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Abstract

There is a concentration-polarization (CP) force acting on a particle submerged in an electrolyte solution with a concentration (c
ity) gradient under an externally applied DC electric field. This force originates from the two mechanisms: (i) gradient of electrohydro
pressure around the particle developed by the Coulombic force acting on induced free charges by the concentration polarization,
electric force due to nonuniform electric field induced by the conductivity gradient. A perturbation analysis is performed for the elec
the concentration field, and the hydrodynamic field, under the assumptions of creeping flow and small concentration gradient. T
order component of this force acting on a dielectric spherical particle is obtained by integrating the Maxwell and the hydrodynam
tensors. The analytical results are validated by comparing the surface pressure and the skin friction to those of a numerical analy
force is proportional to square of the applied electric field, effective for electrically neutral particles, and always directs towards the
higher ionic concentration. The magnitude of the CP force is compared to that of the electrophoretic and the conventional dielect
forces.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Many sorts of forces are involved in the dynamics of p
ticles in micro- and nanofluidic environments[1], such as the
electrophoretic force, dielectrophoretic force, gravity for
and Stokes force. Utilization of these forces for manipula
and assembly of micro- and nanoparticles leads to evolu
of new nanoscale manufacturing technology and new ge
ation of microfluidic devices.

It is highly desirable to understand the effects of el
tric field on a particle placed in an environment with
electrical-conductivity gradient for many practically im
portant applications. These include the particle assem
near an (electrochemically reacting) electrode in the e
* Corresponding author. Fax: +1(416)978-7753.
E-mail address:dli@mie.utoronto.ca(D. Li).

0021-9797/$ – see front matter 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcis.2005.01.049
trophoretic deposition process[2], particle–particle and
particle–wall interactions via electrical double layers, a
chemotaxis of biological cells under a natural[3] or an
artificially-generated concentration gradient[4,5].

In this work, we suggest that a particle submerged in
electrolyte solution with a conductivity gradient under an
plied electric field will experience a new type of force,
we call it, the concentration-polarization force (CP forc
which has never been considered previously. We focu
the case in which the conductivity gradient is generated
the concentration gradient of the electrolyte, rather than
the Joule heating and subsequent temperature gradient[1].

The CP force originates from the two different mech
nisms: (i) a gradient of electrohydrodynamic (EHD) press

around the particle developed by the Coulombic force act-
ing on “induced” free charge by “externally” applied electric
field, and (ii) a dielectric force due to nonuniform electric

http://www.elsevier.com/locate/jcis
mailto:dli@mie.utoronto.ca


and

at
resis
o-
x-

ec-
is
the
lute

eld

nce
a lo-
cies
e is
it

es

tion

ns
tra-

cal
CP

ally,
ed
and
e ar

n

c-
ne-

ra-
c-
in
in
e

y,
nd
ci-
ely.
ion-
i.e.,

ag-
plate
so
e
e

no
ic

ider
e re-
n in

ch
nd

For
ch
es
K.H. Kang, D. Li / Journal of Colloid

field induced by the conductivity gradient. It is known th
the concentration gradient may generate the diffusiopho
of a particle[3,6]. The diffusiophoresis represents the m
tion of a particle driven by (i) the electrophoretic force e
erted by the naturally-developed electric field (only for el
trolyte solutions), and/or (ii) the hydrodynamic flow which
originated from the interaction of solute molecules and
particle (e.g., adsorption and osmotic penetration of so
into the particle). Here, as will be discussed in Section3.2,
the “naturally-developed” electric field represents the fi
induced by the mobility difference of ionic species[7]. That
is, in the presence of a concentration gradient, the differe
in diffusion speeds between the ionic species develops
cal imbalance of densities of cationic and anionic spe
and hence a corresponding electric field. The CP forc
completely different from the diffusiophoretic force since
is not related with any of mobility difference of ionic speci
and solute–particle interaction.

The present article is organized as follows. Section2 pro-
vides an explanation on how the concentration polariza
occurs and the CP force is generated. In Section3, the prob-
lem is formulated by introducing the governing equatio
and the boundary conditions for the electrostatic, concen
tion, and hydrodynamic fields. In Section4, a linear analysis
is performed for some limiting conditions, and the analyti
results are validated by a numerical analysis. Then, the
force is obtained by integrating the stress tensors. Fin
in Section5, the magnitude of the CP force is compar
to the electrophoretic and the dielectrophoretic forces,
some characteristics and consequences of the CP forc
discussed.

2. Overview

In what follows, we wish to provide a brief overview o

how the free charge is generated inside the liquid domain

Fig. 1. (a) An electrolyte solution with a concentration gradient under a DC e
(ρf ), electric-field strength(E) and pressure (p).
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2.1. Concentration polarization

Consider a medium filled with a binary symmetric ele
trolyte liquid (e.g., aqueous NaCl solution) that has a o
dimensional concentration gradient (seeFig. 1). An electric
field is applied in parallel to the direction of the concent
tion gradient. The domain extends to infinity in the dire
tion perpendicular to the electric field (vertical direction
Fig. 1). For the case ofFig. 1, the concentration decreases
the positivex direction, and the electric field directs to th
positivex-direction. Hereinafter, for the sake of simplicit
we limit our attention to the 1:1 symmetric electrolyte, a
the subscripts “+” and “−” represent the variables asso
ated with the cationic and the anionic species, respectiv

Suppose, all the ions inside the liquid domain are stat
ary initially, and there is no free charge in the space,
ρf = F(c+ − c−) = 0 andc+ = c− = c, in which ρf de-
notes the free charge density,F the Faraday constant, andc±
the molar concentration for each type of ions. In this im
inary state, the domain can be regarded as a parallel
capacitor filled with a nonconducting dielectric material,
that the electrical potential(φ) has a linear profile and th
associated electric field(E = −∇φ) is constant across th
layer, i.e.,φ(x) = φ0 − mx andE = mex wherem is a con-
stant andex is the unit vector parallel to thex direction.

For the time being, we assume that initially there are
molecular diffusion of species and no bulk hydrodynam
flow. All the ions are suddenly set free to move. We cons
the species conservation, immediately after the ions ar
leased, for a control volume taken as a slab region show
Fig. 1. The control volume is centered atx0 and has a width
of δx. Due to the action of the Coulombic force on ea
ion, the cationic and anionic species migrate following a
against the direction of the electric field, respectively.
a medium obeying the Ohm’s law, the molar flux of ea
speciesN± is proportional to the local concentration tim

the electric-field strength, and can be expressed specifically

)
-

and the CP force is developed, before performing a detailed
analysis for quantitative prediction of the force.

asN± = z±ω±Fc±E. Then, the current density (ionic flux
becomesi = F(N+ − N−). Here, for a monovalent elec
lectric field. (b) Schematic diagram for the distribution of the free charge density
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trolyte,z+ = 1 andz− = −1, andω± represents the mobilit
of each ionic species.

The net ionic flux into the control volume (per unit leng
in perpendicular tox direction) becomesqf = −L−1

∮
S

i ·
n dS, in which n is the outward unit normal vector at th
control surfaceS, andL is the height of the control surfac
Then, it follows

qf = −ω+F 2[(c+E)R − (c+E)L
]

− ω−F 2[(c−E)R − (c−E)L
]
,

whereF 2(ω±c±E)R andF 2(ω±c±E)L represent the ionic
fluxes at right-hand side (RHS) and left-hand side (LH
boundaries of the control volume, respectively (seeFig. 1).
By using the Taylor series expansion, we get

qf ∼= −F 2
[

dω+c+E

dx
+ dω−c−E

dx

]
x=x0

δx.

At the beginning, there is no free charge, so thatc+ =
c− = c, and we define the electrical conductivity of liqu
as

(1)σf = F 2(ω+ + ω−)c.

Thus, the net ionic flux into the control volumeqf can be
rewritten as

qf ∼= −dσf E

dx

∣∣∣∣
x=x0

δx.

Initially, qf is positive because it is assumedE = m > 0
and ∂σf /∂x < 0 (due to the concentration gradient). Th
means that the positive ions begin to accumulate at the
trol volume and the free charges are induced; that is,
“concentration polarization” occurs.

The induced free charges in turn modify the electric-fi
distribution. According to the Gauss law,

∮
S
εf E · n dS =

Qf L, whereεf is the electrical permittivity of liquid, and
Qf is the total charge per unit length of the control surfa
in vertical direction. The Gauss law can be written for
one-dimensional slab region as

ER − EL = Qf

ε
.

Sinceqf > 0 andQf > 0, the induced free charge mak
ER greater thanEL (they were identical without the con
centration polarization). This limits the continuous accum
lation of the positive ions, by balancing the fluxes of io
species through the boundaries. The accumulation of
itive ions stops when there is no net flux of ionic spec
across the boundary, i.e.,

(2)
d(σf E)

dx
= 0.

Equation (2) is just the one-dimensional version of t

electric-field equation for a conducting medium obeying the
Ohm’s law. This also corresponds to the current conserva-
tion equation∇ · i = 0 wherei = σf E is the “approximated”
Interface Science 286 (2005) 792–806
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current density under the assumptionc+ = c−. The equilib-
rium condition for the ion transport is established only wh
the local electric field, which was initially uniform throug
out the medium, is changed to satisfyE ∝ 1/σf ∝ 1/c.

In fact, the polarization of the liquid medium meansc+ �=
c−. In the Poisson equation written as

(3)∇2φ = − F

εf

(c+ − c−),

the value ofF/ε is as great as about 1014. In practice,
therefore, only a very small difference betweenc+ andc−
can induce an enormous change of electric field. This
duced” electric field counteracts against the further devia
from the electroneutrality. Thus, only a small fraction of t
ions are involved in the polarization of the medium, a
the solution remains “effectively” neutral in considering t
species transport. This is the basis of the so-called qu
electroneutrality assumption[7–10]. On the other hand, w
have two equations for the electric field of Eqs.(2) and (3).
Equation(2) is in fact an approximation that is derived o
the basis of the quasi-electroneutrality assumption ofc+ ∼=
c− = c. It is a common practice to solve the current cons
vation equation, such as Eq.(2), to obtain the electric field
under the electroneutrality assumption. The Poisson e
tion, Eq.(3), is used only for “after-the-fact” evaluation o
the free charge density[7–10].

In the above, it is shown that the “adjustment” proces
electric field in order to satisfy both the current conser
tion and the Ohm’s law should accompany the genera
of free charges. The magnitude of the free charge is
tained by using the Poisson equation of∇2φ = −ρf /εf .
That is, by combining the generalized version of Eq.(2),
∇ · (σf ∇φ) = 0, and the Poisson equation, the free cha
density can be obtained approximately as

(4)ρf = −εf ∇2φ ∼= −εf ∇σf · E
σf

.

In Fig. 1, the directions of electric field and the concent
tion gradient are opposed, i.e.,∇σf · E < 0. Thus, Eq.(4)
reconfirms that positive free charges(ρf < 0) should be
generated. Alternatively, if the concentration gradient
the electric field are in the same direction, negative cha
should be induced.

Basically, the free charge is generated during the elec
migration of ions, which is dependent on local ionic co
centration, to satisfy the constant current condition. T
is, a slight deviation from the electroneutrality effective
changes and adjusts the electric field so as to keep the cu
conservation condition. We call this phenomenon, in wh
the free charges are generated in a medium being assoc
with the concentration gradient, the “concentration polar
tion” [10–14].

2.2. Concentration-polarization force
Let us consider the effect of the concentration polariza-
tion on the pressure field. All the free charges are subject
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to the Coulombic force, which develops a pressure field
side the fluid domain, in analogy to the hydrostatic press
generated by the gravity force. We call this pressure the e
trohydrodynamic (EHD) pressure. If any fluid motion insi
the domain is neglected, the Coulombic force is balance
the EHD pressure(ps). That is,

(5)∇ps = ρf E.

For an unbounded one-dimensional domain, such as sh
in Fig. 1, the pressure gradient becomes, from Eqs.(4)
and (5),

dp

dx
= −

[
εf (dσf /dx)E

σf

]
E = −εf i2

σ 3
f

dσf

dx
,

where i = σf E is constant over the one-dimensional d
main andE = |E|. By integrating both sides of the precedi
equation, we obtain the pressure distribution of

(6)ps = pref + εf

2

i2

σ 2
f

= pref + εf E2

2
,

wherepref is a constant and the electric field is a function
local concentration.

Such kind of mechanism for free-charge generation
the subsequent development of the EHD pressure has
well perceived in the electrochemistry and the electro
drodynamics areas. For example, it can generate the
blesome hydrodynamic flow in isoelectric focusing devi
[13], and the associated EHD flow can significantly infl
ence the current–voltage relationship of an electrode[11]. It
is also suggested that the long-range interaction and the
sequent aggregation of particles on the electrode surfac
direct consequence of the EHD flow[14,15].

Now, we place a dielectric particle in the liquid as co
sidered inFig. 1. According to Eq.(6), the magnitude of the
EHD pressure is inversely proportional to the concentra
(conductivity). For the case inFig. 1, the concentration is
lower at RHS of the particle, and therefore, the pressure
be higher at RHS, as depicted inFig. 2a. This will gener-
ate a finite magnitude of force acting on the particle, wh
constitutes a part of the CP force.

(a) (b)

Fig. 2. Schematic diagram representing the two contributions to the

force: (a) by electrohydrodynamic pressure; (b) by nonuniform electric
field. The arrows in (a) and (b) represent the pressure force and the elec-
tric field, respectively.
Interface Science 286 (2005) 792–806 795
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On the other hand, when a dielectric particle is placed
nonuniform electric field, the dielectrophoretic (DEP) for
arises (seeFig. 2b) [16,17]. The DEP force has often been i
terpreted, for the case of a nonconducting medium, as th
force acting on the polarized charge inside a dielectric p
cle by the surrounding “nonuniform” electric field. That
if the unperturbed electric field by the particle is nonunifo
and nonsymmetric, alike those depicted inFig. 2b, the force
acting on RHS and LHS of the particle is different. This d
ference develops the DEP force. In the case we have
considering, the electric field will be stronger at RHS th
at LHS of the particle (seeFig. 2b). We will show later that
this will generate a DEP force with a finite magnitude.

These two kinds of forces primarily constitute the C
force. In addition, the nonuniform pressure field around
particle generates a hydrodynamic flow, and the flow also
erts a certain amount of hydrodynamic force on the parti
The practical magnitude of the CP force should be de
mined by considering the actual concentration, electric fi
and hydrodynamic field around the particle. The subseq
two sections are devoted to a linear analysis of the gover
equations for quantitative prediction of the CP force.

3. Formulation

In Section3.1, we will derive the basic equations for th
electric, concentration, and hydrodynamic fields. Then,
expression for the hydrodynamic and the electrical con
bution to the CP force will be given. In Section3.2, some
simplifying assumptions are introduced to obtain a clo
form solution for the CP force. These include the el
troneutrality and quasi-steady process assumptions, a
simple linear profile for the imposed concentration distr
ution. The boundary conditions are specified after deriva
of each approximated form of the equation. In Section3.3,
all the equations and boundary conditions are summar
in a nondimensional form. Finally, a perturbation analy
will be conducted in Section4, with respect to the modele
system under a limiting condition.

3.1. Basic equations

Consider a dielectric solid particle of a nonconduct
material with a radiusa submerged in an electrolyte strea
(seeFig. 3) and moving with the flow. The electrolyte has
concentration gradient in the direction perpendicular to
flow, and is free from any chemical reaction. There exists
externally applied DC electric field parallel to the conce
tration gradient, and the electric field is nonuniform due
the conductivity gradient. All the material properties inclu
ing the dielectric constant are assumed uniform in the liq
and the solid regions, respectively, unless specified ot

wise. The activity coefficient of the ionic species is assumed
to be unity. This condition is justified for the case of infinite
dilution [18]. All electrokinetic effects are neglected.
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Fig. 3. Domain of analysis and coordinate systems. The symbols “+” rep-
resents that the domain is positively charged due to the concentration
ization, under the conditions given in this figure.

The CP force acting on the particle generates a p
cle motion with a velocityUcp relative to the liquid. We
introduce the(r, θ,ϕ) spherical coordinate system and t
(x, y, z) Cartesian coordinate system with their origins fix
at the center of the particle moving with the velocityUcp.
Thus, the particle motion can be translated into the rela
liquid flow. We assume the axial symmetry of the system
ϕ direction.

The electromagnetic field inside the region is gover
by the Maxwell equations. In the quasi-electrostatic lim
the electric field is separable from the magnetic field,
the Maxwell equations are simplified to[1,9]

(7)∇ · (εE) = ρf ,

(8)∇ × E = 0,

(9)
∂ρf

∂t
+ ∇ · i = 0,

wheret is the time, andε = εf in the liquid domain andε =
εp inside the particle. The electric field is coupled with oth
transport equations by the free charge that is represente

(10)ρf = F(c+ − c−),

wherec± is the molar concentration (mol/m3). To complete
the description of the system, the transport equation for
concentration is necessary.

For dilute solutions, the molar flux density of ion
species is written as the sum of diffusional, electromig
tional, and convectional components as follows[8]:

N± = −z±ω±Fc±∇φ − D±∇c± + c±u,

where D± is the diffusivity of the ionic species (m2/s),
z+ = 1, z− = −1, F = NAe the Faraday constant,NA the
Avogadro number,e the electronic charge,ω± = D±/NAkT

the mobility of the ionic species (mol mN−1 s−1), k the
Boltzmann constant,T the absolute temperature, andu the
convection velocity. If there is no chemical reaction and

generation of ionic species, the conservation of species at a
point requires∂c±/∂t + ∇ · N± = 0. If we substituteN± to
the preceding equation, we obtain the transport equations for
Interface Science 286 (2005) 792–806

each sign of ionic species as follows:

(11)
∂c+
∂t

+ u · ∇c+ = D+∇2c+ + βD+∇ · (c+∇φ),

(12)
∂c−
∂t

+ u · ∇c− = D−∇2c− − βD−∇ · (c−∇φ),

in whichβ = e/(kT ).
The incompressible hydrodynamic flow satisfies the

lowing mass conservation and the momentum equations

(13)∇ · u = 0,

(14)ρ

(
∂u
∂t

+ u · ∇u
)

= ∇ · (τ + T).

Here, ρ is the fluid density, andτ and T are the hydro-
dynamic and the Maxwell stresses, respectively, which
defined as

(15)τ = −pI + µ(∇u + ∇uT ),

(16)T = −ε

2
E2I + εEE,

whereE2 = |E|2, I the second-order isotropic tensor,p the
pressure, andµ the fluid viscosity.

The force acting on a particle is obtained asFCP =∫
Sp

‖τ + T‖ · n dS, in whichSp denotes the particle surfac
and‖ · ‖ denotes the difference between the value at the
terior side and the value at the interior side of the part
surface. Thex-directional force,FCP= FCP·ex = FM +Fh,
is a sum of the contributions from the Maxwell stress(FM)

and the hydrodynamic stress(F h), in which[10,19]

(17)FM =
2π∫
0

π∫
0

‖cosθTrr − sinθTrθ‖sinθ dθ dϕ,

(18)Fh =
2π∫
0

π∫
0

(cosθτrr − sinθτrθ )r=a sinθ dθ dϕ.

Here,

Trr = ε

2

(
E2

r − E2
θ

)
,

Trθ = εErEθ ,

τrr = −p + 2µ
∂ur

∂r
,

τrθ = µ

[
r

∂

∂r

(
uθ

r

)
+ 1

r

∂ur

∂θ

]
,

whereEr = E · er , Eθ = E · eθ , ander andeθ represent the
unit vectors inr andθ direction, respectively.

3.2. Simplifications

Equations(7) through(16) complete the description fo
the electric, concentration and hydrodynamic fields. For

analysis of the system, two important assumptions are intro-
duced. One is the quasi-steady approximation for the elec-
tric, the concentration, and the hydrodynamic fields. The
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Table 1
Comparison of the characteristic time scales

Classification Characteristic
time scale

Sample value
(s)

Electric field τc = εf /σf 1.2× 10−7

Concentration τa
D

= a2/D 6.2× 10−2

τ l
D

= l2/D 6.2
Momentum τν = a2/ν 9.3× 10−8

other is the quasi-electroneutrality assumption, which
been discussed earlier, under which we letc+ ∼= c− = c.

The quasi-steady approximation is based on the s
molecular diffusion process and subsequent slow cha
of bulk concentration distribution. The characteristic tim
scales, which measure the time required to establish a st
condition for each process, are summarized and sample
ues are computed inTable 1. For the electric field, the so
called electrical relaxation time(τc = εf /σf ) is chosen[10].
For the concentration field, the characteristic time scale
the bulk concentration is represented byτ l

D = l2/D, while
that for the localized change of concentration around
particle is represented byτa

D = a2/D. Here,l represents the
length scale of the bulk liquid andD = 2D+D−/(D+ +D−)

is the equivalent diffusivity of electrolyte. In the samp
calculation, the case of particle havinga = 10−5 m in an
aqueous NaCl solution, in whichD+ = 1.33× 10−9 m2/s
andD− = 2.03× 10−9 m2/s,D = 1.607× 10−9 m2/s,c =
1 mol/m3, and σf = 5.6 × 10−3 S/m, is considered. Th
macroscopic length scalel is chosen asl = 10−4 m, con-
sidering the width of a conventional microchannel. Co
pared to other transport phenomena, the bulk-concentra
change process is sufficiently slow. Thus, for a given b
concentration distribution, all the other transport proces
can be approximately considered steady.

For an electrolyte, the current is due to the motion of io
species. The current density can be expressed asi = F(N+ −
N−) which becomes, under the quasi-electroneutrality
sumption,

i = −σf ∇φ − F(D+ − D−)∇c,

where the conductivity in Eq.(1) is rewritten asσf =
Fβ(D+ + D−)c. When there exists a macroscopic conc
tration gradient, the diffusivity difference autonomously d
velops the so-called diffusion potential without any exter
electric field. For an 1:1 electrolyte, the associated elec
field is expressed asED = β−1(α+ −α−)∇ ln c [3], in which
α± = D±/(D+ + D−). For the case of NaCl,α+ − α− =
−0.21, and we let∇c = 104 mol/m3 and c = 1 mol/m3.
Then, the estimated electric field is about 54 V/m. Here, we
are interested in moderate strength of electric fields whic
in the order of 104 V/m (or higher). We neglect, therefor
the diffusional contribution to current and the associated
fusion potential. Then, the current density satisfies the

lowing Ohm’s law:

i = σf E.
Interface Science 286 (2005) 792–806 797
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In Eq. (9), under a DC field, the displacement curre
∂ρf /∂t , can be neglected for microscale systems[1,9,10],
due to the quasi-steady approximation. Then, the cur
conservation equation,∇ · i = 0, reduces to the following
equation for the electrical potential at the exterior(φe) and
the interior of the particle(φi):

(19)∇ · (σf ∇φe) = 0 atr > a,

(20)∇2φi = 0 atr < a.

In general, the current should be conserved when it pa
through the particle surface, which is expressed asσf n ·
∇φe|r=a = σpn · ∇φi |r=a , whereσp represents the particl
conductivity. However, we assumed that the particle has
conductivity, i.e.,σp = 0. Accordingly, there is no electri
current penetrating the particle surface, and the prece
current conservation relation becomes

(21)∇φe · n = 0 atr = a.

An electric field ofE∞ = E∞(x)ex is formed far from the
particle. That is,

(22)−∇φe → E∞(x) asr → ∞.

If the equation∇×E = 0 in Eq.(8) is applied to an infinitesi
mal surface element at the particle–fluid interface, we ob
the following condition stating that the tangential elect
field is continuous at the particle surface[9,10]:

(23)
∂φe

∂θ
= ∂φi

∂θ
at r = a,

which can be further reduced to

(24)φe = φi at r = a.

We multiply D− andD+ to Eqs.(11) and (12), respec-
tively, and then add the resulting two equations to elimin
the electromigration term. This results in the following eq
tion for the species conservation:∂c/∂t + u · ∇c = D∇2c.
However, due to the quasi-steady approximation, the
steady term in the species conservation equation is drop
and the equation is reduced to

(25)u · ∇c = D∇2c.

The particle is assumed nonreacting with the electrolyte;
therefore, there is no penetration of the solute into the p
cle surface, i.e.,

(26)n · ∇c = 0 atr = a.

We consider the case of a linear concentration profile. Th
fore, at a position far from the particle, the concentration
be expressed as

(27)c → c∞(x) = c0 − kx = c0

(
1− λx

a

)
asr → ∞,
wherek = −∇c∞ andc0 = c∞(x = 0). The solution of the
species conservation equation, Eq.(25), for the linear con-
centration profile may provide a leading order solution for an
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Fig. 4. Effect of particle size and the location onλ for an identical concen
tration profile.

arbitrary concentration distribution. In the preceding eq
tion,λ is the so-called effective concentration gradient wh
is defined by

λ ≡ ka

c0
.

This represents the concentration difference between
ends of a particle normalized by the concentration at the
ticle center. Since the electric-field strength is proportio
to the inverse of concentration,λ also can be considered
the difference in electric-field strength between the end
the particle normalized by the electric-field strength at
center position of the particle.

Fig. 4 illustrates the dependence ofλ on particle size and
its location in a channel with respect to a linear concen
tion distribution. The value ofλ may increase proportion
ally to particle size and the inverse of local concentrat
For a large value ofλ, the influence of the sidewalls ma
be significant. Thus, the present analysis is focused o
rather limiting condition of smallλ, so that the wall ef-
fect can be neglected, such as the case ofFig. 4a. For the
sample calculation ofλ, let us consider two streams of diffe
ent electrolyte concentration of 50 mol/m3 (=50 mM) and
1 mol/m3 (=1 mM) flowing in parallel in a microchanne
having a width of 100 µm. The diffusional mixing at the i
terface will generate a concentration gradient. Then,k may
be in the order of 5× 105 mol/m4. Whena = 10 µm, it be-
comesλ = 0.1.

For the momentum equation in Eq.(14), we neglect the
convection term under the creeping flow assumption, and
unsteady term is also dropped off due to the quasi-ste
approximation. Then, it becomes

(28)−∇p − µ∇ × ∇ × u + ρf E = 0.

The no-slip condition is applied at the particle surface.
from the particle, there is a relative fluid motion arisi
from the migration of particle,UCP. Then, the hydrodynami
problem will be decomposed into two problems: (i) the fl
with u|r→∞ = −UCP but without the body force, and (ii) th

flow with u|r→∞ = 0 and with the Coulombic body force.
Obviously, the problem (i) produces the Stokes force. There-
fore, we analyze only the second problem, in which the
Interface Science 286 (2005) 792–806

boundary conditions become

(29)u = 0 at r = a,

(30)u → 0 asr → ∞.

3.3. Nondimensionalization

The variables are nondimensionalized asx̃ = x/a, p̃ =
p/(εf E2

0), ũ = u/uc, c̃ = (c − c0)/c0, φ̃ = φ/(aE0), and
ρ̃f = ρf /(εf E0/a), whereE0 = |E∞(x = 0)|. The particle
radiusa is chosen as the characteristic length. The cha
teristic velocityuc is determined, through the balance of t
Coulombic force and the viscous force, asuc = εf E2

0a/µ.
Substituting the dimensionless variables into the govern
equations, we obtain the following set of nondimensio
equations and boundary conditions.
Governing equations:

(31)−∇̃p̃ − ∇̃ × ∇̃ × ũ + ρ̃f Ẽ = 0,

(32)∇̃ · [(c̃ + 1)∇̃φ̃e

] = 0,

(33)∇̃2φ̃i = 0,

(34)∇̃2c̃ = Peelũ · ∇̃ c̃.

Boundary conditions:

(35)ũ = 0 at r̃ = 1,

(36)ũ → 0 at r̃ → ∞,

(37)n · ∇̃ c̃ = 0 at r̃ = 1,

(38)c̃ → c̃∞ = 1− λx̃ asr̃ → ∞,

(39)n · ∇̃φ̃e = 0 at r̃ = 1,

(40)φ̃e = φ̃i at r̃ = 1,

(41)−∇̃φ̃e → Ẽ∞(x̃)ex = 1

1− λx̃
asr̃ → ∞.

Here,Peel = εf E2
0a2/(µD) is the electrical Peclet numbe

that represents the ratio of the convective transport due t
EHD flow to the diffusive transport. Hereinafter, the tilde
dropped for the sake of convenience.

4. Analysis

In this section, we are going to obtain a leading order t
of the CP force after performing a perturbation analysis
the equations summarized at the end of the previous sec
As stated in Section2.2, the CP force is composed of th
EHD and DEP contributions. The leading order term of
DEP contribution can be obtained without considering
hydrodynamic field. What is necessary for the evaluatio
the DEP contribution is just the electric field in and outs
of the particle. To evaluate the EHD contribution, the fl
field should be analyzed to obtain the pressure and the

friction distributions on a particle surface.

The analysis will be done as follows: In Section4.1, an
accurate form of the solution for the electric field for a given
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concentration distribution will be given first. Then, the s
lution for the concentration field will be obtained neglecti
the convective contribution. The leading order solution
the electric field at exterior and interior of the particle w
be obtained for the given concentration distribution. In S
tion 4.2, the creeping flow will be analyzed. In the analys
the solution for the electric field will be used to determ
the leading order term of the Coulombic body force. In S
tion 4.3, each term appearing in the integrals of the Maxw
stress and the hydrodynamic stresses will be evaluated,
rately, and then the CP force will be obtained by summing
the terms. In Section4.4, a numerical validation of the the
oretical prediction will be made with respect to the surfa
pressure and the skin friction distribution.

4.1. Electric field and concentration field

We performed a perturbation analysis on a set of eq
tions shown in Eqs.(31)–(41) under the assumptions o
0< λ 
 1 andO(Peel) < 1. The latter assumption is used
eliminate the convection term in the concentration equat
Eq. (34), in order to decouple the concentration field fro
the hydrodynamic field. The validity of the latter conditio
for a particle ofa = 10 µm in an aqueous NaCl electroly
solution, may be assured up to anE0 value of approximately
104 V/m or 100 V/cm. This value of electric field is quit
ordinary in many electrokinetic problems.

The variablesu, P , c, andE are expanded by perturbatio
series, with respect to a small parameterλ, in the form of

φe = φe0 + λφe1 + λ2φe2 + · · · ,
φi = φi0 + λφi1 + λ2φi2 + · · · ,
c = λc1 + λ2c2 + λ3c3 + · · · ,
u = λu1 + λ2u2 + λ3u3 + · · · ,
p = λp1 + λ2p2 + λ3p3 + · · · .

In the above expressions,φe0 andφi0 represent the zerot
order solution for the electrostatic potential at exterior a
interior of the particle, respectively. Therefore,φe0 andφi0
represent the electrostatic field without concentration gr
ent (σf is constant), and satisfy the Laplace equations. It
be proved easily, by substituting to Eq.(32), that the follow-
ing is the solution for the exterior electric field:

(42)∇φe = ∇φe0

1+ c
.

Then, by taking divergence to the above equation and
stituting the results to the nondimensionalized Poisson e
tion, ρf = −∇2φ, the charge density is obtained as

(43)ρf = ∇c · ∇φe0

(1+ c)2
.

On the other hand, the leading order terms of flow

locity and electrolyte concentration are of the order ofλ.
The term in RHS of Eq.(34) is in the order ofPeelλ

2 while
the term in LHS is in the order ofλ. Therefore, under the
Interface Science 286 (2005) 792–806 799
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assumption thatPeelλ 
 1, the concentration distributio
satisfies the following Laplace equation of∇2c = 0, to the
first order ofλ. Moreover, the zeroth order electrostatic p
tential andc1 satisfy the same boundary conditions of

Ee0|r→∞ = −∇c1|r→∞ = ex,

Ee0 · n|r=1 = ∇c1 · n|r=1 = 0.

Thus, it is evident thatφe0 = c1 andEe0 = −∇c1 which be-
come[8]

(44)φe0 = c1 = −
(

r + 1

2r2

)
cosθ,

(45)

Ee0 = −∇c1 = er

(
1− 1

r3

)
η − eθ

(
1+ 1

2r3

)√
1− η2,

whereη = cosθ .
Note that the expression for the external electric fi

given in Eq. (42) is accurate for any given concentrati
distributions. Accordingly, the electric field is readily o
tained by using Eqs.(42) and (44)for any given concen
tration field. Equation(42) can be expanded in the for
of ∇φe = ∇φe0(1 − λc1) + · · · which can be rewritten a
∇φe = ∇(φe0 −λφ2

e0/2)+· · · . Thus, the exterior electrosta
tic potential, to the first order, becomes

(46)φe = φe0 − λ

2
φ2

e0 + φe,ref,

where the reference potential is chosenφe,ref = 0. It follows
that the exterior electrical field can be expanded in the f
of Ee = −∇φe

∼= Ee0 + λEe1 + · · · , and can be written to
the first order ofλ as follows:

(47)Ee
∼= −∇φe0(1− λc1) = Ee0 − λc1Ee0.

The zeroth order solution for the exterior electric field(Ee0)

is given by Eq.(45), and the first-order external electric fie
(Ee1) becomesEe1 = −c1Ee0 = c1∇c1.

For the interior electric field, we can express the solut
by using the Legendre polynomialPn(η) as

φi =
∑
n

(an + λbn + · · ·)rnPn(η).

According to Eq.(40), the electrostatic potential at the pa
ticle surface is continuous, i.e.,φe = φi at r = 1. This con-
dition is applied to determine the unknown coefficients, a
the resulting electrostatic potential and the electric field
the first order, become

(48)φi = −3

2
rη − 3λ

8
r2(3η2 − 1) − 3λ

8
,

Ei = 3

2

[
ηer −

√
1− η2eθ

]
(49)+ 3λ

4
r
[
(3η2 − 1)er − 3η

√
1− η2eθ

]
.

Note that the electric field inside the particle is indepen-
dent of electrical properties of the particle. This is because
we assumed the particle is composed of a nonconducting



and

tric

cle.
de-
ble
lec-

tric
r-
e
tra-

ior

by
nd

at
ld

the
e by
the
s

ic

l
,

ted

nd

ob-

y

on

-

as

lip

ous
r
re-
800 K.H. Kang, D. Li / Journal of Colloid

Fig. 5. Electrostatic potential (line without arrow, blue colored) and elec
field (line with arrows, black colored) to the first order ofλ whenλ = 0.1.
(Color drawing in the online version.)

material, and there is no current flow inside the parti
The electric field inside the particle is rather passively
termined by the exterior electric field. It is also noticea
that, different from the free charge density, the exterior e
tric field is independent of the electrical permittivity.

Fig. 5 shows the electrostatic potential and the elec
field, to the first order ofλ, at interior and exterior of the pa
ticle, in whichλ = 0.1. The exterior electric field should b
generally stronger at RHS than at LHS since the concen
tion is relatively smaller at RHS than at LHS. The inter
electric field also directs to the positivex-direction. The
zeroth order interior electric field is in fact represented
Ei0 = (3/2)ex , and thus, it is uniform inside the particle a
has onlyx-directional component. Theθ -directional term in
the first order terms ofEi is positive at RHS and negative
LHS. Therefore, at interior of the particle, the electric-fie
strength should be somewhat greater at RHS.

4.2. Hydrodynamic field

In order to find the EHD component of the CP force,
hydrodynamic field should be analyzed. This can be don
following the well-established analytical procedures for
axisymmetric creeping flow[19,20]. The present problem i
a little distinct as the Coulombic force is included.

The momentum equation in Eq.(31) can be rewritten, to
the first order ofλ, as

(50)−∇p1 − ∇ × �1 + B1 = 0,

where B1 is the first-order component of the Coulomb
body force and�1 = ∇ ×u1 is the vorticity vector. We intro-
duce the vector potential for vorticity(A1) which is related
with vorticity as�1 = ∇ × ∇ × A1. This vector potentia
and the vorticity vector have onlyϕ-directional component
which is denoted byA1 andω1, owing to the axisymmetry
of the flow assumed in this study. This function is rela
to the stream functionψ1 asA1 = ψ1/(r sinθ). The stream
function automatically satisfies the continuity equation, a
is related with vorticity as follows:
(51)�1 = ω1eϕ = − eϕ

r2
√

1− η2
E2ψ1,
Interface Science 286 (2005) 792–806

where

E2 = ∂2

∂r2
+ (1− η2)

r2

∂2

∂η2
.

The first order velocity components inr andθ directions are
represented by the stream function as

(52)u1r = − 1

r2

∂ψ1

∂η
,

(53)u1θ = − 1

r
√

1− η2

∂ψ1

∂r
.

If the curl is taken to both sides of Eq.(50), the following
fourth-order differential equation is obtained

(54)E4ψ1 = −r

√
1− η2(∇ × B1).

The first order components of the charge density are
tained by way of the Taylor series expansion of Eq.(43) as
follows:

ρ
f

1 = −∇c1 · Ee0 = λEe0 · Ee0,

where∇c1 = −Ee0. Then, the first order Coulombic bod
force becomesB1 = (Ee0 · Ee0)Ee0 which can be written as

(55)B1 =
{

1+ 1

r3
+ 1

4r6
+

(
− 3

r3
+ 3

4r6

)
η2

}
Ee0.

Since∇ × Ee0 = 0, the source term in the stream-functi
equation, Eq.(54), can be further simplified to∇ × B1 =
[∇(Ee0 · Ee0)] × Ee0. Then, Eq.(54) is rewritten as

E4ψ1 = −r

√
1− η2

[∇(Ee0 · Ee0)
] × Ee0.

SubstitutingEe0 in Eq. (45) into the above equation, we ob
tain

E4ψ1 = 9

(
1

r6
+ 1

5r9

)
Q1(η)

(56)− 24

(
1

r3
− 1

2r6
− 1

20r9

)
Q3(η).

The Gegenbauer polynomialsQn(η) are related with the
Legendre polynomialPn(η) asQn(η) = ∫ η

−1 Pn(η)dη, and
their first- and third-order polynomials are written
Q1(η) = (1/2)(η2 − 1) and Q3(η) = (1/8)(5η2 − 1) ×
(η2 − 1). The stream function should satisfy the no-s
condition at the particle surface, which is written as

∂ψ1

∂r
= 0 atr = 1,

ψ1 = 0 atr = 1.

The stream function is decomposed into homogene
solution (ψ1h), which satisfiesE4ψ1 = 0, and the particula
solution (ψ1p). The homogeneous solution can be rep
sented in terms of the Gegenbauer function as follows:

∞

ψ1h =

∑
n=1

[
Anr

n+3 + Bnr
n+1 + Cnr

2−n + Dnr
−n

]
Qn(η),
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Fig. 6. Effective body force (vector) whenλ = 0.1. Contour represents th
x-directional component(b1x) of the effective body force.

whereAn, Bn, Cn, and Dn are unknown coefficients. B
substituting the functional form ofrαQn(η) into Eq. (56),
we obtain the following particular solution:

ψ1p =
(

1

8r2
+ 1

840r5

)
Q1(η)

+
(

− r

5
− 1

4r2
+ 1

660r5

)
Q3(η).

Then, the solution for Eq.(56)can be written in the form o

ψ1 =
∞∑

n=1

[
Anr

n+3 + Bnr
n+1 + Cnr

2−n + Dnr
−n

]
Qn(η)

+
(

1

8r2
+ 1

840r5

)
Q1(η)

+
(

− r

5
− 1

4r2
+ 1

660r5

)
Q3(η).

The unknown coefficients are obtained by applying the
slip boundary condition. All the coefficients vanish exce
C1 = 109/1680,C3 = 139/264,D1 = −107/560, andD3 =
−103/1320. Accordingly, it becomes

ψ1(r, η) =
(

C1r + D1

r
+ 1

8r2
+ 1

840r5

)
Q1(η)

(57)

+
(

− r

5
+ C3

r
− 1

4r2
+ D3

r3
+ 1

660r5

)
Q3(η).

On the other hand, the body force can be decompo
into the far-field componentB1∞ = B1(r → ∞) and its re-
mainderb1 = B1 − B1∞. According to Eq.(55), B1∞ = ex

and∇ × B1∞ = 0 to the first order. Therefore, the far-fie
componentB1∞ does not contribute to fluid motion, and
exactly balanced by pressure. Only the effective body fo
b1 contributes to the generation of the hydrodynamic fl
Fig. 6shows the effective body force (vector), whenλ = 0.1,
together with thex component of the body force (contou

−3
The effective body force decays withr , and therefore,
it is confined within a region very close to the particle. As
shown in the figure, the body force is positive at the top of
Interface Science 286 (2005) 792–806 801

Fig. 7. Streamline contour forψ1.

the particle (aroundθ = π/2) and negative at both sides
the particle (aroundθ = 0 andπ ). It can be inferred from the
figure that the pressure unaffected by fluid motion (i.e., p
sure due to the concentration polarization) may exert fo
to the right at the top region, while the force is towards
left at both sides of the particle.

Fig. 7 shows several streamlines plotted by usingψ1 in
Eq. (57). Far from the particle,ψ1|r→∞ = C1rQ1(η) −
(r/5)Q3(η), in whichψ1∞|r→∞ = 0 atη = √

(2C1 + 1)/5.
These angles correspond toθ = 47.4◦ and 137.4◦. As dis-
cussed inFig. 6, the effective body forceb1 directs to the
right at the top of the particle. This force generates the rig
ward fluid motion around the top of the particle. At bo
RHS and LHS of the particle, however, the force directs
the left. In the vicinity of LHS and RHS of the particle, the
forces accelerate the fluid to the left. Accordingly, the fl
driven to the right at the top of the particle collides with t
flow driven to the left at both sides, somewhere over the
ticle. The two nearly straight streamlines, touching the pa
cle surface, correspond to those representingψ1∞|r→∞ = 0.

4.3. Force acting on the particle

The EHD contribution to the CP force in Eq.(18) is
nondimensionalized and is further decomposed to pres
fp and the viscous contributionsfv as follows:

f h = Fh

εf E2
0a2

= fp + fv,

where

(58)fp = −2πλ

π∫
0

p1s cosθ sinθ dθ = −2πλ

1∫
−1

p1sη dη,

(59)fv = 2πλ

1∫
−1

[
2η

∂ur1

∂r

∣∣∣∣
r=1

−
√

1− η2τs1

]
dη.

In the above,p1s andτs1 are the (dimensionless) first-ord
pressure and skin friction at particle surface, both of wh
are nondimensionalized byεf E2

0.

For the evaluation of each component, we derive the ex-

pressions forp1s andτs1. If we substitute Eq.(51) into the
reduced momentum equation of Eq.(50), the gradient of
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EHD pressure inθ direction becomes

(60)
∂p1

∂θ
= − 1√

1− η2

∂E2ψ1

∂r
+ rB · eθ .

We decompose the pressure top1 = p
(h)
1 + p

(el)
1 , where the

first and the second terms in RHS of the preceding equa
are associated with the hydrodynamic pressurep

(h)
1 and the

electrical pressurep(el)
1 , respectively. Note thatp(el)

1 repre-
sents the pressure induced by the concentration polariza
which is unaffected by fluid motion. The two contributio
are integrated separately. We integrate the first term, by
ing the following relation:

E2ψ1 =
[
−2C1

r
+ 1

2r4
+ 1

30r7

]
Q1(η)

+
[

12

5r
− 10C3

r3
+ 3

2r4
+ 3

110r7

]
Q3(η).

Then, it becomes

p
(h)
1s =

(
− 113

2640
+ C1 − 15C3

4

)
η

(61)+
(

−315

176
+ 25C3

4

)
η3 + p

(h)
1s (η = 0).

SubstitutingB1 in Eq. (55) into Eq.(50), we obtain the fol-
lowing equation for the pressure due to the concentra
polarization:

∂p
(el)
1

∂θ
=

[
r + 1

r2
+ 1

4r5
+

(
− 3

r2
+ 3

4r4

)
η2

]
Ee0 · eθ .

Then, by integrating the preceding equation, we get

(62)p
(el)
1s = 27

8
η − 9

8
η3 + p

(el)
1s (η = 0).

Therefore, the total surface pressure on the particle su
p1s = p

(h)
1s + p

(el)
1s + p1(η = 0) becomes

p1s =
(

8797

2640
+ C1 − 15C3

4

)
η +

(
−513

176
+ 25C3

4

)
η3

(63)+ p1s(η = 0).

Strange as may sound, the (dimensional) pressure i
dependent on fluid viscosity, although the flow itself is a k
of friction-dominating flow. This is because of the pecul
feature of the creeping flow. For creeping flows, the pres
as well as the shear stress is in general proportional to a p
uct of the viscosity and characteristic velocity. However,
velocity which is driven by the Coulombic body force is i
versely proportional to the viscosity, e.g.,uc = εf E2

0a/µ.
Therefore, the pressure becomes independent of the vi
ity and is proportional to the driving force(εf E2

0). Conse-
quently, the resulting force is also independent of viscos
As will be shown, the same is true for the shear stress
the resulting force.
The pressure is integrated over the particle surface
as f

(h,el)
p = −2πλ

∫ 1
−1 p

(h,el)
1s η dη to obtain the following
Interface Science 286 (2005) 792–806

,

t

-

-

forces:

(64)f (h)
p = 2πλ

(
67

90
− 2C1

3

)
= 589

420
πλ,

(65)f (el)
p = −18

5
πλ.

Note that the force directly induced by the concentrat
polarizationf

(el)
p directs to the negativex-direction while

the hydrodynamic pressure forcef (h)
p acts to the positive

x-direction. The total pressure force acting on the particl

(66)fp = f (h)
p + f (el)

p = −923

420
πλ.

Let us consider the viscous stress. The skin friction on
particle surface is reduced toτs1 = ∂u1θ /∂r|r=1, due to the
no-slip condition. If we representu1θ by the steam function
we obtain

τs1 = 1√
1− η2

{(
−25

24
+ C1 − 3D1

)
Q1

(67)+
(

1153

660
− 3C3 − 15D3

)
Q3

}
.

The integral
∫ 1
−1 2η(∂ur1/∂r)r=1 dη in fv , in Eq.(59), van-

ishes. Then, the force due to the skin friction is obtain
from Eq.(59)as follows:

(68)fv = 2πλ

(
25

36
− 2C1

3
+ 2D1

)
= 113

210
πλ.

The dielectric contribution to the force can be obtained
performing the integration in Eq.(17) and using the above
derived expressions forEe andEi . The force in Eq.(17) is
nondimensionalized and is further decomposed to

f M = FM

εf E2
0a2

= f M
e + f M

i .

Here,f M
e andf M

i represent the contribution from the ext
rior and interior electric field, respectively, and become

f M
e = 2πλ

1∫
−1

[
ηTe,rr −

√
1− η2Te,rθ

]
dη,

f M
i = −2πλ

1∫
−1

[
ηTi,rr −

√
1− η2Ti,rθ

]
dη,

whereTe,rr = (1/2)(E2
e,r − E2

e,θ ), Te,rθ = Ee,rEe,θ , Ti,rr =
(εp/2εf )(E2

i,r − E2
i,θ ), andTi,rθ = (εp/εf )Ei,rEi,θ . Since

Ee,r = E · er = 0, it becomesTe,rr = −(1/2)E2
e,θ and

Te,rθ = 0.
Fig. 8 shows the traction vector of the Maxwell stre

(T · n) computed at the particle surface. The figure is plo

by computingTe,rr , Te,rθ , Ti,rr , andTi,rθ by using the elec-
tric field obtained earlier in Eqs.(47) and (49). The stress
from the exterior electric field (filled arrows) has only radial
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Fig. 8. Distribution of the traction vector of the Maxwell stress(T ·n) on the
particle surface. Filled (in a red line) and hollow (in a blue line) arrows r
resent the stress due to the exterior and interior electric field, respect
The electrical permittivities are set equal, i.e.,εf = εp . (Color drawing in
the online version.)

component which is generally greater at RHS of the parti
If we perform integration for the interior surface, it becom
f M

i = 0, and the total force due to the Maxwell stress
comes

(69)f M = f M
e = −9

5
πλ.

It should be noted that, to the first order ofλ, f M is inde-
pendent of hydrodynamic field. Additionally,f M is inde-
pendent of the electrical permittivity of the particle, whi
is consistent to the DEP force in a conducting medium[17].
This force is different from the conventional DEP force
a dielectric medium in that this force does not vanish e
whenεf = εp.

The total force acting on the particle is the sum of
pressure force, the frictional force, and the dielectric for
i.e.,

fCP= f h + f M = f (el)
p + f (h)

p + fv + f M
e + f M

i .

Finally, the nondimensional CP force becomes

(70)fCP= πλ

(
−13

18
− 8C1

3
+ 4D1 − 9

5

)
= −1453

420
πλ.

Sinceλ = ka/c0 andk = −∇c∞, the CP force can be ex
pressed in a dimensional form as

(71)FCP= 1453

420
πa3εf E2

0

(∇c∞
c0

)
.

If we define i = σ0E0 as the current that is consta
throughout the domain, the above expression can be a
natively expressed, in terms of current, as

(72)FCP= 1453

420
πa3εf i2∇σ∞

σ 3
0

.

The direction of the CP force is determined by the c
centration gradient, and is always towards the region of
higher ionic concentration. For a given concentration (c

ductivity) gradient, the CP force is inversely proportional
to the cube of local concentration. For the future compari-
son with the conventional DEP force, we change the above
Interface Science 286 (2005) 792–806 803

-

Table 2
Relative contribution of each component to the CP force

Contributions Symbol f/fCP

Pressure (electrical) f
(el)
p 1.04

Pressure (viscous) f
(h)
p −0.41*

Skin friction fv −0.16
Maxwell stress (exterior) f M

e 0.52
Maxwell stress (interior) f M

i
0

Sum 1

* Minus sign represents the direction of the component opposite to th
force.

form to a similar form to the conventional DEP force. Sin
σ∞E∞ is constant, it becomesE∞∇c∞ = −c∞∇E∞. In-
troducing the preceding relation to Eq.(71) and noting that
c∞(x = 0) = c0 andE∞(x = 0) = E0, we obtain

(73)FCP= −2πεf a3K∇E2∞,

whereK = 1453/210.
Table 2shows the relative contribution of each comp

nent to the total CP force. In the table, the minus sign re
sents the direction of the force component opposite to
of total CP force. The pressure force directly induced
the concentration polarization,f

(el)
p , is the largest contribu

tion among the components of the CP force. The die
trophoretic contribution,f M

e + f M
i in which f M

i = 0, is
just half of that due to the electrical pressure contributi
In the present investigation, we assumed that the condu
ity of the particle is zero. In reality, the particle has a fin
conductivity, although it may be much smaller than tha
electrolytes. If the particle has a finite conductivity, so
current may flow thought the particle. Then, the strength
the electric field around the particle may be decreased,
the overall magnitude of the CP force may be reduced.

4.4. Numerical verifications

A numerical analysis is performed to verify the analyti
results. In the numerical analysis, a set of coupled eq
tions, Eqs.(31)–(41), were solved by using the finite volum
method. A spherical surface that has its origin at the cent
the particle and has the radius of 100a is chosen as the oute
boundary surface, in which the particle surface forms the
ner boundary. The no-slip condition is applied at the ou
boundary surface. In the simulation,λ andPeel are chosen
as 10−3 and 1, respectively.

Fig. 9 compares the analytical and the numerical res
for the pressure and the wall-shear stress on the particle
face, which show a fairly good agreement. In the figu
p1s(η = 0) in Eq. (63) is set to zero. Due to the pumpin
action of the particle, a slow but large-scale circulating fl
is generated inside the numerical domain. However, the

field, the pressure in the vicinity of the particle, and the wall-
shear stress on the particle surface are hardly influenced by
the large-scale circulating flow.
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(a)

(b)

Fig. 9. Comparison of the analytical and the numerical results for (a) p
sure (b) wall-shear stress. Solid line represents the analytical result, an
symbols are for the numerical results. These stresses are scaled byεf E2

0,
whereE0 = E∞(x = 0).

The high value ofλ essentially requires a considerati
for boundary surfaces (refer toFig. 4). Additionally, for large
Peclet numbers, the effect of hydrodynamic flow will b
come more significant; consequently, the boundary effec
flow would be much pronounced due to the slow decay
character of the creeping flow. In the present investigat
we developed an analytical result that is independent o
geometrical shape of boundary surfaces. The goal of
present numerical analysis is limited to validation of a
lytical results. Investigating the effect of boundary surfac
necessary in the future.

5. Discussions

The translating velocity(UCP) of the particle due to the
CP force can be obtained by balancing the CP force with
Stokes force(Fs = 6πµaUCP) [8], which yields
(74)UCP= |FCP|
6πµa

= 1453

2520

aεf E2
0λ

µ
.

Interface Science 286 (2005) 792–806

The influence of the convective transport of species du
UCP can be represented by the (hydrodynamic) Peclet n
ber defined asPe = aUCP/D. From the preceding equa
tion and the definition of the electrical Peclet number, i
Peel = εf E2

0a2/(µD), the Peclet number can be related
the electrical Peclet number as

Pe= 1453

2520
Peelλ.

Since 0< Peelλ 
 1, it confirms that the effect of translatio
induced convective transport on the concentration field
be neglected within the validity of the present theory. Eve
we take into account of the translating velocity in the ana
sis from the beginning, its effect appears at best in the se
order terms.

Let us consider the effect of the applied electric-field
rection on the direction of the CP force. Assume, inFig. 1,
the direction of the external electric field is reversed wh
maintaining the concentration gradient as before. Then,
the sign of the electric field will be changed. Since the cha
density is related to the concentration and the electric fi
asρf = −ε∇σ · E/σ , the sign of free charge due to conce
tration polarization is also reverse. For the particular c
shown inFig. 1, then, negative charges will be generat
There is no change, however, in the Coulombic body fo
(ρeE), and eventually, the hydrodynamic field and the hyd
dynamic force acting on the particle will not change. In
Maxwell stress, every component is in the form of squar
electric field. The sign change of the electric field, therefo
does not affect the resulting force. As to the direction of
concentration gradient, as explained before, the CP act
wards the region of higher concentration. Consequently
CP force always directs to the region of “higher” concen
tion, irrespective of the direction ofE or i.

In principle, the linear theory presented in this pape
applicable to cases of small effective concentration gradi
and small electrical Peclet numbersPeel. It is desirable to
compare the magnitude of the CP force with other force
the basis of the present linear theory. Here, we compare
CP force with the DEP, the electrophoretic force, and
gravity forces.

The dielectrophoretic force for a conducting particle s
merged in a conducting liquid is[17]

FDEP= 2πεf a3KCM∇E2∞,

where KCM = (σp − σf )/(σp − 2σf ) is the Clausius–
Mossotti factor in this case. For a limiting condition of
nonconducting particle, it becomesKCM = −1/2, and the
relative magnitude of the DEP force relative to the CP fo
becomes

(75)

∣∣∣∣FDEP

FEP

∣∣∣∣ =
∣∣∣∣KCM

K

∣∣∣∣ = 105

1453
.

As shown, the above comparison shows that the CP for

ten times greater than the DEP force under the same electric-
field gradient. However, for the CP force the electrical-
field gradient is produced due to the concentration gradient,
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(a)

(b)

Fig. 10. Comparison of magnitude of the CP force and the electropho
forces: (a)|k|/c0 = 104 m−4; (b) |k|/c0 = 105 m−4.

while for the DEP force, the field gradient is independ
of the concentration gradients, and determined by the di
ence in electrodes’ geometries and distance, etc. Thus
above comparison does not mean that the CP force is al
greater than the DEP force.

Under a DC field, the CP force shows very similar ch
acteristics to those of the DEP force. Alike the DEP for
as explained earlier, the direction of the CP force does
depend on the polarity of the electric field. Both are prop
tional to the square of the electric-field strength and volu
of a body. These characteristics have a potentially im
tant implication. That is, analogous to the DEP force, the
force may have a nonzero value for even an AC field.

The electrophoretic force acting on a particle that ha
zeta potential ofζ can be represented by[8]

FEP= 6πζεf E0a.

Then, the ratio of the electrophoretic force to the CP fo
becomes
∣∣∣∣FCP

FEP

∣∣∣∣ = 1453

2520

a2E0|k|
c0ζ

.
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Fig. 11. Comparison of magnitude of forces forE0 = 105 V/m,
ζ = 25 mV, |k|/c0 = 104 m−4, g = 9.81 m2/s, ρp = 1.010 kg/m3,
ρ = 998 kg/m3, andεf = 6.9 × 10−10 C2/(J m). The solid, dotted, an
dashed lines correspond to those of the CP force, the electrophoretic
and the gravity force, respectively.

The two forces may have the same magnitude when

(76)E0 = 2520

1453

(
c0ζ

|k|
)

1

a2
,

where k = −∇c∞. In Figs. 10a and 10b, the above rela
tion is plotted for|k|/c0 = 104 m−4 and 105 m−4, respec-
tively. Fig. 10 represents the region where the CP fo
and the electrophoretic force become greater than the o
Such values of|k|/c0 may be typical in microchannel en
vironments. For instance, consider the case considere
Section3.2, in which two streams of different electroly
concentration of 50 mol/m3 (=50 mM) and 1 mol/m3

(=1 mM) flowing in parallel in a microchannel having
width of 100 µm. The diffusional mixing at the interfa
will generate a concentration gradient. Then,k may be in
the order of 5× 105 mol/m4, and consequently,|k|/c0 may
be in the order of 2× 104 m−4. Whena = 10 µm, the value
of |k|/c0 = 104 m−4 corresponds toλ = 0.1. In the figure,
the CP force is greater at the upper region of each line,
the electrophoretic force is greater at the lower region.

The CP force is proportional toa3 while the elec-
trophoretic force is proportional toa. Thus, as shown in
Fig. 10, as the size of a particle increases, the relative m
nitude of the CP force will increase compared to the e
trophoretic force. Additionally, the CP force is proportion
to the square of the electric-field strength while the e
trophoretic force is directly proportional to the electric-fie
strength. Thus, the CP force may become more importan
high electric fields compared to the electrophoretic force
should be emphasized that the CP force exists even fo
electrically neutral particle. Additionally, the AC field do
not generate any electrophoretic force while the CP fo
under an AC field may still exist.
Fig. 11compares the absolute magnitude of the CP force
with that of electrophoretic force and the gravity forceFg =
(4/3)πa3(ρw − ρp)g in which ρp is the particle density. It



and

s
nge
ory

n-
par-
t of

leas
nif-

son
ace
rge

not
ur-
f the
le,

etic

ri-
tion
tes
D
ting
to

di-

lied
nic
ld.

ed)
dle
sen
ien

ory,
le to
ens
the

the
arch

an,

48

M.

168.

iley,

dge,

gle-

78.

Hall,

ses,
806 K.H. Kang, D. Li / Journal of Colloid

is chosen so thatE0 = 105 V/m, ρp = 1,010 kg/m3, ζ =
25 mV, and|k|/c0 = 104 m−4. As shown, the CP force i
greatest among the three forces when the particle size ra
from 7 to 100 µm, although the validity of the present the
for a large particle is not assured.

To avoid any complication that could arise from the co
ventional electrokinetic effects, we assumed that the
ticle has no surface charge. In practice, however, mos
particles have surface charges. It is believed that, at
to the leading order, the surface charges may not sig
icantly affect the magnitude of the CP force. The rea
is that the electrical double layer on the particle surf
may screen the electric field induced by the surface cha
Therefore, the exterior and interior electric field may
be significantly distorted from the state without the s
face charge, and subsequently, the leading order term o
CP force will be hardly influenced. For a charged partic
therefore, the CP force is additional to the electrophor
force.

6. Summary

A particle submerged in an electrolyte solution expe
ences a new kind of force, the concentration-polariza
(CP) force. The CP force in a DC electric field origina
from two different mechanisms: (i) the gradient of EH
pressure which is developed by the Coulombic force ac
on “induced” free charges, and (ii) the dielectric force due
nonuniform electric field induced by the conductivity gra
ent.

The CP force is proportional to the square of the app
electric field and acts towards the region of higher io
concentration, regardless of direction of the electric fie
The CP force is effective on electrically neutral (uncharg
particles, which may have practical significance to han
particles having same electrokinetic properties. The pre
investigation also suggests that the concentration grad
can become a means to generate a DEP-like force.
The magnitude of the CP force is compared to the elec-
trophoretic, the convectional DEP, and the gravity forces. It
Interface Science 286 (2005) 792–806

s

t

.

t
t

demonstrates, within the validity of the present linear the
that the magnitude of the CP force is at least comparab
the electrophoretic force for particles having radius of t
of micrometer. The CP force is ten times greater than
DEP force for a given value of∇E2∞.
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