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Statement of Current Research Interests

Hernando Burgos Soto

Introduction

My research interests are focused in general in geometric topology, and more specifically in knot homologies.
I am currently using Category Theory, and the theory of Planar Algebras to study the Khovanov homology
of alternating tangles. I plan to use the same techniques to study the Khovanov homology of some specific
non-alternating link diagrams that are constituted from alternating tangles.

At the end the XX Century, Khovanov [8] opened new prospects in knot theory associating a bigraded
chain complex to a diagram D of a link L. The homology of that complex is an invariant of links. A
remarkable property of this homology is that its Euler characteristic is the Jones polynomial J(L) of the
link. Subsequently, Bar-Natan [2] showed how to compute Kh(L) and found that it is a stronger invariant
than the Jones polynomial. The Khovanov’s theory is an amazing application of Category Theory in Knot
Theory. First of all, Khovanov’s construction uses a functor from the category of 2-dimensional cobordisms
between 1-dimensional manifolds to the category of graded Z-modules. Finally, the invariant resulting from
this construction is functorial. This fact was proved separately in [3], [7] and [9].

In [3] Bar-Natan presented a new way of seeing the Khovanov homology. In his approach, formal chain
complex is assigned to every tangle, that is to say, to each part of a link. This formal chain complex, regarded
within a special category, is an (up to homotopy) invariant of the tangle. In this way we arrive to a “divide
an conquer” strategy in which we study properties or compute invariants of “half-links” (tangles), and then
combine them together to obtain properties or compute invariants of the link as a whole.

In his work, Bar-Natan defined a category whose objects are smoothings (simple curves in the plane)
and whose morphisms are cobordisms between these curves. He also used the concept of planar algebra as a
tool for gluing together not only the objects of that category, but also the morphisms, and by these means
understand many of the properties of the Khovanov homology for links. This divide and conquer method
has many computational and theoretical advantages and has been used in different ways: it was used to
prove the invariance of the Khovanov homology, see [3]; it was applied in [4] to make a local algorithm which
provides a faster computation of the Khovanov homology of a link. Moreover, it was used in [5] to give a
simple proof of Lee’s result stated in [12], about the dimension of the Lee variant of the Khovanov homology.

Current Research

In [6], T used the divide and conquer technique to extend to tangles a celebrated result of Thistlethwaite [14]
about the Jones Polynomial of alternating Links. Now, my current research deals mainly with the use of
this technique to extend to tangles a Lee’s theorem [11] about the Khovanov homology of alternating links.

To accomplish that, I define a certain category Cobg of “oriented cobordisms”, in the same spirit as
the category Cob‘;’l of [3]. The objects of Cob? are “oriented smoothing”; the orientations of the strands in
an oriented smoothing S allow me to define an integer parameter associated to it, its “rotation number”
R(S). Specifically, for degree-shifted smoothings S{q} I define R(S{q}) := R(S) + q. I further use this
“degree-shifted rotation number” to define a special class of chain complexes of the form
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Each 57 is a vector of smoothings which satisfies that the difference between twice its homological degree
and the degree-shifted rotation number of its smoothings is a constant. We call this type of chain complexes
“diagonal complexes”. Furthermore, the diagonal complexes whose partial closure are also diagonal are called
“coherently diagonal”. Finally, I used the concept of “alternating planar algebra”, introduced in [6]. These
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alternating planar algebra are defined in a similar way as planar algebras, but using only diagrams that
are oriented in an alternating way. These alternating diagrams are perfect tools for composing alternating
tangles, oriented smoothings, and diagonal complexes.

With these definitions I state two conjectures, which eventually will bring the generalization of the
fore-mentioned Lee’s result. I am working in the proof of these conjectures.

Conjecture 1 . Coherently diagonal complezes form an alternating planar algebra.

The second conjecture follows immediately from the first. Its proof is reduced to the simple task of verifying
that the Khovanov homologies of the one-crossing tangles (X) and (X) which are of course alternating are
coherently diagonal complexes.

Conjecture 2 Let T be a non-split alternating 2k-boundary tangle (k > 0), then the Khovanov homology
Kh(T) can be interpreted as a coherently diagonal complez.

Tt is a simple matter to verify, in the same way I did it in [6] with a Thistlethwaite’s result, that in the case
of alternating tangles with no boundary, i.e., in the case of alternating links, this result reduces to Lee’s
theorem on the Khovanov homology of alternating links.

Future Research Goal

Looking to the future, I would find it exciting if eventually this could be brought to bear on certain non-
alternating link diagrams that are constituted from alternating tangles. For example, the adequate diagrams
introduced by Lickorish-Thistlethwaite in [13], or the almost alternating links introduced in [1]. I am very
interested in applying the results of my present research to the Khovanov homology of these type of Links.

Another goal is to explore the conjecture saying that Khovanov homology is invariant under knot muta-
tion. I already wrote an algorithm in Mathematica that constructs pairs of mutant knots, and have applied a
Bar-Natan program [10] to compute the Khovanov homology of a great number of mutant knot pairs. Since
two tangles are implied directly in the mutation of a knot, it seems that the knowledge of the divide and
conquer technique applied to the Khovanov homology is a good start to pursue that conjecture.
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