MAT351 Partial Differential Equations Fall, Assignment 14
Christian Ketterer, David Pechersky March 6, 2021

Hand-in Problems (Due till March 17 before lecture, via crowdmark)

1. Prove the converse in Theorem 10.20 (lecture notes). That is, prove that a level
surface of t — g(z) = f(xz,t) is characterisic if g satisfies the eikonal equation

1
Vgl =~ on R
c

Hint: Differentiate the equation to show that Z§:1 Gij9; Vi = 1,...,n. Let

z(t) be a solution of the differential equation Lx(t) = *Vgo z(t). Show that

%x(t) = 0. Show f is constant along (x(t),t). Conclude that S = {(x,t) €

R*: ¢t — g(z) = 0} is a characteristic surface.

2. Proof Theorem 10.25 for one space dimension: Consider u;; = czux,x with
initial conditions on a surface S = {(z,t) € R* : t = y(z)} for v : R - R
smooth, given by

ou

u((@,7(2)) = 9(@), 55 = ¥(@).

If S is spacelike, i.e. ‘ify(:c)| < %, prove that the initial value problem has a

dx
unique solution.

Hint: Recall that the general solution of uy; = c*u, , on R? is given by u(x,t) =
flx+ct)+g(x—ct) for f,g € C*(R).

Problems for practice and discussion

1. Show that a solution u € C*(R*) of u,; — *Au = f for f(x,t),(z,t) € RY,
with u(z,0) = us(x,0) = 0 satisfies

(1) = /0 (S(s — )f) (. s)ds

where (S(t)¢)(x) = td(z,t) is the source operator (¢p(z,t) = Fon., 2(W)ds(y)).

Hint: Recall Duhammel’s principle.
2. (a) Derive a solution formula for the heat equation
uy = kAu on R™! with wu(x,0) = ¢(z) for z € R"
in the cases where the initial condition ¢ is given by
O(21, .- @) = I 04(z3)

with ¢;,i = 1,...,n bounded, continuous functions on R.



(b) Argue that the formula that you derived holds for every bounded contin-
uous function ¢ on R".

You may use the fact that there is a sequence of finite sums of products
as in part (a) which converge uniformily to ¢.

To Read

1. Section 10.1 and 10.2 in Partial Differential Equations: An Introduction by
W. Strauss.



