MAT351 Partial Differential Equations
Lecture 23

January 11, 2021

MAT351 Partial Differential Equations Lecture 23



Dirichlet Problem on a Disk
Ba(0) = {x = (x1,%) €ER?: |x| < a} = Ba, Bi(0) = {x = (x1,x) €R?: |x| < a} = B,.
Moreover E\Ba =: 0B,.
Dirichlet Problem for the Laplace equation on B,
Let h € C°(9B.). Find u € C?(B,) N C°(B,) such that

Au= Uy x; + U, =0 in B, & u=nh in 9B,. (1)

Polar coordinates: (x1,x2) = (rcos6,rsin@), r € (0,00),0 € R. )

Dirichlet Problem for the Laplace equation on B, in polar coordinates
Let h(#) € CO(R) with h(6 + 27) = h(8) (for isnstance we choose h() = h(acos b, asin 0)).
Find & € C?((0,a) x R) N C%((0, a] x R) such that

~ 1 1 ~
At =i, + -0+ 099 =0 in (0,a) xR & @(a,0) =h(9) for 0 €R. )
r r

and

i(r,0) = u(r,0+2m) for r € (0,00),0 ER & limsup|i(r,0)| < oco.

r—0

v
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Theorem (Poisson Formula in Polar coordinates)

The unique solution of the Dirichlet Problem (2) is given by the Poisson formula

a(r’e) _ 32 _ r2 /027r h(¢) 27 dd)

2m a2 — 2ar cos(0 — ¢) + r? d¢ = 0 P(r,6 — ¢)h(¢)g

where
a2 —r?

P(ro)=——2 "
(r.6) a2 + r2 — 2ar cos()

is called the Poisson kernel.

Theorem (Poisson Formula in Euclidean coordinates)

The unique solution u € C?(B,) N C%(Ba) of (1) is given by

= |x]? h(y)
u(x) = /6 ds(y)-

21a B, [x—y?

In particular, we showed that
(r,8) — h(6o) if (r,0) — (a,60).
In fact, from the proof we can see that this convergence is uniform w.r.t. 6:

sup |@(r, 00) — A(60)| = 0 if r — a.
0o
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Consequences of the Poisson formula in polar coordinates

Recall the L2 or mean square norm

i, = /[ reas

for h € CO(R) that is 27-periodic.

Theorem (Mean square convergence of the Full Fourier series)

Let h € CO(R) that is 2m- periodic. Then, the full Fourier serie of h converges in L2 or mean

square sense to h. More precisely

HE—S"’Hz 50 for N = oo.

where SN are the partial sums of the Fourier serie of h.

Proof.

In the proof of the Poisson formula we saw that
oo N
P(r,0—¢)=1+2%" (7) (sin(nB) sin(ng) + cos(nf) cos(ne))
n=1 a

uniformily in ¢,0 € R and r € [c,d] C (0, a).
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We insert this back into Poisson’s formula. By uniform convergence we can exchange integration
w.r.t. ¢ and summation w.r.t. n € N. It follows

u(r,6) :/02 h(d) Z (( ) /021T h(¢) cos(mj))%) cos(nf)

=Ao(r) =:An(r)

N i::l ((g) /Oﬂ h(9) sin(ngz))%) sin(n6). (3)

—Bo(r)

The right hand side is still a uniformily converging series in 6 € R. Hence, after multiplying with
sin(k0), k € N, cos(kf), k € N or 1, and then integrating w.r.t. 0 over [0, 27] we get that A,(r)
and By(r) are the Fourier coefficients of 6 — ii(r,0) and (3).

We denote the Fourier partial sums SN(r,0) = Ao(r) + Z,’:’:l (An(r) cos(nb) 4+ Bn(r)sin(nd)).

SN(r,-) converges uniformily to &(r,-) if 0 < r < a. J

Note that A,(a), Bn(a) become the Fourier coefficients of h and that
( ) An 3) Bn( )— (g)an(a), neN.

Hence SV(a,-) = SV(-) are the partial sums of the Fourier serie of h.

But we don't know if SN converges uniformily to h. J
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Recall

I#], = /j”(ﬂ(e))w < sup (9)]

It follows

o<[i=s0l, < [F-wen], + a8, + ][5V - 570,

<supgegr |[A(0)—u(r,0)]  <supgerli(r,6)—SN(r,0)]  <|(%)"-1]||[SVC),

Given 1 > 0 we pick r € (0, a) close to a such that
sup ‘7'(9) - U(n@)‘ <n & ’(g)" - 1’ <n
Moreover, by Bessel's inequality, we have
Ny 2 o 2 2 77
5™, =48 + e+ 80y < [
Hence
Hi) - SN(-)H < n+ supli(r,0) — SN(r,0)| + 7 HEH
2 6€R 2
Therefore

lim sup HE — $N(~)H2 < Ii,\rlnj:Op (7] + Zlel]}p%la(r’ 0) — SN(r,0)| + 7 Hi)”z) <n(l+ HEH2)

N— oo

O
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More Consequences
Let Q C R? be open. u € C?() harmonic if and only if Au=0on Q.

Mean value property

Let u € C?(Q) be harmonic. Then

u(x) = 5— u(y)ds(y) =

_ d
27a JaB,(x) VO'(Ba(X)) Ba(x) u(y)dy

for any a > 0 such that B,(x) C €.

Liouville theorem
Let u € C?(R?) be harmonic and sup |u| < C < co.

Then u(x) = const.

Theorem
Let Q C R? open and u € C°(Q) such that the mean value property holds:

u(x) = — / u(y)ds(y) for a > 0 whenever B,;(x) C Q.

It follows u € C*°(Q) and u is harmonic.

W
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