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Method of Characteristics, Summary

The method of characteristics is a recipe to solve a linear PDE of order 1 in several variables:
Vu-V(x)=ci(x)u+ c(x) in Q CR" & auxiliary condition: u(x) = up(x) on I
V(x) = (a1(x), ..., a(x)) € CHQ,R"), c1,c2 € C(Q), and I is a n — 1 dimensional subset in Q.

The recipe goes as follows
o Assuming the existence of a C! solution, we deduced the characteristics equations:

{;Yxo(t) =V 0ox(t) Y% (0) =x0 €T,
Zxg () = c1 (%o (1)) 20 (1) + 2( 1o (1)) 29 (0) = wo(x0).

This system of ODEs can be solved uniquely on a maximal intervall (ax,,wx,) 3 0 (General
Existence and Uniqueness Theorem for ODEs).

o We note that the PDE is a statement about the directional derivatives of a C! solution w.
Precisely, given a flow curve 7y, of V with xo € I' and the value of u in xo, the equation for
Zx, gives the directional derivatives of u along 7x,.

@ The number zq(t) tells us the values of u at vy, (t) for t € (ax,,wsx,)-
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The only result that this analysis actually proves is:

Proposition

If ue CI(Q) solves the PDE and ~yx, : (axy,wx,) — R" is a flow curve of V with xg € T,
then u o vy, : (Qxy,wxy) = R with uo 4, (0) = ug(xo) must solve the ODE for zy,.

This gives us a method to “synthesize” an explicite solution via the following steps:
If we can find a unique solution (xo, tg) for the equation ~yx,(to) = x for every x € Q.

And (xo, tp) depends in a sufficiently smooth way on x.

Remark
However, this might not be always possible:

There might exist x € Q for which there exists not solution of vx,(to) = x with xg € I and
t € (oxg,Wxg)-
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Temporal Equations, revisited
Given a linear PDE of order 2 of the form

ut+Za, X)uy, = c1(x)u + c2(x) in R" xR

The initial condition at time t =0 is

up(x) = g(x) on R", g e CHR").
The characteristics ODE for the t variable is always %t(s) =1, t(0)=0. Thus t =s.
If we set V(x) = (ai(x),...,an(x)), the PDE becomes

ur + V(x) - Vu = c1(x)u + c2(x).

The flow curves vy, of V are Ax,(t) = V 0 yx,(t) with v, (0) = xo.
The characteristics of the PDE are
t
Vxo.0)(£) = (ont( )).

Applying our recipe means to solve vx,(t) = x uniquely for every x € R" and every t € R.
If the flow map ®¢(x) = x(t) of V is a diffeomorphism of R" for every t > 0, then
®;71(x) =xp solves ®(xp) = x

uniquely. In this case we can define u(x) := 2, (t) = z, -1 (t) that is a solution for (1).

MAT351 Partial Differential Equations Lecture 5 September 28, 2020

1)

4/9



Example: Transport equation with constant coefficients

Consider

n
ur + Za,-ux,. =0inR" x [0,00) with u(x,0) =g(x) on R", g,f € C}(R").
i=1

Define V(x) = (a1,...,an) = v. The flow curves of V are
Yxg = X0 + tv
and the flow map ¢:(xg) = xo + tv is a diffeomorphism. Hence
X0 := ¢ }(x) = x — tv uniquely solves ¢¢(xg) = x.

Solving the characteristics equation
d
S 20(t) =0, 2(0) = u(x0,0) = g(x0)

yields zy, (t) = g(x0). Hence u(x, t) = g(x — tv) is the solution for the PDE.
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Semi-linear PDEs

Consider a semi-linear PDE of order 1
V(x)-Vu=c(x,u) in QCR" with auxiliary condition u(x) = g(x) on I C Q.
The methods of characteristics applies in the exact same way.

But the equation for zy, becomes a nonlinear equation in zy,:

@ at) = (D) 70 (0)), 220(0) = 8(x0), 7o € T

Example (Transport equation with nonlinear right hand side)

Consider

ux +uy = u® on Q C R? with u(-,0) = g € C}(R).

Here the vector field is V/(x) = (1,1) with the flow (. 0)(t) = (x0 + t,y0 + t).

Hence for (x,y) € R? the point (xp,0) = (x — tp,0) and tg = y solves V(x,0)(t0) = (x, ).
The characteristics equation for z, is

d
Z170030) = (Z00.50))° Z0,40)(0) = 8(x0)-

The solution of this ODE Is z, () = —* .

glo)
This yields the following contraint: g(x — y)y < 1. Hence, to find a solution it is necessary that
QC{(xy) eR*:g(x—y)y < 1}.
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So u(x,y) = U(xo,o)(fo) = %
- Y




Quasi-linear PDEs

Consider a quasilinear PDE of order 1

n
Z aj(x, u)uy, = c(x,u) in Q CR" with auxiliary condition u(x) = g(x) on I C Q.
i=1

Defining the vector field V/(x, u) = (a1(x, u), ..., an(x, u)) the PDE becomes
V(x,u) - Vu = c(x, u).
Assuming a sufficiently smooth solution u we can write down the following equations
Yo (1) = V(g (1), 1 0759 (1))
070 (8) = om0 40 700 (1)
Not that in contrast to linear and semi-linear PDEs this is a coupled system of ODEs.

Provided the coefficients are a; and c are C! the solution (7x,(t), z(t)) exists and depends in
C! sense on (xo, t).
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Transversality condition, Existence of local solutions
Consider again

aux 4+ buy, =0 on R? with u(0,y) = g(y), g € C(R).

We could construct a (unique) solution as long as a # 0. Or

det (Z (1’> £0.

Consider a general quasi-linear PDE of order 1 in two independent variables
a(x,y, u)ux + b(x,y, u)uy, = c(x,y, u) in Q C R? & auxiliary condition u(x,y) = g(x,y) on T
where I = Imn and 7 : R — R? n(t) = (k(t), I(t)), n € C*(J,R?) for an interval J C R.

The Transversality Condition for this problem is

a(k(2), (1), & (k(8), [(2)))  k(2)
det (b(k(r),/(t),g(k(r),/(t)) 7(r>) #0.

Theorem

Consider the previous quasi-linear PDE and assume the transversality condition. Then, for every
so € J there exists § > 0 such that Bs(n(so)) C Q and

a(x,y, u)ux + b(x,y, u)uy, = c(x,y, u) in Bs(v(t)) with u(x,y) = g(x,y) on I N Bs(t)

has a unique solution u.
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Proof

We already mentioned that x,,y,(t) =: ¢(x0, yo, t) dependes smoothly on (xo, yo, t) for
(Xo,yo, t) € R? x R.

We pick sp € J with 7(sg) = xp and define

Y(s,t) = ¢p(n(s),t), s € (so— 8,50 +9) C J,t € (—¢,€),
where we choose § > 0 such that (—¢,€) C () (s), wy(s)) for all s € (so — J, 50 + 9).
Then ¢ : (sp — 8,50 +8) x (—¢,€) = Ris C1, since it is a composition of C1 maps.

We compute

D500 = | 6ln(s0),8) = (alk(), [50), 2o ) DK, 1), Zh. s)))
and
S| = (50,0 = Lo(50).0) = S als0) = (k(s0). I)).

Now, the transversality condition implies that the differential of the map (s, t) — ¢(n(s), t) in
(s0,0) is invertible.

Hence, by the inverse function theorem, there exists a smaller § > 0 such that (s, t) is a
Cl-diffeomorphism on (sp — 8,0 + 8) x (—6,9).

Hence ®((—4,5)?) =: U C R? is an open domain in R? and for all (x,y) € U there exists a
unique pair (s, t) such that ¢(n(s), t) = (x,y). O
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