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These notes are my writing down some material for reference from Paul Gar-
rett’s (University of Minnesota) functional analysis notes, which are wonderful
and present material in an extraordinarily clear way.

1 Hilbert-Schmidt operators

Let V,W be Hilbert spaces. A linear operator T : V → W that maps any
bounded sequence to a sequence with a convergent subsequence is called com-
pact. We say that T : V → V is self-adjoint if for all x, y ∈ V we have
〈Tx, y〉 = 〈x, Ty〉. If T : V → V is self-adjoint, then we can show that

‖T‖ = sup
‖x‖≤1

|〈Tx, x〉|.

It is a fact that if T : V → V is a self-adjoint compact operator then at least
one of ‖T‖ or −‖T‖ is an eigenvalue of T .

Fact: If Tn : V → W are compact and Tn → T in the operator norm,
T : V →W , then T is compact.

T : V → W is called a finite-rank operator if T (X) is finite dimensional.
Fact: T : V → W is compact if and only if there is a sequence Tn : V → W of
finite-rank operators that converge to T in the operator norm.

If T : V →W is a finite-rank operator, we define its trace by

tr(T ) =
∑
i

〈Tei, ei〉,

where ei is an orthonormal basis for V , and one shows that this definition is
independent of the choice of basis. An operator T : V → W is said to be trace
class if ∑

i

〈(T ∗T )1/2ei, ei〉 <∞,

in which case the series
∑

i〈Tei, ei〉 is absolutely convergent, and we define
tr(T ) =

∑
i〈Tei, ei〉. We define ‖T‖1 = tr|T | =

∑
i〈(T ∗T )1/2ei, ei〉.
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If T : V → W is a finite-rank operator, we define its Hilbert-Schmidt norm
by

‖T‖2HS = tr(T ∗T ) = tr(|T |2).

The space of Hilbert-Schmidt operators V → W is the completion of the finite-
rank operators V → W under the Hilbert-Schmidt norm. If S and T are
Hilbert-Schmidt operators, then their Hilbert-Schmidt inner product is defined
by

〈S, T 〉HS = tr(T ∗S).

The space of Hilbert-Schmidt operators V → W is a Hilbert space. Let T :
V → W be Hilbert-Schmidt. Fact: ‖T‖ ≤ ‖T‖HS. It follows from this that a
Hilbert-Schmidt operator is compact.

2 Tensor products of Hilbert spaces

If V and W are Hilbert spaces, one can use the inner product on each Hilbert
space to define an inner product on simple tensors that can be extended by
linearity to finite linear combinations of simple tensors. The vector space of finite
linear combinations of simple tensors is the algebraic tensor product V ⊗algW .
Fact: The completion V ⊗HS W of the algebraic tensor product V ⊗alg W is
isomorphic to the Hilbert space of Hilbert-Schmidt operators V →W ∗.

Let j(v, λ) = v ⊗ λ, j : V × V ∗ → V ⊗HS V
∗.

V ⊗HS V
∗

V × V ∗ C

j

For V ⊗HS V
∗ to be the categorical tensor product of the Hilbert spaces

V and V ∗, we must have that for every continuous bilinear g : V × V ∗ → C,
there is a unique continuous linear h : V ⊗HS V

∗ → C such that h ◦ j = g.
Define g : V × V ∗ → C by g(v, λ) = λ(v). Let en be an orthonormal basis for
V and let λn be the dual basis for V ∗, namely, λn(vm) = δm,n. V ⊗HS V

∗ is
isomorphic to the Hilbert space of Hilbert-Schmidt operators V → V . We have∑

n
1
nen ⊗ λn ∈ V ⊗HS V

∗. But what h would have to do to this element of the
tensor product is send it to

∑
n

1
n . Thus there is no h that makes the above

diagram commute, and thus V ⊗HS V
∗ is not a categorical tensor product.

Perhaps there is a Hilbert space that is the categorical tensor product of V
and V ∗, and it is merely not V ⊗HS V

∗. This turns out not to be the case.
Garrett shows in his online notes that for any two infinite dimensional Hilbert
spaces V and W , there is no Hilbert space that is the categorical tensor product
of V and W . Since there is indeed no categorical tensor product of Hilbert
spaces, when we say the tensor product of V and W we mean V ⊗HS W , as it
is the best tensor product we have.
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