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On this first sheet no exercises are assessed. You are encouraged to work through
all problems. Unless otherwise specified, (2, F,P) is a general probability space.

1. Show that for any collection A, € F,n € N, of measurable sets in €2 there
exists disjoint B, € F, n € N, such that B, C A, for all n € N and
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2. A set A of subsets of ) is called an algebra if it contains the empty set and
A,B € Aimply Q\ A € Aand AUB € A. (Thus, we have removed the
countable part of the union condition.)

(a) Let Q = N and let A be the cofinite algebra on N, i.e.
A ={S CN: either S or N\ § is finite}.

Show that A is indeed an algebra, but not a o-algebra.
(b) For any set 2, show that

B ={AC X: either Aor Q\ A is countable}

is a g-algebra on 2.

(c) Show that B = 2% if  is countable.
3. Prove Proposition 1.7 from the handout.

4. Show that X: Q; — 5 is F;/F, measurable if and only if o(X) is contained
in .Fl.

5. Prove Proposition 1.9 from the handout.

6. Prove that any continuous function between two topological spaces is measur-
able with respect to their Borel o-algebras.

7. Let (X,,,n € N) be non-negative random variables (i.e. measurable maps
Xy 2 — [0,00)). Show that the following are [0, 00| valued random vari-
ables:
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Show that if X,,: Q1 — Qy is Fi/Fo-measurable for each n € N and F, =
o(A) then

o(X,:neN)=0{X,'(A):neN, Ac A}.

Let f: R — R be continous at all but countably many points. Show that f
is Borel measurable.

Prove Proposition 2.3 from the handout.

Prove the inclusion-exclusion formula: for Ay, ..., A, € F,
P (U Ak> = P(Ay) - > P(ANA)
k=1 k=1 k<l
+ Z P(A;NALNA)—. ..+ (=1)"'P (ﬂ Aj> :
j<k<l Jj=1

(Hint: Note that |, Ay = Q\ Ne—, (2\ Ax).)



