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1 Preliminaries

The purpose of these notes is to present material about compact operators on
Hilbert spaces that is special to Hilbert spaces, rather than what applies to all
Banach spaces. We use statements about compact operators on Banach spaces
without proof. For instance, any compact operator from one Banach space to
another has separable image; the set of compact operators from one Banach
space to another is a closed subspace of the set of all bounded linear operators;
a Banach space is reflexive if and only if the closed unit ball is weakly compact
(Kakutani’s theorem); etc. We do however state precisely each result that we
are using for Banach spaces and show that its hypotheses are satisfied.

Let N be the set of positive integers. We say that a set is countable if it is
bijective with a subset of N. In this note I do not presume unless I say so that
any set is countable or that any Hilbert space is separable. A neighborhood of
a point in a topological space is a set that contains an open set that contains
the point; one reason why it can be handy to speak about neighborhoods of
a point rather than just open sets that contain the point is that the set of all
neighborhoods of a point is a filter, whereas it is unlikely that the set of all open
sets that contain a point is a filter. If z € C, we denote z* = Z.

2 Bounded linear operators

An advantage of working with normed spaces rather than merely topological
vector spaces is that continuous linear maps between normed spaces have a
simple characterization. If X and Y are normed spaces and T : X — Y is
linear, the operator norm of T is

IT|| = sup [Tz
el <1

If ||T]] < oo, then we say that T is bounded.



Theorem 1. If X and Y are normed spaces, a linear map T : X — Y is
continuous if and only if it is bounded.

Proof. Suppose that T is continuous. In particular T is continuous at 0, so there
is some 0 > 0 such that if ||z|| < § then || Tx| = ||Tx — 70| < 1. If 2 # 0 then,

as T is linear,
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Thus ||T| < % < o0, so T is bounded.

Suppose that T is bounded. Let g € X, and let € > 0. If ||z — o] < H;H’
then
€
72~ Taol) = [T (o = 20)] < 7] o = 2ol < 7] - 7 =
Hence T is continuous at xg, and so 1" is continuous. O

If X and Y are normed spaces, we denote by %(X,Y) the set of bounded
linear maps X — Y. It is straightforward to check that #(X,Y) is a normed
space with the operator norm. One proves that if Y is a Banach space, then
#(X,Y) is a Banach space,! and if X is a Banach space one then checks that
AB(X) = B(X,X) is a Banach algebra. If X is a normed space, we define
X* = B(X,C), which is a Banach space, called the dual space of X.

If X and Y are normed spaces and T : X — Y is linear, we say that T has
finite rank if

rank 7T = dim T'(X)

is finite. If X is infinite dimensional and Y # {0}, let & be a Hamel basis for
X, let {e,, : n € N} be a countable subset of &, and let y € Y be nonzero. If we
defineT: X - Y by Te, =n|le,||y and Te =0 ife € &\ {e, : n € N}, then T
is a linear map with finite rank yet T' is unbounded. Thus a finite rank linear
map is not necessarily bounded. We denote by %Byo(X,Y) the set of bounded
finite rank linear maps X — Y, and check that %y (X,Y) is a vector space. If
X is a Banach space, one checks that %yo(X) is an ideal of the algebra #(X)
(if we either pre- or postcompose a linear map with a finite rank linear map,
the image will be finite dimensional).

If X and Y are Banach spaces, we say that T : X — Y is compact if the
image of any bounded set under T is precompact (has compact closure). One
checks that if a linear map is compact then it is bounded (unlike a finite rank
linear map, which is not necessarily bounded). There are several ways to state
that a linear map is compact that one proves are equivalent: T is compact if
and only if the image of the closed unit ball is precompact; T" is compact if and
only if the image of the open unit ball is precompact; T is compact if and only if
the image under it of any bounded sequence has a convergent subsequence. In a
complete metric space, the Heine-Borel theorem asserts that a set is precompact
if and only if it is totally bounded (for any € > 0, the set can be covered by a

IWalter Rudin, Functional Analysis, second ed., p. 92, Theorem 4.1.



finite number of balls of radius €). We denote by %By(X,Y") the set of compact
linear maps X — Y, and it is straightforward to check that this is a vector
space. One proves that if an operator is in the closure of the compact operators
then the image of the closed unit ball under it is totally bounded, and from this
it follows that %By(X,Y) is a closed subspace of Z(X,Y). %y(X) is an ideal of
the algebra #(X): if K € #(X) and T € #(X), one checks that TK € %y(X)
and KT € %y(X).

Let X and Y be Banach spaces. Using the fact that a bounded set in a finite
dimensional normed vector space is precompact, we can prove that a bounded
finite rank operator is compact: HBpo(X,Y) C HBo(X,Y). Also, it doesn’t take
long to prove that the image of a compact operator is separable: if T' € HBy(X,Y)
then T'(X) has a countable dense subset. (We can prove this using the fact that
a compact metric space is separable.)

If H is a Hilbert space and S;,7 € I are subsets of H, we define \/,_; S; to
be the closure of the span of (J;.; S;. We say that & is an orthonormal basis
for H if (e, f) = 6.,y and H =\/&.

A sesquilinear form on H is a function f : H x H — C that is linear in its
first argument and that satisfies f(z,y) = f(y,x)*. If f is a sesquilinear form
on H, we say that f is bounded if

sup{[f(z,y)| : [l=], [[y] < 1} < o0.

The Riesz representation theorem? states that if f is a bounded sesquilinear

form on H, then there is a unique B € %(H) such that

f(may):<$vBy>v xz,y € H,

and || B = sup{|f(z,y)| : |||, |ly|| < 1}. It follows from the Riesz representa-
tion that if A € #(H), then there is a unique A* € Z(H) such that

(Az,y) = (z, A"y), z,y € H,

and || A*|| = ||All. B(H) is a C*-algebra: if A, B € B(H) and A € C then A** =
A, (A+ B)* = A* + B*, (AB)* = B*A*, (AA)* = A*A*, and ||A*A| = || A|]>.

We say that A € B(H) is normal if A*A = AA*, and self-adjoint if A* = A.
One proves using the parallelogram law that A € %(H) is self-adjoint if and
only if (Az,z) e R for all x € H. If A € #(H) is self-adjoint, we say that A is
positive if (Az,z) >0 for all z € H.

3 Spectrum in Banach spaces

If X and Y are Banach spaces and T' € #(X,Y) is a bijection, then its inverse
function 77! : Y — X is linear, since the inverse of a linear bijection is itself
linear. Because T is a surjective bounded linear map, by the open mapping
theorem it is an open map: if U is an open subset of X then T'(U) is an open

2Walter Rudin, Functional Analysis, second ed., p. 310, Theorem 12.8.



subset of Y, and it follows that T-! € #(Y, X). That is, if a bounded linear
operator from one Banach space to another is bijective then its inverse function
is also a bounded linear operator.

If X is a Banach space and T € HB(X), the spectrum o(T) of T is the set
of those A € C such that the map T'— Aidx : X — X is not a bijection. One
proves that ¢(7T') is nonempty (the proof uses Liouville’s theorem, which states
that a bounded entire function is constant). One also proves that if A € o(T)
then |A] < ||T'||. We define the spectral radius of T to be

r(T) = sup |Al,
Ao (T)

and so r(T) < ||T||. Because %y(X) is an ideal in the algebra #(X), if T €
PBo(X) is invertible then idy is compact. One checks that if idx is compact
then X is finite dimensional (a locally compact topological vector space is finite
dimensional), and therefore, if X is an infinite dimensional Banach space and
T € $y(X), then 0 € o(T).

The resolvent set of T is p(T) = C\ o(T). One proves that p(T) is open,3
from which it then follows that o(T) is a compact set. For A € p(T), we define

RO\ T) = (T — MNdx) ™! € B(X),

called the resolvent of T.

If X is a Banach space and T' € %, (X), then the point spectrum opoin(T) of
T is the set of those A € C such that T'— Aidx is not injective. In other words,
to say that A € opeint(T) is to say that

dimker(T" — Mdx) > 0.

If X € opoint (), we say that X is an eigenvalue of T, and call dimker(7 — Aid x)
its geometric multiplicity.* Tt is a fact that each nonzero eigenvalue of T has
finite geometric multiplicity, and it is also a fact that if T € %y(X), then
Tpoint (T') is a bounded countable set and that if opeint (") has a limit point that
limit point is 0. The Fredholm alternative tells us that

U(T) - Opoint (T) U {0}

If X is infinite dimensional then o(T') = opoint (") U{0}, and opeint (T') might or
might not include 0. If T' € By (X), check that opeint(T) is a finite set.

3Gert K. Pedersen, Analysis Now, revised printing, p. 131, Theorem 4.1.13.
4There is also a notion of algebraic multiplicity of an eigenvalue: the algebraic multiplicity
of A is defined to be
sup dim ker((A — Aidg)™).
neN
For self-adjoint operators this is equal to the geometric multiplicity of A\, while for a operator
that is not self-adjoint the algebraic multiplicity of an eingevalue may be greater than its geo-
metric multiplicity. Nonzero elements of ker((A — Aidg)™) are called generalized eigenvectors
or root vectors. See I. C. Gohberg and M. G. Krein, Introduction to the Theory of Linear
Nonselfadjoint Operators in Hilbert Space.



If H is a Hilbert space, using the fact that a bounded linear operator T' €
PB(H) is invertible T if and only if both TT* and T*T are bounded below (S
is bounded below if there is some ¢ > 0 such that || Sz| > c||z| for all x € X),
one can prove that the spectrum of a bounded self-adjoint operator is a set
of real numbers, and the spectrum of a bounded positive operator is a set of
nonnegative real numbers.

4 Numerical radius

If H is a Hilbert space and A € B(H), the numerical range of A is the set
{{Az,z) : ||z|| = 1}.5 The closure of the numerical range contains the spectrum
of A.5 The numerical radius w(A) of A is the supremum of the numerical range
of A: w(A) = sup|,=1 | (Az,2)|. If A € B(H) is self-adjoint, one can prove
that”

w(A) = [[A]l-

The following theorem asserts that a compact self-adjoint operator A has an
eigenvalue whose absolute value is equal to the norm of the operator. Thus in
particular, the spectral radius of a compact self-adjoint operator is equal to its
numerical radius. Since a self-adjoint operator has real spectrum, to say that
[A] = ||A]| is to say that either A = ||A]| or A = — ||A]|. A compact operator on
a Hilbert space can have empty point spectrum (e.g. the Volterra operator on
L?([0,1])) and a bounded self-adjoint operator can have empty point spectrum
(e.g. the multiplication operator T'¢(t) = t¢(t) on L?([0,1])), but this theorem
shows that if an operator is compact and self-adjoint then its point spectrum is
nonempty.

Theorem 2. If A € B(H) is compact and self-adjoint then at least one of
—|All, l|A]| is an eigenvalue of A.

Proof. Because A is self-adjoint, ||Af = w(A) = supj, = | (Az,z)|. Also, as A
is self-adjoint, (Az,z) is a real number, and thus either [[A| = sup, = (A7, x)
or [[A|| = —inf) ) (Az, ). In the first case, due to || A|| being a supremum there
is a sequence x,, all with norm 1, such that (Az,,x,) — ||A|. Using that A
is compact, there is a subsequence x4, such that Aw,(,) converges to some x,

5The Toeplitz-Hausdorff theorem states that the numerical range of any bounded linear
operator is a convex set. See Paul R. Halmos, A Hilbert Space Problem Book, Problem 166.

6pPaul R. Halmos, A Hilbert Space Problem Book, Problem 169. If A is normal, then the
closure of its numerical range is the convex hull of the spectrum: Problem 171.

7John B. Conway, A Course in Functional Analysis, second ed., p. 34, Proposition 2.13.



and ||z|| = 1 because each z, has norm 1. Using A = A*,

(Azp, — Al 2, Azy — ||Allzn) = (Azy, Azyn) — (Azy, [|A] 20)

— (Al zn, Azn) + (| All 20, [|All )

1Az |* = 2| All (A, @) + | A]|* 2|
AN lall* = 211 A]| (Azn, @0) + | A]|* [|2n ]
2| Al [|zn ]l = 2| All (Azp, )

2| A l=)* — 21 All | A]

= 0.

IN

1

Therefore, as n — oo, the sequence Ax,, —|| Al ,, tends to 0, so Az — ||A]|z = 0,
i.e. x is an eigenvector for the eigenvalue ||A[|. If [|A| = —inf|, =, (Az, x) the
argument goes the same. O

5 Polar decomposition

If H is a Hilbert space and P € %(H) is positive, there is a unique positive
element of Z(H), denoted P/? satisfying (P'/?)2 = P, which we call the
positive square root of P.8 If A € %(H) one checks that A*A is positive, and
hence A*A has a positive square root, which we denote by |A| and call the
absolute value of A. One proves that |A| is the unique positive operator in
PB(H) satisfying

|Az| = | Alall, @€ H.

An element U of #A(H) is said to be a partial isometry if there is a closed
subspace X of H such that the restriction of U to X is an isometry X — U(X)
and kerU = X*. One proves that U*U is the orthogonal projection of H
onto X. It can be proved that if A € Z(H) then there is a unique partial
isometry U satisfying both ker U = ker A and A = U|A|.° This is called the
polar decomposition of A. The polar decomposition satisfies

U*U|A| = |A|, U*A=|A|, UU*A=A.

6 Spectral theorem
Ife,f € Hywedefinee® f: H— Hbye® f(h) =(h, fYe. e® f is linear, and

lle @ fR)IF = 1[Ik, £rell = [ hs £ Tllell < [1RIIAI el

so |le® f]l < |le]| ||f]|- Depending on whether f = 0 the image of e ® f is {0}
or the span of e, and in either case e ® f € HByo(H). If either of e or f is 0

8Gert K. Pedersen, Analysis Now, revised printing, p. 92, Proposition 3.2.11.
9Gert K. Pedersen, Analysis Now, revised printing, p. 96, Theorem 3.2.17.



then e ® f has rank 0, and otherwise e ® f has rank 1, and it is an orthogonal
projection precisely when f is a multiple of e.

If & is an orthonormal set in a Hilbert space H, then & is an orthonormal
basis for H if and only if the unordered sum

Ze@e

ecé

converges strongly to idg.'°
Let’s summarize what we have stated so far about the spectrum and point
spectrum of a compact self-adjoint operator on a Hilbert space.

Theorem 3 (Spectrum of compact self-adjoint operators). If H is a Hilbert
space and A € Bo(H) is self-adjoint, then:

e o(A) is a nonempty compact subset of R.

o If H is infinite dimensional, then 0 € o(A).

o 0(A) C opoint(A) U {0}.

® Opoint(A) is countable.

e If X € R is a limit point of opoint(A), then X = 0.

o At least one of ||A]|, —||A| is an element of opoint(A).

e Fach nonzero eigenvalue of A has finite geometric multiplicity: If A\ €
Opoint (A) and A # 0, then dimker(A — Aidy) < cc.

o If Ac Boo(H), then opoint(A) is a finite set.

We say that A € B(H) is diagonalizable if there is an orthonormal basis &
for H and a bounded set {\. € C: e € &} such that the unordered sum

Z/\ee®e

e€é

converges strongly to A.

The following is the spectral theorem for normal compact operators.'!

Theorem 4 (Spectral theorem). If A € By(H) is normal, then A is diagonal-
izable.

The last assertion of Theorem 3 is that a bounded self-adjoint finite rank op-
erator on a Hilbert space has finitely many elements in its point spectrum. Using
the spectral theorem, we get that if A € %y(H) is self-adjoint and opeint(A4)
is finite, then A is finite rank. In the notation we introduce in the following
definition, v(A) < oo precisely when A has finite rank.

10John B. Conway, A Course in Functional Analysis, second ed., p. 16, Theorem 4.13.
1 Gert K. Pedersen, Analysis Now, revised printing, p. 108, Theorem 3.3.8.



Definition 5. If A € %y(H) is self-adjoint, define 0 < v(A) < oo to be the
sum of the geometric multiplicities of the nonzero eigenvalues of A:

v(A) = Z dimker(A — Aidg).
AE€apoint (A)\{0}

Define

(M(A) :n €N) e RY
to be the sequence whose first term is the element of opeint(A) \ {0} with largest
absolute value repeated as many times as its geometric multiplicity. If A, —\ are
both nonzero elements of opoint (4), we put the positive one first. We repeat this
for the remaining elements of opoint (4) \ {0}. If ¥(A) < oo, we define A, (A) =0
for n > v(A).

Using the spectral theorem and the notation in the above definition we get
the following.

Theorem 6. If A € By(H) is self-adjoint, then there is an orthonormal set
{en :m € N} in H such that

Z /\WL(A)en X ep
neN
converges strongly to A.

If A € By(H), then its absolute value |A| is a positive compact operator,
and M\, (|A|) > 0 for all n € N.

Definition 7. If A € %y(H) and X is an eigenvalue of |A|, we call A a singular
value of A, and we define

on(A4) = An(|A]), n € N.

Because the absolute value of the absolute value of an operator is the absolute
value of the operator, if A € %y(H) and n € N then o,(JA]) = o,(A). If
A€ By(H) and A # 0, one proves that A is an eigenvalue of AA* if and only if
A is an eigenvalue of A*A and that they have the same geometric multiplicity.
From this we get that 0,(A) = 0,,(A*) for all n € N.

7 Finite rank operators
Theorem 8 (Singular value decomposition). If H is a Hilbert space and A €

Boo(H) has rank A = N, then there is an orthonormal set {e, : 1 < n < N}
and an orthonormal set {f, : 1 <n < N} such that

N N
A=) ou(A)en® fu,  Ah=) ou(A)(h, fu) en.
n=1 n=1



Proof. |A| is a positive operator with rank|A| = N, and according to Theorem

6, there is an orthonormal set {f, : n € N} in H such that

|A| ZA ‘A| fn®fnfza'n fn®fn

neN neN
Using the polar decomposition A = U|A|,

A=U|A| = Zan (U fn) © fn-

n=1

Define e, = U f,. As U*U|A| = |A| and as |A|% = fm,

<€n,6m> = <Ufnanm>
- <fn7cpq]fm>
= (pvviates)
fm >
= . A
(el
<fhafm>
6mnu

showing that {e,, : 1 <n < N} is an orthonormal set.

Ife, f,x,y € H, then

(e® f(2),y) = (x, fle.y) =, f){e.y) = {.€)" (=, f) = (. {y,e) ) =

so(e@f)*=f®e.
Theorem 9. If A € By(H) then A* € Boo(H).

Proof. Let A have the singular value decomposition

N
A= Z on(A)e, @ fr.
n=1

Taking the adjoint, and because o, € R,

(z,f@e(y)),

A* is a sum of finite rank operators and is therefore itself a finite rank operator.

O



8 Compact operators

If X and Y are Banach spaces, Boo(X,Y) C %y(X,Y). But if H is a Hilbert
space we can say much more: HByo(H) is a dense subset of By(H). In other
words, any compact operator on a Hilbert space can be approximated by a
sequence of bounded finite rank operators.'? As the adjoint A% of each of these
finite rank operators A, is itself a bounded finite rank operator,

A" = ALl = [[(A = An)*[ = [[A = An[| = 0,

so A — A*. Because each bounded finite rank operator is compact and %y (H)
is closed, this establishes that A* € %y(H). (In fact, it is true that the adjoint
of a compact linear operator between Banach spaces is itself compact, but there
we don’t have the tool of showing that the adjoint is the limit of the adjoints of
finite rank operators.)

If H is a Hilbert space, the weak topology is the topology on H such that a
net x, converges to x weakly if for all h € H the net (x, h) converges to (x, h)
in C. Let B be the closed unit ball in H, and let it be a topological space with
the subspace topology inherited from H with the weak topology. Thus, a net
Zo € B converges to x € B if and only if for all h € H the net (z,, h) converges
to (x, h).

Theorem 10. If H is a Hilbert space, A € B(H), and B is the closed unit ball
in H with the subspace topology inherited from H with the weak topology, then
A is compact if and only if A|B : B — H is continuous.

Proof. Suppose that A is compact and let x,, be a net in 9 that converges weakly
to some z € B. If € > 0, then there is some B € %Byo(H) with |4 — B|| < e.
Let B have the singular value decomposition

N

B = Zan(B)en ® fn-

n=1
We have, using that the e, are orthonormal,
2

N
||B$a—B(EH2 = {L‘a,fn>6n—20n(3) (z, fn) €n

n=1
2

>

n

on(B)(
OH(B) <$Oc - Z, fn> €n
n(B)?|

. 1
= Yo (To —, fu) |
n=1

12John B. Conway, A Course in Functional Analysis, second ed., p. 41, Theorem 4.4.

10



Eventually this is < £, and for such a,

Az, — Az|| < ||Azo — Bzo|| + ||Bzo — Bz|| + || Bx — Az
< |[|[A= Bl lzall + [[Bro — Bx|| + || B — All |||
< ||A-B| +|[Bxa — Bz| + B - A
< £4.84¢
3 3 3

€.

We have shown that Az, — Az in the no rm of H, and this shows that A|B :
B — H is continuous.

Suppose that A|%B : B — H is continuous. Kakutani’s theorem states that a
Banach space is reflexive if and only if the closed unit ball is weakly compact. A
Hilbert space is reflexive, hence B, the closed unit ball with the weak topology,
is a compact topological space.!® Since A|B : B — H is continuous and B
is compact, the image A(28) is compact (the image of a compact set under a
continuous map is a compact set). We have shown that the image of the closed
unit ball is a compact subset of H, and this shows that A is compact; in fact,
to have shown that A is compact we merely needed to show that the image of
the closed unit ball is precompact, and H is a Hausdorff space so a compact set
is precompact. O

A compact linear operator on an infinite dimensional Hilbert space H is not
invertible, lest idgy be compact. However, operators of the form A — Aidyg may
indeed be invertible.!4

Theorem 11. If A € By(H) is a normal operator with diagonalization

A:i/\nen(@en

n=1

and 0 # A & 0point(4), then A — Nidy is invertible and

oo A,
nZ::l Ay — )\en ® en,

where the series converges in the strong operator topology.

(A= Nidg) ™t =—<+

> =
> =

Proof. As A, — 0 we have a = sup,, |A\,| < 00, and as A\ # 0 we have § =
inf,, |\, — A| > 0. Define

1 1L
Ty=—v+7d e, ®en € Boo(H),
N >\+/\ )\nf>\e X e, € ()0( )

n=1

13¢f. Paul R. Halmos, A Hilbert Space Problem Book, Problem 17.
14Ward Cheney, Analysis for Applied Mathematics, p. 94, Theorem 2.
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and if N > M, then, for any h € H,

2

2
|Twh — Tarh|)? = \AIQ Z A " (e e
n=M+1
N
1 An? 2
= DR > m\(h,enﬂ
n=M+1
L ohen)
= N2 2
P2, 0
= Sem | {h,en)|”.
2132
‘)\| B n=M+1

By Bessel’s inequality, S2°°, | (h, e,) |2 < |||, hence 3°°° o | (h,e,) |2 — 0 as
N — oo; this N depends on h, and this is Why the claim is stated merely for
the strong operator topology and not the norm topology. We have shown that
Tnh is a Cauchy sequence in H and hence Tvh converges. We define Bh to be
this limit. For h € H,

Z/\ henn

1o AP 2
= WZmHha@nH

= |A|252 Z' o enl

2

< thﬂ ,

whence
1
1Bh| < HAhH A (hyen)
< Al + =5 1A
|)\| |)\|5

showing that ||B|| < |—§\‘ + p- 1t is straightforward to check that B is linear,
thus B € #(H). (Thus B is a strong limit of finite rank operators. But if H is
infinite dimensional then B is in fact not the norm limit of the sequence: for if
it were it would be compact, and we will show that B is invertible, which would
tell us that idy is compact, contradicting H being infinite dimensional.)

12



For h € H,

. 1
(A—Xidg)Bh = A(Ah AR) + Xg (s en) (Aen = Aen)
1 I A\,
= h—<—Ah+ < h,en) (Anen — Aen
3 A;An 3, (o en) (Anen — Aen)
— h 1Ah+3ix (h, en)
= h7

where the final equality is because the series is the diagonalization of A. On the
other hand,

. 1 : Ll - .
B(A=Xdm)h = —3(A=Xdm)h+ g (A= Ndg)h, en) en

Il
= h——ZA (h,en) en %i

n=1

(Ah = Ah,en) en

>/\P—‘
>/\P—‘

8

—_

Ah7 en) en

>

0o An

-

<h7 en> €n

I
= |
- 10
Me <

I~ A
>\n <h, 6n,> €n + X Z )\n <h, en> €n

A n=1 n=1 )\n —A
— A
_Z Ay — A (h en) en
n=1
1 = —>\)+)\2 An
= X Z 2\ <h7 en> n
= h7
showing that B = (A — Xidg) L. O

We can start with a function and ask what kind of series it can be expanded
into, or we can start with a series and ask what kind of function it defines.
The following theorem does the latter. It shows that if e, and f, are each
orthonormal sequences and )\, is a sequence of complex numbers whose limit of

0, then the series
n=1

converges and is an element of %y (H).

13



Theorem 12. If H is a Hilbert space, {e, : n € N} is an orthonormal set,
{fn : n € N} is an orthonormal set, and X\, € C is a sequence tending to 0, then
the sequence

N
AN = Anen ® fn € Boo(H).
n=1

converges to an element of By(H).

Proof. Let € > 0 and let Ny be such that if n > Ny then |\,| <e. I N > M >
Ny and h € H, then, as the e,, are orthonormal,

2

N
I(An — Ap)B))? = > Anen @ fu(h)
n=M+1
N 2
M+1
N
= > et fa) el
n=M+1
N
= > PPl
n=M+1
N
< & Y [ fa) P
n=M+1

By Bessel’s inequality, ZnN:MH | (h, f,) |2 < ||h||?, and hence
I(An — An)hl| < e[|
As this holds for all h € H,
AN — Aumll <e,

showing that Ay is a Cauchy sequence, which therefore converges in Z(H). As
each term in the sequence is finite rank and so compact, the limit is a compact
operator. O

Continuing the analogy we used with the above theorem, now we start with
a function and ask what kind of series it can be expanded into. This is called the
singular value decomposition of a compact operator. Helemskii calls the series
in the following theorem the Schmidt series of the operator.!> We have already
presented the singular value decomposition for finite rank operators in Theorem
8.

15A. Ya. Helemskii, Lectures and Ezercises on Functional Analysis, p. 215, Theorem 1.
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Theorem 13 (Singular value decomposition). If H is a Hilbert space and
A€ By(H)\ Boo(H),

then there is an orthonormal set {e, : n € N} and an orthonormal set {f, : n €
N} such that Ay — A, where

N
Ay =Y on(A)en @ fo.
n=1

Proof. As|A| is self-adjoint and compact, by Theorem 6 there is an orthonormal
set {fn : n € N} such that

Al = Z/\n(|A|)fn ® fn = ZUH(A)fn ® fn-
n=1

n=1

That is, with |[A|ny € PBoo(H) defined by

N
|A|N = Z Un(A)fn b2y fn>
n=1

we have |A|x — |A].

Let A = UJA| be the polar decomposition of A, and define e, = U f,.
As U*U|A| = |A| and as 0,,(A) > 0 (because A is not finite rank), we have
|A|$’("A) = fm, and hence

<€n,6m> = <Ufnanm>
* fm
= s A
(vl
Im
= naA
(i )
- <fnafm>
5n,m>

showing that {e, : n € N} is an orthonormal set. Define

N
Ay = Z Un(A)en ® fn,
n=1

and we have Ay = U|A|ny. As A =U|A| and Ay = U|A|n, we get
1A = Al = UJA] = UAlx || < |UHIIA] = [Alw[l = [I[A] = [A] ]| = 0,

showing that Ay — A. O
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9 Courant min-max theorem

Theorem 14 (Courant min-max theorem). Let H be an infinite dimensional
Hilbert space and let A € By(H) be a positive operator. If k € N then

i Az, z) = M\, (A) = o1 (A
diﬁ%’imeéﬂﬁ:l( z,x) = A\,(A) = o1 (A)

and
min max Az, x) = M\(A) = ox(A).
Wl ma(Ara) = A(4) = 0u(4)
Proof. |A| is compact and positive, so according to Theorem 6 there is an or-
thonormal set {e, : n € N} such that

A= Z on(A)e, @ ey,.
n=1

For k € N, let Sp =\, {en}. Sit = \/Z;ll{en}, so Sy has codimension k — 1.
(The codimension of a closed subspace of a Hilbert space is the dimension of its
orthogonal complement.) If S is a k dimensional subspace of H, then there is
some x € S, NS with ||z|| = 1. This is because if V is a closed subspace with
codimension k — 1 of a Hilbert space and W is a k£ dimensional subspace of the
Hilbert space, then their intersection is a subspace of nonzero dimension. As
x € Sy, there are «,, € C, n > k, with

S S
T = Z Un€n, ||£E||2 = Z |o‘n|2'
n=k n=k

16



As the sequence o, (A) is nonincreasing,

(Az,z) = <Zan(A)(x,en)en,x>

n=1
= <§: on(A) <§: amem,en> €n, i am€m>
n=1 m=k m=k
= <i O'n(A) i CVrn5rn,nen7 i amem>
n=1 m=k m=k
= <Z on(A)apx>k(n)en, Z Oém€m>
n=1 m=k
= <§: on(A)oznen, i amem>
n=~k m=Fk
= > ou(A)]anl?
n=~k
< o) fanl
n=~k
= O’k(A),
where we write
_J1 n>k
Xzk(n) = 0 n<k.

This shows that if dim S = k then

inf  (Az,z) < oi(4).
z€8,||z||=1
Let M = inf,cg =1 (Az,x), and let x, € S, ||z,]| = 1, with (Az,, x,) — M.
As S is a finite dimensional Hilbert space, the unit sphere in it is compact, so
there a a subsequence z,(,,) that converges to some z € S, [|z|| = 1. We have

| <AZ)Z> - <A$n,l‘n> | S ‘ <AZ’Z> - <A$n’z> | + <A$n72’> - <A$n,.’L‘n> |
= [{A(z =, 2) | + | (A, 2 — ) |
< Az = zall 2]l + Al [zn]l [z — 24|l

2| All Iz — @] -
As z4(n) — 2, we get <Axa(n)7ma(n)> — (Az,z). As (Ax,, Az,) — M, we get
(Az,z) =M = inf (Ax,x).

z€S,||z||=1
As z € S and ||z]| = 1, we have in fact
min  (Axz,z) = inf Az, z) < op(A).
pe i An e = dnl (A z) < 0n(4)

17



This is true for any k& dimensional subspace of H, so

sup min  (Az,z) < or(4).
dim S=k €5, [|z||=1

Ifs= Sé‘_ﬂ then e € S, |lex|| = 1, and
(Aeg, ex) = (or(A)ek, ex) = o (A),
so in fact
max min  (Ax,x) = o, (A),
dim S=k z€S,||z||=1 < > k( )
which is the first of the two formulas that we want to prove.

For k > 1, let S = \/Zzl{en}. If S'is a k — 1 dimensional subspace of H,
then St is a closed subspace with codimension k — 1, so the intersection of S,
and St has nonzero dimension, and so there is some z € S, NS+ with ||z|| = 1.
As x € Si there are ay,...,ar with z = ZZ=1 Qpey,, giving

(Az,z) = <Z on(A)(z,e,) en, x>
no_o k k

<Z on(A) <Z Qmm, en> €ns Z amem>

= m=1 m=1

k k
o (A) Y Ombmnen, amem>
oo k

= <Z on(A)anx<r(n)en, Y amem>

1 m=1

Il
—
gk

This shows that
sup  (Az,x) > ox(A).
€S+, ||z]|=1
Define M = sup,cg1 ||—1- Because M is a supremum, there is a sequence z,
on the unit sphere in Si_1 such that (Az,,x,) — M. The unit sphere in S;_1
is compact because Si_; is finite dimensional, so this sequence has a convergent
subsequence x,(,) — 2. As

|(Az,2) = (Azp, zn) | < 2[|A[l ||z — o0 |

18



and T,y — 2, we get

(Az,z) =M = sup (Az,z),
zeSt [lzf=1
whence
max (Ax,z) = sup (Az,z) > o (A).
€S, ||z]|=1 zeSL ||z]|=1

As this is true for any k — 1 dimensional subspace S,

inf ma. Ax, ) > A).
dimS:kflxeSl,Hzc(H=1< @) 2 0k(4)

But for S = S,_; we have e, € S+, |lex| = 1, and
(Aex,er) = (or(A)er, ex) = or(A),
which implies that

min ma; Az, x) = A).
dimS:kflmeSl,H.}:H:1< @) = or(4)

O

If A € #(H) is compact, then the eigenvalues of |A| are equal to the singular
values of |A]. Therefore the Courant min-max theorem gives expressions for the
singular values of a compact linear operator on a Hilbert space, whether or not

the operator is itself self-adjoint.

Allahverdiev’s theorem!® gives an expression for the singular values of a
compact operator that does not involve orthonormal sets, unlike Courant’s min-
max theorem. Thus this formula makes sense for a compact operator from one

Banach space to another.

Theorem 15 (Allahverdiev’s theorem). Let H be a Hilbert space and let %, (H)
be the set of bounded finite rank operators of rank < n. If A € By(H) andn € N,

then
on(A)= inf ||JA-T|.
TEFn_1

n

10 Schatten class operators

If1<p<ooand A€ HBy(H), we define

1/p
1All, = (Z Un(A)p> ;

neN

161, C. Gohberg and M. G. Krein, Introduction to the Theory of Linear Nonselfadjoint
Operators in Hilbert Space, p. 28, Theorem 2.1; cf. J. R. Retherford, Hilbert Space: Compact

Operators and the Trace Theorem, p. 75 and p. 106.
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and define %, (H) to be those A € %o(H) with ||A[|, < co. In other words, an
element of %,(H) is a compact operator whose sequence of singular values is an
element of /7. We call an element of %,(H) a Schatten class operator. We call
elements of % (H) trace class operators and elements of Bo(H) Hilbert-Schmidt
operators.

If A € By(H) is positive, then, according to Theorem 6, there is an or-
thonormal set {e, : n € N} such that

A= Z An(A)e, @ ey,

neN

where the series converges in the strong operator topology. As the e, are or-
thonormal, we have

AP = Z An(A)Pe, ® e,

neN
which is itself a positive compact operator, and thus o,,(AP) = 0,,(A)? for n € N.

Therefore, if A is a positive compact operator, then ||A||p = ||Ap||1/p.
If A e By(H) and n € N, then 0,(|4]) = 0,(A) and 0,(A*) = o,(4).
Hence, if 1 < p < oo then

A, = 1A4l,, 1A%, =14l -

As |A] is compact and self-adjoint, it has an eigenvalue with absolute value
|| A[, from which it follows that if 1 < p < oo then [[A[| < [|4],,.

Theorem 16. If A€ %,(H), B € $B(H), and k € N, then

0(BA) < |[B] oi(4).

Proof. For all x € H,

((BA)*BAz, x) (BAx, BAx)
|BAz|?

IB|I” || Az|®
= |B|* (Az, Az)

= ||B|]* (A* Az, z) .

IN

Applying the Courant min-max theorem to the positive operators (BA)*BA
and A*A, if k£ € N then

or((BA)*BA) = min ((BA)"BAx,x)

max
dim S=k z€S,||z||=1

|B||°> max min (A*Az, z)
dim S=k z€S,||z||=1

IB* ok (A" A).

IN
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But
0x((BA)*BA) = o4 (|BA|?) = 0k (|BA|)? = 0 (BA)?

and
ok(A*A) = ox(|A]) = ow(|A])* = or(4)?,

so taking the square root,

ok(BA) < [|B ok (A).

Using Theorem 16, if 1 < p < co then

1/p 1/p
IBA]|, = <Z Un(BA)p> < <Z ||B||p0'k(A)p> =Bl IAl, -

neN neN

The following theorem states that the Schatten class operators are Banach

spaces.”

Theorem 17. If 1 < p < oo, then %,(H) is a Banach space with the norm

[R[*

11  Weyl!’s inequality

Weyl’s inequality relates the eigenvalues of a self-adjoint compact operator with
its singular values.'® We use the notation from Definition 5. For N > v(A) the
left hand side is equal to 0 so the inequality is certainly true then.

Theorem 18 (Weyl’s inequality). If A € By(H) is self-adjoint and N < v(A),

then
N

N
H [An(A4)] < H on(A).
n=1 n

=1

Proof. Let

N
En = \/ ker(4 -\, (A)idg),

n=1
which is finite dimensional. Check that Ey is an invariant subspace of A, and
let Ay : Ey — En be the restriction of A to Ey. Ay is a positive operator.
As Ey is spanned by eigenvectors for nonzero eigenvalues of A it follows that
ker Ay = {0}, and as Ey is finite dimensional, we get that Ay is invertible. If
Ap has polar decomposition Ay = Uyn|Apn|, then Uy is invertible; if a partial
isometry is invertible then it is unitary, so Uy is unitary, and therefore the

17Gert K. Pedersen, Analysis Now, revised printing, p. 124, E 3.4.4
18Peter D. Lax, Functional Analysis, p. 336, chapter 30, Lemma 7.
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eigenvalues of Uy all have absolute value 1. As the determinant of a linear
operator on a finite dimensional vector space is the product of its eigenvalues
counting algebraic multiplicity,

N
|\detAN| [det Ay| = ] An( (1)

n=1

det|AN| |d tU

Let Py be the orthogonal projection onto En. If v € En, then APyv =
Apnv, and if v € Ey then APyv = A(0) = 0. We get that

|AN|U v E FEyn
|APN|’U: n
0 v € By,

and it follows that if 1 < n < N then 0,(Ax) = 0,(APy). Using Theorem 16
we get
ou(APy) < 1P ou(A) < 0(A);

the second inequality is an equality unless Py = 0. We have shown that if
1 <n < N then 0,(Ax) < 0,(A), and combining this with (1) gives us

N N
H A)| = det|Ay| = HanAN gH

Theorem 19. If0 <p < oo, A € By(H) is self-adjoint, and N € N, then

N N
DA <D on(A)P

Proof. Schur’s magjorization inequality'® states that if a; > ay > --- and by >
by > - -+ are nonincreasing sequences of real numbers satisfying, for each N € N,

N N
> an <) bn
n=1 n=1

and ¢ : R — R is a convex function with lim,_, ., ¢(x) = 0, then for every

N e N,
> dlan) < 6(bn)

With the hypotheses of Theorem 18, for 1 < n < v(A), define a,, = log|A,(A4)|
and b, = logo,(A) and let ¢(x) = eP*. By Theorem 18 these satisfy the

19Peter D. Lax, Functional Analysis, p. 337, chapter 30, Lemma 8; cf. J. Michael Steele,
The Cauchy-Schwarz Master Class, p. 201, Problem 13.4.
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conditions of Schur’s majorization inequality, which then gives us for 1 < N <
v(A) that

N N
D (AP <Y on (AP

n=1

If n > v(A) then A, (A) =0. O

12 Rayleigh quotients for self-adjoint operators
If Ae B(H) is self-adjoint, we define the Rayleigh quotient of A by

f(z)zw, x € Hyx#0, f:H\{0} >R

Let X and Y be normed spaces, U an open subset of X, and f: U — Y a
function. If x € U and there is some T € Z(X,Y) such that

LG h) — f@) —ThY

0 2
h—0 1Al ’ @)

then f is said to be Fréchet differentiable at x, and T is called the Fréchet
derivative of f at x;*° it does not take long to prove that if Ty, Ty € B(X,Y)
both satisfy (2) then T; = T». We denote the Fréchet derivative of f at x by
(Df)x. Df is a map from the set of all points at which f is Fréchet differentiable
to B(X,Y).

To say that x is a stationary point of f is to say that f is Fréchet differentiable
at  and that the Fréchet derivative of f at x is the zero map. One proves that
if T7,T5 are Fréchet derivatives of f at x then Ty = T5, and thus speak about
the Fréchet derivative of f at x

Theorem 20. If A € B(H) is self-adjoint, then each eigenvector of A is a
stationary point of the Rayleigh quotient of A.

Proof. If X\ is an eigenvalue of A then, as A is self-adjoint, A € R. Let v # 0
satisfy Av = Av. We have

~ (Av,v) - (w,v)
)= (v,)  (v,v) A

20Ward Cheney, Analysis for Applied Mathematics, p. 149.
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For h # 0, using that A is self-adjoint and that )\ € R,

Fh) =) =0 L (AW btk
Al | oo+ h)
1
= — 4 h h)y — A h h
e (AR = Ak o )

;ﬁ (Av,

12 lv + Al

=X (v, v) = A{v,h) = A(h,v) — A (h, h) |
1

— 1 (v,

2] [l + AlJ* A

=A(v,v) = A{v,h) = A (h,v) — X (h,h) |

v) + (Av, h) + (Ah,v) + (Ah, h)

v) + (Av, h) + (h, Av) + (Ah, h)

1

— m|<Ah,h>—)\<h7h>|

_ L Ah— bR

k]| o+ h|)? o

Therefore

[f(0+h) = f(0) =00 _ AR = An| ]

|4 = lAll [l + Al
_ (A= Xida)n|

v+ A

v+ A

As h — 0 the right-hand side tends to 0 (one of the terms tends to 0, one
doesn’t depend on h, and the denominator is bounded below in terms just of v
for sufficiently small h), showing that 0 is the Fréchet derivative of f at v. O
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