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DEFINING RELEVANT IMPLICATION IN A
PROPOSITIONALLY QUANTIFIED S4

PHILIP KREMER

Abstract. R. K. Meyer once gave precise form to the question of whether refevant implication can be
defined in any modal system, and his answer was ‘no’. In the present paper. we extend S4. first with
propositional quantifiers, to the system S4z+: and then with definite propositional descriptions, to the
system Sdr 47 We show that relevant implication can in some sense be delined in the modal system

Sdn 4" although it cannot be defined in Sdr+.

§1. Introduction. InS4and other modal logics, strict implication (—3) is typically
defined in terms of necessity (1) and material implication (D) thus (see Lewis and
Langford [16]):

(4 -3 B) =g 0O(4 D B).
It has been argued that —3 better formalises our intuitive notion of implication than
does D. For if we use —3 we avoid some of the “fallacies™ of material implication.
For example, though the talsehood of p is enough to guarantee the truth ot (p O ¢),
it is not enough to guarantee the truth of (p —3 ¢).

Relevance logicians have put forward quite different candidates tor formalisations
of implication. They have not done so by defining new connectives in classical
or modal systems. Rather, they have developed systems of relevance logic, whose
primitive connectives are typically “classical” &, V and ~, together with a “relevant™
implicational connective, —. (There is good reason not to take relevant negation,
~, to be classical. But something like a classical understanding of it is implicit in
the development of the earlier and stronger relevance systems.)

Among the better understood of these logics is Anderson and Belnap’s R. (The
locus classicus for R and its cousins is Anderson and Belnap [1].) The pure theory
of — in R is neither stronger nor weaker than the pure theory of —3in S4: (p —
((p—4¢) —¢)) € Rwhile (p 3 ((p -3¢) 3¢)) ¢S4 and(p 3 (¢ 3¢)) cS4
while (p — (¢ — ¢)) ¢ R.

Can relevant implication be defined in S4 or in some other modal logic? Meyer
[17] gives precise form to a similar question. Noting that —3 is defined above as
a modalised truth function, Meyer asks whether we can define — as a modalised
truth function. For almost all standard relevance logics his answer is ‘no’. The
present paper’s main results are that the — of R can be defined in a natural and
independently motivated extension of S4, with propositional quantifiers and with
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definite propositional descriptions of the form :pA4; and that the — of R can-
not be so defined without the use of definite propositional descriptions. (Ed-
win Mares suggested that we add definite propositional descriptions to the sys-
tem.)

We proceed as follows. §2 extends S4 to the propositionally quantified logic
S4n+. §3 extends S4m+ to the logic S4n+'7, by adding definite propositional
descriptions. §4 generalises Urquhart’s [21] semilattice semantics for R_,, the pure
implicational fragment of R. §5 gives precise sense to the claim that the connective
— of R_, can be defined in S4z+'7 or in S4m+. §6 proves that the — of R_, can be
defined in S4z+'7. §7 proves that — cannot be defined in S4z+. §8 generalises and
comments on §7’s result. And §9 concludes with some open problems and some
methodological remarks.

§2. S4m+: S4 with propositional quantifiers, Vp and 3p. We assume that we
have a modal language with a countable set of propositional variables, PV =
{p1, p2,...}; connectives V, - and O; and propositional quantifiers Vp and dp.
We use p, g, r, ... as meta-linguistic variables ranging over PV, and 4, B, C, ...
as meta-linguistic variables ranging over formulas.

Here we extend Kripke’s [15] semantics for S4 and its cousins to our proposi-
tionally quantified language. A frame is a 3-tuple, F = (W, <, wy), where W is a
set (of possible worlds); < (the accessibility relation) is a binary relation on W;
and wy (the actual world) € W. Given a frame, a proposition is a subset of W. A
model is a pair M = (F, V), where F is a frame and V is a function assigning a
proposition to every propositional variable. Given a model M, a proposition P and
a propositional variable p, M[P /p] is the model just like M except that it assigns
P to p. An S4-frame is a frame for which < is reflexive and transitive. And an
S4-model is a model whose underlying frame is an S4-frame.

Given a model M and a formula 4, the proposition M(A4) assigned by M to A4 is
defined by the following clauses:

(i) M(p) = V(p) for p € PV;

i) M((B Vv C)) =M(B) UM(C);
(iii) M(=B) =W —M(B);

) M(OB) = {w: (VYW >w)(W € M(B))};

) M(VpA) = ({M[P/p](4) : P C W}; and

(vi) M(3p4) = U{M[P /p](4) : P C W}.

A is true at the world w iff w € M(A4). A is true in the model M iff wy € M(A).
Kripke [15] proves that if 4 is quantifier-free, then 4 € S4 iff 4 is true in every
S4-model. (See Hughes and Cresswell [9] for soundness and completeness theorems
for K, T, K4, B, S4.2, S5 and others.)

DEFINITION 1. S4z+ is the set of formulas true in every S4-model.

Fine [4] defines S4n+ as well as the systems Kn+, Tn+, Kd4n+, Bn+, S4.27+,
and S5z+. These systems are to be distinguished from S4zn, Kn, Tn, K4, Br,
S4.2n, and S5z, which result from adding natural quantification axioms and rules
to the unquantified axiomatisations. (See also Bull [2] on S4z and S5z.) Here are
some facts about Lz + and Lz, where L ranges over {S4, K, T, K4, B, S4.2, S5}.
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(1) Lz+ and Lz are conservative extensions of L, and Lz C Lz+.

(2) S5+ = S5z + 3p(p & Vq(q D O(p D q))) and is decidable. See Fine [4]
and Kaplan [11].

(3) Fine and Kripke independently showed that Kz+, Tn+, Kdn+, Ba+,
S4.2n+, and S4n+ are recursively isomorphic to full second order classical logic
(a slightly weaker result occurs in Fine [4]). The stronger result can be shown by
simplifying the intuitionistic strategies of Kremer [12], or as noted by Kremer [14],
by adapting the relevance logic strategies used there. A published proof is given by
Kaminski and Tiomkin [10].

In the terminology of Kremer [14], borrowed from Henkin [6], the Lz +’s embody
the primary interpretation of propositional quantifiers relative to Kripke’s semantics,
while the Lzr’s embody the secondary interpretation. Henceforth we do not concern
ourselves with the Lz’s. It is in an extension of S4z+ that we will define relevant
implication.

83. Sdn+'P: S4n+ with definite propositional descriptions. Here we extend the
semantics for S4x+ to give a semantics for expressions of the form :p A4, which are
to be read as ‘the proposition p such that 4. We add the propositional description
operator zp to the language, together with a grammatical rule: if 4 is a formula and
p is a propositional variable, then ipA is a formula. We call such formulas definite
propositional descriptions.

A grammatical aside: in the standard treatments of definite individual descrip-
tions of the form 1xA, : combines with an individual variable and a formula to form
a singular term. In the case of definite propositional descriptions, everything is of
the same logical type: : combines with a propositional variable and a formula to
form a formula. Given its grammatical similarity to Vp and 3p, we can take ip to
be a new propositional quantifier.

3.1. A first attempt at a semantics for definite propositional descriptions. In keep-
ing with §2’s semantics, we want to provide a clause defining M (1pA4), for amodel M,
a propositional variable p and a formula 4. Our treatment of definite propositional
descriptions will be Fregean, in the sense of Carnap [3], and motivated by Frege
[5]: if there is a unique proposition P such that M[P /p] |= 4, then M(1p4) = P;
otherwise, M(1pA) is some designated proposition.

To make this precise, we make room for designated propositions in our seman-
tics. An extended frame (e-frame) is an ordered pair (F, D), where F is a frame,
and D, the designated proposition, is a subset of W. (F,D) extends F. An ex-
tended model (e-model) is a 3-tuple N = (F,D, V), where (F,D) is an e-frame
and (F,V) is a model. (F,D,V) extends (F,V). S4-e-frames and S4-e-models are
defined in the obvious way. Given an e-model N a proposition P and a propo-
sitional variable p, N[P /p] is the e-model just like N except that it assigns P to
p.

Given an e-model N and a formula A4, the proposition, N(4), assigned by N to
A is defined by the following clauses:

(i)-(vii) asin §2, with ‘M’ everywhere replaced by ‘N’; and
(viii) If thereis a unique proposition Psuch that wo € N[P /p](4) then N(1pA4) =
P. Otherwise N(ip4) = D.
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If there is a unique proposition P such that wy € N[P /p](4), then 1pA is a proper
description. Otherwise it is improper. If N is an e-model, then the formula A4 is true
at the world w iff w € N(A4). A is true in the e-model N iff wy € N(4).

3.2. A problem and a solution. We seem to have added to S4z+ a rich theory
of definite propositional descriptions. But it is actually quite impoverished. The
problem is made clear in Theorem 2.

THEOREM 2. Suppose that N = (W, <, wo, D, V) is an Sd-e-model. Then either
(Vw € W)(wog <w)or (Vp € PV)(VA)(1pA is improper).

PROOF. Suppose that N = (W, <, wy, D, V) is an S4-e-model and that for some
w € W, wo £ w. Assume that 1p4 is proper. So there is a unique proposition,
P, such that wy € N[P/p](4). Let P’ = PU{w} and P” = P—{w}. By induc-
tion on the complexity of formulas we have the following: (VB)(YN' = (W, <,
wo, D, V') (Vw > wo)(w € N'[P/p](B) iff w € (N'[P"/p](B) N N'[P” /p](B))).
So wy is in both N[P’ /p](4) and N[P” /p](4). This contradicts our assumption
that 1pA is proper, since P’ # P”. =

The upshot is that, in most S4-e-models, all definite propositional descriptions
are improper. The problem can be diagnosed so as to lead to a revision of §3.1’s
semantics. Suppose that F = (W, <, wj) is a frame in which some world w ;f Wo.
Suppose that (F, D) is an e-frame extending F. Finally, suppose that P and Q are
distinct subsets of W, such that (Yw > wp)(w € Piff w € Q). The root of the
problem is this:

No S4-e-model based on the e-frame F can distinguish between P and Q.

The reason for this is that no S4-e-model can tell what is going on at worlds
inaccessible to wy.
This is made precise in Theorem 3.

THEOREM 3. Suppose that (F,D), P and Q are as above; that p and q are distinct
propositional variables; that formulas A and B are the same except that free occur-
rences of p in one might be replaced by free occurrences of q in the other; and that
N = (F,D,V) is an S4-e-model, where V(p) = Pand V(q) = Q. ThenN = A iff
N E B.

Proor. By induction on the complexity of 4. -

Our solution is to “identify” propositions that, like P and Q, do not differ with
respect to worlds accessible to wy. This does not affect clauses (i)—(vii) of the
definition of N(A4) (§3.1) since these clauses are not sensitive to criteria of identity.
Clause (viii) is affected. Suppose that at least one proposition “satisfies” A4, where
A is thought of as a function of p. On the old understanding, :pA4 is improper iff
there are two distinct propositions satisfying A. On the new understanding, ipA is
improper iff there are two non-identified propositions satisfying A4.

There is one more thing to iron out: if 1pA is proper, we still might have several
candidates for N(1p4), although all of these candidates are identified. We resolve
this by choosing the smallest of these candidates. §3.3 makes this precise.

3.3. The semantics for :p. Suppose F = (W, <,wy) is a frame, (F,D) is an e-
frame, and N = (F,D, V) is an e-model. Wy =4¢ {w € W : wy < w}. Propositions



DEFINING RELEVANT IMPLICATION IN A PROPOSITIONALLY QUANTIFIED S4 1061

P and Q are equivalent (P ~¢ Q) iff (PN'Wy) = (QNWy). The clauses that
determine N(4), the proposition assigned by N to the formula 4, are
(i)—(vii) asin §3.1; and
(viii) Suppose that there is a proposition P such that wy € N[P /p](4) and for
every proposition Q, if wop € N[Q /p](4) then Q =~y P. Then N(ip4) =
PN'W,. Otherwise N(1p4) = D.
Truth at a world and in an e-model are defined as in §3.1.

DEFINITION 4. S4n+'7 is the set of formulas true in every S4-e-model.

We can analogously define Kn+'7, Te+'7, Kdn+'7, Ba+'7, S4.2rn+'7, and
S5n+7. To define Kn+'?, Kd4n+'?, Tn+'? and Br+'?, we alter the definition
of Wy, since the accessibility relation is no longer both reflexive and transitive.
First we define w <, W/, in three steps: (1) w <o W' iff w = w'; 2) w <, W
iff Aw")(w <, w' and w’ < w'); and (3) w <, W iff (3n)(w <, w"). Then
Wo =4r {w € W : wy <, w}. Below are some facts about Lz+'7, where L ranges
over {K, T, K4, B, S4, S4.2, S5}.

(1) The following formulas are valid in Lz+'7 in the present sense, but not in the
sense of §3.1:

(1p¥g0(p D q) D A); (4 D 1pV¥gD(q D p));
(A=1p0(4 = p)); 1p(p&Vq(qg D O(p D q))).

(2) Lm+'7 is a conservative extension of La+. If L # S5 then Lz +'7 is recursively
isomorphic to full second order classical logic. Conjecture: S5z+'7 is decidable.

(3) 1pA is true at a world w € W iff either w € PN'W, where P is the unique
proposition, modulo =, such that wy € N[P /p](4); or there is no unique propo-
sition P such that wy € N[P /p](4), and w € D. This raises two related points. (i)
Like O, 1p is intensional: the truth, at the world w, of 1pA4 depends on the truth, as
p ranges over the propositions, of 4 at other worlds. This is not so for Vp and 3p.
In some sense, 1p is even more intensional than O: unlike 04, the truth at w of 1p4
may depend upon the truth of A at worlds that are inaccessible to w. (ii) There is
a de re-de dicto issue here. Whether i1p A is true at the world w depends in part on
whether 1pA is proper from the point of view of the actual world not from the point
of view of w. In other words, ignoring, for the moment the designated proposition,
1pA is true at world w iff de re, i.e., at the actual world wy, 1pA is proper and de
dicto, i.e., at the world w, i1p4 is true.

(4) La+'” is not closed under the rule of necessitation, though L and Lz + are.
Consider the minimally true formula: 4 = ip(p &Vq(q D O(p D q))). A € La+*?
but 04 ¢ La+'7. The reason: if N is an e-model then N(4) N Wy = {wp}.

84. A generalised semantics for R_,. We assume that we have a relevance language
with the set, PV, of propositional variables, and with a binary connective, —. (Itis
convenient to have the same set PV as for our modal language.) R_, is defined and
axiomatised in Anderson and Belnap [1].

Urquhart [21] presents a semilattice semantics for R_,. A semilattice with 0 is a
3-tuple L = (L, 0,0) where L is a set; 0 € L; and o is a binary operator on L that is
commutative, associative and for which (Vu € L)(0ou = uou = u). A consequence
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model (c-model) is a semilattice with 0 together with a function V : PV — 2(L).
The proposition M(A) assigned by the model M = (L, 0,0, V) to the formula 4 is
defined by the following clauses:

(i) M(p) = V(p) for each p € PV;
(ii) M(B— C)={ueL:(VveLl)(ve M(B)= uoveM(C))}.

Given a c-model M, the formula A is true at the point u iff u € M(4). A is true in
the c-model M iff A is true at 0. Urquhart [21] proves that 4 € R_, iff 4 is true in
every c-model.

We can generalise this semantics so that we can interpret formulas of the language
of R_, in the S4-e-frames of §3. (An analogous generalisation to that given below
can be given for the S4-frames and S4-models of §2, rather than the S4-e-frames
and S4-e-models of §3. Theorem 6, below, goes through in either case.) In order to
so interpret these formulas, we must provide a clause defining N(B — C) in terms
of N(B) and N(C), where N is an S4-e-model. First, some definitions.

DEFINITION 5. Suppose that N = (W, <, wy, V) is an e-model. The set of upper
bounds of u € W andv € Wis ub(u,v) =4 {w € W:u <wandv < w}. The set
of least upper bounds of u € W and v € W is lub(u, v) =4 {w € ub(u,v) : (VW €
ub(u,v))(w < w’')}. The ternary relation Ruvw on W is defined as follows:

Ruvw iff u, v, w € Wy and either [(Vx,y € Wy)(3!'z € lub(x,y)) and
w € lub(u, v)] or [~(VX,y € Wp)(3'z € lub(x,y)) and w € ub(u, v)].
The binary operator, —, on # (W) is defined as follows, for P, Q C W:

(P— Q) =4 {ueWy: (Vv,we Wp)((veP and Ruvw) = w € Q)}.

(Routley and Meyer [18] make similar use of a ternary relation.)
Given an S4-e-model N and a formula A4 in the language of R_,, the proposition
N(A) assigned by N to A is defined by the following clauses:
(i) N(p) = V(p) for each p € PV,
(ii) N(4 — B) = (N(4) — N(B)).
Truth at a world and in an e-model are defined as in §3.1.

THEOREM 6 (Soundness and completeness). A € R_, iff 4 is true in every Sd-e-
model.

PrOOF. (= ): By induction on the length of proof of 4. (<=): The canonical
c-model provided by Urquhart [21] is an S4-e-model, if we take 0 to be the actual
world; if we define < so that u < viffu = (uov); and if we let D be any proposition.
Soif A ¢ R_,, then A4 is false in some S4-e-model. =

The fact that the formulas of R_, can be interpreted in our S4-e-frames allows us
in §6, below, to define — in terms of —, v, O, Vp, 3p and 1p.

§5. Defining one logic’s connectives in another logic. Here we make precise the
claim that we have defined one logic’s connectives in another logic. §5.1 specifies
what it is to define a new connective in a given logic. §5.2 partially specifies what it is
for that new connective to be “the same as” a particular connective from a different
logic.
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5.1. Defining new connectives. Consider the following “definitions” of new con-
nectives, in the language of quantified modal logic:

(4D B) =4 (-4 V B);
(A —3 B) =df D(A D] B)
@A =4 VpO(4 D p).

These definitions can be thought of as specifications of functions on the space of
formulas. On this interpretation the functions &, D, —3 and @ are meta-linguistic
entities, not new pieces of the object-language’s vocabulary.

Not every function on the space of formulas intuitively counts as a connective.
Consider the function that takes all formulas with an odd number of propositional
variables to p; and that takes all formulas with an even number of propositional
variables to p>. We would hardly think of this function as a connective. Definition
8, below, characterises those functions that are connective-like. Theorem 9 provides
an alternate characterisation of connective-like functions.

DEFINITION 7. Suppose that 4 and By, ..., B, are formulas in some proposi-
tional language that might or might not have propositional quantifiers, and that
q1, - .., qn are distinct propositional variables. Then A[Bi/qi, ..., B./q,] is the
result of simultaneously replacing the free occurrences of the g;’s in 4 by the B;’s.
We assume that there is some systematic way of replacing the bound variables
of A so that any free occurrence of a propositional variable in B; is also free in

A[Bl/ql,... ,Bn/qn].

DEFINITION 8. Suppose that F is an n-ary function on the space of formulas of
some propositional language. F is connective-like iff for all distinct propositional
variables ¢, ..., ¢, and all formulas B, ..., B,, F(B,...,B,) = F(q1,... ,4»)

[Bl/ql"" ,Bn/qn]~

THEOREM 9. Suppose that F is an n-ary function on the space of formulas of some
propositional language. Then F is connective-like iff there are distinct propositional
variables qy, . . ., qn, and there is a formula A all of whose free propositional variables
are among the q; and for which, for all formulas B,, ..., B,, we have F(Bi,...,B,) =

A[BI/QI, e ’Bn/qn].

THEOREM 10 (Composability theorem). If F is a connective-like n-ary function
and Gy, ..., G, are connective-like m-ary functions, then the m-ary function F(Gy,
., G,) is connective-like.

In §6 we will define — in Sd4nw+'7. This will implicitly rely on the composability
theorem.

5.2. Identifying connectives across logics. Suppose F is a binary connective-like
function on the space of formulas in the language of S4r+'7 and that F is intended
to represent —. Given this intention, F induces the following one-one map, G, from
formulas of the relevance language to formulas of the modal language:

G(p) = p, for propositional variables, p; and
G(4 — B) = F(G(4),G(B)).
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Intuitively, the formula 4 in the language of R_, is identified with the formula G(A4)
in the language of S4x+'7. And the function F succeeds in representing — iff

A € R_, iff G(A4) € S4n+"7.
Definitions 11 and 12 generalise these intuitions.

DEerINITION 11. Suppose that L and L’ are propositional logics, with or without
propositional quantifiers, formulated for languages with the set, PV, of propo-
sitional variables. Suppose that the only primitive connective of L is the n-ary
connective *. Let the L-formulas (L'-formulas) be the formulas in the language of
L (L’). Suppose that F is an n-ary function on the space of L’-formulas. Let G be
that function from L-formulas to L’-formulas for which

G(p) = p, for p € PV; and
G(*(By,...,B,)) = F(G(B)),... ,G(B,)).

F succeeds in representing the = of L in L' iff for every L-formula 4, 4 € L iff
G(4) e L.

DEFINITION 12. Suppose that L, L’ and * are as in Definition 11. The % of L is
definable in L iff there is an n-ary function on the space of L'-formulas that succeeds
in representing the * of L in L.

We can now give a precise statement of our main results:
THEOREM 13. The — of R_, is definable in Sdm+'7. (See §6.)
THEOREM 14. The — of R_, is not definable in Sdm+. (See §7.)

§6. Theorem 13: defining relevant implication in Sd4z+'7,

6.1. Table 1: preliminary definitions of connectives. Tables 1 and 2 define a host
of connectives in the language of S4n+'7. The headings of the last two columns of
Table 1 require some explanation.

Given an S4-e-model N and a formula 4, we can think of 4 as playing two
semantic roles: it names the proposition N(4); and it makes a claim about the
model. For example, the formula O(-p V ¢g) names N(O(-p V q)). Furthermore
it says that (N(p) N W) C (N(g) N Wy). For, for any S4-e-model N, N =
O(=p V q) iff (N(p) N W) C (N(g) N Wp). Kremer [14] takes advantage of the
same ideas.

In light of §4.2, we take 4 and B to name the same proposition if they name
equivalent propositions. Given an equivalence class {P,Q,R, ...} of propositions,
it is useful to focus on a particular representative of that class, namely PN'Wy(=
QNW, = RNWy...). Henceforth, we think of the formula 4 as naming not
N(4), but No(4) = N(4) N Wy

Finally, the table’s blank entries are those of no particular interest.

6.2. Table 2: further definitions of connectives. Table 2 omits the fourth column
of Table 1. In Table 2, we use the following abbreviations, where * is any n + 1-place
connective:
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TaBLE 1. Preliminary definitions of connectives.

Definiendum | Definiens | What the definiens says: | What the definiens names:
N & definiens iff Ny (definiens) =
(4& B) (AVB) |[NEAdand NE B No(4) NNy (B)
oA 0A4 (3w e Wo)(w € No(A4)) | {we Wp: 3w >w)
(W' € No(4))}
F Vpp 0
T dpp Wy
TABLE 2. Further definitions of connectives.
Definiendum | Definiens What the definiens says: N =
definiens iff
(4> B) (=4 V B) if Nj= AthenN = B
(4=B) ((4> B)&(B > A4)) NEAIffNEB
(4-3B) 0(4 > B) No(4) € Ny(B)
(4=B) ((4—3 B)&(B —3 4)) No(4) = Ny(B)
(4 € B) (-4 3 F)&(4 3 B)& NO(A) {w} where w €
Vz)))(ﬁ((p&A) —3F) > (43| No(B)
p
(4< B) (4 € T)&B € T)&(A —3 | No(4) = {w} and No(B) =
oB) {w'}, where w < w’
Cub(4,B) |(4<C)&(B<C) No(4) = {w},No(B) = {w'},
and No(C) = {w"} where
w' € ub(w, w’)
Club(4,B) | Cub(4,B)&Vp(pub(4, B) D No(4) = {w},No(B) = {w'},
C <p) and No(C) = {w"} where
€ lub(w, w’)
R(4,B,C) |[(Vp € T) (Vg € T) (3rlub No A) = {w},No(B) = {w'},
(p,q)) (Vslub(p,q)) (s = |and No(C) = {w”} where
r)& Club(4,B)]V [~(Vp € | Rww w"
T) (Vg € T) (3rlub(p,q))
(Vslub(p,q)) (s = r) &
C ub(4, B)]
Ci(4, B) (Vp € T)(p € C =Vq(Vr € | No(C) = (No(4) — No(B))
A)(R(p,r,q) O q € B))
(4— B) 1p(pi(4, B))
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(3p*(Ay,...,A4,))B abbreviates Ip(p * (4y,... ,4,) & B); and
(Vp*(Ay,...,A,))B abbreviates Vp(p * (41,... ,4,) D B),

where D is defined in the first row.

6.3. The definition of relevant implication. The last row of Table 2 gives the defini-
tion of relevant implication. That this definition succeeds is indicated in Corollary
16, from which Theorem 13 (§5.3) follows immediately.

LemMA 15. If N is any e-frame and if A and B are formulas in the language of
S4n+'?, then No(A — B) = (No(A) — No(B)).

Proor. By a straightforward appeal to the definitions in Tables 1 and 2. 4

COROLLARY 16. The binary function — (on formulas in the language of S4m+'F)
defined in Table 2 succeeds in representing the — of R_, in S4m+'7.

§7. Theorem 14: Relevant implication is not definable in S4z+. Theorem 14 (§5.3)
is a corollary to Lemma 19, below.

LemMma 17. If A € S4n+ then, for every S4-model, A is true at every world.

LeMMA 18. Suppose that M is a model; p is a propositional variable; A and B are
Sdn +-formulas; and M(A) = P. Then M[P / p](B) = M(B[A4/ p]).

LemMA 19. Suppose that = is a binary connective-like function on the space of
Sdn +-formulas, such that for every propositional variable, p, (p * p) € S4n+. Then,
for any distinct propositional variables p and q, ((p * p) * (q x q)) € Sdn+.

PRrOOF. Suppose that p and g are distinct variables. Let M = (W, <, wp, V) be an
S4-model. We will show that ((p * p) x (g * ¢)) is true in M. Choose propositional
variables r and s that are distinct and distinct from p and g. Let M’ = M[W /s] and
M” = M[W /s][W /r]. By Lemma 17, M(g % q) = M'(p* p) = M"(r xr) = W.
By Lemma 18, M"(r xr) = M"(r xs) = M'((px p) *s) = M((p x p) * (g xq)). So

M((p* p)x(g*q)) =W. So ((p x p) * (g * q)) is true in M. -
PROOF OF THEOREM 14 (§5.3). If — is definable in S4n+ then ((p — p) — (¢ —
q)) € S4n+, since (p — p) e R_,. But ((p — p) — (¢ — q)) € R_.. n

§8. Generalising Theorem 14. Given the generality of the proof of Lemma 19 we
can generalise Theorem 14: a broad range of relevant and nearly relevant —’s are
not definable in any of a broad range of propositionally quantified modal logics
(Theorem 20).

Suppose that L is a normal modal logic, as characterised in Hughes and Cresswell
[9]. All of the unquantified modal logics that we have mentioned are normal. Define

Lr+ =4 {4 : 4 is a formula in the language of S4x+ and 4 is validated
by every model structure that validates all of the formulas in L}.

(The definition of S4m+ here is slightly different but equivalent to the definition in
§2. Similarly, the present definition of Kx+, Tr+, K4n+, S4.2n+, Br+ and S5z +
is equivalent to the definitions in Fine [4].)
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THEOREM 20. Suppose that 1 is a set of sentences in a quantified or unquantified
propositional language with an implicational connective —, and that (A — A) € 1
for every sentence A, and that, for some propositional variables p and q, ((p —
p) — (@ — q)) € L (I could be any relevance logic, or one of numerous strong
pseudo-relevance logics like RM or even RM3, which Meyer [17] calls “just a shade
off being classical”.) Then the — of I cannot be defined in Lm+.

Theorem 20 is in some ways broader and in some ways narrower than the result
of Meyer [17]. Theorem 20 is broader than Meyer [17]. First, Meyer considers
only definitions of — as modalised truth functions, while Theorem 20 concerns
definitions much more broadly conceived. Second, Meyer considers defining —
in unquantified modal systems, while we consider defining — in propositionally
quantified modal systems. And third, Meyer places stronger restrictions on the
behaviour of the newly defined connective —: in effect, he insists that, for a definition
to have succeeded, the - vV & — fragment of the modal logic L be equal to the
~ V& — fragment of the relevance logic, where — and ~ are identified. But we
insist only that the — fragments be equal.

Theorem 20 is narrower than Meyer [17]. Meyer puts very weak conditions
on the propositional modal system L: they are (1) that L contain all of the clas-
sical propositional tautologies; and (2) that once — has been defined, if (4 —
B)&(B — A)) € L then, for any formula C and any propositional variable p,
(C[4/p] — C[B/p]) € L. We insist that L be a normal modal system, although
we do not insist on Meyer’s condition (2). Open question: can our conditions on L
be weakened?

89. Concluding remarks.

9.1. Technical remarks. (1) The proof of Theorem 13 goes through for S4.2z +'7
as well as for S4r+'7. Open question: is — definable in Kz +'7, Trn+'7, Kdn+'7,
Bn+'7, or S5z+'7? Conjecture: yes in Kn+'7, Tn+'?, Kd4n+'? and Br+'7; and
no in S5z+'7. Open question: is — is definable in any Lz, as opposed to Lz +?
Conjecture: no.

(2) The relevance logic with the closest affinity to S4 has been taken to be An-
derson and Belnap’s E rather than R. Indeed, the pure implicational fragment for
E is motivated in part by a natural deduction system which combines a natural
deduction system for the —3 of S4 with a natural deduction system for the — of R.
(Anderson and Belnap [1, pp. 1-26].) Furthermore, Urquhart’s [21] semantics for
E_, combines the semilattice semantics for R_, with Kripke’s semantics for S4. But
we have relied upon a semantic connection between R and S4 rather than between
E and S4. Open question: is the — of E definable in S4z+'7? Conjecture: no.

(3) Our treatment of definite propositional descriptions is motivated by a Fregean
treatment of definite individual descriptions. But other treatments of definite in-
dividual descriptions have been proposed. (Carnap [3] considers the proposals of
Russell [19] and [20] and of Hilbert and Bernays [7], and compares them to the
Fregean proposal.) These proposals agree regarding formulas that contain only
proper descriptions. In our definition of — (§6.2, Table 2) the only pertinent def-
inite propositional descriptions are proper in every model. So our definition of —
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should work in the presence of any well-motivated treatment of definite proposi-
tional descriptions, since any such treatment will agree with our Fregean treatment
in the pertinent cases.

9.2. Methodological remarks. Many issues upon which we have touched call out
for further elaboration. To what extent does S4n+ capture the notion of propo-
sitional quantification? Can the notion of definite propositional description be
fruitfully elaborated? Can a general theory of connective definition and connective
identification across logics be developed?

Regarding this last question, we note (with a little dismay) that, although the —
fragment of S4x+'7 is equal to R_,, things do not work out so nicely with larger
fragments. (S4m+'7)_g = R_.g, but (S4n+7)_g # R_gv. So, while we have
expressed, in S4z+'7, relevant implication in isolation from other connectives, we
have not expressed its interactions with all of the other connectives.

That (S4n+'7) _ & # R_ & is only damaging to the extent that the V of Sz +'7
can be identified with the v of R. But the use of the same symbol ‘v’ is not enough
to identify the two connectives. We may identify them at an intuitive level: both
connectives are meant to formalise the same pre-theoretic notion of disjunction.
But this is not sufficient grounds for identifying two formal connectives. For the
claim that we can have rival formalisations of pre-theoretic notions suggests that
the same intuitive notion can be formalised by distinct formal connectives. What is
wanting here is a more complete theory of cross-logic identification of connectives.

While we are on the topic, we note (with a little more dismay) the way —
interacts, in S4z+'7, with O. The following are, as expected, theorems: (04 — A),
(04 — 004) and O(4 — B) — (04 — OB). But, though (p — p) is a theorem,
O(p — p) is not. Indeed, there are models in which (p — p) is true only at the
actual world. This calls for further thought.

Despite these drawbacks, we maintain that it is interesting that the pure theory
of relevant implication can be represented, in a strong and interesting sense, in an
independently motivated extension of S4.
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gio Tenenbaum and an anonymous referee for helpful comments. Edwin Mares’s
suggestion regarding definite propositional descriptions was particularly helpful.

REFERENCES

[1]A. R. ANDERSON and N. D. BELNAP JR., Entailment: the logic of relevance and necessity, vol. 1,
Princeton University Press, Princeton, 1975.

[2]1 R. A. BULL, On modal logic with propositional quantifiers, this JOURNAL, vol. 34 (1969), pp. 257
263.

[3] R. CARNAP, Meaning and necessity, University of Chicago Press, Chicago, 1947.

[4] K. FINE, Propositional quantifiers in modal logic, Theoria, vol. 36 (1970), pp. 336-346.

[5] G. FREGE, Uber sinn und bedeutung, Zeitschrift fiiv Philosophie und Kritik, vol. 100 (1892), pp. 25—
50, English translation, On sense and reference, (M. Black, translator), Translations from the philosophical
writings of Gottlob Frege, (P. Geach and M. Black, editors), Basil Blackwell, Oxford, 2nd edition, 1960,
pp. 56-79.

[6] L. HENKIN, Completeness in the theory of types, this JOURNAL, vol. 15 (1950), pp. 81-91.

[7] D. HILBERT and P. BERNAYS, Grundlagen der Mathematik I, Springer-Verlag, Berlin, 1934,

[8] G. E. HuGHES and M. J. CRESSWELL, An introduction to modal logic, Methuen and Co. Ltd.,
London, 1968.



DEFINING RELEVANT IMPLICATION IN A PROPOSITIONALLY QUANTIFIED 84 1069

9] , A companion to modal logic, Methuen and Co. Ltd., London, 1984.

=+ M. KamiNsk1 and M. TIOMKIN, The expressive power of second-order propositional modal logic,
Notre Dame Journal of Formal Logic, vol. 37 (1996), pp. 35-43.

[11] D. KAPLAN, S5 with quantifiable propositional variables, this JOURNAL, vol. 35 (1970), p. 355.

[12] P. KREMER, On the complexity of propositional quantification in intuitionistic logic, forthcoming
in this JOURNAL.

[13] , Propositional quantification in the topological semantics for S4, manuscript.

[14] , Quantifying over propositions in relevance logic: non-axiomatisability of ¥ p and I p, this
JOURNAL, vol. 58 (1993), pp. 334-349.

|=+ S. KRIPKE, Semantical analysis of modal logic I, Zeitschrift fiir mathematische Logik und Grund-
lagen der Mathematik, vol. 9 (1963), pp. 67-96.

[16] C. 1. LEwis and C. H. LANGFORD, Symbolic logic, Dover Publications, New York, 1932.

[17] R. K. MEYER, Relevance is not reducible to modality, in Anderson and Belnap [1975], pp. 462471,
1975.

[18] R. RouTLEY and R. K. MEYER, The semantics of entailment 1, Truth, syntax and modality:
proceedings of the Temple University conference on alternative semantics (H. Leblanc, editor), North-
Holland, Amsterdam, 1973, pp. 199-243.

[19] B. RUSSELL, On denoting, Mind, vol. 14 (1905), pp. 479-493.

[20} , Introduction to mathematical philosophy, London, 1919.

[21] A. URQUHART, Semantics for relevant logics, this JOURNAL, vol. 37 (1972), pp. 159-169.

DEPARTMENT OF PHILOSOPHY
YALE UNIVERSITY
P.O. BOX 208306
NEW HAVEN CT 06520-8306, USA

E-mail: kremer@minerva.cis.yale.edu



	Article Contents
	p. 1057
	p. 1058
	p. 1059
	p. 1060
	p. 1061
	p. 1062
	p. 1063
	p. 1064
	p. 1065
	p. 1066
	p. 1067
	p. 1068
	p. 1069

	Issue Table of Contents
	The Journal of Symbolic Logic, Vol. 62, No. 4 (Dec., 1997), pp. 1057-1504+i-vii
	Volume Information [pp.  i - vi]
	Front Matter
	Defining Relevant Implication in a Propositionally Quantified S4 [pp.  1057 - 1069]
	Amalgamations Preserving ℵ<sub>0</sub>-Categoricity [pp.  1070 - 1074]
	A Version of o-Minimality for the p-Adics [pp.  1075 - 1092]
	Prototypes for Definable Subsets of Algebraically Closed Valued Fields [pp.  1093 - 1141]
	Power Types in Explicit Mathematics? [pp.  1142 - 1146]
	How Connected is the Intuitionistic Continuum? [pp.  1147 - 1150]
	The Consistency of <latex>$\mathrm{ZFC} + 2^{\aleph_0} > \aleph_\omega + \mathscr{J}(\aleph_2) = \mathscr{J}(\aleph_\omega)$</latex> [pp.  1151 - 1160]
	The Entire NS Ideal on P<sub>γ</sub> μ can be Precipitous [pp.  1161 - 1172]
	Nondefinability Results for Expansions of the Field of Real Numbers by the Exponential Function and by the Restricted Sine Function [pp.  1173 - 1178]
	Non-Constructive Galois-Tukey Connections [pp.  1179 - 1186]
	The Structure of Intrinsic Complexity of Learning [pp.  1187 - 1201]
	The Finite Model Property for Various Fragments of Linear Logic [pp.  1202 - 1208]
	A Sufficient Condition for Completability of Partial Combinatory Algebras [pp.  1209 - 1214]
	Contiguity and Distributivity in the Enumerable Turing Degrees [pp.  1215 - 1240]
	Type Two Cuts, Bad Cuts and Very Bad Cuts [pp.  1241 - 1252]
	Variations on a Game of Gale (III): Remainder Strategies [pp.  1253 - 1264]
	Zorn's Lemma and Complete Boolean Algebras in Intuitionistic Type Theories [pp.  1265 - 1279]
	Undecidable Extensions of Büchi Arithmetic and Cobham-Semënov Theorem [pp.  1280 - 1296]
	Simple Forcing Notions and Forcing Axioms [pp.  1297 - 1314]
	Tychonoff's Theorem in the Framework of Formal Topologies [pp.  1315 - 1332]
	An Ulm-Type Classification Theorem for Equivalence Relations in Solovay Model [pp.  1333 - 1351]
	Scientific Discovery Based on Belief Revision [pp.  1352 - 1370]
	The Complexity of the Modal Predicate Logic of "True in Every Transitive Model of ZF" [pp.  1371 - 1378]
	<tex-math>$\underset{\tilde}{\Delta}^1_n$</tex-math> Sets of Reals [pp.  1379 - 1428]
	Wildness Implies Undecidability for Lattices over Group Rings [pp.  1429 - 1447]
	Minimal Models of Heyting Arithmetic [pp.  1448 - 1460]
	Proofs of Strong Normalisation for Second Order Classical Natural Deduction [pp.  1461 - 1479]
	Reviews
	untitled [pp.  1480 - 1481]
	untitled [pp.  1481 - 1483]
	untitled [pp.  1483 - 1484]
	untitled [pp.  1484 - 1487]
	untitled [pp.  1487 - 1490]
	untitled [pp.  1490 - 1491]
	untitled [pp.  1491 - 1493]
	untitled [pp.  1493 - 1494]
	untitled [pp.  1494 - 1496]

	Index of Reviews: Volumes 61-62 1996-1997 [pp.  1497 - 1504]
	Errata [p.  vii]
	Back Matter



