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1 Introduction

The purpose of this paper is to give complete proofs of several fundamental re-
sults about modular forms. Modular forms are complex functions with certain
analytic properties, and that transform nicely under a certain group of transfor-
mations of the complex upper half plane. It turns out that modular forms can
be used to study number theory, by investigating the coeflicients in series expan-
sions of them. In fact, using modular forms we can discover and prove things in
number theory where a direct proof might not be obvious. To help the reader
get a feel for this, we will give an example; all the terms used here are defined in
the paper. An important class of modular forms, called Eisenstein series, have
expansions that involve the divisor sum o,(n) = }_;, d". Another modular
form, called the modular discriminant, has a series expansion that involves the
Ramanujan tau function, 7(n). Modular forms comprise vector spaces whose
dimensions we can explicitly determine. Using this information one can prove
the congruence
7(n) = o11(n) (mod 691).

We will develop all the results needed to prove this congruence and other similar
results (cf. [9]).

We have tried to find the clearest proofs in the literature for the results
about modular forms in this paper. The proofs use complex analysis and group
theory, and do not assume results beyond undergraduate mathematics.

In §2 we introduce a group action on the complex upper half plane, under
which modular forms are well behaved. Next in §3 we define modular forms

and cusp forms, which are functions defined on the upper half plane. We show



that modular forms have Fourier expansions. It is often convenient to study
a modular form through its Fourier series. We also show that modular forms
constitute complex vector spaces. We explicitly construct a class of modular
forms, namely the Eisenstein series, in §4, which are not cusp forms. In §5 we
construct a cusp form of weight 12, and prove estimates on the growth of the
Fourier coefficients of cusp forms.

Finally, in §6 we give a formula for the dimensions of spaces of modular
forms. We also introduce the Petersson inner product on the spaces of cusp
forms.

We will now introduce some notation that will be used throughout this paper.
Let C be the complex numbers, Z be the integers, R be the real numbers, and
72 = 7 x 7Z,R? = R x R. For a commutative ring R with unity 1, let SLo(R)

1 0
be the group of all 2 x 2 matrices over R with determinant 1. Let I = (0 1)

be the identity matrix. For integers m,n not both 0, let (m,n) denote their

greatest common divisor.

2 Automorphisms of the complex upper half plane

Let $ = {z € C: ¥(z) > 0} be the complex upper half plane. Modular forms
are defined on the upper half plane, and transform nicely under a certain group
that acts on $). We will present this group now, and prove several properties
about it. I' = SLy(Z) is called the modular group.

b
Lemma 1. T' has an action on § defined by vz = gjig for v = (a d) el
c

and z € 9.



Proof. If z € § and v € T, then

S(vz)

Therefore vz € .
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As well, for all z € 9,
0 1

fixes all z € 9.
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) z = 1280 — > Hence the identity element of I'

O

The proof of the following theorem follows [2, Chapter I, 5.7].

1 1 0 —1
Theorem 2. T is generated by A = <O 1) and B = (1 0 >



Proof. Let M = (a
c

b
d) € I'. We may assume that |c¢| < |d| since BM =

d —c
andsoa=d=1ora=d=—1. In the first case, M = A®, and in the second
case, M = A*B2.

We now assume that for n > 1, and all |¢| < n the element M is generated
—a —b

—c —d

b —
< a) is generated by A and B if and only if M is. If ¢ = 0, then ad = 1,

by A and B. Because B2M = ( > is generated by A and B if and only

if M is, we may assume that ¢ > 0. For ¢ = n, let k be an integer such that
0 < ck + d < ¢ = n. By the induction hypothesis,

is generated by A and B. Thus M is generated by A and B. O

Two points zg,z1 € § are said to be equivalent under I' if there exists an
M € T such that M z; = z5. A subset F of §) is said to be a fundamental domain
for T" if it is an open connected set (i.e. a domain) such that no two distinct
points of F' are equivalent, and every point of §) is equivalent to some point in
F, the closure of F. In the following theorem we explicitly give a fundamental
domain for T'. Our proof follows [8, Chapter VII, Theorem 1].

Theorem 3. F ={z € 9 :|z| > 1,|R(z)| < 3} is a fundamental domain for T

c
that ¢ = +1 and thus that gz = 2. This implies that no two distinct points

b
Proof. Let z € F and let g = <a d) € I' such that gz € F. We will show

of F are equivalent. If $(gz) < 3(2), then S(g1(g2)) > S(gz). But gz € F,

'= 47 if and only if g = 4I; hence we may assume that $(gz) > S(2).

and g~
Then |cz + d| < 1, so, since (z) > 1/2, ¢ must either be —1,0 or 1. If ¢ =0
then a = d = +1 and g is translation by b. But —1 < R(z) < 1, so b must be
=0, otherwise gz ¢ F. In this case indeed g = +1.

If c =1, then |z + iy +d| <1 for 2 = x +iy. Then 2% + 2zd + d? +y* < 1.
As 22 +y?% > 1, it follows that 2zd 4+ d? < 0. In this inequality d cannot be 0, so
we can divide by d. If d > 1 then d < —2z, a contradiction since |z| < 1/2, and
if d < —1 then d > —2z, again a contradiction since |z| < 1/2. Hence, the case

¢ =1 does not occur. If ¢ = —1, we can replace g with ¢’ = —g (since gz € F if



Figure 1: Images of the fundamental domain F' under elements of I'
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and only if ¢’z € F), and the above argument shows that the case ¢/ = 1 does
not occur, and thus the case ¢ = —1 does not occur. Therefore if z € F and
g € I' such that gz € F, then g = +1.

Now, let z € $. Now, for a given C > 0, there are only finitely many integers

a
¢,d such that |cz + d| < C. Hence there is a g = (

b
> € I" such that
c d

1 1 0 -1
is maximal. Let T = (O 1) and § = (1 0 ) We may choose n to

be an integer such that —1 < R(T"gz) < 3. Put 2/ = T"gz. If |2/ < 1
then Sz’ = —1/2z" would have an imaginary part strictly greater than S(z') =
S(Tmgz) = 3(gz), a contradiction. Thus |2/| > 1, and 2’ € F. This proves that

every point in ) is equivalent to some point in the closure of F. O

The fact that F = {z € § : |2| > 1,|R(z)| < 4} is a fundamental domain for
I' will be used in §6. The images of F' under several elements of I" are shown in

Figure 1.



b —a —b
If { <a ) ) ( “ d> } € SLy(R)/{I,—1} is identified with the mapping

c d —c -
Z Zjis,f) — 9, then SLy(R)/{I,—TI} is the automorphism group of the

upper half plane (i.e., the group of all holomorphic bijections $ — $, cf. [5,
Chapter VII, §3]). In the next section we define modular forms, which are

“almost” invariant under automorphisms of the upper half plane.

3 Modular forms and cusp froms

In this section we define modular forms. We prove that they have Fourier
expansions. Then we define cusp forms, which are an important class of modular
forms, with 0 constant term in their Fourier expansions. We then show that
modular forms and cusp forms constitute vector spaces, and prove a result about
pointwise products of modular forms.

We define the factor of automorphy j(v,z) by j(v,2) = cz + d for v =

b
(a d) € ' and z € $. A holomorphic function f : § — C is said to be
c

holomorphic at infinity if limg () o f(2) exists.

Definition 4. For k € Z, a modular form of weight k, with respect to I' =
SLo(Z), is a function f : $ — C that is holomorphic on $, holomorphic at
infinity, and satisfies

Flyz) = (7. 2)" f(2)
for all v € T,z € . The set of all modular forms of weight k is denoted by
M (T).

Fourier series will be important in studying modular forms and cusp forms,
so we first introduce these. We say that a function f : § — C is w-periodic if
f(z+w) = f(z) for all z € H.

Lemma 5. If f : $ — C is holomorphic and 1-periodic, then f has an expansion

f)= > ang", q=¢"", a,€C, (1)

n=—oo

valid for all z € ).

Proof. Let A = {z : 0 < |z| < 1} be the annulus obtained by removing the
origin from the unit disc. We define F : A — C by F(q) = f(z) for all ¢ € A.



Indeed, if ¢ = €2™%%1 = 2722 then 2miz; = 2mize + 2k7i for some integer k and
z1 = 22 + k. Hence f(z1) = f(z2) by periodicity. Thus F is well defined.

For all gy € A, there exists a holomorphic branch of the logarithm, say Ly,
defined in some neighborhood Vj of go. Then for all ¢ € Vg, F(q) = f(L2°T(g)).
Thus on Vo N A, F is the composition of holomorphic functions. Hence F' is
holomorphic at gg € A. Therefore F' is holomorphic on A.

Since F' is holomorphic on the annulus A, it has a Laurent expansion

F(Q) = Z anqna an € (C, (2)

n=—oo

valid for all ¢ € A [5, Chapter V, Theorem 2.1], and

[ =3 au

n=—oo

with ¢ = 2™, as desired. O

The expansion (1) is called the Fourier expansion or g-expansion of the

function f.
1 1
Since v = <0 1) el for f € My(T), then f(vyz) = f(¢+1) for all z € §,

i.e. f is l-periodic. Thus by Lemma 5, modular forms have Fourier expansions.
Let f € My(T) and let g(q) = f(2), ¢ = €*™*,2 € §. There is an a € C such
that limy .o f(z+iy) = a. Let € > 0 be given. Then there is a yo > 0 such that
for ally > o, | f(z+iy)—a| < e. Let § = e=2™0. Say q is such that |q| < §. Now,
q = ™= +W) for some z,y. Then |¢| = e ™2™ < § = e~ 2™, As exp is a strictly
increasing function on R, this implies y > yo. Hence |f(x + iy) — a| < ¢, and so
lg(¢) — | < e. Thus lim,_.o g(¢) = . Hence g is bounded in a neighborhood of
g = 0. This implies that a,, = 0 for all n < 0 in (1).

We recall [5, Chapter V, Theorem 2.1] that for 0 < s < S < 1, the Laurent
series Y 2 a,q" in (2) converges absolutely for ¢ such that s < |¢| < S. Thus
in particular the Laurent series converges absolutely for ¢ = e~2™. This shows
that the Fourier series (1) converges absolutely for z = i. Now, let £ = {z :
S(z) > 1}; it is clear that |2™?| has a maximum value |2’ | = ¢=27 on E. We
define M,, = |a,|e=2"" for n =0,1,2,.... That the Fourier series (1) converges
absolutely for z = i means that > - j M, converges. But |a,e*™"*| < M,, for

all z € E. Therefore by the Weierstrass M-test, the Fourier series (1) converges



uniformly on E. However, if a sequence f, converges uniformly on a set £ and
x is a limit point of E, then lim; ., lim, oo fr(t) = lmy,— oo lims—, frn(t) [6,
Theorem 7.11]. Thus,

oo oo
lim f(z) = lim E ane?mEt) — E an lim 2" T2 — g (3)
Yy—00 Yy— 00 Yy—0o0

n=0 n=0

This tells us that constant term in the Fourier series of a modular form is the
limit of the function at ioco.
We will often need to consider modular forms with 0 constant term in their

Fourier expansions. Thus we make the following definition.

Definition 6. A cusp form of weight & is a modular form f of weight k whose

Fourier expansion has a 0 constant term, i.e. f € Mg(T) and
oo
flz) = Zanq", q=¢e"* a,cC.
n=1

The set of all cusp forms of weight k is denoted by Sy (T).

From (3), a modular form f is a cusp form if and only if limg(;) o f(2) = 0.
0

-1
Suppose k is odd and f € M(T). Let v = ( 0 ) € I'. Then for all

Z€H,
i) =02 =1 ==1,  f(2) = f(y2) = j(7,2)" f(2) = —f(2),

so f is the zero function on . Thus for all odd k, M (T") contains only the zero
function.
In the following theorem we show that the modular forms of weight & form

a complex vector space, and that the cusp forms of weight k£ are a subspace.

Theorem 7. For every integer, My(T) is a complex vector space and Si(T') is

a subspace of My(T').

Proof. Let f,g € My(T) and a € C. Since f and g are holomorphic on $,
af+g is holomorphic on §, and since limg(.) o f(2) and limg .y g(2) exist,
limg(.)—oo(af + g)(2) exists. Therefore af + g is holomorphic at infinity. For
yeTl and z € 9,

af(vz) +g(vz)
= aj(v,2)" f(2) + (7. 2)"9(2)
= j(v,2)af +9)(2),

(af +9)(vz)



hence af + g satisfies the automorphy condition. Thus af + g € M(I).
This proves that My(T") is a complex vector space. If f,g € Si(T'), then
limg(z)—oc(af + 9)(2) = alimg) oo f(2) + limg(s)—0o 9(2) = a-0+0 = 0,
and thus af + g € S(I"). Hence Si(T") is a subspace of My(T"). O

For modular forms f and g, we shall define their product fg by (fg)(z) =
f(2)g(z) for all z € $. The next lemma shows that the product of a modular
form of weight k£ and a modular form of weight [ is a modular form of weight
k 4 1. We will use this result later in §6.

Lemma 8. If f € My (T") and g € My(T), then fg € My, (T).

Proof. Tt is immediate that fg is holomorphic on $ and holomorphic at infinity.
Let y €' and z € . Then

(f9)(v2)

Il
=
8

I
S~—
)
—
)
X

showing that fg satisfies the automorphy condition. Therefore fg is a modular
form of weight k + [. O

4 Eisenstein series

Now we will explicitly construct a class of modular forms of all even weights
k > 2, the Eisenstein series of weight k. These will not be the zero function,
thus giving us nontrivial examples of modular forms. Moreover, these are not
cusp forms. In fact, we will show later in this section that for even k > 2,
any modular form of weight k is a linear combination of an Eisenstein series of

weight k& and a cusp form of weight k.

Definition 9. The Eisenstein series G (7) of weight k is defined by

/ 1
Gk(T):Zc,d(cr—l,-d)k

for T € 9, where the primed summation means that summation is over all
(c,d) € Z? such that (c,d) # (0,0).



Our proof that Eisenstein series of even weights k > 2 are modular forms
follows [7, Theorem 1, Chapter III].

Theorem 10. For all even integers k > 2, the Eisenstein series Gy, is a modular
form of weight k.

Proof. We will use the fact [5, Chapter V, §1] that the series defining the Rie-
mann zeta function ((s) = >, n~* converges absolutely for R(s) > 1. First
we show that the series G (7) defines a holomorphic function $§ — C. Let K
be a compact subset of ). Let S* = {(x,y) € R?|2? +y? = 1} be the unit circle
in R?. Recall that S! is a compact subset of R2. Thus the product K x S!
is a compact subset of § x R2. Clearly, (7,z,y) — |o7 + y| is a continuous
function K x S' — R. Hence it attains a minimum value p. For all 7 € K and
mi, mo € Z with (mq,ms) # (0,0),

my ma 9

2 2 2
m%+m%7—+m%—|—mg| (m1+m2)

> pi(mi+m3).

a7 +mof? = |

Thus for all 7 € K, Gi(7) is bounded above by the series

kN 2 2\—k/2
M Zml,mg(ml +m3) .

Now,
/
—k/2 _ —k/2
S eSS ()
N=1mi,mg
where the inner summation is over those mi,mo € Z such that |m;| = N
and |mg| < N, or |ms] = N and |my| < N. Fixing N, there are a most

2- (2N + 1) = 8N + 4 such pairs (m1,mz) € Z*. Thus

Z > (mi+m3) < Z (SN +4)(N?)~h/2 = ZSN P AN TR
N=1m1,ma N=1 N=1
We have shown that g~ > V_; 8N %1 + AN~ is an upper bound for G(7).
Since k > 2, the latter series converges, so by the Weierstrass M-test, G ()
converges uniformly (and absolutely) on K.
This proves that G (7) converges uniformly on compact subsets of §. There-
fore according to [5, Theorem 1.1, Chapter V], G}, is a holomorphic function on

9.

10



We now show that G}, satisfies the automorphy condition. Let 7 € $ and

a b
’y( >€F.Then
c d

ar +b
Gr(yr) = Gk(c¢+d)

! at +b &
Z ml,mz(ml ct+d +m2)

’ miat + mib+ mact + mad, _y,
Zml,mz ct+d )

/
= (cr—&—d)kzm . ((m1a 4+ mac)T 4+ myb + mad) ™%, (4)

Since ad — be = 1, (my,ms2) — (mya+ mac, m1b+ mad) is a bijection Z2 — Z2,

by the Euclidean algorithm [4, §12.3]. Thus, after changing variables,

/

/
Z - ((m1a + mac)T + myb + med)™F = Z o (ma7 +ma)F = Gi(7).
(5)
Combining (4) with (5),

Gr(y7) = (7 + d)*Gi(7) = j(7,7)" Gr(7).

11
Finally we show that Gy is holomorphic at infinity. For v = <0 1) € I' and

T € $, we have Gi(y7) = Gk(éiﬂ) = Gi(7 + 1). But since Gy, satisfies the

automorphy condition, then Gy, (vy7) = j(7, 2)*Gi(7) = (07+1)*G1(7) = Gr(7),
and so G (7 + 1) = Gg(7). That is, Gy is 1-period. Since Gy, is holomorphic on

$ with period 1, by Lemma 5 it has a Fourier expansion

Gi(r) = Z ane®™ T EH.

n=—oo

Now, since k is even and Gp(7) converges absolutely,

Gr(r)=20(k)+2 > > (mr+ma)".

oo

oo (7+n)~k. It follows from the Weierstrass

For m; = 1, the inner series is »
M-test that the series 3

o o(mn)Fand Y07 (74n)~* converge uniformly
on every compact subset of §) and hence define holomorphic functions on $).

Therefore Y07 (7 +n)~F defines a holomorphic function on §. Certainly

n=—oo

S (T+n)7"is 1-periodic. Thus it has a Fourier expansion

oo

Z (T-l-n)_k: i aye%riru.

n=-—oo v=—00

11



Then by Laurent’s formula [5, Chapter V, Theorem 2.1], for an arbitrary o € 9,

To+1 > )
a, = / ( E (T4 n)"F)e 2" qr,
7o n=-—oo
Since k is even and k > 2, the series converges uniformly so we can interchange

integration and summation

> To+1 )
oy = Z / (14 n) ke 27 dr

n=—o0 Y70

co+1yo )
_ / T—ke—Qﬂ-zm-dT (6)

—00+iyo
where $(19) = o.
Put 7 = x + iyg. Thus

oo
la,| < ezwyo/ |x+iy0|_kd7'

— 00

o0
627ruy0/ (x2+y(2))7k/2d7

— 00
o0
_ eZ‘n’uyoyéfkr/ (12 + 1)_k/2dl’.
—o0
This integral converges to some ¢ since k > 2. Thus

627r1/y0

|| < ———ck.
v yg 1

Since we can choose g to be arbitrarily large, it follows that
a, =0 forall v<O0.

For v > 0, we integrate 7~%e~2™*7 along the oriented paths in Figure 2,
where y; < 0 is arbitrary, and apply the residue formula [5, Theorem 1.2,
Chapter VI] to obtain

/Tfk€72m'u'rd7_ — / Tfkef27riurd7_ o ReS(Tikeiz‘m’VT; O) (7)
I II4+ITI+IV
On path II,

|T—k€—2m'ur| — |T + Z'y‘_k|e_2ﬂ”(T+iy)|

(T2_~_y2)7k/2627r1/y
(T2+02)7k/2627wy0

_ T7k€27”/y0 )

IN

12



Figure 2: Paths of integration for 7=%e=2™"7 (only singularity is pole at origin)

A

T+ iyo o T" +iyo

1
v
yu
T 0+ 0i T

111

T + iy 1y T+ iy

That is, an upper bound for |7~ ¥e=27%7| on path II is T~*e2™% . The length
of path ITis yo —y1. Thus by [5, Theorem 2.3, Chapter IIT] we have the estimate

|/ T—ke—QwiquT‘ < T—ke2‘n—yy0(y0 _ yl)-
I

The limit of the righthand side of this inequality as T — —oo is 0. Hence
lim7p_,_ o fH T ke 2mWT dr = (.

Similarly on path IV,

|T—ke—2m'm—| _ |T/ +iy|—k|e—2niy(T/+iy)|

(TI2 + y2)7k/2627r1/y

< Tlfk627rt/yo .

The length of path IV is yg — y1, so we have the estimate
‘ T7k€727riurd7_‘ S T/7k627ruyo (yO _ yl)'
v

Hence limp oo [y, 7 Fe 2™ 7dr = 0.
For path III,

|7_7196727ri1/7| _ |x+iy1|fk|6727riu(a:+iy1)|
— |Z‘+Z‘y1|7k€2m’y1
<yt

13



hence

T/
| / T—ke—QﬂiquT| S | / (332 + y%)—ke%ﬂ/yldaj
111 T

T/
= e%”yl/ (x2+y%)7kd1’.
T

dr = Qkﬂ%y% - [5, Chapter XV, §2, K7]. Thus
1-3--(2k—3) 1

=T T3 (k—1) y2k—T°

HOWeVer fOO %ﬂ)

the absolute value of the above integral is bounded above by e2™ 1

Since y; < 0 is arbitrary, it must be that

lim lim TR 4 = ()
T——o00T'—oc0 111

Therefore (7) reduces to

ootiyo , ,
/ T7k67271'u/‘rd7_ — 7Res(,}_fk6727ml/‘r;0)'

—oo+1iyo
Now, the Laurent series of 77 %e~2™%7 is
—k ,—2mivT ok 27””
ot ey
B > (—271'11/)17'17’%
N I
1=0
. . Nk—
Thus Res(r~Fe=2m7;0) = % Hence
T ReT T dr = (—2mi) .
— ooty (k—1)!
By (6) we have
. VRl
oy = ( 271'2) W,

giving us the Fourier series when m; = 1.

Then for m; > 1,

Z (mlT + Tl Za 627r21/m1‘r
hence
Gk(z) =
2(27”) . TNz
2¢(k) + =1 ;Uk_l(n)ez , (8)

14



where o,(n) is the sum of the rth powers of the positive divisors of n, e.g.
o (6) =17+ 27 + 37 4 6.

Therefore limg(.)—oc Gx(2) = 2¢(k). Hence G}, is holomorphic at infinity,
and the constant term in the Fourier expansion of Gy, is 2¢(k). Since ((k) =
S22 L #0, Gy is not the zero function. O

n=1n

For even k > 2, in the following theorem we show that Mj(I') decomposes
into an internal direct sum of the cusp forms Si(I') and multiples of the Eisen-

stein series Gp.

Theorem 11. For all even k > 2,
Mk(F) = S5:(T) ® G,C.

Proof. For f € My(I'), f has a Fourier expansion
e .
flz) = zjanez’”z7 a, € C.
n=0

Let h = f — %&)Gk. Then h € S(T'), and f = h + %&)Gk where %&)Gk €
G;C. Furthermore, the only multiple of G} with zero constant term in its
Fourier expansion is the zero function. Hence the intersection of Si(I") and

G C is the zero subspace of My (T'). Thus My (T") = S(T") ® G C. O

5 The Dedekind eta function

We would like to give an explicit example of a nonzero cusp form. We will

construct this using the following function.

Definition 12. The Dedekind eta function 7 : $§ — C is defined by

n(z)=q¢"* [ -q" 9)

2miz

forq=-e

We will now show that the Dedekind eta function is holomorphic on $ and
has no zeros in $. This will be done by showing that the infinite product defining
1 converges uniformly on all compact subsets of $. We will prove the uniform
convergence of this infinite product by results about the uniform convergence

of series.

15



Let a,, be a sequence of complex numbers such that the series >~ log(1+
an) converges. Here log(1+2) = —> ", %
with center 1+0¢). For all N, eXP(ZiV:l log(1+ay,)) = HnN:1(1+an). Since the
exponential function is continuous, we have [])7 (1 +a,) = exp(} -, log(1 +

an)) # 0.

Let K be a compact subset of §. Let 29 € K such that [e>™*| is maximum,

for |z — 1| < 1 (the open unit disc
o0

n=1

and put go = €2™*0. Since |qo| < 1, there is some m such that for all n > m,
lgi| < 4. Now, let 2z € K, and put g = e2™*. For all n > m,

[log(1—q")] < \q|+72 +...
n|2
< \q3|+—'q‘;' +o
< lggl+lagl® + - ..
1
= qni
Kl
< N —
‘QOll_%
= 2|gol-

But the series Y |qo|™ converges (since |go| < 1). Hence by the Weierstrass
M-test, Y07 log(1 — e*™#) converges uniformly on K.

Let h,, be a sequence of continuous functions that converge uniformly on K
to a (continuous) function h. Then there exists an N such that for all m > N,
|hm(2) —h(2)] < 1 for all z € K. Since h is continuous, h(K) is compact, hence
it is contained in a closed disc, of radius r. Let D be the closed concentric disc
with radius r + 1. Then h,,(K) C D for all m > N. Now let ¢ > 0 be given.
Since exp is continuous on the compact set D, it is uniformly continuous on
D [6, Theorem 4.19]. Hence there exists a 6 > 0 such that if w,ws € D and
|wy — wa] < §, then |exp(w;) — exp(ws)| < €. But since h,, — h uniformly on
K, there exists an M > N such that for all m > M, |h,,(2) — h(z)| < § for all
z € K. So |exp(hm(z)) —exp(h(2))| < € for all m > M,z € K. Thus exp o hy,
converges uniformly on K to exp o h. Setting h,, = >/, log(1 — e2™"%), we
find that the infinite product [] -, (1 — e*™#) converges uniformly on K.

Since the infinite product [],- (1 — e?™™%) converges uniformly on all com-
pact subsets of 9, () = e™*/12[[>°_, (1—e?™"#) is a holomorphic function $ —
C [5, Chapter V, Theorem 1.1]. As n(z) = e™*/12exp(>_07 , log(1 — e?7"#)) for
all z€ 9, n(z) #0 for all z € H.
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The following theorem shows how 7 transforms under B = (1 0 ) , one of

the two generators of the modular group I', by Theorem 2. After this theorem,
we can then show how 7 transforms under the whole modular group I'. Our

proof of the following theorem follows [2, Theorem 2, Chapter VIII].

Theorem 13. For all z € 9,

77(_71) = \/?n(Z),

where NEL the principal branch of the square root, holomorphic on the plane
with the ray {z € C: Y(z) = 0,R(z) < 0} removed.

Proof. n(=*) and \f 7(z) are holomorphic functions of z on ). If they are
equal on a set with an accumulation point in $) then they are equal on all of §
by the identity theorem for holomorphic functions [5, Chapter I1I, Theorem 1.2].
It therefore suffices to prove the theorem for purely imaginary z = iy,y > 0.
Suppose now that z = iy, y > 0.

Since n(z) # 0 for y > 0, we can take logarithms in (9), and use the series

expansion
log(1 — €*™m#) = i% mikmz - ¥(2) >0, m=1,2,...
to obtain 7
logn(z) = —= + Z log(1 — e*™*) = iz i i% amikmsz, (10)

m=1 k=1

The double series converges absolutely, because |e27Fm?| = e=27kmy o/ > (),
Since ¥(z) > 0, we have S(—1) > 0. We can therefore replace z with —1 in

(10) to obtain

1 Ay I
logn(—;)Z—f—Zzze smikm/z, (11)

m=1 k=1
Since
el e2mikz 6727\"”6‘/2
2mikmz __ 727r7,km/z _
e = and —_—
— e2mikz 1 — e—2mik/z’
m=1 m=1

to prove to the theorem it suffices, by (10) and (11), to prove

7T’LZ 1 e2mikz 67271'1']6/2 1

k eQTrikz - 1— e—Qﬂik/z) = 5

Mg

z
12z 2 log 7 (12)

17



Now, the nth partial sum of the infinite series in (12) can be written as

n 1 9p2mikz ) 26727rik/z .
;%(1_6271’%‘192 +1- 1 — e—2mik/z o )
i i ( 1+ e27r1',kz N 1+ e—27r1',k/z>
= — (1 - (3 -
P 2k 1 — e2mikz 1 — e—2mik/2
noo. 13
:ZL(cotwkz—&—cot 7T—k) "
— 2k z

j k
(cot mkz + cot 7T—),
z

Il
g0
|
3
S
?r‘“’

22511 _ coss

where cot s = iS5 = 52 is the cotangent function.
e?ts —1 sin s

To prove the theorem, by (13) it suffices to prove that

) 1 ) k 1
—%(2-&-;)—&— Z ﬁ(cotwkz+cot%)—>§log§, asn — +oo.  (14)

This will be done by applying the residue theorem to a certain path integral, of

a suitably chosen function.

Let
S 1
©(s) = cot s - cot —, 1/:71'(71—1—5)7 (15)
z
Since sin(s) = ew;jﬂ.s has a simple zero at s = nm and no other zeros, and
cos(s) = ewg’fﬂs has a simple zero at nm + /2 and no other zeros, n € Z, the

function cot(s) has a simple zero at s = nwi+ 7/2 and a simple pole at s = n,

n € Z, and no other zeros or poles. Therefore ews) g4 meromorphic, with simple

s
7k
v

poles at s = Ll,k and s = Tz where k is any nonzero integer, and a triple pole
at s = 0, and has no other poles.

The Laurent expansion of @ about s = 0 is found by noting that

Cos §
cots = -
sin s
1-% +
_ 5
- 2
s(1— 5 +...)
1 52 52
= —-(1——=+..)(14+—=+4...
-S04
_ 1 s+
= 73t



and so
pvs) 1,1 s z  Us

= (——?+...)(———+ ).

S S VS

vs 3z

Furthermore, cot s has period m, because

.62i(s+7r) +1 '621'5 +1

cot(s+m) = e sl e cot s.
Thus the Laurent series of cot(vs) about s = Z¥ is
1 I/S—7Tk+ B 1 V(S—Ll,k)+
vs — 7k 3 T (s — TR 3 Y
v
and the Laurent series of cot(2) about s = ™2 is
L~k S Chucki 2
2 —rk 3 v(s— Lukz) 3z
The residues of @ at s =0, s = “7’“, and s = ”Tkz are respectively
1 1 k k k
—g(z + ;), # Res(cot(vs); %) cot %, é cot(mkz) Res(cot g; %
ie.

2),

1 1 1 wk 1
—g(z + ;), et —, — cot mkz.
Let P denote the parallelogram with vertices at A(s = 1), B(s = z = iy),
C(s=1) and D(s = —z = —iy) oriented counterclockwise, shown in Figure 3.

Then since v = m(n + 3), the residue theorem implies that

1 o(vs) 1 1 "1 mk
— [ ——=ds=—= = — (cot mk t—).
2772'/13 s y 3(z+z)+z7rk(co7rz+co z)

k=—n

Here the initial term is the residue of 2% at the triple pole s = 0, and the

S
summation is over the residues of @ at the simple poles s = Luk and s =

#(

respectively; the function qu) has no other poles inside P. Thus,

o) T L k
/P 85 ds = 12(z+z)+ Z 4k(cot7rkz+cot p; ).

k=—n

k0

To prove (14) it therefore suffices to prove that

tim [ )

n—oo [p S

1 1
ds=§log§, 1/:71'(114—5).

19
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Figure 3: Paths of integration of @7 v=m(n+3)

A
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Because cot s has period 7, and | cot 5| < M; for s € P with —F <R(s) < T,
|s| > dp > 0 (since the only pole of cot s with real part between —m/2 and 7/2
is 0), it follows that

1
|<p(zs)|<M, s € P, U:7T(’I’L+§),’I’L=1,2,.... (17)

Here M is independent of s and v. As well, since

e27ris +1
cots = 227,
e2mis _ |
we have
—1, as S(s) — +oo,
cot s — (s) (18)
+i, as $(s) = —o0.

Let K be a compact subset of the upper half plane ), and let € > 0. As
v — 00, S(rs) — oo for s € K. Thus by (18), cot vs — —i as v — oo uniformly
for s € K (since as K is compact, there is an s € K such that $(s) is minimum).
Similarly, cot vs — +i as ¥ — 400 uniformly in every compact set in the lower
half plane (s) < 0, cot 22 — —i as v — 400 uniformly in every compact set
in the left half plane 3(s) < 0, and cot * — +i as v — +00 uniformly in every
compact set in the right half plane (s) > 0.

To prove (16), we shall show that

where the integrals on the right hand side are along the respective paths AB,
BC, CD, DA of the parallelogram P. We will then show that the sum of the
integrals on the right hand side is equal to 4log %, which would prove (16).
We first split the integral along the path AB into three parts, from A to
A, A to B', and B’ to B, such that the distances |AA’| and |B’B| are equal
to & > 0, to be chosen sufficiently small. From above, ¢(vs) — (+i)(—i) =1
uniformly as v — oo, for s in the compact set A’B’. Therefore, for any ¢ > 0
there exists a vy such that for all v > vy, |p(vs) — 1] < € for s € A’B’. But
|s| has a minimum 6; > 0 on A’B’, so |%| < % for s € A’B’. By (17),
|“0(%)_1| <M+ % for all s € AA’, B’B. Hence, given € > 0, there exist a § > 0
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Figure 4: Simple curve L joining A and C

and a vg such that for all v > 1y, we have

B
—1
[Tty o [ e ds|+|/ |+|/
A S ’
< |AB| +6(M+6)+5(M+5)
1
€.
We have just shown that
B B z
d d
lim Mds:/ o[z (20)
n—oo J A S A S 1 S

Similar results hold for the other three edges of P. Thus (19) follows, and

z z
lim / L(”S)ds:2(/ @+/ ds)
n—oo J/p S 1 S -1 S

Let L be a simple curve in the upper half plane joining A and C' and not
passing through CB or AB, as in Figure 4. Since L is homotopic to the arc of
the unit circle from —1 to 1, which is parameterized by s = e, 7 < ¢ < 0, by
[5, Chapter III, Theorem 5.1] we have

t 0
€ >:/idt:—

As 0 is not in the region contained by L and the line segments C' B, AB, by the

L S
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residue theorem we have that fCB ds — fL ds 4 fAB ds Thus,

S S S

m [ P4 = 4/ sy [0
1

n—oo | p S S L S
m
— 4logz—2-27
ogz B)

= 4logz —4log1

4log f
i
This proves (16), and thus the theorem. O

The proof of the analog of the automorphy condition for 7 follows [2, Chapter
VIII, Theorem 3].

Theorem 14. Suppose a,d,b, c are integers such that ad —bc = 1. Then for all
zZ €N,

az+b
W(Cz+d)=wVCZ+d'77(Z) (21)

where w € C is a 24th root of unity that depends on a,b, c,d, but not on z.
Proof. First we note that for all z € 9,

77(2 +1)= 6% H(l - e2n7riz(zi1)) _ eim/lQn(z). (22)

n=1

11 0 -1 b
Let A = B— candlet M = [ ET. If M = A+!
01 1 0 ¢ d

or B = B~! then
n(Mz)** = (cz +d)"*n(z)* (23)

holds because of (22) and Theorem 13 respectively. Now suppose (23) holds for

some fixed M = (a
c

MAE = a b 1 +1 _|a +a+b
c d 0 1 ¢ *c+d

MEB - a b 0o -1
“\e dJ\-1 o0

n(MAﬂz) =(c(z£1)+d)*n(z+ 1)24 = (czxc+d)?n(z)

b
) € I'. Then
d

and

Il
|

\
Q o
|
o
~_

Hence
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by (22). Therefore so (23) holds for M A*!. Furthermore

MOMB2) = (o) d) ()% = (CEE By 220202 = (42— 2 (o)

by Theorem 13. Therefore (23) holds for MB = MB~!. Since I' is generated

b
by A and B, by Theorem 2, therefore (23) holds for all M = (a d) erl.

C

For M = (Z Z) € I, taking the 24th roots of both sides of (23) gives
n(Mz) = w(z)Vez +d - n(z) for some function v that takes values in the 24th
roots of unity. But n(Mz) and v/cz + d - n(z) are continuous functions of z on
9, and ez +d-n(z) # 0 for all z € §, so w(z) is a continuous function on
$. Since w(z) is a continuous function from the connected set $ to the discrete
set of 24th roots of unity, it must be a constant 24th root of unity w, which

completes the proof. O

Now we can explicitly construct a cusp form. By taking the 24th powers of

each side of (21) we find that n?* satisfies the automorphy condition 7(yz)?* =

j(v,2)2n(z) for all v € T and z € §. This leads us to define the following

function.

Definition 15. The modular discriminant A(z) is defined by
A(z) =n(2)*

for z € 9.
Corollary 16. The modular discriminant A is a cusp form of weight 12.

Proof. That A is a holomorphic function $ — C and that A is holomorphic at
infinity follows immediately from A = n?%.

Suppose a, b, c,d € Z such that ad —bc = 1. Then for v € T', z € $, Theorem
14 tells us that

Alyz) = n(y2)*
= (Vily,2)-n(=)*
= j(12)PA2).
This shows that A satisfies the automorphy condition. Therefore A is a modular

form of weight 12.
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Moreover,

lim A(z)= lim 7(2)**=( lim n(z))** =0,

showing that A is a cusp form of weight 12. O
Since A is a cusp form, it has a Fourier expansion A(z) = Y07 anq",
q = e*™*. The Ramanugjan tau function is defined by 7(n) = a, for all n,

that is, the Ramanujan tau function is defined by the Fourier coefficients of the
modular discriminant.

We give the following estimates for the magnitude of the Fourier coefficients
of cusp forms. The following estimates will be employed in defining a certain
inner product on Si(T') in §6. Moreover, since the Fourier coefficients of cusp
forms are related to number theoretic functions, estimates on their magnitude
give us number theoretic information. The proof of the following theorem follows
[8, Chapter VII, Theorem 5].

Theorem 17. If f € Si.(T') with Fourier expansion
f(Z) = Z a’nqna q= 627”-27
n=1

then a, = O(n*/?) for alln > 1.

Proof. Indeed the series > > | a,q" "' defines a holomorphic function in a closed
disc D about ¢ = 0 of radius r for any 0 < r < 1. Let such an r be fixed. Then
Zzo:l a,q" ! has a maximum value in the compact set D. Hence for z = x -+,

as y — o0,
‘f(2>| = O(q> = O(e_Qﬂ—y), q= e2mi(z+iy) o D,

since for all sufficiently large y, 2™+ ¢ D. Let o(z) = |f(z)|yk/2 for

b S
z €9,y =S(z). Then for all g = “ d) el S(gz) = |c\;fd)\2' Hence
c

elos) = IS

k/2

= e+ @l

Y2

dl¥ _—
ez + dP 1) g

= ¢(2),
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0 ¢ is invariant under I'. Since f is a cusp form, ¢(z) — 0 as y — oo. Since ¢
is continuous on F, the closure of the fundamental domain F, it is bounded on
the compact set obtained by removing all z € F with 3(z) > yo some 3 > 0.
Therefore for some M > 0, |o(z)| < M for all z € F. The invariance of ¢ under
I' implies that |p(z)| < M for all z € . Hence

1f(2)] < My=*2 2 €9,y=3(z). (24)

Let y > 0 be fixed and let C}, be the circle about the origin with radius y,
parametrized by ¢ = €?™(*+%) 0 < 2 < 1. Then using Cauchy’s formula 5,
Chapter III, Theorem 7.1],

1
! n(ﬁ dg = /0 flz+iy)g "dx.

" 2mi c, 4

Consequently, by (24),
1
|an| S/ My—k/2€27mydx — My_k/2€27my.
0

But this inequality is valid for all y > 0. Letting y = 1/n, we obtain |a,| <

e2™ Mn*/2 proving the claim. O

6 The vector spaces of modular forms

In this section we will prove several results about the vector space M(T"), and
in particular the subspace Si(T'). We will explicitly determine the dimension of
My (T). After this we will introduce an inner product on the subspace of cusp
forms Sy (T").

For modular forms f,g where g has no zeros in ), we shall define their
quotient f/g by (f/9)(z) = f(2)/g(z). Let ords f be the order of the zero f at
infinity.

Lemma 18. If f € My(T'),g € M;(T") such that g has no zeros in $) and
ords f > ordy g, then f/g € My_(T).

Proof. Clearly f/g is holomorphic on $). Since ord, f > ordy g, f/g is holo-

morphic at infinity.
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Let v €T, and let z € $. Then

f(vz)
(flg)(vz) = o(12)
_ )M ()
J(v:2)tg(2)
_ J)M ()
9(z)
= J(% 2" /9)(2),
which shows that f/g € My_;(T). O

The following lemma shows that a modular form of weight 0 is constant.
This lemma will be used in determining the dimension of My(T'), for which
we need to show that certain modular forms must be scalar multiples of other

modular forms. Our proof of this lemma follows [3, Chapter IX, Notes on §9.11].
Lemma 19. A modular form of weight 0 is constant.

Proof. Let f be a modular form of weight 0. Let F' = {7 : |7| > 1, |R(7)| < 1/2},
a fundamental domain for I'. Then for 7 = z + iy € F, lim,_. f(7) = a for
some « € C. Since f — « is also a modular form of weight 0, we may suppose
without loss of generality that @ = 0.

Because for 7 = z + iy, lim,_.o f(7) = 0, there is a y > 0 such that for all
7=z +iy with y > 9}, |f(7)| < 1. Then in the compact set {T =z +iy € F :
y < yh}, | f(7)| is bounded. Hence |f(7)| is bounded on F'.

Let M = sup_ .7 |f(7)] < oo. If M # 0, then there exists a yo > 0 such
that for all 7 = z + iy € F with y > yo, |f(7)| < M/2. Thus |f(7)| attains
its maximum in K = {7 = 2 +iy € F : y < y}. By the maximum modulus
principle [5, Theorem 1.3, Chapter III}, | f(7)| attains its maximum at some 7,
on the boundary of K, so |f(79)| = M. If f is not constant then there must be
a 1o € $) such that |f(72)| > |f(71)|. But since F is a fundamental domain for
I, there exists a v € I' such that 75 € F. As f is a modular form of weight 0,
M > |f(yr2)| = |f(m2)| > M, a contradiction. Thus f is constant. O

It will be convenient to define the normalized Eisenstein series Ej by

_ Gi(»)
2¢(k)

Ek(z)

27



where ((s) = >, n~* is the Riemann zeta function. Certainly E}, is a modular
form of weight k, since G is. Thus Ej has a Fourier series Z:,O:O anq™. We
N
will use the fact that ag = 1 and a1 = %, which are immediate from
6

the Fourier series (8) of Gj. In particular, since ((4) = g—é and ¢(6) = g [8,
Proposition 7, Chapter VII], the coefficient a; of ¢ in the Fourier expansions of
FE, and Eg is respectively 240 and —504.

The proof of the following theorem follows [1, Proposition 1.3.3]. It will be

used in the proof of the general formula for the dimension of M (T).

Theorem 20. The space of cusp forms of weight 12 is one dimensional, spanned
by the modular discriminant A. Moreover,
1 .
= ——(E} - E}). 2
795 (Pt — Eg) (25)
Proof. Let f € S12(T"). A has no zeros in $) and ords f > 1 = ordes A. By
Lemma 18, f/A is a modular form of weight 0. Thus f/A is a constant, so
f = cA for some c € C.
We work out the first several terms of the Fourier expansion of 15z (Ef — E3)
to find
1
@(Eﬁf — E2) = q — 24¢% + 252¢° — 1472¢* + 4830¢° + .. ..
This implies that ﬁ(Eff — E2) is a cusp form of weight 12, and by the above,
255 (G} — GZ) = cA for some constant ¢ € C. Thus comparing the Fourier

coefficients of ¢, we see that ¢ = 1, completing the proof. O

The proof of the following fact follows the sketch [1, Exercise 1.3.3]. A

27i/3

consequence is that G4(p) =0 for p=e¢ , which we will use in our proof of

the dimension formula for M (T").

Lemma 21. Let p = e*™/3. [If 3 does not divide k, then f(p) = 0 for any

modular form of weight k.

1 1
Proof. v = ( . 0) eI, and

1 1 .
=Pt L e —1—(=1/2—iV3/2) = —=1/2+iV3/2 = p.
—p p
Certainly then f(yp) = f(p). On the other hand, as f is a modular form of

weight k, f(yp) = j(v,p)* f(p). Since j(v,p) = —p,
Fp) = (=p)F fp) = e ™3 f(p).
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But k is not a multiple of 3, so it must be that f(p) = 0. O

Now we can determine the dimension of My (T'). Our proof of the following

theorem follows [1, Proposition 1.3.4].

Theorem 22. If k is an even nonnegative integer with k = 125 +r for 0 <r <
10, then

) ji+1, ifr=0,4,6,8 or 10,
dim M12j+r(l“) =
J otherwise.

If k is a negative integer then dim M (I") = 0.

Proof. We will first show that for ¥ = 4,6,8 or 10, Si(T') is the zero space
and thus that My (T) is generated by Gi. Let f € Si(T'), and suppose by
contradiction that f is not the zero function. Now, for h = 6(12— k), Gi,(f/A)8
is a modular form of weight 0 by Lemma 18. Hence it is a constant c¢. So
G}, = cA8/f5. This implies that G}, has no zeros in §, because A has no zeros
in $ and f is holomorphic in $. For H = h/12, H = 1,2,3 or 4. We consider
A" /Gy, Since G, has no zeros in $ and does not have a zero at infinity, it
follows that AH /G}, is a modular form of weight 0. A /G}, has a zero of order
H at infinity but is not the zero function, a contradiction. This means that f
must be the zero function. Hence for k = 4,6, 8 or 10, M(T') is spanned by the
Eisenstein series G3, and thus is one dimensional.

We now show that Ms(T") is the zero space. Suppose by contradiction that f
is a nonzero element of My(I"). Then fG4 € M(T'). From the above, we know
that Mg(T") is generated by Gg, hence fG4 = ¢Gg for some ¢ € C. Because
f is not the zero function, ¢ # 0. By Lemma 21, G4(p) = 0 for p = €27/3,
This implies that Gg(p) = 0, as ¢ # 0. But then by (25), A(p) = 0, which
is a contradiction. Therefore f must be the zero function. So M;(T') is the
zero space. Finally, My(T) is of course one dimensional, as it spanned by any
constant nonzero function $ — C.

For k > 12, we shall show that f — Af is a vector space isomorphism
My—12(T) — Si(T). Clearly this mapping is linear over C. If Af is the zero
function then f must be the zero function (since A has no zeros in ), so this
mapping is injective. If f € Si ('), then f/A is a modular form of weight k —12.
However, f/A is sent by this mapping to f. This shows that this mapping is
a surjection. Therefore the vector spaces Mj_12(T") and Si(T") are isomorphic,

and thus have the same dimension.
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Suppose that k is a negative integer and f € M(T); we may suppose that
k is even. Then for some r, 0 < k + 12r < 12. Let b = k + 12r. Now,
fA™ € My(T'). However lim,_,(fA")(x + iy) = 0 since A is a cusp form.
From the above, a modular form of even weight 0 < b < 12 is either a constant
function (b = 0), the zero function (b = 2) or a multiple of the Eisenstein series
of weight b (b = 4,6,8,10), namely aG} for some a € C. Each of these cases
implies that fA" is the zero function. As A" has no zeros in ), f must be the
zero function. Therefore a modular form of negative weight is the zero function.
Hence if & < 0 then dim M(T") = 0. O

We now introduce the Petersson inner product (-,-) on the space of cusp
forms of a given weight k. We will show that indeed (-,-) is an inner product,
that is, that it is linear in the first argument, conjugate symmetric, and positive
definite.

Definition 23. The Petersson inner product (-, -) on Sk(I") is defined, for f,g €
Sk(r)r by

dxzd
/f % ”, s=xz+iy, z,y€ER, (26)

where F = {z: |z| > 1,|R(2)| < 3}.
Theorem 24. (-,-) is an inner product on Sy (T").

Proof. By (24), f,g = O(y~*/?), i.e., there exist C, D > 0 such that |f(z)| <
Cy=*/2 |g(z)| < Dy=*/? for all sufficiently large y, z = = + iy. Then, since

)
9(2)| = (2],
dxd R
|/f P < /Flf(Z)Ilg(Z)y
. /Cy,k/gDy,k/ka%
dxdy
— D /

1/2
< C’D/ / dxdy
V3/2J-1/2 y?

= ody
V3/2 y?
= CDV3.

, dxdy
2

= CD
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Therefore the integral (26) converges. We shall now show that (-,-) is an inner
product on Si(T).
That (afi+f2,9) = a(f1,9)+a(fa, g) for all fi, fo, g € Sk(T'), a € C, follows

immediately from the fact that integration is linear.

Let f,g € Sk(I'). Then
dxd
Jp e

_ / a2 dmdy

= (9.0)
showing that (-,-) is conjugate symmetric.

Let f € Sp('). If f =0 on $ then (f, f) = [, 0dzdy = 0. Otherwise, if f is
not identically 0 on ), then there is some zy € $ such that f(z9) # 0. Since F'
is a fundamental domain, there exist z, € F, g € T such that gzo = 2. Because
f(gz0) = j(g,20)%f(20) # 0, then f(z}) # 0. Since f is continuous, there is
some disc D of radius > 0 about z{ on which f is nonzero. But indeed there is
a disc D’ of radius > 0 such that D’ C D N F. Hence,

/ (2 kdzdy
/F If(Z)Idexdy
[ 1s@lt2dody

> 0,

(f,9)

(£, 1)

\%

so (f,f) > 0if f #0. This verifies that (-,-) is positive definite. Therefore (-, -)

is an inner product on Si(T). O
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