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1 Notation

For a topological space X, we denote by Zx the Borel o-algebra of X. Let pqy
be the Euclidean metric on R? and let my be Lebesgue measure on R?.

2 Polar coordinates

Let X = (0,00), which is a metric space with the metric inherited from R.
Define p: Zx — [0, 0] by

du(r) = ¥ Ydmy (r).

Let S¢71 be the unit sphere in R%. Define S : 2(S%1) — 2(R?) by

S(E):{meRd:ZeE,O<m|<1}.

Namely, S(F) is the sector subtended by the set F. S9! is a metric space with
the metric inherited from R?, and if £ is an open set in (S9!, pg), then S(E)
is an open set in R%. For E, € 2(S%71),

S(UEa) =UsE).  s(NE) =S (E).
and for B, F € 2(S471),
S(E\ F) = S(E)\ S(F).

Lemma 1.
S(%Sd—l) C Pra.



We define 041 : Bga—1 — [0,00) by
o4-1(E) = d-ma(S(E)), E e Bga-.
For f:R% — C and v € S971, define f7: (0,00) — C by
P =), T e (0,00).
The following is proved in Stein and Shakarchi.!

Theorem 2. If f € L'(R?,my), then (i) for o-almost all v € S%* we have
7€ LY((0,00), ), (i) the function

v /OOO fr(r)du(r)

belongs to L' (S9=1, o), and (iii)

[ s@anda = [ ([ P o),
For 7 € (0,00), define f, : S4~1 — C by

fr(’Y):f(’rV)v VESd_l'

Theorem 3. If f € L'(R% my), then (i) for p-almost all r € (0,00) we have
fr € LY(S%1,0), (ii) the function

T fr(y)do(o)
Sd*l

belongs to L1((0,00), ), and (iii)

[ twimao) = [ ([ peraot) ducr

3 The Fourier transform of spherical surface mea-
sure

For real v > f%,

O
Ju(s) = 2)/ e (1 — x2)”7%da:, seR.
L(v+3)vr)a
One checks that J, satisfies

J(=8) = €™ J,(s), seR.

IElias M. Stein and Rami Shakarchi, Real Analysis, p. 280, Chapter 6, Theorem 3.4.



We remind ourselves of spherical coordinates for S4!. The Jacobian of
the transformation

71 = cos ¢y
Y2 = sin ¢1 cos ¢o

3 = sin ¢ sin ¢s cos ¢P3

Yd—1 = sin ¢1 sin @2 sin @3 - - - sin Pg—2 cOS Py—1
Ya = Sin ¢1 sin ¢o sin @3 - - - sin Qg2 sin Pg—1,
with
0<¢1,...,¢a—2 <, 0 < ¢pg—1 < 2,
is
J = sin?2 o1 sin?=3 P RRE sin? Pd_3Sin ¢g_o.

Then, for & = (£,0,...,0), & #0,

dq-1(§) = /sd . e "8 dg ()

A AR Y e T
$1=0 J p2=0 $a—2=0Jpq_1=0

s
= 27r~/ e 2mig1cos b1 gind=2 4 dgh, - H/ sin?71 ¢ dido;.
@ =0

1= =0
We work out that

™ T (ktL
/Osinktdt:\/w.

This gives

With this we have, for £ = (&,0,...,0), & # 0,



But doing the change of variable z = cost, for nonzero real s we have
d—2
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Thus, taking s = —27&,
a3 d_ 1
N T2 I's—s ™
cq—1(§) = 2w — (2 2)471 Ja_1(—27&)
r ( p) ) (7271'51) 2
2
=2 (=6) " # Ny (2mt)

For & < 0 this is
_d
Bar(€) = 2rlél 41, (2rle)).

In general, take nonzero & € R%. Let T : R? — R? be the rotation that sends
& ti (0,...,0,—¢|). Since 04—1 0T = 04—1 (namely, surface measure o4_1 is
invariant under rotations)
~ _d
da-1(§) = a-1((0, —1€N) = 2mlg|mEF Ta_y (2mlE])
For real v > —=, we use the following asymptotic formula for .J,(s)

v W) +0(s7%?), 5 — +o00.

2
Ju(s) = “ECOS (57771

We get from this that
_dy1
Ga-1(O) =0(|g]7=7=),  [€] = oo

4 The Fourier transform of radial functions

A function f : R? — C is said to be radial if there is a function f; : [0, 00) — C
r € R%

such that
f(@) = fo(lzl),
2Elias M. Stein and Rami Shakarchi, Complex Analysis, p. 319, Appendix A.1




For f € L'(R%), Using polar coordinates we determine the Fourier transform of
a radial function. For ¢ € RY,

fie) = [ e payaa

- /0“’ (/s TS (m)do(v)> dpu(r)
— /OO (/Sd 1 e_%imfda('y)) Fo(r)du(r)
/ 1(r&) fo(r)dp(r)

]

= onfe| 4+ / ~441, e folr)du(r).

m(r|El) "2 Ty (2mrl€]) fo(r)du(r)



