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1 /9 norms and volume of the unit ball

For z,y € R",
n
(z,y) = ijy]v
j=1

Let eq,...,e, be the standard basis for R™.

n
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x = ijej = Z (x,e5)€j.
j=1

Jj=1

n 1/q
|zl = Z EAR
j=1

|20 = max |z;|.
1<j<n

For 1 < ¢ < oo let

and for ¢ = oo let

Then for for 1 < g < oo let
B} ={reR": |z|, <1}.

For 0 < k < n let \; be k-dimensional Lebesgue measure on R™. We
calculate the volume of the unit ball with the £¢ norm for 1 < g < oo.

Theorem 1. Forn > 1 and for 1 < g < oo,

(20(5 +1)"

Mn(By) = D2 +1)



Proof. For R >0 let V'(R) = Ao (R - BY). Forn =1,

V(R)=X\(R-B)) = / d\i(z1) = 2R.
R<z1<R

By induction, suppose for some n that
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Using Fubini’s theorem and the induction hypothesis and doing the change of
variable x,+1 = Rt we calculate
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Now, doing the change of variable u = ¢, namely t =ul/? with ¢/ = %u§71 and

using the beta function B(a,b) fo w1 —u)P~tdA (u),
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But B(a,b) = (gié) , and using I'(a 4+ 1) = al'(a),
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Therefore
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which proves the claim. O

BT is an n-dimensional cross-polytope, B3 is an n-dimensional Euclidean
ball, and B, is an n-dimensional cube.

on 71'"/2
)\n B?) — = )\n B — S — )\n B" :2n7

using I'(n + 1) =n! and I'(3) = @

2 Intersection of a hyperplane and the cube
Let ¢ € S ! and t € R, and define
Pey={z eR": (2,8 =t}

In particular,
¢ =Pey.
Let

Ae(t) = A1 (Pey N BY) = /P L (2)dA 1 (2).
£,t

Theorem 2. For £ € S" ! andt € R,
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Proof. Then by Fubini’s theorem,
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Now,

s (z) = (1p ® - ®1p1) H131 ),

whence, by Fubini’s theorem,
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But, when &;7 # 0,
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By the Fourier inversion theorem, using that jg is an even function,
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3 Schwartz functions

Let . be the Fréchet space of Schwartz function R™ — C and let .’ be the
locally convex space of tempered distributions . — C. If f : R™ — C is locally
integrable and there is some /N such that

/| @) = 0RY), R



it is a fact that

is a tempered distribution.
Lemma 3. For1 < g < oo and for 0 < h <n, |z|q’h is a tempered distribution.
Proof. For 1 < q <2,
1 1
2] < |zl <na”2|z)y,
and for 2 < ¢ < o0,
1 1
|zlq < fale < n277 ]z,
Then for 1 < ¢ < 2 and for 0 < h < n, using polar coordinates and as o(S" 1) =
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For2<g<ooandfor0<r<mn,
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For ¢ € . let
66 = [ la)e”> " A, (x).
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For 1 < g < oo define ¢; : R = R by

7‘2“1

cq(z) =€ z € R,

which belongs to .(R), and let v, = ¢,.
For a tempered distribution 7',

<f,¢>:<T,$>, pe ..

Define fqn(z) = |z|;". We calculate the Fourier transform of the tempered
distribution f p,

Theorem 4. Let 0 < h <n. For1 < q < oo,

N _ q * n—h—1 . .
and for g = oo,

foo,h(g) _9np, /O‘X’ gn—h—1 H 51;1;5] U
=1 s

Proof. Suppose that 1 < ¢ < oo. For x # 0, doing the change of variable
z = tYa|g| 1
q b

> h—1_—29|x|9 > 1/ A1 —t =111
Z" e adz = (| 5) e ] =t dt
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i.e. fqh - F(h/q) foo h=1 _qux‘qdz

For z > 0 define F, , : R* — R by
F,.(z) = e717la, r € R,

which is a Schwartz function. Doing the change of variable y = z - x and using

LAlexander Koldobsky and Vladyslav Yaskin, The Interface between Convexr Geometry
and Harmonic Analysis, p. 9, Lemma 2.1.



Fubini’s theorem,
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Then for ¢ € .7,

(o) = [ Fan@3(©an(©
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This implies, doing the change of variable z = ¢t~1,
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We remind ourselves that c,(z) = e I*" 2z € R, and g = Cq. We prove that -,

is positive and logconvexﬂ

Theorem 5. For 1 < q < 2, v,(y/z) > 0, and z — log~,(\/z) is conver on
RZO'

Proof. Let 0 < a < 1, and for z € [0,00) let f(z) = expz and g(z) = —z°.
Then for k € Z>o and z € (0,00),

g (z) = k!(jj) 2 sng®() = (<1,

For n > 1, Faa di Bruno’s formula tells us

(fog)™(2) = >

(m1,...;mpn), L mi+-+n-myp=n

T <g<k><z>>’”’“
pie k!
Then

n " n!
(~1"(fo9)™(=) = > e (expeg)(2)
(m1,...,mp), I mi+-4n-m,=n

,ﬁl ((_1)k g“Zfz))mk
> 0.

n!

(my+--4my)
my!- ..mn!(f 1 °9)(z)

This shows that f o g is completely monotone. Furthermore, (f o ¢)(0) =1,
so by the Bernstein-Widder theorem there is a Borel probability measure u
on [0, 00) such thatE|

Feo= [ Tt e o)
With o = £, there is thus a Borel probability measure j on [0, 00) such that
exp(—z4/?) = /[0 )e_thuq(t), z € [0, 00).
Then for z € R, |

¢al2) = exp(—2]7) = exp(—(22)1/2) = /[ )

2 Alexander Koldobsky and Vladyslav Yaskin, The Interface between Convexr Geometry
and Harmonic Analysis, p. 4, Lemma 1.4.
3http://individual .utoronto.ca/jordanbell/notes/completelymonotone . pdf
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For w € R we calculate, using the Fourier transform of a Gaussian[]

Ya(w) = / €2, (2)dAy (2)
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From the final expression it is evident that vy, (w) > 0. Furthermore, for wy, ws €
(0, 00), using the Cauchy-Schwarz inequality,

2
1 w w
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1 R,
+ §log (711/2 /[0 )t 1/2¢ 7 duq/g(t)>
,00

1 1
= 5 log 7 (Vwr) + 5 log 7y (vwz).

IA

Because w — log y4(y/w) is continuous, this suffices to prove that it is convex.
O

4http://individual .utoronto.ca/jordanbell/notes/gaussianintegrals.pdf
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