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Abstract The polynomial automorphisms of the affine plane have been studied a lot:
if f is such an automorphism, then either f preserves a rational fibration, has an
uncountable centralizer, and its first dynamical degree equals 1, or f preserves no
rational curves, has a countable centralizer, and its first dynamical degree is >1. In
higher dimensions there is no such description. In this article we study a family (Wy)q
of polynomial automorphisms of C3. We show that the first dynamical degree of W, is
> 1, that W, preserves a unique rational fibration and has an uncountable centralizer.
We then describe the dynamics of the family (W )y, in particular the speed of points
escaping to infinity. We also observe different behaviors according to the value of the
parameter o.

Keywords Iteration problems - Polynomial maps

Mathematics Subject Classification 32H50 - 37F10

1 Introduction

Hénon gave families of quadratic automorphisms of the plane which provide exam-
ples of dynamical systems with very complicated dynamics ([5,8,14,15]). In [11],
Friedland and Milnor proved that if f belongs to the group Aut(C?) of polynomial
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automorphisms of C2, then either f is Aut(C?)-conjugate to an elementary automor-
phism (elementary in the sense that they preserve a rational fibration), or f is of Hénon
type, i.e., conjugate to an element of the semigroup H whose elements are of the form

81828k &j: (zo,z1) — (21, Pj(z1) — §jz0), 8j € C*, Pj € C[z1], deg Pj > 2.

The topological entropy allows to measure chaotic behaviors. In dimension 1, the
topological entropy of a rational fraction coincides with the logarithm of its degree,
but the algebraic degree of a polynomial automorphism of C? is not invariant under
conjugacy so [10,20] introduce the first dynamical degree. The topological entropy is
equal to the logarithm of the first dynamical degree ([4,24]). If f is of Hénon type, then
the first dynamical degree of f is equal to its algebraic degree > 2; on the other hand, if
f is conjugate to an elementary automorphism, then its first dynamical degree is 1 (see
[11]). Another criterion to measure chaos is the size of the centralizer of an element.
The group Aut(C?) has a structure of amalgamated product ([17]); hence according
to [21], this group acts nontrivially on a tree. Using this action, Lamy proved that a
polynomial automorphism is of Hénon type if and only if its centralizer is countable
([18).

The group Aut(C?) and the dynamics of its elements are much less known. In this
article, we study the properties of the family of polynomial automorphisms of C3
given by

Wyt (20,21, 22) F> (zo + 21 + 2424, 20, Oczz>,

where o denotes a nonzero complex number with modulus < 1, ¢ an integer > 2, and
d an integer > 1.

The automorphism ¥, can be seen as a skew product over the map z, — azp,
and whose dynamics in the fibers is given by automorphisms of Hénon type. More
precisely, if zo € C, let us denote Vo,: (zo,21) = (o + 21 + zgzg, zp); then
W (20, 21, 22) = (Y, (20, 21), 922), and for every n > 1, we have W (z0, 21, 22) =
((Wz,)n (20, 21), @"22), where

(‘1‘]22)71 ZKPOL"*IZZ O~'~Ollfa22 OquZ' (L.1)

If a # 0, we also define the map ¢, := o/ {r; where / := d /(g — 1). We will see later
that W, is semi-conjugate to (¢, & z2). The family of automorphisms {W }q satisfies
the following properties:

Proposition A Take 0 < || < 1. Then

— the first dynamical degree of the automorphism Wy (resp. Wi') is ¢ > 2;
— the centralizer of Vy is uncountable;
— if0 < |a| <1, then Wy preserves a unique rational fibration, {7z, = cst}.

We then focus on the dynamics of Wy, 0 < |a| < 1. Let us introduce a defini-
tion. We denote by ¢ := #5 the golden ratio. We say that the forward orbit of p

@ Springer



Dynamics of a Family of Polynomial Automorphisms of c3

goes to infinity with Fibonacci speed if the sequence (W] (p)®~"),>0 converges and
lim Wl (p)9™" = p’ # Ocs. In particular this implies

n—-+00

[ ¥~ 1] o

The hypersurface {z» = 0} is fixed by W, and the induced map on it is given by a
hyperbolic matrix. We see that for any p € {z2 = 0}, either its forward orbit goes
to O¢3 exponentially fast, or it escapes to infinity with Fibonacci speed. Concerning
points escaping to infinity with maximal speed, we prove:

+ n
Theorem B Fix 0 < |a| < 1. For any point p € C3, the limit lim w
n——+00 q

exists. The function

Gy (p) = lim —log+ [ve ]

n—+00 q"

is plurisubharmonic, Holder continuous, and satisfies G$u oWy = q - G$a. Set

T := 2 max (dal, 1); then
Gy (p)  ~
1 < limsup v P <l.
Il pll——+oc l0g [Pl
Moreover, the set £ = {p e C3| G$a(p) > O} of points escaping to

infinity with maximal speed is open, connected, and has infinite Lebesgue mea-
sure on any complex line where G$u is not identically zero. In particular, the set

{p eC?| lir41_1 e (p)ll = +oo} is of infinite measure. We also exhibit an explicit
n—+00
open set Q C £.

Theorem C Assume 0 < |a| < 1. Then Wy has a unique periodic point at finite
distance, O3 = (0, 0, 0), which is a saddle point of index 2. The fixed hypersurface
{z2 = 0} attracts any other point. Moreover, the set K, & , Of points with bounded for-
ward orbit is exactly the stable manifold Wy, , (Oc3), and the latter can be characterized

analytically. The set J\Da = 0K CIZ, thus corresponds to W% (O¢3).

We observe a phase transition in the dynamics of the family {Wy}o<|q/<1 for the
value |o| = ¢(1-9)/4;

Theorem D Assume 0 < |o| < 909/ The ser V := {p e C| G$a(p) = 0} is
a closed neighborhood of the hyperplane {zo = 0}. It consists of the disjoint union
Q" U Wy, (0c3), where 2" has non-empty interior and the forward orbit of any point
p € Q" goes to infinity with Fibonacci speed.

Note that we also define an analytic function g whose domain of definition is equal
to )V and which parametrizes the stable manifold in the sense that Wfl,a (0¢3) coincides
with the zero set Z of g.
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Theorem E Assume now ¢~/ < |a| < 1. For any p € C3, exactly one of the
following cases occurs:

— either p € W;;,a (Oc3) and its forward orbit converges to Ocs exponentially fast;
—orpe{zn =0\ Wéja (0c3) and it goes to infinity with Fibonacci speed;

— or the speed explodes: G$a (p) > 0.

In particular, contrary to the previous situation where the set " has non-empty
interior, we see here that Fibonacci speed does not occur outside the hypersurface
{zo =0}.

Remark 1.1 We stress the fact that for any 0 < |a| < 1, the forward orbit of a point
under W, is bounded if and only if it goes to O¢3. Moreover, we see that in the case the
orbit is unbounded, it has to escape to infinity. This rigidity phenomenon is related to
the properties of the automorphism of Hénon type ¢, which possesses an attractor at
infinity such that the positive iterates of any point whose forward orbit is not bounded
escape to it.

Theorem F Assume |o| = 1. We define Ky, to be the set of points p € C3 whose
orbit (W} (p))nez is bounded. Similarly to what we did above, we define the Green
function G, . Then for any point p € C3, exactly one of the following assertions is
satisfied:

— either the orbit of p is bounded, i.e., p € Ky,

— or p € {z2 = 0} \{O¢3} and either its forward orbit or its backward orbit escapes
to infinity with Fibonacci speed;

- or G$a (p) > 0 or Gg,a (p) > 0y in this case, either its forward orbit or its
backward orbit escapes to infinity with maximal speed.

We define the associate Green currents T\i = dchil, and we set [Ly, 1= T\;; A
T\;u Adza ANdza. The measure w, is invariant by Wy and supported on the set 0K y,.
For any py # 0, the set Cp, := C? x {p2e”‘ |x € R} is invariant under Wy. Define
Tpy i= Jw, NCp,; itis also invariant and we show that when o is not a root of unity,
(Wy | Ty » nw,) is ergodic.

2 Invariant Fibrations and Degree Growths
2.1 Invariant Fibrations

Let us come back to dimension 2 for a while. As recalled in §1, if f is a polynomial
automorphism of C2, then up to conjugacy either f is an elementary automorphism
or f is of Hénon type. In the first case, f preserves a rational fibration, whereas in the
second one f does not preserve any rational curve ([6]). This gives a geometric criterion
to distinguish maps of Hénon type and elementary maps. What about dimensionn > 3?
Contrary to the 2-dimensional case we will see, as soon as n = 3, that “no invariant
rational curve” does not mean “first dynamical degree > 1.”

@ Springer



Dynamics of a Family of Polynomial Automorphisms of c3

Assume that 0 < |a| < 1. Let @4 be the automorphism of C3 given by
Dy = (Otl(zo + 21+ 28), oz, Otzz) ,

where !/ := qdj. Itis possible to show that ¥, is conjugate to @, through the birational
map of IP’% given in the affine chart z3 = 1 by

1 1
0 = (2023, 2123, 22),

that is § o W, = ®y o . The advantage is that the action of &y in the fibers is
independent of the base point. Moreover, it has a lot of good properties; in particular,
we will see that it is algebraically stable (§2.2). Nevertheless 6 is birational so we
might loose some information (§6).

Proposition 2.1 Forany 0 < |a| < 1, the polynomial automorphism ®y preserves a
unique rational fibration, the fibration given by {z, = cst}.

Corollary 2.2 For any 0 < |a| < 1, the polynomial automorphism Yy preserves a
unique rational fibration, the fibration given by {z, = cst}.

Proof of Proposition 2.1 Note that ®y, = (dy(z0, 21), az2) where ¢, € Aut(C?) is
the automorphism of Hénon type given by ¢, : (20, z1) — di(z1 + z0 + zg, 20)-
Since ¢, does not preserve rational curves ([6]), the only invariant rational fibration
is {zo = cst}. O

2.2 Degrees and Degree Growths

The results in this part hold for any a # 0. As we saw in § 1, the first dynamical degree
is an important invariant; in this section we will thus compute % (W) and A (®E).
Let us first mention a big difference between dimension 2 and higher dimensions: if f
belongs to Aut(C?) then deg f = deg f~'. This equality does not necessarily hold in
higher dimension; nevertheless if f belongs to Aut(C"), then deg f < (deg f~1)"~!
and deg f~! < (deg f)"~! (see [22]).

Lemma 2.3 We have for any n > 0 both

n
—1
deg(W)) =q" +d x q ;
q—

and

deg (V") = deg (V7).
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Proof Let us denote by (POE")),L >_1 the sequence of polynomials where

—1
PP (z0.21.22) =21
0
P(z0, 21, 22) 20
_ q
Vn>0 pUtD .= pm pin=b 4 (Pé”)) CEZ

In particular, for every n > 0, W (zq, 21, 22) = (POE")(Z(), 21.22), P V(20 21 22),
0(”22). Since the degree of the third component does not change, and the second
component is just the first one at time n — 1, the growth of the degree is supported
by the first component, that is deg(\W}) = deg(Pé")). Let us then show the result by
induction on n. The result is true for n = 0. If it holds for n > 0, then we have

q
deg(P{"" ) = deg ((P")" (@'z2)?)

n_ 1 n+1_1
>+d:q”+l+dxq—.
1 qg—1

q—

m}

Since the degree is not invariant under conjugacy, [10,20] introduce the first dynam-
ical degree. If f is a polynomial automorphism of C3, the first dynamical degree of
f is defined by

M) = lim (deg /)"

It satisfies the following inequalities: 1 < )\ (f) < deg f.

Corollary 2.4 Since qg" < deg(V}) < (d + 1)q", it follows that
W) = (w;l) —q.

To any polynomial automorphism f = (fo, f1, f2) of C? of degree d, one can
associate a birational self map of IP’% as follows

dp (20 2 2), a, (20 2 2). a4, (20 2 2). a).
(zo:z1:22:23) --» (Z3fo<*,*,* 3Nl — =)Ll ) s )
73 23 23 3 23 I3 3 23 13

we still denote it by f.
If g = (g0 : g : & : g3) is a birational self map of P, the indeterminacy set
Ind(g) of g is the set where g is not defined, that is

Ind(g) = {m & L go(m) = g1(m) = g2m) = g30m) = 0}

Remark that if we look at a birational map of ]P’% that comes from a polynomial
automorphism of C3 then its indeterminacy set is contained in {z3 = 0}.
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Dynamics of a Family of Polynomial Automorphisms of c3

A polynomial automorphism of C3 is algebraically stable if for every n € N,

" ({z3 =0} ~Ind (")) ¢ Ind(f).
Let us recall the following result.

Proposition 2.5 ([9]) The map f is algebraically stable if and only if deg(f") =
(deg(f))" for everyn > 1.

Lemma 2.3 and Proposition 2.5 imply that W, is not algebraically stable, as well
as W ! Tt can also be seen directly from the definition. Indeed the map

+d—1 +d—1 +d—1 | _g+d
W, = ((zo +z1)2% + zgz‘zl : 2023 cazpzd e )

sends z3 = 0 onto (1:0:0:0) and Ind(Wy) = {20 =0, z3 =0} U {20 =0, z3 = 0}.
Similarly, we see that

Ind(¥, ") ={z1=0, 23 =0} U{z2 =0, z3 =0},

and W ! sends z3 = 0 onto (0:1:0:0) € Ind(W;'). On the other hand, ®¢({zo #
0, zz = 0}) = (1:0:0:0) does not belong to Ind(d,) and (1:0:0:0) is a fixed point
of ®y hence P} ({zo # 0, zz3 = 0}) = (1:0:0:0) for any n > 1. In particular, Oy is
algebraically stable. We have for every n > 0, deg($]) = ¢". Notice that for n > 3,
there exist examples of maps f € Aut(C?) which are algebraically stable but whose
inverse f~! is not algebraically stable (let us mention the following example due to
Guedj: f = (z% +N\z1 +azo, x_lz% + 21, zo) with @ and )\ in C*). Yet this is not the
case for ®. Indeed,

-1 -1 -1 -
0:21:22:23) = — - — 4
“« of al o ale a 3

so @5 ({z1 #0, z3 = 0}) = (0:1:0:0) does not belong to Ind(dy ') = {z1 =0, z3 =
0} and is fixed by ®;'. Hence @ ! is also algebraically stable. As a result one can
state:

Proposition 2.6 For any integer n > 1 the following equalities hold

3 Centralizers

If G is a group and f an element of G, we denote by Cent( f, G) the centralizer of f
in G, that is

Cent(f,G) := {g € G| fg =gf}

@ Springer
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The description of centralizers of discrete dynamical systems is an important prob-
lem in real and complex dynamics: Julia ([16]) and Ritt ([19]) showed that the
centralizer of a rational function f of P! is in general the set of iterates of f (we
then say that the centralizer of f is trivial) except for some very special f. Later
Smale asked if the centralizer of a generic diffeomorphism of a compact manifold
is trivial ([23]). Since then a lot of mathematicians have looked at this question in
different contexts; for instance as recalled in §1, Lamy has proved that the centralizer
of a polynomial automorphism of C? of Hénon type is in general trivial ([18]).

Fix a with 0 < |a| < 1. We would like to describe Cent(®y, Aut(C?)). Of course
it contains not only {CIJZ | ne Z} but also the following one-parameter family

{(nZo, Nzy, vz2) | v e C*,ma (g — 1)-th root ofunity}.

We show that the centralizer is essentially reduced to the iterates of ®, and such maps.
Since the automorphism ¢, = o/ (z1 + zo + zg, z0) is of Hénon type, it follows from
aresult of Lamy [18] that Cent(¢y, Aut(C?)) ~ Z x Z, for some n € N.
Let f € Cent(®g, Aut((C3)); we write [ = (fo, f1, f2).
af2

Lemma 3.1 We have 520 = 0, % = 0. Therefore, the last component f only depends

on 7o, and in fact it is a homothety:

(20,21, 22) = fo(z2) = nz2, peCh

Proof 1If we focus on the third coordinate in the relation @, o f = f o &, we get
afr = fr o By, that is, for every (20, z1, z2) € C3,

20, oczz) .

o f2(z0, 21, 22) = f2 (Otlzo +olz + 7], a
Taking the derivatives in the different coordinates, we obtain:

all — ol (1+ngfl>%od)a+al%ocba,

920 az0
W _ Gl 3.1
ocgjch = aagfz" o ®g, 3.1
92 _ 92
Qg =050 Dy

Let us consider the first coordinate and assume that % # 0; we will get a contra-
diction by looking at highest-order terms in zg. Since f» € C[z1, z2][z0], we can write

f2(zo.21,22) = Y. Rilzi, Zz)ZS, where the Ry are polynomials and kg is the degree
k<ko
in zo of f>. From our hypothesis, ko > 1. We also look at the expansion of Ry, # O:

Riy(z1.22) = Y 0wz}, Qmy #0.

m=<mq
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For the three terms, we look at the term of highest order in zq:

azo 2 (20, 21, 22) = ko Rio (21, 22)20" ' + ...

(1 + qzo ) 322) o ®y(z0, 21, 22) = koOLl(k0+’n0)Q (0(Z2)qu0+m0 1 +o.

k 1
of fz 0 @y (20, 21, 22) = moal Km0 0, (0z)zd ormeT L.

Since we assume kg9 > 1, and ¢ > 1, we have gkg + mg — 1 > ko — 1

so the coefficient of the term in ng0+m0—1 must vanish. But this coefficient is

(qko + mg)olkotmo) g o(@z2) # 0, a contradiction. Hence dfz = 0, and it follows
from the second equation of (3.1) that g{f = 0 as well. Therefore, fo = f2(22).

Now, since f € Aut(C?), we know that f5 is of degree at most 1. The map f
commutes with &, so it must preserve its fixed point Ogs, and we conclude that
f2: 72 > uzp for some u € C*. O

Recall that ¢ : (20, 21) — o (z1 + z0 + zg, z0). Let us denote f := (fo, f1). By
projecting the commutation relation on the first two coordinates, we get

by o f = fody. (3.2)

Lemma 3.2 The map fonly depends on the first two coordinates.

Proof We rewrite (3.2) as the following system:

o fo+ol fi + ol ff = foo Py
{ 0(1]90 = f1 0 Og. (3.3

We then get:
o foo @y +a? fo+o fif o @y = foo P

Let dy be the degree of fy € C[zo, z1][z2]. Since &, does not change the degree in
2z, We obtain

deg (a’ foo cp(,) — deg(0® fp) = deg ( foo q>§) —dy, deg (a’ 190 %) =,

but ¢ > 1, which implies that dy = 0: fp does not depend on z». Using the second
equation of (3.3), we see that f; does not depend on z» either. O

Therefore, Equation (3.2) can be rewritten:

dg © f: fo Py
But ¢, is a Hénon automorphism, so according to [18] one has:

Corollary 3.3 The map fbelongs to the countable set Cent(¢,, Aut(C?)) ~ Z x Z,
for some n € N.
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We have seen that for any f = (fo, f1, f2) € Cent(Py, Aut(C?)), (fo, f1) depends
only on (zp, z1) and belongs to Cent(¢g, Aut((Cz)), and that f> depends only on z»
and is a homothety. We conclude:

Proposition 3.4 The centralizer of ® in Aut(C3) is uncountable. More precisely

Cent (‘ba, Aut ((C3)) = Cent (4)(,,Aut ((Cz)) x{z2> pnzp | peC*y > (Zx2Z)xC* neN.

Corollary 3.5 The centralizer of Wy in Aut(C?) is uncountable.

4 Dynamics on the Invariant Hypersurface z, = 0

The following holds for any a # 0. Let us recall that the Fibonacci sequence is the
sequence (Fy), defined by: Fp =0, F1 = 1 and foralln > 2

Fpi=Fp_1+ Fy.

The hypersurface {zo = 0} is invariant, and when |a| < 1, it attracts every point
p € C3. On restriction to this hypersurface, the growth is given by the Fibonacci
numbers (F),:

Ve l,,—0 = (Fat120 + Fuzi, Fuzo + Fpm121), n > 1. 4.1)

Since

% 2
Wl (z0, 21, 22) = 21, —21 + 20 — 21 22, 22 )
ad’ o

similarly, we have
V" =0t (2o, 21) > (=) (Fu—120 — Faz1, —Fazo + Faiz1), n>1. (4.2)

Moreover, it is easy to see that any periodic point of W, belongs to the hypersurface
{zo = 0}. In fact, ¥, has a unique fixed point at finite distance, Oc3 = (0, 0, 0) and
has no periodic point of period larger than 1. Let ¢ := HT‘E be the golden ratio and
¢ := —1/¢. Since

(pn_((p/)n Q"
Fp=——F——=—%=+o(),
7 \/§+0()

we deduce from (4.1) that any point ((P’z, zZ, 0) with z € C converges to O3 when
we iterate Wy, while any other point of the form (Bz, z,0) with z # 0 and B # ¢’
goes to infinity. Likewise, we see from (4.2) that any point (¥z, z,0) with z € C
converges to Oc3 when we iterate W, !, while any other point of the form (Bz, z, 0)
with z # 0 and B # ¢ goes to infinity. Furthermore, in both cases, the speed of
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the convergence is exponential since it is in O (|¢|™") with |¢| > 1. In other terms,
the linear map Wy |;,—0: (20, 21) = (2o + 21, 20) is hyperbolic, with a unique fixed
point 02 = (0, 0) of saddle type, and whose stable, respectively, unstable manifolds
correspond to the following lines:

Wi,

O =2y ={(¢z,2) [zeC}, W§  _ (Oc2)=Ag:={(9z,2) [z€C}.

|22 £}

Moreover, ¢ and ¢” are just the eigenvalues of Wy |,,—¢, and Ag, A¢ the corresponding
eigenspaces.

5 Points with Bounded Forward Orbit, Description of the Stable
Manifold Wy, (0¢3)

When 0 < |a| < 1, we remark that O¢3 is a hyperbolic fixed point of saddle type. The
tangent space at O¢3 can be written as T%3 (C}H = Efi,a Oc3) D E G,a (0c3), where the
stable, respectively, unstable spaces are given by

Ey,(0c3) = Ay x {0} @ {02} x C, Ey, (0c3) = Ag x {0}.
These spaces integrate to stable and unstable manifolds
W;;,a(OC3) = {p e ‘ liToo\I/g(p) = 0<C3} , Wff,a(Ocz) = :p eC? ‘ liToo v, " (p) = 0@3}
which are invariant by the dynamics; furthermore, W\‘I‘,a (Oc3) = Ag x {0}, while

Wy, (0cs) is biholomorphic to C? (see [22]). Note that (A¢ x {0}) U ({0¢2} x C) C
Wj,a (Oc3), but it is easy to see ! that Wé,a (0c3) # Ay x C.

Ocs A, \Az =0}

Ay = W*0)

In the next statement, we introduce a series that encodes the growth of forward
iterates of a point.

! Indeed if p = (po, p1. po) satisfies p» # 0 and p; = —@po, we see that PV (p) + ¢RIV (p) =
po(l+ ¢ — %) + (Ppgpg = (Ppopg # 0 hence Ay x Cis not left invariant by Wg.
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Lemma 5.1 Let p = (po, p1, p2) € C. Foreveryn > 0 and any a € C, we have
PID) + 07 P (p) = ¢ | 0po + +p22(f’(”(p)) 97ialt | (s.1)

Proof For n > 0 we have the following set of equalities:

POV = PO + P+ (RO () @ o)

9 POE =PI+ P+ (RETV) @y

(xR V) = PP () + R %) + (P(" ()" @2 py
=+

o PP = P+ (P“%p)) (@p2)?

xe  PYp= po +  p (P(O)(p)) (p2)*

Summing up, and because > — ¢ — 1 = 0, we obtain
1 -
PV (p)+ 07 P (p) = ¢ | 0po + p1 + pS Z (P(])(p)) ¢l
Jj=0

For every n > —1, we define the polynomial g, € C[z] = Clzo, z1, z2] by

gn(2) i= 920 + 21 + 23 Z <P(J)(z)> ¢l = (P&”*”(z) + (p‘lP(i”)(z)> ¢
Jj=0
We also introduce the power series
8(2) = 9z0 + 21 + 25 Z (P(’)(z)) ¢l = gz0+ 2

j=0

+00
. it i1 .
+ Z 10) (J‘H)(POE]+ )(Z) _ POEJ+ )(Z) _ POE])(Z))
j=1

Let us denote by D its domain of definition, that is the set of p € C3 such that the
; q ..
series Zj (Péj)(p)) @~/ a/? converges, and let

={peDl|glp) =0}
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Dynamics of a Family of Polynomial Automorphisms of c3

be the set of its zeros. It is easy to check that both D and Z are invariant by the
dynamics, that is Wy (D) C D and ¥y (Z) C Z. Moreover, if p € D, we denote by
‘ a
m(p) = Y (Pé])(p)) @~/ a4 the tail of the corresponding series.
j=n+1

Corollary 5.2 Suppose 0 < |a| < 1. Let Ky & denote the set of points p =
(po, p1, p2) whose forward orbit {W}(p), n > O} is bounded. This is equivalent

to the fact that the sequence (|POE )(p)l) is bounded. If p € K+a, then for every

n>0
n > 0, we have
lgn(P)] = O(¢7"). (5.2)
In particular, we deduce that
Ky CZ, and |ry(p)l=0(97". (5.3)

Proof 1t follows immediately from Lemma 5.1. Indeed under our assumptions we
have:

POEVH-I)(p)‘ + (pfl

gn(p)l = ( PO (p)|) 7 = 00,

This implies p € Z. Then we also have g,(p) = g(p) — pgrn(p) = —pgrn (p) and
Ira(p)l = O™,

Remark 5.3 We can see (5.3) as a codimension one condition that points with bounded
forward orbit have to satisfy. Also, we see from (5.2) that locally, such points are close
to the analytic manifold 2, := {p € C*| g, (p) = 0} forn > Obig.If p = (po, p1, 0),
we recover from (5.3) that p has bounded forward orbit if and only if it belongs to the
stable manifold Wy, (0¢s) N {z2 = 0} = Ag x {0}.

When 0 < |a] < I, we have the following analytic characterization of the stable
manifold W;},a (0c3).

Proposition 5.4 Assume 0 < |o| < 1. The point p = (po, p1, p2) € C3 belongs to
the stable manifold Wé,a (O¢3) if and only if the following properties hold:
- peZz;
— the series Z |7 ( p)l(Pj is convergent.
J
Equivalently, p € Wfl,Ol (O¢3) if and only if ) jlgj (p)|®/ converges.

Proof If p belongs to the stable manifold Wj,a (O¢3), then its forward orbit is bounded
and Corollary 5.2 tells us that p € Z. Moreover, we have

=0 Y 7| =0 (¢"a),

j=>n+1
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hence |r, (p)|¢" = O(|a|*¥) and the series Zj |7} (p)|9/ converges.
For the other implication, we get from Lemma 5.1 that for every j > 0,

1 B . )
PV () + 07 P (p) = —pielri(p). (5.4)
Now let n > 0. Write equations (5.4) for j = 0, ..., n and combine them to obtain
(n+1) (=Dt d . i+1 i nJ
P (p) = b0+ Y (D" (el el

j=0

The first term of the right hand side goes to 0 with n; we split the sum as follows:

n [n/2]
Doy el = (=1 ()@ T
j=0 Jj=0

n
+ > DT (el e

j=ln/2)+1
We get
[n/2] _ o +oo _
DD ()@l @I < @AY i (p) | @
j=0 j=0

hence it goes to 0 with respect to n. For the remaining term, we estimate

n ) ) “+o00
Yoy peiei T < ST rp)] ¢
j=ln/2]+1 j=ln/2]+1

which goes to 0 as well. We conclude that liIJIrl POE")( p) =0, hence p € Wy, (0¢3).
n——+oo @
The other equivalence follows from the fact that for p € Z, we have g,(p) =
d
—p5ra(p). O

Corollary 5.5 Assume 0 < |o| < 1. Then the forward orbit of a point p =
(po, 1, p2) is bounded if and only if p belongs to the stable manifold W\‘La (O¢3);

in other terms, K \Jﬂa = W\Syu (Oc3).

Proof Let p € K $a' We have already seen in Corollary 5.2 that p € Z. Moreover, if
we denote r,(p) == Y (Pofj)(p))q ¢~/ a4, then Z |7} (p)I(Pj is convergent since

j=n+l ;
Irj(p)] = O(¢~/|al/?). Then, Proposition 5.4 tells us that p € Wy, (Oc3). The other
implication is straightforward. O
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Lemma 5.6 Assume now |a| = 1. We have seen that p € K ;fa implies that p € Z

and [rp(p)| = O(9™"). Conversely, if p € Z and Zj |rj (p)|9/ is convergent, then
+

PEKy,.

Proof Assume that p € Z and that Z |7 (p)|9’ converges. As previously, we have
j
for every n > O:

1
=" S
P (p) = =S po+ 8 3 (=" (el o0,
j=0

+00 ,
From our assumption, we deduce that \Pén)(p)| < |pol + |p2|d > Irj(p)|¥’, hence
j=0

[P (p)| = 0(1). 0

6 Birational Conjugacy, Dynamical Properties of Automorphisms of
Hénon type

Assume 0 < |o|] < 1. We recall here some facts concerning the dynamics of the
automorphism of Hénon type ¢, and so on the dynamics of ®, = (¢4, 0z2). Denote
by F, 4')2 the largest open set on which (¢}), is locally equicontinuous, by K i)'; the set of

points p € C? such that (¢ (p)), > o is bounded and by J, JZ its topological boundary.

The automorphism ¢y, is regular, that is, Ind(¢y) N Ind (¢, =¢.In particular, it is
algebraically stable, hence the following limit exists and defines a Green function:

loo™ n )
Gy (20,21) = Jim o8 ”d’;r(lzo 21)“'

It satisfies the invariance property G ;ga opy =¢q-G gﬂ. We define the associate current

T(;' = ddCGJr where d¢ = '(52;3) . Of course there are similar objects F, I d) , J N

Gd> , and T¢ assomated to the inverse map cI)OTl; we also set K¢, := K+ N K One
inherits a probability measure (¢, = = T;" AT which is invariant by % Be51des
according to [1-4,9] the following propertles hold: for 0 < <1,

— the function Gjb' is Holder continuous;
o . . . . . .
— we have the following characterization of points with bounded orbit:

Kﬁ:{pECZ|qu)a(p):0}, (61)

this tells us that points either have bounded forward orbit, or escape to infinity
with maximal speed;
— let p be a saddle point of ¢, then J (;; is the closure of the stable manifold W(‘;a (p);
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— the support of Td;r coincides with the boundary of K qj , thatis J (; ;
o o o
— the current Td:r is extremal among positive closed currents in C> and is—up to a
o

multiplicative constant—the unique positive closed current supported on K ;
— the measure (g, has support in the compact set 9Ky, , is mixing, maximizes
entropy, and is well approximated by Dirac masses at saddle points.

One introduces analogous objects for the automorphism ®,. In particular, ® is
algebraically stable so we can also define the Green function

+ n
Gt e tim 28 1%l
® n—+00 qn

In fact, for any (20, z1, 22) € C°, G, (20,21, 22) = G| (20, 1) because if z2 # 0,

liT %‘fjm = 0. We introduce the holomorphic map
n——+0o0
h:C— C*  h: (20,21, 22) > (2025, 2125).

It follows from the previous remark that G+ 09 = G;j oh where § = (2025, 2125, 22)
conjugates @, to Wy (i.e., 0V, = Py0). Moreover for 0 < |a| < 1, one gets that

Kg, = K;, x C, Ko, = Ky, < (0}, Ko, = Ko, x (0},
while for |a| =1,

Ky = K;m x C, Kg, =Ky x{C}, Ko, = Ky, x {C}.

When f is an algebraically stable polynomial automorphism of C3 one can induc-
tively define the analytic sets X ; (f) by

X1(f) = f({z3 =0} ~ Ind()))
Xjm1(f) = f(X;(f)~Ind(f)) Vj=1

The sequence (X (f)); is decreasing, X ;(f) is non-empty since f is algebraically
stable, so it is stationary. Denote by X ( f) the corresponding limit set. An algebraically
stable polynomial automorphism f of C> is weakly regular if X (f) N Ind(f) = 9.
For instance elements of H are weakly regular. A weakly regular automorphism is

algebraically stable. Moreover, X (f) is an attracting set for f; in other words there
+00

exists an open neighborhood V of X (f) such that f (V) € V and ﬂ fj ) = X(f).
j=I
Both &, and @gl are weakly regular; furthermore X (®4) = (1:0:0:0) and X(<I>071)
= (0:1:0:0). Therefore (1:0:0:0) (resp. (0:1:0:0)) is an attracting point for @, (resp.
D, 1. From [12, Corollary 1.8], the basin of attraction of (1:0:0:0) is biholomorphic
to C3.
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As recalled above, the automorphisms c])oj(E are regular, hence weakly regular, and
similarly to d%, they possess attractors X(d)&") = (1:0:0) and X (¢, ) = (0:1:0) whose
basins are biholomorphic to C2.

We do not inherit these properties for W,. Indeed remark that K¢,, X (Py) and
X (o, 1) are contained in {zo = 0}, but {zo = 0} is contracted by 9! (recall that
Wy = ®y0) onto {zp = z3 = 0} and {zp = z3 = 0} = Ind(Wy).

7 Definition of a Green Function for ¥,

In this part, we assume 0 < |a| < 1. As for ¢, and P, and despite the fact that W, is
not algebraically stable, we will see that it is possible to define a Green function for
the automorphism W, which has almost as good properties. In particular, we will see
that this function carries a lot of information about the dynamics of the automorphism
Wy.

Let p = (po, p1, p2) € C3, and define C = C(p») := 3max(l, |p2]?) > 0.
We remark that for n > 0, we have |o* py|¢ < C, hence max(||\IJ(’j“(p)||, 1) <
C max(||¥ (p)ll, 1)9. We deduce that for every n > 0,

log" Wit (p)|  logt [ w5 (p)| ‘ _ log(O)

qn+l q" qn+1 ’
hence
-1
10g+ 1w (p)ll 10g+ max( P&n)(p)): Pogn )(P)D
08 %P ) =: Gy, (p)
n—+00 q" n—+00 q" ¢

exists. By construction, the function G$a satisfies G?IL,a oWy =gq- fo,a. We note that
on restriction to the hypersurface {z» = 0},

G$a ‘{22:0} =

0.
Indeed, if p = (po, p1, 0), then log™ |P£")(p)| = O(n) since we have seen that the
forward iterates of p grow at most with Fibonacci speed.

For every n > 0, we have § o W/ = @& o 9. In particular, the following limits exist
and satisfy:

log*t N logt || ®"
T [16 o allz lim  og Ilnaoell

n—+00 q" n——+00 q

=Gy, 00 (7.1)

Define the open set U := {(z0, z1.22) € C?|z2 # 0} and let p = (po, p1, p2) € U.
For every n > 0, recall that

00w (p) = 0( P (), PV () o pa ) = (PP ()@ po) PV ()@ o) ).
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For j € {n — 1, n}, we have

log+

Po(/)(p)‘ —llog™ | py| < log™

PP ()@ p)!| = log*

P ()| +110gt [0
so that

log* |90 Wi(p)| _ log* [ Wi (p)]
q" - q"

+o(1).

We deduce from (7.1) that

Gy, (p)= lim M— lim M_
‘I’o( p _17*>+OO qn _'14>+OO q" =

cga 00(p) = G;gu oh(p). (1.2)

Now if p = (po, p1, 0), then we have seen that G;x (p) = 0. Note that 2(p) = Oz
and §(p) = Ocs; therefore, Gj;u 00(p) = G;ﬁ o h(p) = 0. We conclude that (7.2)

holds for any point p € C3.
The function G$a is not = —o0, it is upper semicontinuous and satisfies the sub-

mean value property (since G;a does and §: C* — C? is holomorphic); in other
terms, GL is plurisubharmonic. Moreover, we know that Gd+> is Holder continuous,
o

and / is holomorphic, hence G$u is Holder continuous as well. We have shown:

Proposition 7.1 For any point p € C3, the limit

10g+ ” \Il&’(p) ” . G+ ( )
n—+00 q" = VP
exists, the function G+(X = Gga 0 = G;gu oh is plurisubharmonic, Holder continuous,

and satisfies G‘\;u oWy, =g¢q- G$u. We can then define the positive current T\f,:x =

ddCG'\;a. The maps 9|y and h|y are submersions, and TLI',Z ‘u = (e‘u)*(T;u ‘u)
(h\u)*(Td;Z ‘u). We also have \IJ&"(Tl;;) =q- T\;;-

Remark 7.2 'We observe that contrary to the case of ¢, the set K ;ja of points whose
forward orbit is bounded is strictly contained in { peC|G '\;a (p) = 0}; indeed, we
have seen that the latter always contains {zo = 0} ¢ K @.

8 Analysis of the Dynamics of the Automorphism ¥,

In this section, we further analyze the dynamics of the automorphism W, distinguish-
ing between the value of 0 < |a| < 1. In particular, we want to describe what happens
outside the invariant hypersurface {zo = 0}.

We see that a transition occurs for |a| = @(1=9/4 Indeed, when |a| < @19/,
we observe different behaviors in the escape speed outside {zo = 0} according to the
choice of the starting point p = (pg, p1, p2): Fibonacci, or bigger than 19" for some

@ Springer



Dynamics of a Family of Polynomial Automorphisms of c3

n > 1. On the contrary, for |a| > @(~9/4 e see that it is impossible to escape to
infinity with Fibonacci speed, while the second case persists.

Letus say a few words about the critical value ¢! ~9)/¢ where the transition happens.
We define the cocycle A: C3 — GLy(C) by:

1+207124 1
A(z0, 21, 22) :=< +Z? Z20 ,

and if M € M(C) and v = (vg, v1) € C%, we set M - v := vM7T. Recall that
for every zo € C, we consider Y, = (zo+ 21+ zgzg, z0). We remark that for

every p = (po, p1, P2) € C3, V,, (po, p1) = A(p) - (po, p1). As usual we denote
Ao(p) :=1Id and forn > 1,

An(p) == AN (p)) - A(VIT2()) ... A(Wa(p)) - A(p).

In particular, for every n > 0, W5(p) = (An(p) - (po. p1), o" p2); equivalently,
(P (p), PPV () = An(p) - (po, p1). Note that

m, " g a
A(\If::(p))=<1+ (~ (Pl)) o« é)

—1f lim (P"(p))? e =0, then lim A(W!(p)) = whose largest
n——+o00 n——+00

11
10)°
eigenvalue is ¢. Then the growth will be exactly Fibonacci unless the initial point
belongs to Wy, (Ocs3). But then

(o) =

and necessarily |a| < ¢1=9/4,

PP )| Il ) = o),

— If Ja| > ¢U=9/d Fibonacci growth is impossible; indeed if
with C > 0, then

PP ()| = cor

g—1
PO e =t (0 )

but here 1 := ¢4~ "ol > 1 so that [PV (p)| 2 7 '"| P (p)| and the
growth is much more in fact.

We will also see that this transition reflects an analogous change in the dynamics of
the Hénon automorphism ¢ for |a| < ¢(1=9/4 the point Oc=2 is a sink of ¢, while
for || > ¢1=9/4 the point O¢2 becomes a saddle fixed point.

The following general lemma will be useful in the analysis that follows.
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Lemma 8.1 Assume that 0 < |a| < 1, and that p = (po, p1, p2) satisfies:

PO ()| = 0 (10 = eyer).

Then with our previous notations, p € Z.

Proof This follows again from Lemma 5.1. Indeed for every n > 0,

PO ()| + 07!

()l = ( PO (p)) 97 = 0((1 = o))

hence g(p) = nliToo gn(p) = 0. ]

8.1 Points escaping to infinity with maximal speed

The results of this subsection hold for any 0 < |a| < 1. We start by exhibiting an
explicit non-empty open set of points escaping to infinity very fast; then we state some
facts concerning the set of points going to infinity with maximal speed and show how
they can be derived from the properties of the Green function G$a.

SetVY := ig('g)‘ We choose M > 0 sufficiently large so that M(g — 1) +dY > 0

(this is possible since by hypothesis, ¢ — 1 > 0).

Proposition 8.2 We define the open set

Q:={p=(po. p1.p2) € C*| Ipol > Ip1l > 0and |p1|97" |pa|? > 2+ ¢M}.

P (p)

Then for any point p € €2, we have G$a (p) > 0; moreover the sequence (

),

is increasing.
The proof splits in two lemmas that we are going to detail now.

Lemma 8.3 For any point p in 2 the escape speed is superpolynomial: for any n >
—1,
[P ()| = [ pr|o™". @.1)

Moreover the sequence (| PO(Ln) (p) |)n is increasing.

Proof The proofisby inductiononn > —1.Let p € Q; we will show that (| P (p) ),
is increasing and that (8.1) holds. It follows from our assumptions that

-1 —

— [P )| = Ipil = Ipile™.
0

~ [P (D) = 1pol = Ip1l-

— Take n > 0 and assume that |P{" (p)| > |p119M" and | P (p)| = [PV (p)].
We estimate:
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1
P ()| =

P ()| (
PO )| (Ip1197 [ pald M@= D40n o)

= |pl " (191197 12l — 2)
M(n+1)

—1
PO | pal” - 2)

=

> |p1l ¢

because M(q — 1) +dY > Oand |p1|9 | p2|? —2 > M Since |p1|97 | pa|¢ —
2 > 1, the previous inequalities also show that |P<§n+l)( p)l > |P0((")( p)|, which
concludes the induction. O

_ Injaj
— In(9)

dYy > 0.Take p € C3 such that the sequence (| POE")( P))n>o is increasing, and assume
that there exists ng > 1 such that for every n > nq, the following inequality holds’:

Lemma 8.4 Recall that Y :

and that M > 0 is chosen such that M (g — 1) +

PO (p)| = 9

Then the escape speed is much bigger in fact: there exist ny > ng and M > 1 such that
for everyn > ny,

PO (p)| =",

In terms of the Green function introduced above, we then get G$u (p) > 0.

Proof Since (|Pén)(p)|),,zo is increasing, we have for every n > 0,

q d
PO )| (1 1pal)! =

P&V (p) = P () = POV ()| < 3| PETV (p)

(8.2)
Set x,, ;= In |POE") (p)|. From our hypotheses, we know that for every n > ng, x, >
MnlIn¢. Since M(g — 1) + dY > 0, we can take € > 0 small such that we still
have M(q — 1 —¢) +dvy > 0. Let n;, > ng be chosen such that for n > n,
nM(g—1—¢)+dY)ln¢ +dIn|py] —In3 > 0. Thanks to (8.2), we get: for
every n > n,

Xpt1 = gxp, +ndYIn @ 4+dlin|py| —1n3
> (I +e)xn+ (n(M(g—1—¢)+dV)In¢+dln|py| —In3)
> (1 +¢)x,.

We then obtain: for every n > ny,

Xy > (14 s)"—"éx% > (142" "0 MnjIn ¢.

2 In particular, this is satisfied for points p € €2 as we have seen in Lemma 8.3.
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As a result there exists ny > nE) such that for n > ny,

X _ (q/2)" "o Mn{In ¢
n2 — n?

> —(ndyln9+dln|py| —In3).

We can then refine the previous inequalities: for n > ny,

1
Xn+1 = qXn +ndYIn @ +dln|py| —In3 ZCI(l——z)Xn.
n

Let C := [] (1 — nlz) Xp,q~ ™ > 0; for every n > np, we have x, > Cq", hence
n>ni

P (p)] = 14", where 0 1= € > 1. o
[Py (p

Remark 8.5 We have seen that the automorphism ¢, possesses an attractor at infinity
X (¢y) = (1:0:0) whose basin is biholomorphic to C2. Then there exists C = C(a) > 0
such that the forward orbit of any point 5 = (po, p1) € C? such that |pg| > |p1|
and || p|| > C is attracted by X (¢,); in particular, p ¢ K;ra, and thus, G;fa (p) >0.1If
p = (po, p1, p2) € C satisfies |po| > [p1| and [|(po, p)|l - [p2|' = C, we see that
lA(p)|| = C, hence Gdfa (h(p)) > 0,and G, (p) > 0 as well. The definition of the
set €2 in Proposition 8.2 is coherent with this observation.

Proposition 8.6 Set] := 2max(l, 1). We have

Gy (p)  ~
1 < limsu vy P <l
Il pll——+oc l0g [Pl

The set £ = {p e C3| G'\;a (p) > 0} of points escaping to infinity with maximal
speed is open, connected and of infinite measure on any complex line where G$a is
not identically zero. In particular, the set

{pe@3| w2 ()| =+C>O}

lim |
n—-+00
of points whose forward orbit goes to infinity is of infinite measure.

Proof The openness of £ follows directly from the continuity of G+a, shown in Propo-
sition 7.1.
The proof of the fact that £ has infinite measure follows arguments given by Guedj-

Sibony [12]. Since ¢, is algebraically stable, we know from Proposition 1.3 in [12]
+

(fi = 1. Therefore

. G,
that lim sup log"‘u

1711—+o0
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. Gy, (p) . G oh(p)
limsup —— = lim sup —_—
Ipl—-+o0 10gIPI I p=(po.p1.pa)l—>+o0 10g 1A(P)]
11 1 , ~ Gy ()~
og | p2| +log [[(po, pD)I <Tlimsup 2 _7
log i pll 17— 400 log I Pl
For the other inequality, we remark that
. Gy, (p) . Gy o h(p)
lim su = > lim sup —_—
Ipl—+oo 10ZIPI ™ 1 p=(po, p1. 1)l >+00 10g (P
+ ~
log ll(po. pOI . Gy, (P)

1og [(po, p1s DIl 15— +o0 log 171

Assume that p € C3 satisfies G;x (p) > 0, and for some v # Ogs, consider the
line L := { p+tv]|t e (C}. Denote by m(r) the Lebesgue measure of the set

{eix, xeR| G$u (p+re*v) > 0}. From what precedes, we know that there exists
C > 0 such that for every r > 0,

G&L,a(p +re™*v) <Tlog*(r) +C.

By the sub-mean value property,
1 27 ) 1 ~
0<Gy (p) < —f Gy (p+re™vydx < —(log" (r) + C)m(r).
o 27 0 ® 27

2nGY . . . .
Therefore, m(r) > 7 i (P) and integrating over r, we get that the set of points p in

log* (r)+C”
L such that G$u (p) > 0 has infinite measure. The proof of connectivity is also based

on the slow growth of G —\Ita and follows from similar arguments (see [13]). O

8.2 General Remarks When 0 < |o| < 1

In this case, O¢s is a hyperbolic fixed point of W, of saddle type, and Corollary 5.5 tells
us that the set K ‘—lt(x of points with bounded forward orbit is exactly the stable manifold

Wy, (Ocs). The positive Julia set J\i,"a thus corresponds to 0 Kj;a = W Let
p = (po, p1, p2) € C3. Forn > 0,

0o Wy(p) = (Pof")(p)(a"pz)l, PSR ()@ o), o pa) = (9 0 h(p), Ot"pz).
(8.3)
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From (8.3), we get that 2(W§, (0c3)) = W} (Oc2) = K, ° We deduce that J,~ =
dW; (Oc2). Besides, we know that K&)Z ={peC?| G:;q(fa) = 0}, and this set
is closed by continuity of ng . In particular, W(‘; (O¢2) is closed. For any p € C?,

there are two possible behaviors: either p € W(‘; (O¢2) and then its forward iterates
converge to Oc2 exponentially fast, or they go to infinity with maximal speed.

8.3 Analysis of the Dynamics in the Case Where 0 < |or| < ¢(1-9)/d

We show that under this assumption, we can construct a set of points with non-empty
interior for which the escape speed is much smaller, in fact Fibonacci.

From our hypothesis on o, we can take € > 0 small enough so that M := ((1 +
e)9)|al? < @.

Proposition 8.7 Assume 0 < |a| < ¢1=9/4 We consider the following open neigh-
borhood of the hypersurface {zo = 0}:

Q == {p = (po. p1, p2) € C* | (Ipol + [p1D?~ " Ipal® < Pe}.

If p € 2, there are two possible behaviors:

— either p belongs to the stable manifold W;;,a (0c3) and then its forward iterates
converge to Ocs exponentially fast;

— or p goes to infinity with Fibonacci speed: (PO(L")( p)(.O’")n - o converges and we
have -

lim P (p)e™ e C*.
n—-+00

Remark 8.8 The last result tells us that if we start close enough to {zo = 0} C €/, the
dynamics is similar to the one we observe on restriction to this invariant hypersurface:
either the starting point belongs to Wy, (O¢3) and in this case its forward orbit converges
to O¢s with exponential speed, or the iterates escape to infinity with speed exactly
Fibonacci. We remark that when |a| is small, we can choose € > 0 reasonably large,
so that the set €’ becomes larger and larger. This is coherent with the fact that the
smaller |a| is, the faster we converge to the hypersurface {zo = 0}.

We start by showing that the speed cannot be more than Fibonacci.

Lemma 8.9 Any point p € Q' grows at most with Fibonacci speed, that is, there
exists C = C(po, p1) > 0 such that for any n > 0,

PO ()| = cor.

3 Indeed, if p € W\Syu (0¢3), then h(p) € Wga (0¢2); conversely, if (pg, p1) € K(;La, then (pg, p1) =
h(po. p1, 1) and (po, p1, 1) € K =Wy, (0c3).
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Proof Let C = E(po, p1) ‘= |pol + |p1l and € > O be chosen as explained above.
We first show that for every n > 0,

PO ()| = E@+o9r.

The result is clearly true for n = 0, and for n = 1 we have

PO < pol +1p1] + 1pol? 1p2l? = E1+ 807 pal) < E1 +0)9.

Suppose that it holds for n — 1 and n, that is

PP (p)| = C1 +0)9)".

POV = E oo,
We then have

POV )|+ (PO ) @ )|

POV )| = [P ()] +

C((1+0)9)" +C((1+0)9)" " + T pald(((1 +£)9)7 al? )"
C( +e)" " 4 Coen”
C
c

IA

IA

(1 +8)" 9" 4 Ce(1 4 e)"@nt!
((1+e)9)" ",

A

which concludes the induction.
Using this fact, we obtain a good control on the non-linear term: for any n > 0,

(PP )@ p2)?| = C Ipal? (1 + )97 [al? )" = Cor,
where Co = Co(po, p1) := Cvs. For every n > 0, we have

PV ()| + [P (o) o |

P&V )| < | PO o) +

< [P )|+

P&"‘”(p)‘ + Con".

Thanks to the same trick as in the proof of Lemma 5.1, we obtain:

. .

n J

Pé”><p>\ <¢" [ @lpol+Ipl+Co Y <¢)
j=0

PO ()| + 0= 1)

@ Springer



J. Déserti, M. Leguil

+o0 .
Since N < ¢, we can set C = C(pg, p1) 1= ¢! <(P|po| +1p1l+Co Y (%)’) We
j=0
then get: for every n > 0,

Pé”)(p)\ <y o

The proof of Proposition 8.7 is the combination of Lemma 8.9 and of the next result.

Lemma 8.10 Assume 0 < |a| < ¢1=D/4 gnd take p € C3 W&,a (0c3) with speed

P (p)| =
CY". Then p goes to infinity with speed exactly Fibonacci: (P&'”(p)@‘”)n>0 con-
verges and we have -

less than Fibonacci, i.e., there exists C > 0 such that for every n > 0,

lim P (p)e™" e C*.

n——+00

Proof Take p € C . Wfl,a (O3 ) such that for every n > 0, |Pé")(p)| <C¢",C>0.
We first show that p goes to infinity with speed at least Fibonacci too, i.e., there exists
C' = C'(po, p1) > 0 such that for every n > 0, |P{”(p)| = C'¢". Recall that if
(0, 21, 22) € C3, we denote

1+z871z‘2’l 1
1 0/’

A(zo, 21, 22) == (
and that for n > 0, (P{" (p), P~ " (p)) = Au(p) - (po, p1), where
An(p) := AL (p)) - AW 2(p)) ... A(Wu(p)) - A(p).

Note that for every j > 0,

. () —1yJj
Aoy = (1R 1) (3:4)

Since |P(§j)(p)| < C¢/, we see that
(PP ()"0l pd| < €T pal (@1 [l < v, 8.5)

where 1 := 97 Na|? < 1and v := C97'|py|? > 0. Set My = G (1)> Ife > 0,

let us consider Bg(My) := {M € MH(C) | IM — Mylloo < 8}. We see from (8.4)

and (8.5) that for every j > 0, AW (p)) € Byyj(Mop). For ¢ > 0 small, every
matrix M € B:(M)) is hyperbolic with eigenvalues close to ¢ and ¢’; moreover, we
can choose a family of cones (%)~ around Ay satisfying the following: there exist
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Co, C1 > 0 such that for each M € B:(My), every vector v € G; will be expanded by
a factor close to ¢:

(I —=Coe)e vl < M -v] = A+ Cre)e|lv]l.

Since p ¢ W&,a (Oc3), the iterates of (pg, p1) are expanded and accumulate on the
unstable space Ag = {(¥z,2) | z € C} of Mo. In fact, the angle Z(Aq¢, Aj(p) -
(po, p1)) decreases exponentially fast, and we can assume that for some ng > 0 and
for every j > ny, A(\IJ({ (P)) € By (Mp) maps €,yj to €yyj+1. We deduce that for
every n = no,

n—1
; 1A (p) - (po, p)l
[T =Comd) || Au(p) - (po. p1)| < o
Jj=no
n—1 )
< [Ta+cd) A - (po, 1) -
j=no
+00
Let C' := "o 1—[ (1- Co\ﬂ]j)llAnO (p) - (po, p1) |l > 0. We have thus obtained: for
J=no

every n > 0,

[(P& ). PEV )| = o,

Now, we note that p belongs to D, the dqmain of definition of the series g intro-
duced earlier. Indeed, for any j > O, |P0(L])(p)|q<0_"’|oc|-/'d < C91(9? N a|?)/ and

@4=1a|? < 1. We have shown that the sequence (P{" (p), P\" " (p)), accumulates
on the unstable direction {(9z, z) | z € C} of My; therefore, we get

(n)
P
m (("_—l()p) =0 (8.6)
n—-+00 Pan (p)

Recall that forn > 0, g,(p) = (Pé”H)(p) + @_IPOE")(p))(P_”. We have seen that
p € D, and then, (g,(p)), converges. From (8.6), we deduce that for every n > 0,

P o 1 p
an(p) = (L2 07! R (e ~ (04 071) PP (o
Py (p)

This implies that (PO(L”) (p)®™"") >0 converges. But we also know from what precedes
that lim [P (p)e~"| > 0,s0that lim P (p)9~" e C*, which concludes. O
n——+00 n——+o00
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Recall that we take € > 0 small enough so that ((1 + €)<P)4|0L|d < ¢, and that
Q" :={(po. p1. p2) € C* | (Ipol+1p11)?~ " p2]? < ¥e}. We deduce from Proposition
8.7 that

Gy,lg =0 8.7)

Indeed, the forward iterates of any point in " grow at most with Fibonacci speed as
we have seen. In particular, the set { peC? G\I,&r (p) = 0} has non-empty interior.
Set § := (¢€)!/@~D and define the open ball

By :={P = (po. p») € C*| IBlly = Ipol + Ip1] <8}

Recall that/ = qdj andthath: (zo, 21, 22) > (zozé, zlzlz). Remark that 2(Q') C Bs.
Indeed, if p = (po, p1, p2) € €/, then

- 1/(q=1) B
1l = |poph| + |p1ah| = (Apol + 11D 1patd) ™ < (or) /47D =,

Conversely, if (po, p1) € Bs, then (po, p1) = h(po, p1, 1) with (po, p1, 1) € &/, so
that 2(2") = By in fact. Since G*a = Gdfa o h, we deduce from (8.7) that

=0.
By

+
b

But as we have seen, K&;’; = {(po, p1) € C? | Gj)' (po, p1) = O}. We conclude that

for |a| < @1=9/4 any point (pg, p1) € By has bounded forward orbit under ¢,,.
Actually we can say more. Recall that ¢, = o (zo + 21 + Zg, Z0). We see that O¢2 is
a sink of ¢; indeed, the largest eigenvalue of the Jacobian is o ¢, which is strictly
smaller than 1 from the assumption we made on a. For any p € C3 and n > 0,

-1
00 W (p) = (P ()@ p2), P (p) (@ p2), " p2) = (912 0 h(p). o po).

(8.8)

If p € @/, we know from Proposition 8.7 that there exists C > 0 such that for any

n = 0, 1P (p)l = C9". But then, |Py" (p)(@"p2)| < Clpal (99~ |a?y"/@=D),

and @7~ |a|¢ < 1, so we deduce from (8.8) and the equality By = h($) that any

point in By goes to O¢2 by forward iteration of ¢4; equivalently, the basin of attraction

W(f) (O¢2) of the sink O¢2 contains the ball By. Recall also that it is a general fact that

for a sink p of ¢, Wdﬁ (p) is biholomorphic to C2.

In the following, we will see how the previous results enable us to give a description
of the dynamics of W, in the case where 0 < |a| < @179/¢ Let p € C3. We have
shown previously that K +a = Wé,u (O¢3), so assume that the forward orbit of p under
W, is not bounded. There are two possibilities:

— either G$a (p) > 0 and the iterates of p go to infinity with maximal speed; in this
case, we also have G;gu (h(p)) = G&L/u (p) > 0;
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— or Gf{,a(p) = 0 and G$a(h(p)) = G$a(p) = 0 too. But then we know
from the general properties of ¢, that 2(p) € K (;u . From §8.2, we also have
K, = W; (0c2). It follows from (8.8) that Jim [P (p)(a pa)!| exists and
vanishes. Since [ = d/(q — 1), we deduce that 11111 |POE") (P2 Ha pa|4 =0,

n—+00

hence lirf AN (p) = My = (i (1)> where A is the cocycle introduced ear-
n— 1+00

lier. Reasoning as before, and since by assumption p ¢ Wy, (Oc3), we conclude
accordingly that p escapes to infinity with Fibonacci speed.

We have thus shown:

Proposition 8.11 When 0 < |o| < ¢1=9/4 the point Ocs is a saddle fixed point of
W, of index 2, and Jqfa = 8K$a = Wj,a (0¢3). Moreover, {p e C3| G$a (p) = O} =
Kl (qu)a (0c2)) = Q" Wy, (0c3), where Q" has non-empty interior (it contains the
set Q' Wfi,u (0¢3)), and the forward orbit of points that belong to it goes to infinity
with Fibonacci speed. Moreover, Wg;a (O¢2) is biholomorphic to C2, and

Ky =W (0c2) ={p e C? | G§ (p)=0}.

We summarize this as follows:

h
{22 = O} —> {Oc2};
K, = W3, 0c) — Ky = W3, 0 )

Q" — W (0c2);
{peC Gy, (» >0} - {peC|G{ (p) >0}

Thanks to the last statement, we now give an alternative description of the stable
manifold Wy, (O3 ) in terms of the set Z of zeros of the series g introduced previously.

Proposition 8.12 Assume 0 < |a| < ¢=9/4 Ser V .= {p € C* | G (p) =
0} =Q"u Wy, (Oc3). Then'V coincides with the domain of definition D of the series

g introduced earlier. Moreover, we have the following parametrization of the stable
manifold:

Wy, O0c) =Z={peVigp)=0}=]w,"@n2).

n>0

Proof Let p € V. We know from Proposition 8.11 that there exists C > 0 such that
for any j > 0, |Pofj )(p)| < C¢/. Then p belongs to the domain of definition of g
since in this case, | P& (p)|99 77 jaid < (94~ a|)/ and 99~ |a|? < 1.1tis also
clear that if G$ﬂ (p) > 0,then p ¢ D.
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Recall that for any n > 0,

n
. q o
gn(2) =0+ +28 Y (Pé’)(z)) ¢e~lo/ = (P () + o7 P ()97
=0
(8.10)
IfpeQ' =V~ W\iu (O¢3), then as in the proof of Lemma 8.10, we see that the

sequence (POE")( p)®~") >0 converges; moreover, we get from (8.10):

1
2"V p)

i = 1 —e M -1 (n) —-n _ —1 s (n) —n
nEngn(P) o nl}l}—loo( P(in)(]?) +¢ ) P (o = ((P+ ¢ )nl}g_loo Py (p)e".

But we also know that lim |P{”(p)¢™"| > 0, so that g(p) = lim gu(p) # 0
n—-+00 n—-+00

and p ¢ Z. This shows that if p € Z then p € Wj,a (0¢3); the other implication is
always true.

The last point follows from the fact that for Q' C V, we have Q' N Wy, Ocs) =
Q' N Z. Moreover, ' contains a neighborhood of O¢s so the orbit of any point p €
Wy, (Oc3) will eventually reach Q. To conclude, we note that by invariance of the
stable manifold, we have W&,a (0c3) = UpsoWg (' N W&,a (0c3)). O

8.4 Analysis of the Dynamics in the Case Where ¢1-9/4 < |o| < 1

Thanks to previous results, we show the following intermediate result concerning the
dynamics of W in this case.

Proposition 8.13 Assume ¢1=D/4 < |a| < 1. For p € U = {zo = 0}, we obtain
the following trichotomy:

— either p belongs to the stable manifold W\Sya (O¢3); in this case, its forward iterates
converge to O¢3 with exponential speed;
— or there exist € > 0 and ng > 0 such that for n > ny,

PP ()| = (1 =)o)
in this case p € Z. Furthermore,

qg—1
PO el > 0;

lim sup
n——+00

— or the orbit of p escapes to infinity very fast: GEa (p) > 0. Moreover, the sequence
(| POE") (p)n is increasing after a certain time.

Proof Take0 < & < 1—¢~!a|9/(1=9) Notethat u := |a|¢((1—)9)?~! > 1.Letp =
(po, p1, p2) ¢ W&,a (0¢3); according to Corollary 5.5 its forward orbit is unbounded.

Suppose that there exists ng > 0 such that for every n > ny, |P(§n)(p)| < ((1—=¢e)p)".
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From Lemma 8.1, we know that p € Z. Moreover, if lim sup |POE") ()2 Ya|™ =0,
n—-+00

i (1) and the growth is at least
Fibonacci, which is excluded. We are then in the second case of Proposition 8.13.
Let us handle the remaining case. In particular, we can take noy > 0 as big as we want
such that |Pé"°)(p)| > ((1 — &)9)"0. Note that since by assumption |o| > pU-a)/d,
and we have (¢ — 1) + dY > 0 (with the notations of Lemma 8.4). In particular,
M = 1 satisfies the hypotheses of this lemma. Take n¢ > 0 sufficiently large such
that |POE”°) (p)] > ((1 —e)9)™ and p"0|pa|¢ > 2 4+ @. We can always assume that

PLO ()] = PP ()14 Since [ (R (p))1~! (@) = o, we deduce

then with our previous notations, lim AW} (p)) =
n——+00

POt ()
P (p)

PV (p)

| Z e Il =22 e
Py (p)

P ()T @) Ipal! 1+

This shows that after time at most ng, the sequence (| POE") (p)])n is increasing, more-
over, there exists Co > 0 such that for any n > 0,

P ()] = oo

The assumptions of Lemma 8.4 are satisfied, and we thus get the desired estimate on
the speed. O

Remark 8.14 Denote by S the set of points corresponding to the second case described
in Proposition 8.13. A priori, points in S might exhibit a rather complicated dynamics:
their forward orbit is not bounded, still, it could happen that it does not escape to
infinity. We will see that in fact this behavior does not occur: S = ¢. This is related to
the properties of the Hénon map ¢, to which ¥, is semi-conjugate: ¢, possesses an
attractor at infinity which attracts any point whose forward orbit is not bounded.

Let us see how the previous result enables us to conclude the analysis of the dynam-
ics of Wy, when ¢(1=9)/d |a| < 1. Note that in this case, Oc2 becomes a saddle point
for ¢,. We have seen in §8.2 that st)a Oc2) =K +a is closed. Therefore, we recover
the fact recalled above in the particular case of the saddle fixed point O¢2, and which
asserts that J(;; = Wga(OCz) = WdS)a(O(Cz)' Let p = (po, p1, p2) € C3.Forn > 0,

-1
00 Wi(p) = (P (7@ p2)', P~V (p)(@" ), o pa) = (¢ 0 h(p), & p2).
(8.11)
Recall that i/ := {zo = 0}¢ and that S C U denotes the set of points whose behavior
is described in the second item of Proposition 8.13. From the estimate on the speed
we obtained, we know that

Sc{peC |Gy (p) =0}

4 Else there exists ] < ng such that [P (p) > (1 — £)©)0 and |PY ()] = |1PY D (p)] and we
consider n1 instead of ng.

@ Springer



J. Déserti, M. Leguil

Since Gy, = Gy, o h, we deduce that h(S) C {p € C* | G (p) =0} = W} (0c2).

Assume that S is non-empty and take p € S. From (8.11), and because by definition

S Cc U, we see that lirf |P(§")(p)| - |a™ exists and vanishes. Since I = d /(g — 1),
n—+00

this is in contradiction with the estimate lim sup |POE") (Pt o
n——+o00

Proposition 8.13. Let us rephrase what we have obtained:

> ( given in

Proposition 8.15 When ¢1=9D/4 < |a| < 1, the automorphism Wy, shares a certain
number of properties with the automorphism of Hénon type ¢y. The point O¢s is a
fixed point of Wy of saddle type, and JJO‘ = 3K$a = W{i,a (0¢3). Moreover, it follows
from the previous discussion that

h
{z2 =0} = {Oc2};
Ky, = Wy, 0c) — Ky = W; (0c2);
{peC Gy, (>0} = {peC |G| (p) >0}

(8.12)

In this situation, we see that the set Q" introduced in the case where 0 < |a| < p-9)/d
shrinks to the hyperplane {zo = 0} which is contracted by h; in particular, it has empty
interior.

8.5 A Few Words on the Case Where || = 1

Note that in this case, the point O¢s is still fixed by W, but it is no longer hyperbolic.
We show the following trichotomy:

Proposition 8.16 Let p € U = {zo = 0}°. We have three possibilities:

— either p € K},’a, that is, its forward orbit is bounded;
—orpeZ~ K':; in particular, |P05n)(p)| = o(¢"/9);

- or G$a (p) > 0; moreover; the sequence (| P(in) (p)Dn is increasing after a certain
time.

Proof Assume that p ¢ K;fa and p € D. This implies |Pén)(p)| = 0(¢"/). From
Lemma 8.1, and since ¢ > 1, we deduce that p € Z and we are in the second case.
Let us then assume that p ¢ D and fix € > 0 such that (1 — €¢)¢ > 1. From
Lemma 8.1, we see that for every ng > 0, it is possible to find n > ng such that
|Pén)(p)| > ((1 —€)9)". Arguing as in the proof of Proposition 8.13, we see that the
assumptions of Lemma 8.4 are satisfied after a certain time, and we conclude that we
are in the third case described above. m|

Remark 8.17 Note that for any p € C3, either its forward orbit escapes to infinity
with maximal speed (this corresponds to the third case), or p € Z. We denote by S’
the set of points corresponding to the second case described in Proposition 8.16. We
will show later that in fact S’ = @.
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When o = 1 for some n > 1, we see that the dynamics of W, is essentially given
by the one of the Hénon automorphism ¢ = ¢, so we assume in the following that a
is not a root of unity.

Reasoning as before, (8.11) tells us thath(K},'a) = K(;'u = {ﬁ e C?| G;ga (p) = 0},
but now, h(W;},a(O(Ca)) C W(‘;u(Ocz). Again, K$a # {p e C3| G$a(p) = 0} since
there are points in {zo = 0} escaping to infinity with Fibonacci speed. The point O¢2
is still a saddle point of ¢, hence JJ = 8K$' = W(‘E (Oc2). The map W ! is of the
same form as Wo, and similarly, we have h(Ky, ) = K, = {pecC?| Gy, (p) =0}
as well as J¢_ = BK_ = W(;‘ (Oc2)-

We define Ky, := K N Ky, : note that Ky, N {z2 =0} = (Ag x {0}) N (Ag x
{0}) = {O¢3}, and that /’l(K\p ) = Ky, . We also see that 6|74 maps bijectively Ky, NU
onto Ko, NU = K¢, x C*. In particular, Ky, = {03} U6~ I(K% x C*). Since 0|y
is a biholomorphism, we deduce that:

0Ky, =0 ({003} U™ (Ko, x €)= {0gs} U~ (g, x T,

Now, Proposition 8.16 implies that for any p € U, either [P\ (p)| = O(9i/7)
(this corresponds to the first and the second cases described in this proposition), or
G$u (p) > 0. With the notations of Proposition 8.16, assume that S’ # @ and let
p eS8 C (K )" Inparticular, G (p) = 0. But GJ, (p) = Gdfu(h(p)), so h(p) €
{ﬁ e C?| G:{a(ﬁ) = 0} = K‘;‘u Then Equation (8.11) implies that p € K+d, a
contradiction: we conclude that 8’ =

We define a Green function G, in the same way as we did before, as well as a

current 7y, = dd®(Gy, ). We note that TjE 2y = (6\2/{)*( L) = ()™ (T ‘u

1

and by construction, the currents T\;,—; satisfy wg;(T;Z ) = qjE Tj;. The measure

= qu ATy, ANdza NdZ3
is invariant by Wy. Moreover, if we denote o, := ¢, A dz2 A dzz, then

Wy g0 = 1) (o, 1) A dza AdZa = B1) " (g 170)- (8.13)

Since j1¢, has support in the compact set 9Ky, , we deduce from (8.13) that wy, is
supported on 0Ky, = {Oc3} U0~ (0Kg, x C*).

For every p» # 0, the set Cp, = C? x {pzeix | x € R} is invariant both by
W, and ®y. We know that (¢4, te,) is mixing (in particular, weakly mixing), and
for any py # 0, the restriction of z5 — az> to Cp, is ergodic for dzp A dz2, hence
(Dqy Cpy 1a,) is ergodic (see [7] for instance). We define 7, := Jy, N Cp,; this set
is invariant, and we know that (g, T, is supported on it. By (8.13), we conclude that
(Wq| Ty Mw,) is ergodic too. Yet there is no hope to get mixing properties for Wy
since by projection on the third coordinate, zo +> 0z is a quasiperiodic factor of the
dynamics. We have thus obtained:
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Proposition 8.18 For any point p € C3, we are in exactly one of the following cases:

— either the orbit of p is bounded, i.e., p € Ky,;
—orpe{z2 =0}~ {0c3};
— or Gy, (p) > 00r Gy, (p) > 0.

The measure Ly, is invariant by Wy and supported on the set 0Ky, = {O¢3} U

o1 (K¢, x C*). Moreover, when py # 0 and o is not a root of unity, (Wy | Ty Hw,)
is ergodic.

Acknowledgements The first author would like to thank Artur Avila for helpful and fruitful discussions.
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