
Stuff

∇|x| = x
|x|

(∇|x|)2 = 1

∆|x| = 2
|x|

G(x, t) =
δ(t−x/c)

4π|x|

δ(g(x′)) =
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∇ 1
|x| = − x
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4π|x| = δ(3)(x) =⇒ ∆ 1

|x| = −4πδ(3)(x)

δ(x) =
∞R

−∞
e2πixξdξ

For a particle moving along world line, x(t), charge
density is, ρ(x, t) = eδ(x−x(t)), and current density
is,

j(x, t) = ẋ(t)ρ(x, t)
j0(x, t) = cρ(x, t)

�Ai(x, t) = 4π
c ji(x, t)

Ai(x, t) = 1
c

R
d3x′dt′

δ(t−t′−|x−x′|/c)ji(x′,t)
|x−x′|

= 1
c

R
d3x′

ji(x′,t−|x−x′|/c)
|x−x′|

In determining retarded time, use spacetime for arbi-
trary point (x0, t0), then use c(t0−tr) = |x0−x(tr)|
to find tr. Then use in Lienard-Wiechert potentials:

A0(x, t) = ec
c|x−x(tr)|−ẋ(tr)·(x−x(tr))

A(x, t) =
eẋ(tr)

c|x−x(tr)|−ẋ(tr)·(x−x(tr))

=
ẋ(tr)

c A0(x, t)

E = − ∂ A0(x,t)
∂x − 1

c
∂ A(x,t)

∂t

B = ∂
∂x ×A(x, t)

∂ tr(x,t)
∂t =

c|x−x(tr)|
c|x−x(tr)|−ẋ(tr)·(x−x(tr))

= |x− x(tr)|A0(x, t)
∂ tr(x,t)

∂x =
x−x(tr)

c|x−x(tr)|−ẋ(tr)·(x−x(tr))

=
(x−x(tr))A0(x,t)

c

u = c
x−x(tr)
|x−x(tr)| − ẋ(tr)

E = e
|x−x(tr)|

((x−x(tr))·u)3
[(c2 − |ẋ(tr)|)u + (x− x(tr))×

(u× ẍ(tr))]

B =
x−x(tr)
|x−x(tr)| × E(x, t)

The first term in E ∝ R−2 and the second term,
∝ R−1 as R → ∞. Hence S ∝ R−4||R−2, andR

d2σS → 0 for first term far away, but not for sec-
ond term. Thus ẍ is the cause of energy flux at
infity.

P =
R

d2σS is the radiated power.

For a particle in uniform motion, x(t) = vt we
have |x − vtr| = c(t − tr), square and solve gives,

tr =
c2t−x·v−

√
(c2t−x·v)2−(c2−v2)(c2t2−x2)

c2−v2 and

A0(x, t) = e

|R|
r

1− v2
c2

sin2 θ

. Where R = x − vt

is the vector between the particles current posi-
tion and observer and θ the angle between mo-
tion and that. Strongest for θ = ±π/2. It gives,

E = eR
R3

1− v2

c2

(1− v2
c2

sin2 θ)3/2
and B = v

c × E.

Radiation fields

(B× r̂)× r̂ = −B + (r̂ ·B)r̂
r̂ = x

|x|

Expand the 1
|x−x′| = 1

|x|(1+ x·x′
|x|2

+...)
, and |x−x′| =

|x|(1 − x·x′
|x|2

+ ...). Then, ji(x′, t − |x − x′|/c) =

ji(x′, (t0 = t− x
c ) + x·x′

c|x| + ...)

∼ ji(x′, t0)+j̇i(x′, t0)
x·x′
x|x| +j̈i(x′, t0)O( x·x′

c|x|
2
) then

potential becomes,

A0(x, t) = 1
|x|Q(t0) +

x·~d(t0)
|x|3

+
x· ~̇d(t0)
c|x|2

+ ...

~d = 1
c

R
d3x′x′j0(x′, t0)

~A(x, t) =
~̇d(t0)
c|x| + ...

∇~j = − ∂ ρ
∂t

|x| � l
λ � l

Dipole non-rel radiation, E = 1
c2|x|

[ ~̈d(t0) + ~̂r( ~̈d(t0) ·

~̂r)], where ~̈d = −ẑqaω2 sin ωt0, and B = ~̂r×E. Gives

~S = ~̂r
sin2 θ| ~̈d(t0)|2

4πc3|x|2
and θ is between ẑ and ~̂r. Level

curves of energy are two lobes, power radiated from

antennas usually. Power goes like, P = 2
3c3

~̈d2 on

average < P >= q2a2ω4

3c3
, with sin2 ωt → 1

2 .

Waves

Vaccum equations in Coulomb: A0 = 0

∇ · ~A = 0
( 1

c2
∂ 2

∂t2
−∆) ~A = 0

Lorentz: ∂iA
i = 0

�Ai = 0

f(x) =
∞R

−∞

d~k
(2π)3

f̃(~k)ei~k·x

f̃(~k) =
∞R

−∞

dx
(2π)3

f(x)eix·~k

δ(~p− ~k) =
∞R

−∞
dxei(~p−~k)·x

~A(x, t) =
∞R

−∞

d~k
(2π)3

Ã(~k, t)ei~k·x

∇ · ~A = 0 =⇒ ~k · Ã = 0

~̂r = x
|x|

~k = ω
c ~̂r

~A = ~A0e−iω(t− |x|
c

) = ~A0ei(~k·x−ωt)

E = ik ~A = ~βe−iαei(~k·x−ωt)

B = i~k × ~A =
~k

|~k|
× E

Most general, ~A(x, t) =
R

d3~k
(2π)3

[~β∗(−~k)ei(~k·x+ωt) +

~β(~k)ei(~k·x−ωt)]. Taking ~β(~k) = ~βδ(3)(~k−~p)(2π)3 we

get ~A(x, t) = ~β[e−i~p·x+iωt) + ei~p·x−ωt] = ~β cos ωt−
~p · x, with ~p · ~β = 0 then E = ~β.

F0α = Eα

Fαβ = −εαβγBγ

F ijFij = 1
2 (B2 − E2)

F ijF klεijkl = E ·BR
V
∇ · FdV =

H
∂V

F · ndSR
S
∇× F · dS =

H
∂S

F · dr

S = −mc
R

ds− e
c

R
dsuiAi − 1

8πc

R
d3x(cdt)(B2 −

E2)
d
dt (εem + εkin) = −

H
∂V

d2~σ · ~S
~S = c

4π E×B = eng through perp area per time (energy flux)
E2+B2

8π = eng density in EM
d
dt εkin = ~j · E

Λ =

264 γ −βγ 0 0
−βγ γ 0 0

0 0 1 0
0 0 0 1

375
Lagrangian and Hamiltonian Equations
H(p, q) = p · v(p)− L, where p = ∂ L

∂v

q̇ = ∂ H
∂p = {q, H}

ṗ = − ∂ H
∂q = {p, H}

∂ H
∂t = − ∂ L

∂t

{f, H} =
P ∂ f

∂qi

∂ H
∂pi

− ∂ f
∂pi

∂ H
∂qi

Maths
Ax2 + Bx + C = A(x + B

2A )2 + (C − B2
4 )

sinh−( x
a ) = ln

“
x
a + 1

a2

√
x2 + a2

”
=

R
du√

u2+a2

cosh−( x
a ) = ln

“
x
a + 1

a2

√
x2 − a2

”
=

R
du√

u2−a2

tanh−( x
a ) = 1

2 ln
“

a+x
a−x

”
=

R
adu

a2−u2

π =
bR

a

dx√
(b−x)(x−a)R

du√
a2−u2

= sin−( x
a )R

du
a2+u2 = 1

a tan−( u
a )R

du
u2(a2−u2)

=
u tanh−( u

a
)−a

a3uR
du

u2
√

a2−u2
= −

√
(a−u)(a+u)

a2uR
du

u2
√

a2+u2
= −

√
a2+u2

a2u

a× b× c = (a · c)b− (a · b)c
Biancci Identities εiklm∂kFlm = 0
i = 0 =⇒ ∇ ·B = 0
i = α =⇒ 1

c
∂ B
∂t +∇× E = 0

d
dt (mγ~v) = e(E + ~v ×B/c

~p = ε ~v
c

E′
x = Ex

E′
y = γ(Ey − βBz)

E′
z = γ(Ez + βBy)

B′
x = Bx

B′
y = γ(By + βEz)

B′
z = γ(Bz − βEy)

Lorentz two moving particles goes to: F = e1(1 −
β)E2 + e1/c2V (V · E2)
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