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Tutorial 15

Problem 15.1

Prove that the formula for a Fibonacci element is: 
1 1 5 1 1 5

2 25 5

n n

nF
    

       
   

Solution:

 Firstly, we are going to find two sequences with 1 2n n na a a   but other initial values.

 Assume geometric sequence 21, , ,...x x .

 Then 2 1n n nx x x    2 1x x  
1 5

2
x




 Now, we will construct the initial values.
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 So, the formula is 
1 1 5 1 1 5

2 25 5

n n

nF
    

       
   

Problem 15.2

Prove that 2 is irrational.

Solution:

 Assume 2 is rational.

 Then 2
a

b
 for some integer ,a b .

 Assume the fraction 
a

b
is reduced. It means  gcd , 1a b  . 


2

2
2

a

b
  2 22b a  2 | a  24 | a  2 | b . Contradiction.

Problem 15.3

Calculate:
1

2 sin
dx

x .

Solution:
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Problem 15.4

Calculate: 4sin x dx .

Solution:



2
4 21 cos 2 1 1 1 cos 4

sin 1 cos 2 2cos 2 1 2cos 2
2 4 4 2

1 3 cos 4 1 3 sin 4 3 sin 4 sin 2
2cos 2 sin 2

4 2 2 4 2 8 8 32 4

x x
x dx dx x x dx x dx

x x x x
x dx x x C x C

          
 

            
 

   



Problem 15.5

Calculate: sinxe x dx
Solution:

 sin cos cos cos sin sinx x x x x xe x dx e x e xdx e x e x e x dx C         

 So, 
cos sin

sin
2

x x
x e x e x

e x dx C
 

 
Problem 15.6

Find the equation of the tangent line for the curve   xf x x at 1x 

Solution:

   lnx x xf x x e  

      'ln ln' 1 lnx x x xf x e x e   

  ' 1 1f  ,  1 1f 

 y x is the tangent line.
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Problem 15.7

Suppose h is a function such that    sin 1' xh x e  and  0 3h 

a. Show that h has an inverse.

b. Find    '1 3h

c. Find    '1 3g  , where    1g x h x 

Solution:

a.

    sin 1' 0xh x e   . So, it is an increasing function  it is one to one function.

b.

           
1 1

sin1sin 0 1

1 1
' 3 ' 0h h h

ee
 


  

c.

              
' '1 1 1 1

1
' ' 1

g h x g g x
g x h x

    


 So,              
' '1 1 1 1

1
' ' 1

g g x g h x
g x h x

    


              
' '1 1

sin1

1 1 1
1 0

' 1 ' 0
g g g h

g h e
     



Problem 15.8

Suppose f is a continuous function such that    3

1

ln sin 1
x

t f t dt x   . Find  f x .

Solution:

     3

1

ln sin 1
xd d

t f t dt x
dx dx

 
   

 


    2 3ln 3 cos 1x f x x x   

    2 33 cos 1

ln

x x
f x

x

 


Problem 15.9

Let   3f x x  .
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a. Evaluate  
6

2

f x dx



b. Suppose the partition  2,0,4,6P   . Find the upper sum of f for P . 

c. Do there exist partitions of  2;6 , where   0fL P  ? Provide a list of all possible partitions, or prove that 

none exist. 

Solution:

a.


3 66 3 6 3 6 2 2

2 2 3 2 3 2 3

3 3 3 3 3 3 3 17
2 2

x x
x dx x dx x dx x dx x dx x x

   

 
              

  
    

b.

  
3

1

5 2 3 4 3 2 28f i i
i

U P M x


        �

c.

   0f x  . So, in order to make the lower sum to be equal to zero, every interval must contain a point 

the function is exactly equal to zero.

 So, the only possible partitions are    2,6 , 2,3,6  .


