = FX, in which case, also TK = QX, which suggests that
he may have intended to argue that since

Crd(2GE)  Crd(2ZK) . Crd(2NO)  Crd(2FX)
Crd(2DE) _ Crd(2TK) *"° Crd(20S) ~ Crd(20X)’

()

then
Crd(2GE) _ Crd(2NO)

Crd(2DE) ~ Crd(20S)"
The lemma provided, however, does not sufficiently show that (*) holds.
It seems that, although the lemma gives a valid argument, it is not what is
required in the proof.
For the proof, we need to show that

Crd(2GE) _ Crd(2ZK)
Crd(2DE) ~ Crd(2TK)’

which, considering Figure 4, would, by Almagest 1 13.4,'?* hold under the
assumption that N coincides with Z, O coincides with T, and S is extended
outside great circle ZTK. Al-Harawi, however, makes no such stipulation,
nor does he argue that that triangle NSL is similar to a triangle drawn through
points L, Z and the intersection of lines LK and ZT, extended.

124 See note 73, above.
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Whatever route al-Harawt intended to take, given the current state of the
text, it is clear that the lemma provided is insufficient to prove the theorem.

Following his attempted proof, he gives what remains of Menelaus’ argu-
ment. The text reads:'>

Al-Harawi said:'?® This is the proof that I made for this proposi-
tion, and which Menelaus indicates, as became clear in the pre-
liminaries, and moreover, because he said that ZA and AT, when
extended, bisect the two angles DAH and GAH respectively, but
he does not prove this.!?” Then he mentions the equality of the
two arcs ZK and FX, ZH and FC, HT and QC.'?® Then he said
the ratio [Crd 2] GE to [Crd 2] ED, when we make [Crd 2] AG a
mean, is composed of the ratio [Crd 2] EG to [Crd 2] GA and of
the ratio [Crd 2] GAto [Crd 2] ED, thatis, [Crd 2] DA to [Crd 2]
ED.'? He said: The ratio [Crd 2] EG to [Crd 2] GA is as the ra-
tio [Crd 2] KZ to [Crd 2] ZH, and the ratio [Crd 2] DA to [Crd 2]
DE is as the ratio [Crd 2] TH to [Crd 2] TK, and the ratio [Crd 2]
KZ to [Crd?2] ZH is the ratio [Crd 2] HT to [Crd 2] TK. It is nec-
essary, likewise, in the second figure, of the ratio [Crd 2] NO to
[Crd 2] NL and the ratio [Crd 2] LS to [Crd2] SO.*° And that
is what we wanted to show.

125 The text for this passage is given in Appendix B; see page 207.

126 The opening of this section is introduced in K as follows: “This proposition is al-Harawi’s
theorem ((..l:«), as for Menelaus, his theorem is this.”

27BA gloss this passage with the following marginal note: “Ahmad ibn al-SarT says that the
demonstration of this is obvious from the converse of proposition 30 of 1. And this is because
we extend BH and BT until they meet. So, DA and AH and the whole of AH, extended to the
meeting, is a semicircle. And arc AT is a quadrant, and two sides of all of the triangles are
different, and they are a semicircle, and the arc that is extended from the angle contained by
them at the base is a quadrant, so it bisects the angle and the base. So, angle DAT is equal to
DAH.”

128 Again, because KH, TZ, XC and QF are quadrants while TH and QC are arcs of great
circles subtending the equal angles TAH and QLC, while HZ and CF are arcs of great circles
subtending the equal angles HAZ and CLF'.

129 By the definition of compound ratio and since GA = DA.

130 Here, L includes the following sentence, which was probably originally a gloss: “This is
correct because it was proved in the lemmas, which we mentioned in the first preface, and as
for the bisection of the two angles GAH and NLC, what we said above proves it.” (Note that
the manuscript reading of the second angle is obscure. NLC is our best reading based on the
mathematical sense. See the critical lemma to the text, page 208 .4, below.)
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The statements in the second part of the argument are not mathematically
sound. What we have is a sort of proof sketch which has been corrupted over
time. In Abt Nasr’s version, the steps of the proof are given in somewhat
more detail, and correctly, but the justifications for the steps of the argument
are still not clear.*! Hence, Aba Nasr follows the proof in his source text
with a series of arguments for each of the steps in the original that remain un-
clear. As Bjornbo [1902, 96-99] has shown, it is also possible to derive this
theorem directly from the Sector Theorem, but given the textual evidence, it
does not seem that Menelaus proceeded in that way.

3.3 Other Mathematical Comments

In some of the manuscripts we find two other trivial comments of a mathe-
matical nature attributed to al-Haraw1, which we only mention here.

The first of these follows Prop. H.III.1 (N.III.14).132 This is the first of a
series of propositions at the end of the treatise that concerns both ratios of
arcs and ratios of the chords of double arcs. Because of the abbreviation that
al-HarawT adopts, see Section 3.1.1.1, these theorems are difficult to parse.
Al-Harawt refers to supporting theorems in the first book and tries to explain
the difference between Menelaus’ argument involving ratios of arcs and his
argument involving ratios of the chords of double arcs, whereas, in fact, this
difference is not clear in the text itself.

The final comment, found only in the oldest manuscript, follows im-
mediately after the historical remarks attributed to Menelaus following
Prop. H.IIL.8 (N.II1.22), see Section 2.3.!3* Al-Harawi remarks briefly on the
difference between Theodosius’ approach and Menelaus’ use of the chords
of double arcs.

4. Conclusion

This close study of the text allows us to draw a number of general conclusions
along the following lines.

131 The text for Menelaus’ sketchy argument and Aba Nasr’s supplements are given by Krause
[1936, 69-72 (Arabic)].

132 We have not edited this comment. It is found in L 103a, B 46a, A 100b.

133 The text, which we have not edited, is found in L 105a.
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4.1 Menelaus’ Spherics

Although the original text has been lost, a study of the various surviving
versions allows us to say something about Menelaus’ mathematical interests.
As al-HarawT notes, Menelaus had a strong interest in what we could call the
foundations of mathematics.

This led him to reject indirect argumentation and to pay careful attention
to the types of constructions that he permits himself. That is, Menelaus’
approach to the foundations of mathematics is found directly in the way he
organizes his mathematical works, which accords with what we know of the
foundational approaches of other ancient mathematicians [Acerbi 2010]. In
particular, as we saw in Prop. H.I.37, above, Menelaus is careful to distin-
guish between objects that are actually drawn on the sphere using construc-
tive “problems” and those whose construction is introduced conceptually in
order to make a proof possible [Sidoli and Saito 2009]. The distinction be-
tween constructions that solve problems and constructions that prove theo-
rems is clear in Theodosius’ Spherics, but is also evident in earlier authors,
such as Euclid (see, for example, Elements 111.1).

These considerations serve to isolate the Sector Theorem, often known
as the Menelaus Theorem, from the rest of Menelaus” work. In this way,
Menelaus’ Spherics appears as a work in three parts. The first introduces
the geometry of spherical triangles focusing on great circles that can be con-
structed on the surface of the sphere, although unconstructed internal objects,
such as straight lines, can be invoked in the proofs. The second part intro-
duces the Sector Theorem, as a lemma directly using straight lines, to develop
a metrical geometry of spherical triangles, again avoiding internal construc-
tions and focusing on great circles. The final part uses these theorems to
develop a theory of spherical astronomy, now involving both lesser circles
and great circles.'3*

4.2 The Source Translation

The four manuscripts of al-HarawT’s text can be used as a way to say some-
thing about the source translation of Menelaus’ Spherics as an example from
which we may draw some general reflections about the early efforts to trans-

134 A discussion of the astronomical aspects of Menelaus’ project is given by Nadal, Taha and
Pinel [2004].
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late technical works into Arabic, the use of Syriac in this regard, and the way
that these early translations were reworked over time.

It appears that the source translation, U, was made through some use of
Syriac and employed an Arabic syntax that was sometimes unnatural, but
which adhered fairly closely to the syntax of the original Greek. We should
be wary of believing, however, that the first Arabic translation was produced
directly from a complete Syriac version that had been in circulation before-
hand. As D. Gutas [1998, 20-22] has stressed, the production of a Syriac
translation was often a component of the early ‘Abbasid translation efforts.

Menelaus’ Spherics is not a text for beginners. In order to understand it,
one must have first mastered Euclid’s Elements and Theodosius’ Spherics
and it is not clear that anyone before the time of al-Mahant and Thabit ibn
Qurra appreciated the real significance of the work. Hence, the scarcity of
early Syriac texts in the exact sciences makes it difficult to imagine how
any serious scholar could have understood this treatise in a purely Syriac
context.!3> A more likely scenario is that the Syriac version was made as
part of an initial effort to understand this challenging text by scholars who
had more facility with Syriac than with Arabic.

As the direct accounts make clear, the translation of rare and difficult
works, such as Galen’s Therapeutic Medicine or Apollonius’ Conics, some-
times took many years of repeated and varied efforts (Rosenthal 1975, 20—
21, Toomer 1990, 621-629). The traces of a transmission through Syriac that
we now find in our sources for Menelaus’ Spherics are probably the result
of an initial effort to render the text more comprehensible by putting it into a
Semitic language into which Greek could be more literally translated. This
appears to have then been translated into Arabic in such a way that some
instances of unnatural syntax remained.

When we look at the four manuscripts of the al-Harawi version, we see
that Arabic copyists who were farther removed from the translation process
had a difficult time reading these expressions and tended to garble the prose.
An example may help make this clear.

133 The small list of known Syriac works in mathematics and astronomy is summarized by
Duval [1907, 277-282, 283-284]. Takahashi [2010, 32-35] provides a list of known Syr-
iac works relating to Greek philosophy and natural sciences with a tentative chronological
ordering.
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In the exposition of Prop. H.II.10, L reads'3°

crogbose sl I gy el T gy e ol e SN
while BA reads

Oosle J T gy 0kl 7 D kgl g Jp el b S
O\.‘;U\.w.:ﬁ)

Both of these passages are grammatically problematic, which indicates that
by this point in the text most copyists had given up much hope of understand-
ing and simply copied what they thought they saw. Here, the syntax of e Jze
early in the passage, although strange in Arabic, probably reflects a Greek
expression in the genitive (see for example Elements 1.5, or Theo. Spherics
1.6). Likewise, as in Greek, the second verb is supplied, so that the gram-
mar should remain the same, requiring a nominative noun, followed by an
accusative.

A similar passage from earlier in the text can be used to help us clarify both
the meaning and the grammar. For example, the setting out of Prop. H.I.13
(L 85a, B 7a, A 77a) reads as follows:

L::’.j\)j w:.«j\.;ﬁ;—u‘ ‘521:.,4 o 51 [LS?'-,\) L] \.‘g)b ug.:b
58 ki gl O plzy el by gless 5 F

Let the two angles A, D in triangles ABG, DEZ be right [angles],
and [let] the two angles G, Z be equal to one another and they
are not right [angles], and [let] side BG be equal to side EZ.

The author of K, having followed the mathematical argument, and having
seen a number of passages such as that for Prop. H.I.13 was then able to
correct the setting out for Prop. H.I1.10, as follows:

bl J T gl "Voktl p Jp ol te e 7T Ll S
Ol glewze

Let the two angles B, M in triangles ABE, MLO be right [angles],
and let the two angles A, L both be acute [angles], equal to one
another.

136 This text is edited in Appendix B, see page 206.6.
137 This is probably a typo for B,
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In this way, we can see the author of K as a mathematically competent
scholar who sought to understand the al-Haraw treatise not just as a piece of
mathematics but also as a historically significant document that preserved an
older way of talking and thinking about spherical geometry and astronomy.

4.3 Al-Harawi as Editor

For much of the details, it is difficult to be certain to what extent al-Harawt’s
editorial work changed his source documents. Following the lead of his
sources for the earlier part of his text, he presumably set the letter names
of the geometric objects into abjad order for the later sections of the trea-
tise. The overall numbering and division of the propositions may have been
his own, or may include some of his decisions. The two introductions with
their historical and philosophical concerns are clearly his own, as are the
mathematical lemmas in the second preface. Including lemmas to the Sector
Theorem may have been his innovation, in which he was then followed by
Abt Nagr and al-Tusi. On the other hand, the decision to include the garbled
remains of Menelaus’ arguments was an editorial decision in which he was
evidently not followed. A final, and important, aspect of al-HarawT’s edition
was the production of new arguments to replace what he took to be flawed
in his sources. In this, however, he was not particularly successful.

4.4 Al-Harawi as Mathematician

It is not possible to form a high assessment of al-Haraw1’s mathematical cre-
ativity, and one is led to the conclusion that he probably should have followed
al-Mahant’s lead in abandoning this version of the text as too obscure to un-
tangle. Al-HarawT’s proof for the second part of Prop. H.1.37 is longwinded,
and indirect, but basically sound. He provides a number of lemmas for the
Sector Theorem that are all correct, but the organization is somewhat scat-
tered. Moreover, two lemmas that are also needed are absent. His proof of
the first lemma on compound ratios is circuitous, although correct. His proof
for the lemma he will invoke to try to argue for Mahant’s Terminus is valid,
but it is insufficient to prove the theorem. His proof of Mahant’s Terminus is
unsatisfactory, for this reason. Finally, his reliance on abbreviating language
in the part of the treatise following the Sector Theorem makes it increasingly
difficult to follow the mathematical train of thought.
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4.5 Al-HarawT’s Version of the Spherics

The difficulties presented by this treatise show that al-HarawT’s edition of
the Spherics cannot be taken as a reader’s text. The strained language, use
of obscuring abbreviations and al-HarawT’s failure to completely master the
mathematical contents all result in a text that becomes progressively more
impenetrable as one works one’s way through it. Nevertheless, because of
al-HarawT’s historical interests, the result is a text that preserves a number of
different historical strata.

Hence, from a purely historical perspective, the text is quite interesting. It
is aremnant of an early stage of the translation of technical works into Arabic,
which has been preserved, and repeatedly reworked, by scholars who appear
to have taken an almost reverential interest in the text. Unlike the editorial
activities of al-Tasi, who produced reader’s texts for the canonical works
in exact sciences,'3® the editors of this branch of the tradition of Menelaus’
Spherics were interested in preserving aspects of the source documents with
all of their problems, along with their own revisions of mathematical and
textual details. The manuscripts of this tradition provide us with another
example of the way in which medieval Islamicate mathematical scholars re-
sponded to the ancient mathematical tradition, as both a source of historical,
even antiquarian, value and as a living canon worthy of continuous study.

Appendix A: Concordance of Proposition Numbers

In this appendix, we give the proposition numbers found in the
manuscripts of the al-Harawt edition, along with those for Abu Nasr’s edi-
tion. This serves as a complement, and minor correction, to the concordance
made by Krause [1936, 6-9]. We note only numbers that are found in the
manuscripts, even where the missing numbers can easily be supplied. An
illegible mark is printed as “?,” although, again, it can be easily determined.
Hence, a number of the parenthetical numbers in L that Krause includes are
missing from our table.

As Krause [1936, 36] noted, there are various ways of numbering the
propositions of the al-Harawi text. His Z; = {91} and Z, = {61,30} are
both contained in L, and may indicate that a reader of L had access to an-
other manuscript numbered {61,307}, but might also simply be the result of a

138 See Sidoli and Kusuba [2008] for a discussion of al-Taist’s treatment of Theodosius’ Spher-
ics, or Suzuki [2010] for a discussion of al-Tts1’s version of Hypsicles’ Ascentions.



196 N. Sidoli and T. Kusuba

reader counting the propositions in the second book and labeling them spo-
radically. In his introductory material, al-TusT discusses the different num-
bering systems that he found in his sources and mentions a T| = Z, =
{61,30} numbering and a T, = Z; = {61, 18,12} numbering.'* This indi-
cates that T'; = {61,301}, recorded as a secondary system in L, was, indeed,
found in some manuscripts. Al-TasT’s second system, T',, is not found in
any of our manuscripts.

A L B K N A L B K N A L B K N
I.1 1 1 1.1 1.1 1.31 31 31 1.31 1.30 1.61 61 61 1.61 .17
12 2 2 12 12 132 32 32 132 131 1.1 62 62(1) 1IL1 118
13 3 3 13 13 133 33 33 133 1.32 12 63 63(2) 112 1.19
14 4 4 14 14 1.34 34 34 1.34 133 113 64 643) 113 11.20
L5 5 5 L5 15 135 35 35 135 1.34 1.4 65 65(4) 114 1121
1.6 6 6 1.6 L6 1.36 36 36 1.36 135 1.5 66 66(5) 115 1.1
1.7 7 7 1.7 1.7 137 37 37 137 1.36 1L.6 67 67(6) 116 1II.2a
1.8 8 8 1.8 1.8 1.38 38 38 1.38 1.37 1.7 68 68(7) 117 1I1.2b
L.9* 9% 9* 19% — 1.39 39 39 139 1.38 1.8 69 69(8) 1.8 1.3
L.10 10 10 1.10 1.9 1.40 40 40 1.40 1.39 1.9 70 70(9) 119 14
L11 11 11 L11 I.10 141 41 41 141 — IL.10  71(10) 71(10) IL.10  IIL5
112 12 12 112 111 142 42 42 142 1.1 ILir - 72(11) 72(11) IL11 1IL6
1.13 13 13 1.13 112 143 43 43 143 1.2 112 73(12) 73(12) 112 117
114 14 14 114 113 144 44 44 144 1.3 113 74(13) 74(13) I1.13  1IL.8
L15 15 15 L15 114 145 45 45 1.45 114 14 75 75(14) 1114 119

L.16 16 16 116 115 146 46 46 146 L5 IL.15a 76 76(15)a 1I.15a  1IL.10a
1.17 17 17 1.17 116 147 47 47 147 1.6 IL1Sb  77(15) 76(15)b I1.15b  III.10b
118 18 18 118 117 148 48 48 148 1.7 6 78 77(16) 1116  IIL.11
119 19 19 119 118 149 49 49 149 1.8 w17 79 78(17) 1117 112
120 20 20 120 119 1.50 50 50 1.50 1.9 .18 80 79(18) 1118  IIL.13
121 21 21 121 120 151 51 51 151 110 | IIL.1 81 80(1) 1.1 1114
122 22 22 122 121 1.52 52 52 1.52 I1.11 Im2a 82 81(2) 1.2 115
123 23 23 123 122 1.53 53 53 1.53 .12 | II2b  83(22) 82(3) 1.3 11.16
124 24 24 124 123 1.54 54 54 1.54 113 | 1.3 84 834) 114 .17

1.25 25 25 125 124 155 55 55 155 — 1.4 85 84 1IL5 1118
1.26 26 26 1.26 125 1.56 56 56 1.56 — 1.5 86 85(6) 1.6 1I1.19
127 27 27 127 126 157 57 57 157 — 1IL.6 87 26(7) 1IL7 111.20

128 28 28 128 127 1.58 58 58 1.58 .14 | 1IL.7 88 27(7) 118 .21
129 29 29 129 128 1.59 59 59 1.59 115 | 108 89 88(9) 1.9 11.22
1.30 30 30 1.30 129 1.60 60 60 1.60 .16 | 1IL.9 90 89(10) IIL.10  III.23

NL10  91(30) 90(11) TLII  T.24°

139 Krause [1936, 36], in discussing this passage, prints “16,” but this must be a typo for 12,
since he refers to his table and the table, indeed, has 12. At any rate, al-TasT says “twelve”
[Hyderabad 1940, 2-3].
* Prop. H.I.9 is an alternative proof, probably due to al-Mahant, for Prop. H.L.8. It probably
should not have been numbered separately, but is found so numbered in all our manuscripts.
® The IN version contains a final proposition, Prop. N.IIL.25, not found in the al-Harawf text,
which is another case related to the previous three propositions.



Al-Harawt’s Version of Menelaus’ Spherics 197

All of this can be summarized in the following list:

A (61,18,10}
Ly (=2 {91}

L, (=T, =2 {61,30%}

B, {90}

B, (61,18,11}
K (= B,) (61,1811}
T, (61,18,12}

Nevertheless, it is unlikely that any of these was the numbering system
used by Menelaus when he composed his work. The numbering system used
by G and J—probably going back to Dy, and to bIH —seems the most likely
candidate for something close to what Menelaus used, since it reckons cases
of the same configuration under the same proposition number.

Appendix B: Edited Texts

In this section we supply edited texts for the passages of al-Harawt’s
version of Menelaus’ Spherics that we have translated at length in the pa-
per. Each passage is referenced by the folio number where it begins in the
manuscripts.

Excerpt from the first preface on the relation between Menelaus and Ptolemy,
L 82b, B 2a, A 74b:

ol e ol L) B 5 oS e e sk rgeella dou 5,
:CW\ ISt L obdea) C,»}Ua; Sgs @bl p S Loy LIl ) 3
Lldie o3y b L)) U g (reened) OB sy o)l Al say
b o oo 3y VSl & JLU:) NSl e U5 8 JKaY
L o5 gy WS il ¥ sy byl 0 iy s s (Sl e
S b 15 SISV s @l iy el o 85 o ot ksl
L

L5 0B S oS S A e L[y A S, 5t
A (=) 8 o B (=) [ dlid
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Menelaus’ introduction to Book I, L 82b, B 2a, A 75a:
D edigadl gVl JB L eVl ST T Ve
Y 2ol b Lme Slob Ly Lo oy J b3Vl el )
y‘vw@wuru\mﬁfysg;@gww.@JQ\
O Y TS R VRN POT L Ny PRSP U ES SN P ¥
S el L L ) L bl Uy s ZS agle ) e
DbVl Casy Lol s e apsall B may s

The text of Men. Spherics H1.37 (N.1.36), L 91b, B 20b, A 85b, K 80a:
‘BJ‘JMJN‘&JWWCMOKW JJ
(e R V.M.J.::“ L;o.}é.; 5;\.5 o uﬂ}é L@.} Oleey Lfd\ EQJL.“ o Cf\)
Sh oo W oAl il ol g des ol Gl e s 13 sl
VJG}Y‘ C\@\ - Lsfi.,a.ﬂj MY\ CLE\ & f’&’d\ Ojgl cu,yd:ou
SO Cf\j B> Cawal o ey \A.g_.c}o.}.u} cc o V.)l‘&\ e E)\ alze
ﬂcf\j ¢ﬁ&swr&j ‘S&UM;M&BW‘U’
o Ay e fh" ol o &l K Jsdl L opmede 55l 0 Z0
Gy ToE gl o el 50T il phan 2 gkt S5 O il
o o) leay o Ly e rel Ol Dl (LB e sl ST
a:g)b LA; 8 o 2\9-)>M.H u"j‘ajb PN o M‘ S 59,)\)5 cw:.«jlé &ﬂ:”')\)

gl G o8 Sy g T T ki e deB IO 8 e L6

Sl K (5) A LYITLY? LWl eV L VUl T gVl !
B () [ ool B Jeodo[Jposlls” K bl A b YIlbi ¥ A il (L
fdse [ oke  LBA Lg[_$5 K (=) emunciation [1317 A Las¥I[ laws¥©
SILD AP L (2) [pelad) polial) o L adas 550 [ e o 10 L
Koo & K eopldey Kidee[ e Kgslzs K
Ty mom Ay L (2) [l g som Al Y K Tx (5o dy P
s K el B g K 2y 21O Ay K2l iox ] Ayl K
e 1l iy LT B s s K Tw L IF ayplsEo
T E R e (IS e Y ) e o K sl iy L JIFS

KOl Aot o o5 OF 5 o Bl il



Al-Harawt’s Version of Menelaus’ Spherics 199

RUIRCEP S )\C:Kuﬂc@uwa)\j&j@\swcﬁ
e By BT Bl T e S oSy egr Yy Sk
Fe. (M-JWL%UJJ«M sy oo dylj o ool TTF Al A6
FO oy ke 5 0 Bl p sy R e bp ST el

5\3 ‘Bj‘\; & o N\ :\3 = M‘ j} 454,5\.3 =X o JM‘

B my o A
G5 my e Aol 21 ey (A Dol &yl OY (2T e Gdael D
sl E DT e ol Ll (B Uy e mE sl Gl o e
Al el OV FE e T e Bl Blasd) ST e
Aol BV g @ T e ol Ll el B T e o) Ll
Bpoa T3y x5 o1 Y x e e Aol ol o8y ol i e
Llar 131 SISy o0 &gl o ool T30 dylp Jo e ohel 25

'EQ"V‘E;\SB‘wa&p‘ﬂ)‘ﬂyrh;\gogc%wn

B G e S r B ey (A = Ryl OY 2 b el B,

o) Agln L 35 08 N5 e o O Sd T a8 e kel B
MU;Z\U\)) “bCJ""‘COw S ugcj) C;;J}" ;)Ju:’csi L

sl Aglp oS5 Ayl Lgbew Ble Al (bl e Sy 7 Al Dyl

0> o m;\ﬁ[acu 4.))‘}5 K mej\ca.b[c u««f U <.J) cc&u Yj\ug.b
4:»)\) K A.;.-j L LR AU‘))["“-"C Ai)‘)j K oJ,» )[a)g AU‘JJ K oa-s.)ﬁ L

inGly BLB[LT ASBICLY KL[sm K (-)[lbwr Kislios

KL ;)[Z uujijg g} B ® Ly LY L ;)[? B2 A b\ margin
il J,uw[H;u ol T e o B 10 K s m
[CJBJ\ A o[ el L oinmargin, later hand i |5 [5;.-,;“.5\9 K o Ls o
11

K sx[s= s Kob[o\uﬂ)&} K a\[a’un)s A 28 [ ) B CJ\;-’
o Aol m by () [46 4 A inmargin 0 B —)[QKB K :,U.U}[g,U.KJIZ
KJT\;[JT o P K55 s Kbyl b gy A inmargin sy &,

[e s Kx5l=3"0 K olod b K 75055 o8 K355 05"

K i) dgbs KL D123 K&z &) K505 a5 K ()
Kool (Lol dglilolz &yl L iS5 in margin 5[?)-

10

15



10

200 N. Sidoli and T. Kusuba
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Diagram for Men. Spherics HI1.37 (N.I.38). In B, the diagrams are given
in two different places, each following the corresponding text. In K, the
horizontal position of the two diagrams is alternated. In A, line > | has been
drawn in twice, once incorrectly, once incorrectly and then erased.
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Excerpt from the second preface on the relation between Menelaus and Theo-
dosius, and on Menelaus’ treatment of the Sector Theorem, L. 97b, B 34a, A
93b:
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Excerpt from the second preface on the various lemmas for the Sector The-
orems, abbreviations and the first lemma on compound ratio, L. 98a, B 35a,
A 94b:
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Diagram for Men. Spherics HIl.Lemma.2. In A, the numerals 1-6 have
been included, following the abjad ordinal sequence of the letter names.

Excerpt from the second preface on Mahani’s Terminus and al-Harawt’s
lemma in this regard (H.II.Lemma.3), L 98b, B 35a, A 94b:
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Diagram for Men. Spherics H.Il.Lemma.3. The overall structure of this figure is based
onthatin L.In L,arc > isnotdrawn, and in A, arc ¢ 5 | > is not drawn. Moreover, in
both cases the one circle has to serve both roles, which causes various labeling problems.
The diagrams in BA are quite different from what we find in L. See Sidoli and Li [2013,
45] for a reproduction of the diagram in A. The diagram in B is peculiar. It is drawn
on its own page in what seems to be a different hand than the other diagrams in the
second set of figures for this manuscript (see Section 1.3.2); it is incomplete and missing
labels. The diagram in A, which is similar, may have been reworked from such a figure
following a close reading of the text.

Menelaus’ introduction to Book II, L. 99a, B 36b, A 95a, K 86b:
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Text of Men. Spherics H.I1.10 (N.II.5), L 100a, B 41a, A 97b, K 89a:
Uy Obyslesey Olsle Olugljy el pdlie e Olagly OIS 13 s
G DB 81 my o el B3l Bglsad) Uiyl Zasall ¢ SV Q,“»\j
LS AV e Laas) Bl el Gl esad) ealiall § somme
e lansY sl I Gl gL el b)) g genens
.J;}I\
comsbasny ol T gy (el 5 T gl ¢ dp o] @L* oS
¢ U goem iSO e ol a3l 15T T ¢ pemme s O) )
0d ISy O Lyl Ty SV sl 21 Joosd 2 d e g a3l
TE S E0 heS 5 Y em aes O Uy L JW
Tr o oAy Shr e mall s s T s 01 ailay
gl 3T DT 21 1y S b ad | 2 U Seo koo zTo
o Ml S e s Al w8 ) deg 5 L T dbE Llae 136

A Ly 3T e S5 L 13650 s T3 Giee o 3O
Loy Cls O L e ol T7y 2z oD e olil 4
by TI7 Em e LB F A Uy 06 F Ay o ls e
o B g O o sty U5y Olgless  lagliy Okl Legs 7

Lo gmslasey sl [ Olyslacsy Obsl>- K (=) :enunciation [ 13\ L ¢ glossed Lo[gl
[l BA kel e K okl g Jp ol o o 7 O byl (Sl S°
Oliglotny OUslm [ sboing sl Lo gy [l A Okdb [ mell  BA sy
BA #1571 o [51 Jos® AT N TO[61 107 LK gl ool (BA
[Jo) #0007 KOOI 00 Lbwe BASB[5T, K ol e[S Lyl
K[ des KU BA Jai[dg,° K J 5 J A S5 B JJ
(LT ks s bl [T 2 W 17 K (<) [as ! K55 LS5 5050,
(=5 Ko=[3; L inmargin[ W 3 KSLrJ[She; a0 K e
AK U (B inmargin Wes[ Jis BASLo515-5 K®Iig't Kz
[0 L sl Kgz LEzablfzwy' ™ Koxloiz

KTF of #[S7 o0 A s, K S



Al-Harawt’s Version of Menelaus’ Spherics 207

b5 Je T S my

gbor ST Ryl of 5 e T ) e oy oebae 335 e 5
Sl ks SISy G sk ophean ceedl B 2o Ll GlE &l
Al Laghad (el Olyglaws =15 =1 byl Wb sk phay s
3> b § dlaas (AuB O Gl 4Bz a0V Laly (26 D1 40
N N T LN IR IS Erein J ERG ARy Ry R

o35y Frr St rde S0t plAl o g Jp el Jons
oy Al B3I O Ay O ghs 30 OJ glaly oJ Chb ekl
S R DR T RN By RN RU LR R SRt )
Ls) Lo slls, .ﬁé\@wng\;woﬁ‘ubuw

o O
coradle adl ces odlly Sl i) adee )l Ola ) s 1 iy ,edl B

C 1 sl e s 150 B T3 08 JB Y s e ST cobdie o
(G55 pp s o 530S oy ke ey T
Alge Uy >0 la 13155 N o3 s JB 3 . 28 by (o2 738

T [51F il gl jTCH A 7[5z LBAK -G[-1; K fadae [ pakae 2
A T G50 ds K ek [ sy K 317317 &y3” K jTp
el e [ el Olgls K B[z 15 K bl Lozl ? K 215
K S3[5 ihis K Sy[S aglyy K BIp[515 iy K lalias[lgias K
(S0’ KJllg=o o B (0)[5° K10 A zlanhlzlo gt
K 3B[3J5 K (-)[Jke® BAF7lGer Kzl rJ; K=
Kol Lo Lo ellsy BA (<) [ o byl b oollsy 710 K &y (LA =157
ooVl Ly 5y gl es pa Sl B[O JB &Y s e ST 00 syl JB 10712
Al ells 0l el o el JB Lt K TSI A e e K B e ab
A ol sy 115 0S5 Lah a b 75 gm0k sy T e J IS WS e
U}Q} Eﬁ\) -3 Lo.ﬁ:) U:A.LW a\&l..b dﬁ LL-L’:«‘ J{j Sﬁ‘) c) JD’ J}é} Eﬁb - -5 Lals L&M
u:&..,a..o 3.\9\_5.”) ai)b” r..«ui? L@.;lz Sﬁ‘) I3, sues J‘ L@.J d\.k-nod ‘;'15\ &g)’jj‘ o 3@-/};«5\ u“fm
w2y b 1l o el (B partly illegible (BA inmargin b &gl i B> dyls

L3 Kzslzs"” BA (D)l B (9 oo 4

10

15



208 N. Sidoli and T. Kusuba
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Diagram for Men. Spherics H.IL.10 (N.II1.5). We have based our diagram on that in L.
In B, the diagram has been taken from the uncorrected diagrams and is problematic—
arcs 5>, jS, J—, and < do not extend beyond the spherical triangle ; S, and

the letter names do not correspond to the text. In A, circle >~ | o curves upward, so
as to appear parallel to circle jo LS, while arcs ¢ = and & < do not appear to
be continuations of the same arc, but rather appear to be broken at > and z In K,

arc 0 J ¢ is curved downward and extends beyond spherical triangle 5 » 5 so that it

meets b 3 extended at an unnamed point, E is labeled as a along with the actual &
(It is referred to as g in the text as well.) In BA, there is an additional diagram for the
version attributed to Menelaus. In B, this is a single figure, labeled in a way that does
not correspond with the present text. For the diagram in A, see Sidoli and Li [2013,
51].
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Menelaus’ historical remark, L. 105a, B 49b, A 102b, K 93a:
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