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1 Laguerre polynomials

1.1 Definition and generating functions

LetD:%. For o« > —1 and n > 0 let

a _ wm_a n( . —x, .ntao
LY(z)=e WD (e7 %" T,
called the Laguerre polynomials. Using the Leibniz rule for D™(f - g) yields

ar = Tn+a+1) (—x)F
Ln(w) = Z D(k+a+1)kl(n—k)!

k=0

The generating function for the Laguerre polynomials isE]

w(z,z) = (1 —z) 0 temv2/(1=2) = ZLZ(;U)Z”, |z| < 1.
n=0
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IN. N. Lebedev, Special Functions and Their Applications, p. 77, §4.17.



W satisfies
— n! Ly (x) L3 (y)
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W(z,y,z) =

1.2 Differential equations satisfied by Laguerre polynomi-

als

w satisfies the ordinary differential equation
(1— 20w+ (z— (1 —2)(1+a)w=0.

This yields, for n > 1,

(n+ 1)Ly () + (x—a—2n—-1)L5(x) + (n+ a)Lj_ (z) = 0.

w also satisfies the ordinary differential equation
(1 =t)0,w + tw = 0,
which yields, for n > 1,
DLy —DLY _+ Lo | =0.
Using and gives
DLy =nLy — (n+a)Ls_4, n>1.
Using and we get, for n > 0,
xD?*L%(z) + (o + 1 — 2)DL(z) + nL%(z) = 0.

1.3 Integral formulas for Laguerre polynomials

For v > —1, a > 0, b > 0, using the series for J, one calculatesﬂ

> —a?z? v+1 _ by _2
/O e Ju(bl‘)x dr = W@ 4a? |

Applying this with v =n + a, a = 1, b = 2\/z, x = V/ yields

| etV L= GEEE

0 2\/% on+a+l

i.e.

/ e nra 2Vt (Vat)"Todt = e """t

0

2N. N. Lebedev, Special Functions and Their Applications, p. 132, §5.15, Example 2.



Now, it is a fact that

é%lfszL(Zw/ﬁ)ZZIA”‘1V2JL—1(2x/ﬁ%

and using this and @7 we get that for & > 1 and n > 0,
T -2 o
Lﬂ@zgﬁ——/ nal2 1 (2/zt)etdt

TL! 0

We remind ourselves that for « > —1 and |z] < 1,

(172)a17yt/1t ZLQ

2ytty—yt y(14t)

. . Lyt _y — —
For |z| < %, using this and e"T-772 =¢  20-0 =¢ 20-9 one checks that

(1——z)7a41l/1 e B0 2 7, (V) dy
0
o0 e}
=0 [ ey L )y
n=0

Then one gets, for |z| < 1,

oo

262202 N (1)L (w Z / eIy ] (/)L (y)dy.

n=0

Therefore for « > —1 and n > 0,

—x « o - > -1 o o
e 202 L0 (z) = !/ Jo(vEy)e Y2y 2 L3 (y)dy.
0

2

1.4 Orthogonality of Laguerre polynomials

Let
Palx) = e Tz
Let
=pl/?L2, n > 0.

uy, satisfies the differential equation

'y a+l z o\
(a:un)+(n+ 5 1 4x)un—0.

Using this we get
oo

(Ul U, — Ul )

+ (n— m)/ UmUpdx = 0.
0 0



Then ~
(n— m)/ U Updz = 0. 9)
0

Using yields for n > 2,
n(Le)? = (n+a)(Le_1)? — (n+ 1)LY LYy +2L2LY | + (n+a—1)LELY_, = 0.
Using this and @[), for n > 2,
n/ e T L (x) dr = (n—l—a)/ e Tx* LY (x)3d.
0 0

Iterating this, for n > 2,

bl +a)(nt+a—-1)---(a+2) [ _
T Qo 2 :(TL / T.ago 2
/Oe 2Ly (x) dx W1 —2) 3.2 ; e Tx*L{(x) dx
_I'n+a+1)
N n! '

1.5 Asymptotics for Laguerre polynomials

It can be proved that for a > —1, with N =n + %‘Hﬂfor z € Rxo,

I
~ (n+a+1)6£/2
n!

LS (x) (Nz)~ /2], (2VNx), n — oo.

1.6 Laguerre expansions
Suppose that f : Rsg — R is piecewise smooth in every interval [z1, 23], 0 <
71 < x9 < 00, and f € L?(dpy). Let
n! *
) = Ty |, F L@@,
pPa(x) = e ®z%. It can be proved thatﬂ if f is continuous at = then

N
S enlHLG() = f(x), N oo,

and if f is not continuous at x then

N
> en(fLY(x) — f(x2+0) +f<x2_0)7 N — oo,
n=0

which makes sense because f is a priori piecewise continuous.

3N. N. Lebedev, Special Functions and Their Applications, p. 87, §4.22.
AN. N. Lebedev, Special Functions and Their Applications, p. 88, §4.23, Theorem 3.



Let v > —2(a+ 1) and f(z) = z”. Integrating by parts,

n' o v « [0 —xT
) = T T / LA ()e

(n+a+1
1 0 N
- - 2V D™ (e~ T pnte
_F(n+a+1)/0 bt Jdz
F'v+a+1)I(r+1)
n+a+DT(v—n+1)

= (1%

Thus

"Ly ()
V:F 1 .
* (+at+ DI+ Zf‘n—i—a—i—ll"(l/—n—l—l)

For p a positive integer,

(=D"L5 ()
n+a+1)-(p—n)

:I‘(p—&-a—kl)-p!ZN
n=0

f(@) = (ax)~*/2J,(2Vaz), a>-1, a>0, z>0.
Using

(1—2) o lem /0= = S fo@)en, 2] <1,
n=0
T gma/(1-2),

we obtain, as e 1T =
(1-— z)_a_l/ e =2 (1 /a)*/? ] (2v/ax ) da
0
:/ e (x/a)*? 4 (2v/azx) Z Lo (x)z"dx
0 n=0

_ OOO ([ renswpmas) -

Doing the change of variable 24/ax = by with b > 0 and then applying @ with



A? = Wriz) and v = a,
(1 _ Z)—a—l/ e—z/(l—z)(x/a)a/2ja(2 ﬁal‘)dl‘
0
o 242
(1= )7 ) [ )y
0
=(1 —a—1 2 7a71ba+2 b™ 74;%
*( - Z) ( a) : W@
:(1 _ Z)—a—l(Qa)—a—lba—i-Q . b—a—2(2a(1 _ Z))a+1e—a(1_z)
:e—a(l—z)
_ax (@2)”
=° Z n!
n=0
Therefore
[ee] an [o'e) 0o
BOITEDY ( 0 f(w)Li(x)pa(:c)dm>
n=0 n=0
whence, for n > 0,
n! o0 n! a™
n\J) = 7/ Ly o(@)dr = ———e 4 —.
/) F(n+a+1)/o i Y L
Therefore, for « > —1, a > 0, > 0,
_04/2Ja 9 _ . Lo _ ,—a LLQ .
(1) 0 2 = S EG) = )

2 Integral operators
We remind ourselves that, for a = 1,
Un () = py(x)/?LY (2) = e_’”/le/QL}L(x).

{un : m > 0} is an orthonormal basis for L?(R>g).
For z,y € Ry define

k(:c,y) = kr(y) = km(y) = ((ez _Jll()?ﬁ)l))lm'

For ¢ € L?*(R>¢) and y € R~, define

Ké(y) = / ky(@)¢(x)d.



We have established, with a = 1,

R(2yE) = () % Y o
n=0
Hence
| [ o) =) e - ) 2y e
Z LY (y)dx
n=0
© Ly _ 1/241/2 1
_ Z G 1) Ly ( / oz )—1/2x1/2€—:rxndx
= (n+1
= ZQn ¢7pn )
for
(17) _ 1 (61 _ 1)71/2671xn+% _ 1 671’,/2(61’, _ ) 1/2znu (LE)
Pl = 1) (it 1) "
and
t(y) = (e = 1) 2y 2L (y) = (1= e7¥) " un(y).
Then

Ké=> gu{¢.pn)-

n=0

The following states the trace of the operator K : L?(R>q) — L? (Rzo)ﬂ

Theorem 1. tr K = [ k(z,2)dw = [;° 2E de = 07711

3 Hardy spaces

For x € Rlet P, = {2z € C:Rez > x}. Let H be the collection of holomorphic
functions f : P_;,5 — C such that for any = > —%, f|P: is bounded and such

that
1 .
A (‘z*@

Define M : L?(R>q) — H, for ¢ € L?*(R>0), by

2
dy < oo.

Mo(z) = /R e"*5752¢(s)ds.

5cf. A. A. Kirillov, Elements of the Theory of Representations, p. 211, §13, Theorem 2.



For f € H define

P’\f(z)zz(zjk)Qf(zik) Rez>—%,

k>1

called a Perron-Frobenius operator. A denotes Lebesgue measure.

Let 12
1—¢e*
- ()

for s € Rsp, with A(0) = 1. Because h € L°(u), it makes sense to define
S Lz(RZO) — LZ(RZO) by

Sé(s) =he, ¢ € L*(Rxo).
Define A : H — L*(Rxq) by

A=SoM™*
We prove that Py and K are Conjugateﬂ
Theorem 2. Py, = A"1KA.
Proof. Let ¢ € L*(R>) and set f = M¢. Then
AT'KAf = A71KS¢.

We calculate

(S~LKS)(x) = hx)! / ko(y) - hly) - H(y)dy

RZO

- (5 —xe—w>l/2 [ ey y>/ )y

/°° (;U> 12 /2 (e¥ —1)1/2 J1(2/@y)
, b)) TooE oer e

o 1\ /2 ola—v)/2
-[T(5) S nevaema

72 2(y)dy

Then
(MS™'KS)(z)

= / e *2/2(STUK S ) () da:
R>o

%0 12 (a—y)/2
:/0 o—7—2/2 <($> ee:v _y : J1(2\/3:7y)¢(y)dy> dx

Y

SMarius Iosifescu and Cor Kraaikamp, Metrical Theory of Continued Fractions, p. 9,
Proposition 1.1.1.



It is a fact that for Rez > —1 and for ¢ > 0,

S (e + k) Zexp (-Zh) _ /Om(st_l)l/ze_ZSst.

k>0
Using this,
(MS—1KS$) () = /ODO e /2 (/Ooo(fcy‘l)”ge‘”wdw) ¢(y)dy
= /OOO e v/2 kzz:l(z + k)% exp (_zj/—k:) o(y)dy
= k21(z + k)2 </O exp (Zik - g) ¢(y)dy)
:;(erk)‘Z-M(b(Zik)-

Thus, as f = Mo,
(MSTIKSM™1f)(2) = I;(z + k)72 f (A,Zi]f) = P\f(2),

that is,
ATVKAf(2) = PAf(2).
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