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Abstract. This paper presents a general PDE-framework for registra-
tion of contrast enhanced images. The approach directly applies the idea
of separating the contrast enhancement term from the images in the
regularization terms. In our formulation, we stay consistent with ex-
isting non-parametric image registration techniques, however, we carry
an additional contrast enhancement term throughout. A mathematically
rigorous approach is pursued which can exploit various forms of regu-
larization. In this paper, our experiments are built based on diffusion
regularization for both contrast enhancement and the deformation field.

1 Introduction

This paper provides a general mathematical framework to complement a series
of algorithms [1,2,3,4] that support registration of contrast enhanced images.

Following Horn-Schunck’s seminal work [5] on estimating the motion using
optical flow equations, a number of approaches were proposed in the literature
[6,3,4] which allowed varying illumination among the two images being regis-
tered. The approaches developed in [3,4] were very similar to Horn-Schunck’s, ex-
cept that they separated the illumination change as a linear intensity shift term.
More recently, a similar idea has been applied to the registration of contrast-
enhanced medical images [2,1]. The common intuition behind all these methods
is separating and regularizing the contrast enhancement term from the images
in the regularization expression coupled with the motion. Numerically, these ap-
proaches propose constructing a very large system of equations directly based
on the slightly modified optical flow equations. Iterative solvers (e.g., conjugate
gradient method) are used to minimize the objective functional and estimate the
deformation vectors. All of these methods used the diffusion penalty [7] func-
tion for the deformation field in practice and application of other regularization
expressions is not readily available. In this paper, we present a general PDE-
framework for registration of contrast enhanced images. A goal of our work is to
explain, complete, and extend the described set of methods.

To proceed, we need to rigorously introduce the required background material
which will be employed in our formulation. For consistency, we adapt our nota-
tions from [7]. In Section 2, we will introduce the mathematical formulation and
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problem set-up. In Section 3, we derive a PDE with a steady-state solution that
corresponds to the solution of the described problem. The discretization and
derivation of a numerical scheme for the PDE is followed in Section 4. Finally,
we will present various computational experiments and concluding remarks in
Sections 5 and 6.

2 Mathematical Formulation

Consider the registration problem of a template image T to a reference image
R, where T is a realization of R deformed via a vector field u and the contrast
of a portion of this realization is changed via an extra additive term (image) w.

In this paper, the d-dimensional reference and template images are represented
by mappings R, T : Ω ⊂ R

d → R of compact support. The goal is to find a
displacement vector field u = (u1, . . . , ud) and a compactly supported contrast
enhancement image w : Ω ⊂ R

d → R such that Tu −w is similar to R, in which
Tu = T (x − u(x)) is the deformed image and Tu − w = T (x − u(x)) − w(x)
is the corrected-contrast deformed image. We formulate the registration of a
contrasted-enhanced deformed image T to a reference image R as following.

Problem 1. Given two images R and T , find a deformation u and a contrast
enhancement image w, that minimizes

J [u, w] := D[R, T ; u, w] + H[u, w]

in which D measures the similarity of Tu − w and R, and H is a regularization
expression on [u, w]. Here, assuming positive regularizing parameters α, β ∈ R

+

we express
H[u, w] := αP [u] + βQ[w]. (1)

Also, we use the sum of squares of intensity differences for the similarity measure

D[R, T ; u, w] :=
1
2
||Tu − w − R||2L2(Ω) . (2)

Hence, the objective is to minimize

J [u, w] :=
1
2
||Tu − R − w||2L2(Ω) + αP [u] + βQ[w].

We shall present a mathematical formulation to solve Problem 1. Briefly speak-
ing, we seek necessary conditions for optimality of [u, w] by finding the Gâteaux
derivatives of the components of J with respect to [u, w]. This shall provide us
with the corresponding Euler-Lagrange equations that will be used to form a
PDE which will be solved numerically.

Theorem 1. Let d ∈ N, and R, T , and w are d-dimensional real-valued images,
i.e., functions from R

d → R, T ∈ C2(Rd), u : R
d → R

d, v : R
d → R

d+1,
Ω :=]0, n[d. The Gâteaux derivative of D[R, T ; u, w] is given by

dD[R, T ; u, w; v] = −
∫

Ω

〈Φ(x, u(x), w(x)), v(x)〉Rd+1 dx,

in which Φ : R
d × R

d × R → R
d+1,
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Φ(x, u(x), w(x)) = [Tu(x) − R(x) − w(x)]
(∇Tu(x), 1

)
.

[see the proof in Appendix 1., Cf. [7] pp. 80.]

Here, we focus on the special case where P ,Q are diffusion regularization ex-
pressions [7,8,9,5,4,3,10,11].

Theorem 2. Assume P and Q are diffusion regularization expressions and the
functionals Pe and Qe are respectively extensions of P and Q, i.e.,

Pe[(u, w)] := P [u] :=
1
2

d∑
j=1

∫
Ω

〈∇uj ,∇uj〉 dx, (3)

Qe[(u, w)] := Q[w] :=
1
2

∫
Ω

〈∇w,∇w〉 dx. (4)

Also, assume that Neumann boundary conditions are imposed, i.e.,

〈∇w(x),−→n (x)〉Rd = 〈∇uj(x),−→n (x)〉Rd = 0 for x ∈ ∂Ω and j = 1, . . . , d,

in which −→n denotes the outer normal unit vector of ∂Ω (boundary of Ω). The
Gâteaux derivative of Pe[(u, w); v] and Qe[(u, w); v] are respectively

dPe[(u, w); v] = −
∫

Ω

〈A[u](x), v(x)〉Rd+1 dx,

dQe[(u, w); v] = −
∫

Ω

〈B[w](x), v(x)〉Rd+1 dx

where, A[u](x) = (Δu1(x), . . . , Δud(x), 0) = (Δu(x), 0),

B[w](x) = (0, . . . , 0︸ ︷︷ ︸
d times

, Δw(x)) = (0Rd , Δw(x)).

Proof. The result yields applying the Green’s formula similar to [7] pp. 138.

Theorem 3. The Euler-Lagrange equations corresponding to J = D+αP+βQ,
where D is defined by Equation (2) and P, Q are defined by Equations (3,4)
respectively are

Φ(x, u(x), w(x)) + αA[u](x) + βB[w](x) = 0, x ∈ Ω, (5)

with Neumann boundary conditions. These can also be written as

[Tu(x) − R(x) − w(x)]∇Tu(x) + αΔu(x) = 0Rd x ∈ Ω,

[Tu(x) − R(x) − w(x)] + βΔw(x) = 0 x ∈ Ω,

〈∇w(x),−→n (x)〉Rd = 〈∇ul(x),−→n (x)〉Rd = 0, l = 1, . . . , d, x ∈ ∂Ω.

Proof. The result yields using substitution (Cf. [7] pp. 138.) .
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3 A Corresponding PDE

There exist various ways to solve Equation (5). A possibility that we pursue here
is to formulate the solution as the steady-state solution of a corresponding PDE
similar to [7]. We propose

∂t(u(x, t), s w(x, t)) = Φ(x, u(x, t), w(x, t))+αA[u](x)+βB[w](x) x ∈ Ω, t ≥ 0,

where s is a scale factor. Assuming Φ = (f, g) the PDE can be written as

∂tu(x, t) = f(x, u(x, t), w(x, t)) + αΔu(x, t), x ∈ Ω, t ≥ 0, (6)

s ∂tw(x, t) = g(x, u(x, t), w(x, t)) + βΔw(x, t), x ∈ Ω, t ≥ 0, (7)

f(x, u, w) := [Tu(x) − R(x) − w(x)]∇Tu(x),

g(x, u, w) := [Tu(x) − R(x) − w(x)].

4 Discretization and Numerical Scheme

To numerically solve the derived PDE in Equations (6,7), we evaluate expressions
at discrete time variable {tk+1}

∂tu(x, tk+1) = f(x, u(x, tk), w(x, tk)) + αΔu(x, tk+1), x ∈ Ω, (8)

s ∂tw(x, tk+1) = g(x, u(x, tk+1), w(x, tk+1)) + βΔw(x, tk+1), x ∈ Ω. (9)

Notice that due to the nonlinearity of f with respect to u, f is evaluated at tk
instead of tk+1 in Equation (8) [cf. [7] pp. 80] which translates to applying a fixed-
point iteration scheme. However, g is linear with respect to w and tk+1 is used
consistently in Equation (9). Using a spatial discretization X of Ω that includes
nd voxels (pixels) corresponding to a unit space step in every dimension due to
the definition of Ω :=]0, n[d, and a time step of τ1, we define for j = 1, . . . , d,
and k ∈ Z

∗ (the set of non-negative integers)

Uk
j (X) := uj(X, τ1k) := Discretized(uj(x, tk)),

W k(X) := w(X, τ1k) := Discretized(w(x, tk)).

Furthermore, AUk
j := Δuj(X, τ1k) := Discretized(Δuj(x, tk)),

AW k := Δw(X, τ1k) := Discretized(Δw(x, tk)),

in which A ∈ R
nd×nd

is defined such that
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AUk
j ≈

d∑
l=1

∂xl,xl
uj(X, τ1k) and AW k ≈

d∑
l=1

∂xl,xl
w(X, τ1k).

[See Appendix 2 for the precise definition of A.]
Substituting the discretization in the PDEs of Equations (8,9) leads that for

j = 1, . . . , d, k ∈ Z
∗

Uk+1
j − Uk

j

τ1
=

(
T (X−Uk(X))−R(X)−W k(X)

)
∂j T (X−Uk(X))+αAUk+1

j ,

s
W k+1 − W k

τ1
=

(
T (X − Uk+1(X)) − R(X) − W k+1(X)

)
+ βAW k+1.

Defining τ2 := τ1/s gives
(
I−τ1αA

)
Uk+1

j = Uk
j +τ1

(
T (X−Uk(X))−R(X)−W k(X)

)
∂j T (X−Uk(X)),

(
(1 + τ2)I − τ2βA

)
W k+1 = W k + τ2

(
T (X − Uk+1(X)) − R(X)

)
,

where I ∈ R
nd×nd

is the identity matrix. This yields

Uk+1
j = (I − τ1αA)−1[Uk

j +τ1(T (X−Uk(X))−R(X)−W k(X))∂j T (X−Uk(X))]

W k+1 = ((1+τ2)I−τ2βA)−1[W k +τ2(T (X−Uk+1(X))−R(X))].
(10)

Finally, we use the initialization vectors W 0 = U0
j = 0

Rnd , j = 1, . . . , d.

5 Computational Experiments

To better understand the introduced scheme, we start from two 2-dimensional 8-
bit, 256× 256 images shown in Fig. 1(a1-a2) i.e., d = 2, n = 256. The intensities
of images have also been mapped to [0,1]. The reference image is generated by
deforming the template using a finite element model (FEM), where the magni-
tude of the deformation is shown in Fig. 1b(1), followed by subtracting a contrast
enhancement term shown in Fig. 1b(3) from the deformed template image. The
contrast enhancement term is generated as a combination of physiological en-
hancement term taken from a patient study and an artificial gradient term.

We apply the scheme derived in Equation (10) to evaluate the deformation and
the contrast enhancement terms given only the reference and template image. In
all of these experiments, we fix the number of iterations to 50, choose α = 0.1,
τ1 = 103, τ2 = 1010 and vary the parameter β. The result are shown in rows (c-f)
of Figure 1. The first four columns in each row respectively corresponds to the
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Template Reference Difference

(a1) T (a2) R (a3) T − R

Magnitude of Deformed True Contrast
True Deformation Template Ehancement

(b1) ‖u∗‖ (b2) Tu
∗ (b3) Tu

∗ − R

α = 0.1, β = 1010 α = 0.1, β = 1010 α = 0.1, β = 1010 α = 0.1, β = 1010

(c1) ‖u‖ (c2) Tu (c3) Tu − R (c4) w

α = 0.1, β = 100 α = 0.1, β = 100 α = 0.1, β = 100 α = 0.1, β = 100

(d1) ‖u‖ (d2) Tu (d3) Tu − R (d4) w

α = 0.1, β = 10 α = 0.1, β = 10 α = 0.1, β = 10 α = 0.1, β = 10

(e1) ‖u‖ (e2) Tu (e3) Tu − R (e4) w

α = 0.1, β = 0 α = 0.1, β = 0 α = 0.1, β = 0 α = 0.1, β = 0

(f1) ‖u‖ (f2) Tu (f3) Tu − R (f4) w

Fig. 1. Computational experiments on simulated data
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magnitude of the corresponding deformation shown in a [0-15] gray-level map,
the deformed template, the difference between the deformed template and the
reference, and the computed contrast enhancement. The employed parameter β
for each row is indicated above the Figures.

The case β = 1010 shown in row (c) corresponds to a diffusion-based regis-
tration ignoring the contrast term, while the case β = 0 in row (f) corresponds
to the case that contrast term is not penalized and can vary arbitrarily. It can
be observed that among the selected parameters β, the choice of β = 100 shown
in row (d) gives the most reasonable estimation of the motion and the contrast
enhancement term.

6 Concluding Remarks

We offered a mathematical framework for registration of contrast enhanced im-
ages. Our approach directly applies the idea of separating the contrast enhance-
ment term from the images in regularization [3,4,1,2]. We applied diffusion reg-
ularizations for both u and w, where the idea of Adaptive Operator Splitting
(AOS) can be simply used to split the operator A of Equation (10) to present
a scheme of linear complexity similar to [7]. Finally, the choice of regularizer
H[u, w] in Equation (1) may be replaced with other suitable expressions.
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Appendix 1: Proof of Theorem 1

Proof. Define p(x) := (v1(x), . . . , vd(x)) and q(x) := vd+1(x), i.e., split v(x) to
v(x) = (p(x), q(x)). Using the Taylor expansion of Tu+hp(x) with respect to h
at the point x − u(x),

Tu+hp(x) = T (x − u(x) − hp(x))) = Tu(x) − h〈∇Tu(x), p(x)〉Rd + O(h2).

Hence, (Cf. [7] pp. 81.)

d D [R, T ; u, w; v] = lim
h→0

1
h

(D[R, T ; (u, w) + hv] −D[R, T ; u, w])

= lim
h→0

1
h

(D[R, T ; (u + hp, w + hq)] − D[R, T ; u, w])

= lim
h→0

1
2h

∫
Ω

(Tu+hp(x) − R(x) − (w(x) + hq(x)))2

− (Tu(x) − R(x) − w(x))2 dx

= lim
h→0

1
2h

∫
Ω

(Tu(x) − h〈∇Tu(x), p(x)〉Rd + O(h2) − R(x) − w(x) − hq(x))2

− (Tu(x) − R(x) − w(x))2 dx

= lim
h→0

1
2h

∫
Ω

2[Tu(x) − R(x) − w(x)](−h〈∇Tu(x), p(x)〉Rd − hq(x) + O(h2)) dx

=
∫

Ω

−[Tu(x) − R(x) − w(x)][〈∇Tu(x), p(x)〉Rd + 〈1, q(x)〉R] dx

=
∫

Ω

〈−[Tu(x) − R(x) − w(x)]
(∇Tu(x), 1

)
, v(x)〉Rd+1 dx.
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Appendix 2: Definition of A

A ∈ R
nd×nd

is defined as A :=
∑d

l=1 Al where Al = I ⊗ · · · ⊗ I︸ ︷︷ ︸
l−1 times

⊗B⊗I ⊗ · · · ⊗ I︸ ︷︷ ︸
d−l times

,

in which I ∈ R
n×n is identity matrix and ⊗ denotes the Kronecker product of

matrices. The lth factor B ∈ R
n×n is an approximation of the second order

derivative in only one spatial direction. More precisely, it can be defined as the
tridiagonal matrix

B =

⎛
⎜⎜⎜⎜⎜⎝

−2 1 0 . . . 0
1 −2 1 . . . 0
...

. . . . . . . . .
...

0 . . . 1 −2 1
0 . . . . . . 1 −2

⎞
⎟⎟⎟⎟⎟⎠

.
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