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1 Preface

These notes are based on lectured delivered by Professor Jacob Tsimerman during the Winter semester
of 2024.

2 Introduction

The main goal will be to understand the field of algebraic numbers. An algebraic number is a number
that is the root of a polynomial with rational coefficients.

Recall a field is a set equipped with two operations + and - where (F,+,0) and (F*,-,1) form
commutative groups (where F* := F'\ {0}). The two operations are linked via the distributive law

a-(b+c)=a-b+a-c

Equivalently, a field is a commutative ring where every non-zero element is a unit. Some examples of
fields are R, C, Q, Z/pZ( for prime p), Q[v/2].

2.1 Field Extensions

If £ is a field and contains a subfield F' then we say E is an extesion (field) of F'. This is typically
denoted E/F (note this is not a quotient!). Notice that since we can scale elements of E by elements of
F' (this is simply multiplication) we can in fact view E as a vector space over F. We call the dimension
(as a vector space) of E over F' the degree of the extension and denote if [E : F|. We say F is a finite
extension if its degree (as an extension of E) is finite.

| Example 2.1. C is a field extension of R. In fact it has degree 2 so is a finite extension.

Example 2.2. R is a field extension of Q. However, this extension is not finite (in fact the dimension
of R over Q is not even countably infinite!).

Often we are working with polynomials over fields. Sometimes these polynomials are irreducible and
the natural question we ask is whether there exists a (finite?) extension which contains a root. In fact
the answer is yes and one can do so in a fairly simple way. Let p(z) be an irreducible polynomial over
F. Then F[z]/(p(x)) is a field (because p(z) is irreducible) containing a copy of F' (namely the images
of the constant polynomials). The image of x in the quotient is a root of p(x). In fact quotienting by
irreducible polynomials will be the primary way we construct field extensions.

Definition 2.3 (Algebraic extensions). Given an extension E/F we say a € E is algebraic over
F' if one of the following equivalent conditions hold:

(i) There exists an irreducible polynomial f(z) € F[z] such that f(a) = 0.

(i) F(«) is a finite degree extension over F' where F(«) is the (sub)field (of E) generated by
aand E

We say E//F is an algebraic extension if every o € E is algebraic over F.




Theorem 2.4 The algebraic elements in E over F' form a field.

Proof. Given «, 3 algebraic over F', we want to show o~ !, o + 3 and af3 are algebraic over . We will
do so by considering F'(«, 3).

Since «, /3 are algebraic over F' we know [F(a, ) : F(a)] and [F(«) : F|] are finite. Notice that
[F(e,8) : F] < [F(a, ) : Fa)] - [F(a) : F]

This inequality holds because we construct a basis of F'(«, 3) over F' by first finding a basis of the former
field over F'(«) and then find a basis of F'(«) over F. Thus a™ !, a + 3, af are algebraic. O

Definition 2.5 (Algebraically closed fields). A field F' is said to be algebraically closed if every

polynomial in F'[z] factors into linear factors. Equivalently every irreducible polynomial in F[x] is
linear.

Theorem 2.6 Every field F' has an algebraically closed extension. Moreover this extension can
be chosen to be algebraic over F'. In fact, such an extension is essentially unique since any two
algebraic algebraically close extensions of F' are isomorphic.

Remark 2.7. The isomorphism at the end can be chosen to be an F-isomorphism so that when
restricted to F', we get an isomorphism of F'.

Given a field F', let F_be the (unique) algebraic algebraically closed field extension of F'. As suggested
by the notation, we call F' the algebraic closure of F'.

3 Galois Theory

The motivation of Galois theory comes from the fact that often roots of polynomials are algebraically
indistinguishable. For example any polynomial over Q with 7 as a root also has —¢ as a root. In other
words there is no way to canonically label one of the roots as ¢ and the other one as —1, just algebraically.
In fact we have the same issue with v/2 and —v/2 as well.

Theorem 3.1 Let E/F is a field extension and ainE. If f(x) is a minimal polynomial of o over
F then

Definition 3.2 (Conjugate elements). Two elements «, s are said to be conjugate is they satisfy
the same minimal polynomial.




Theorem 3.3 Let oy, 0 € F be conjugate. Then there exists an F-automorphism ¢ : F — F
such that ¢(ay) = as.

This is what we mean when we say that conjugate elements are ‘algebraically indistinguishable’.

Definition 3.4 (Normal extension). An algebraic extension E/F is normal if any of the following
equivalent conditions hold:

(i) E contains all the conjugates of a for every o € F.
(i) The minimal polynomial of « factors into linear factors over E.

(iii) If f(x) is an irreducible polynomial in F'[x] then f has a root in E if and only if f splits
completely in E.

(iv) Every F-map ¢ : E — F sends E to E

Example 3.5. C/R is a normal extension (in particular because C is algebraically closed).
Example 3.6. The extension Q(+/2)/Q is not normal because although it contains a root of 2° — 2

it does not contain all of them.

Theorem 3.7 If E/F is an algebraic extension then every o € F' is contained in a finite normal
extension E' over F.

Proof. Let a,...,q, be conjugates of o (in F). Then E' := F(ay,...,a,) is the desired finite normal

extension. O

Definition 3.8 (Separable extensions). An algebraic extension E/F' is separable if for all « € E
if f(x) is a minimal polynomial of « then « has deg(F’) different conjugates.

An equivalent formulation is to say that whenever Ej is a subfield of E containing F' (in other E,
is an extension of I’ and F is an extension of Fy) the number of F-maps from Ej to F is exactly
[Eo : F].

Example 3.9. The extension Q[/2]/Q is separable. Any element in Q[v/2] is of the form o + 3v/2
for a, 8 € Q. If 3 =0 then the element is a rational number and nothing needs to be checked (its
minimal polynomial is the linear polynomial x — «). If 5 is non-zero then a minimal polynomial is
(z — a)? — 23%. But this has two roots, namely a & 3v/2.

Example 3.10. This is an example of a non-separable extension. Let F' := F,(t) be the field of all
rational functions in ¢ (which is to say all quotients of polynomials in ¢ with non-zero denominators).
The polynomial f(z) = aP —t is irreducible in F[z]. Thus we can take E := F/(f(z)). Let « be the
image of = which is to say that « is a root of f. Then we know E = F,(a). However the minimal



polynomial of o, namely f itself, can be factored in E as
P —t=2P—af =(x— )

This shows the minimal polynomial has repeated roots and hence this extension is not separable.

As one can see above, we had to work a bit to find a non-separable extension. The following theorem
shows why.

Theorem 3.11 [f char(F') = 0 or F is finite then all algebraic extensions E/F are separable.

Remark 3.12. A field such that every finite extension is separable is called perfect.

Definition 3.13 (Galois extension). A finite extension E/F is Galois if any of the following
equivalent conditions hold

(i) E/F is separable and normal
(i) |Aut(E/F)|=[E : F]

(i) E®r F = [[gnF

Definition 3.14. If E/F is a Galois extension then we define its Galois group

Gal(E/F) :=Aut(E/F) ={0 : E — E : o is a field isomorphism such that o|r = id}

Theorem 3.15  (a) The map

{subgroups of Gal(E/F)} — {subfields of E containining F'}
Hw— E":={x € E:h(x)=ux foreveryh € H}
is an inclusion reversing bijection.

(b) Gal(E/E") = H and E* /F is Galois if and only if H is a normal subgroup of Gal(E/F).
In this case GallE¥ /F) = Gal(E/F)/H

A simple example to consider are quadratic extensions.

Proposition 3.16 If F' is a field of characteristic different from 2 then any quadratic extension
is Galois with Galois group Z./27..

Proof. By completing the square, we see that if £/F is a quadratic extension then it is of the form



E = F[z]/(2* — a) for a nonsquare a € F. Then E = (1,x) is an F-vector space with Galois group
{id,o} where 6(1) =1 and o(z) = —x. O

Example 3.17. Let I’ = Q and E be the splitting field of 23 — 2. Notice that is a Galois extension
(splitting fields are normal essentially by definition and its separable because x®> — 2 has 3 distinct
roots).

The fundamental theorem of Galois theory gives a correspondence between subfields of E (containing
Q) and subgroups of the Galois group. Let's see if we can use this correspondence to deduce the
Galois group. A good first step is to determine the order of the Galois group. It is easy to see that
a Q-basis for Fis {1,0,w, 6% wh,wh*} where 0 is a cube root of 2 (so 6> = 2) and w is a cube root
of unity (so w® = 1). Therefore |Gal(E/Q)| = 6.

There are only 2 groups of order 6: S5 and Cy (the cyclic group of order 6). In fact we claim that
Gal(E/Q) cannot be Cg. In order to see this, consider the subfield (1,6,60%) (if & = /2 then this
subfield is Q[v/2]) which is not normal (as a field extension). Therefore Gal(E/Q) contains a non-
normal subgroup so in particular could not be abelian. In other words, automorphisms of E' fixing Q
are exactly the isomorphisms that permute the cube roots of 2, namely 6, w6, w?0.

4 Traces and norms

Let E//F be a finite (separable) extension with [E': F| =n. Let & € E. Then we have an F-linear map
on E given by multiplication by «

My E—F
B af

We can then define the trace and norm of « using this map.

Definition 4.1 (Traces and norms). Given « € E we define

trg/r(0) == trp(male)

nmg/p() = detp(ma|g)

Example 4.2. Take FF =R and E = C. If we take aw = i then m,, (with respect to the 1,7 basis) is

given by the matrix
0 —1
1 0

Example 4.3. Take F = Q, F = Q(\‘?ﬁ) and @ = 1 4+ /2. If we take @ = 1 + /2 then m,, with
respect to the usual 1,6, 0? basis, is given by

Then tre/r(i) = 0 and nme/r(i) = 1.

O =
)
_ O N

Then trg/p(a) = 3 and nmg/p(a) = 3.



Lemma 4.4 Let E, F as above. Let M = F(«). Ife:=[E : M| then

trg/r(o) = e - tryyp(a)

Proof. Let (3;,...,0. be an M-basis for E. Let ¢ : M¢ — E be an isomorphism of M-vector spaces
given by (mq,...,m.) — > m;3; (this is exactly what it means to have an M-basis of E). Then since
the trace commutes with ¢ we have

trE/F(ma) = trp(ma|Me)

= trp(mq

esM)
=e-trp(ma|um)
= e trayp(a)
The penultimate equality follows from the fact that M€ is just a direct sum of M e times. As m,

acts identically on each summand, the trace over the sum is exactly e times the trace on a single
summand. n

Lemma 4.5 Let f(z) € F[x] be a minimal polynomial of o over F'. Then f(x) is the charac-
teristic polynomial of m |y (where as before we have M = F(«)).

Proof. Let g(x) be the characteristic polynomial of m,|y;. Then by the Cayley-Hamilton theorem we
have g(ma|a) = 0. On the other hand, it is a direct computation that g(ma|am) = Mg(a)|a. This
means that 0 = mgy()|a (1) = g(a). Since g is monic and deg(f) = deg(g), we conclude f = g. O

Corollary 4.6 The eigenvalues of mq |y are exactly the conjugates of o in F. In particular then,

M:F)

[
tI‘M/F(Oé) = Z a;
i=1

where «; are the conjugates of «.

We can verify the previous examples using this corollary.

Example 4.7. Suppose E = C,F =R and o = i. Then the (only) conjugate of « is —i. Therefore
trE/F(OZ) =1+ (_Z> =0 and nmE/F(a) =7q- (—Z) = 1.

Example 4.8. Suppose E = Q(v/2) and F = Q with o = 1 + /2. The conjugates of « are
14+ /2,14 wv2 and 1 + w?v/2 where w is a cube root of unity (the conjugates of a sum are the
sum of the conjugates). Then the trace is the sum of the conjugates is 3 + (1 + w + w?)v/2 = 3 and




the norm is

V2(1 + wV2)(1 + w?V2) =3

Proposition 4.9 Let E/M and M/F' be separable field extensions with o € E. Then

tra ptrpm(a) = trg r(a)

nmypnme/ (o) = nmgp(o)

Proof. Recall that we can find all the conjugates of a by considering all the field homomorphims that
preserve the base field. To be preices, if I is the algebraic closure of F' then the conjugates of o
over M are {¢(a) : ¢ € Homy/(E, F)}. Similarly, given 3 € M the conjugates of 3 over F are
{4(B) : ¢ € Homp(M, F)}. Therefore

trpp(e) =Y éa)
¢

trarrtrem(a) = Z (G (Z ¢(04))
P ¢

We can extend each ¢ (non-uniquely) to a homomorphim on E. Once we do such an extension we
have

traryrtrem(a) = ZW o ¢)(a)
.9

= Y pla)

pEHomp(E,F)
= trE/F(a)
The same argument works for the norms by replacing all the sums with products. n

Proof 2. We can give a second proof for the traces that is much more down to earth. We simply evaluate
both sides of the equality with respect to some bases.

Let ay, ..., aq be an F-basis for M and by, ..., b, be an M-basis for E. Then {a;b;} form an F-basis
for E. Suppose we have

e
CYbZ': E mivtbt
t=1

for m;, € M so
e
tI'E/M(Oé) = Zmi,i
i=1

Now suppose

d
1,17 7,8 s
s=1



with f(“ € F. Then

d

trM/F mzz Zf]ljl

This means that

tra ptre v (a) = trag e (Z m; z)
= ZtrM/F m;)
= Z Z £

Now we evaluate the right hand side with respect to the basis {b;a;}. Then we see

ozbiaj = (Z mmbt) Q;

t= 1 s= 1

Then the trace of m,|g over F' is sum over the entries where s = j and ¢ = i. In other words,

n

trE/F() Z f(“)

2%

which is exactly what we computed for the left hand side. O

5 Number Fields

We can now introduce the primary objects of study in this course.

Definition 5.1 (Number field). A number field is a field F' of characteristic 0 such that [F': Q] <
0o. Equivalently a number field is a finite field extension of Q.

These are the fields we really want to study. One way of understanding these fields is by looking at
how the algebraic integers sit within them.



Definition 5.2 (Algebraic integer). An element «v in a number field F is called an algebraic integer
if the minimal polynomial of a: over Q has integer coefficients.

Lemma 5.3 Ifa € F then exists a positive integer n such that na is an algebraic integer.

Proof. Let f(z) be the minimal polynomial of . Let d be its degree. Then the minimal polynomial of
nacis n?f(x/n). It is clear that f(z/n) = 0 for x = na. No polynomial of lower degree can have na

as a root since we could use that to find a polynomial of lower degree that has « as a 0.
If

then

Therefore once n? is large enough to clear out the denominators of the ¢;, all the coefficients will be
integral. [

We also have other, arguably more useful, characterisations of algebraic integers.

Lemma 5.4 Let F' be a number field and o € F'. Then the following are equivalent
1. « is an algebraic integer
2. Zla] is a finitely generated free abelian group

3. « is an element of a subring R of F', where R forms a finitely generated free abelian group
with respect to addition

Proof. (1) = (2). Let d = deg(f). Since f has integral coefficients, we conclude that o €

<1, a,... ,ad_1> (where <1, a,... ,ad_1> is the abelian group/Z-module generated by these elements).
But this means all higher powers of « also lie in this finitely generated Z-module. Therefore Z[a] C
<1,a, e ,ad*1>. The reverse inclusion is of course also true which means Z[a] = <1,a, e ,ad*1>.

Hence Z[a] is finitely generated.

(2) = (3). Take R = Z[q].

(3) = (1). Let By,..., B, be a Z-basis for R (such j; exist because R is finitely generated and a
free abelian group). Let M := Q - R, which is a subfield of F. We can consider m,, acting on M.
Notice that m,|ss is completely determined by how it acts on the ;. Since « € R and R is a ring, we
know af; € R for every i. Moreover since R is a finitely generated free abelian group, we know that
af; can be expressed as an integral linear combinations of the 5, ..., 3,. This is exactly saying that the
matrix for m, |y with respect to the 3; basis has integer entries. Therefore the characteristic polynomial
of mg |y has integral coefficients. By Gauss's lemma (recall that the characteristic polynomial is monic
so is automatically primitive), this polynomial is irreducible over Q[z] if and only if it is irreducible over

10



Z|z]. Since the minimal polynomial of « is a factor of the characteristic polynomial, this means that will
also be integral. |

Corollary 5.5 If o, S are algebraic integers then oo + 3 and o3 are algebraic integers.

Proof. Since «, (3 are algebraic integers, we know by above that Z[«] and Z[/5] are finitely generated free
abelian groups. Let ay,...,aq and by, ..., b. be their respective Z-bases. Then Z|a, 5] C (a;b;) (and
the reverse inclusion always holds) which means that Z|«, 3] is a finetely generated free abelian group.
Since a+ 3 and a3 are contained in this ring by the third characterisation above, we conclude that they
are also algebraic integers. O

We get a few immediate corollaries from this corollary.

Corollary 5.6 The set of algebraic integers O forms a ring, called the ring of integers of F.

Corollary 5.7 If o € Op then trp/g(a) and nmpg(a) are integers.

Proof. This is mostly evident from the proof of (3) = (1) in . Specifically, with respect to a
basis for Z]a] we know m,, has integer entries so its trace and determinant are also integers. ]

In some simple cases, one can directly compute the ring of integers.

Example 5.8. Suppose F' = Q(i) and we want to find Op. We know « € F' are of the form a + bi
for a,b € Q. If b =0 then the minimal polynomial is x — a. This has integral coefficients if and only
if @ is an integer. In particular this means that integers are algebraic integers (phew!).

If b # 0 then the minimal polynomial of « is

(x —a)(z — @) = 2* — 2ax + (a* + b?)

Hence in order for this to be an integral polynomial we need 2a € Z and a? + b*> € Z. In fact we
will show that a must be an integer due to the second constraint. Suppose a = n/2 for n some odd
integer. As squares of integers are always congruent to 0 or 1 mod 4, we conclude the fractional part
of n?/4 is necessarily 1/4. This means b*> must have fractional part 3/4 in order to have n?/4 + ?
be an integer. But this cannot happen as that would require the numerator of b? to be congruent to
3 mod 4.

Therefore a must be an integer which forces b to be an integer as well. In this case, we therefore
conclude that O = Z[i].

The ring of integers is not always ‘the obvious one’ as the following example illustrates.

Example 5.9. Let ' = Q(+/5). Then a € F is of the form a + b\/5 for a,b € Q. The case of b = 0
is the same as above. If b # 0 then the minimal polynomial of « is

(z — (a+bV5))(z — (a — bV5)) = 2 — 2azx + (a® — 5b%)

Once again we need 2a to be an integer but this time we also have a? — 5b* € Z.

11



6 Lattices

Lattices will be a nice way of studying the ring of integers.

Definition 6.1 (Lattice). If V is a finite-dimensional Q-vector space, then L C V is a lattice if
L =2 Z9maV a5 abelian groups.

Lemma 6.2 L C V is a lattice if and only if L is finitely generated (as an abelian group) and L
contains a basis for V.

Proof. Let n = dimg V. Suppose L is a lattice. We already know L is finitely generated since L = Z".
The isomorphism also implies there exist o, . .., ay, such that L = (o, ..., ay),. In fact, we claim that
Qq,...,q, also form a basis for V. If this were not the case then there would be Q-relations between
them. But by clearing denominators we would get Z-relations between them. But this contradicts the
fact that the «; form a Z-basis for L.

Now we show the converse. So suppose L is finitely generated and L contains a basis for V. We
want to show that L is in fact a free abelian group (of the appropriate rank). Let aq, ..., «, be a basis
for Vin L and let f,..., 3, be generators for L. Since the a; form a basis for every j3; we can find
¢;j € Q such that

n

Bi = Z CijQej

j=1

Let N be the product of all the denominators of the ¢;; (if you wish to be less wasteful you can take
their LCM instead). Then each f3; is contained in

Since this holds for all 3; we have

[]

Recall that a bilinear form on a K-vector space V is a map Q : V x V — K such that Q) is
(separately) linear in each component. We say @ is symmetric if Q(x,y) = Q(y,x). Such forms are
also sometimes called quadratic forms.

Example 6.3. If V = K then muliplication itself is a (symmetric) bilinear form (in fact some sense
every bilinear form can be understood as a product of some kind).

| Example 6.4. Given a vector space V and [ € V*, the map Q(z,y) = I(x)l(y) is also a symmetric
bilinear form.

12



Definition 6.5 (Discriminant (of a lattice)). Let V be a Q-vector space of dimension n. Let
ai,...,a, be abasisand Q : 'V x V — Q a bilinear form. Let L be the lattice generated by
the c;. Then we define the discriminant of L with respect to ) as det(Q(a;, c;)) (i.e. take the
determinant of the matrix formed by taking Q(c;, ;) to be the (4, j) entry) and denote it Discg L.

Lemma 6.6 The discriminant DiscyL is well-defined.

Proof. This is essentially the same reason that the determinant of a linear map can be defined via its
matrix with respect to some basis. Let {/31,...,3,} be another basis for L. Then we want to show that
the discriminant remains well defined under this change of basis. Let M be the change of basis matrix.
Notice that M has entries in the integers because we are working with bases of the abelian group L.
Then

n

(Q(Br, B1))i1=1 = ( (chzazazclj‘)‘J))

k=1
= (Z Ck,ﬂl,j@(%ﬂj))
=1 k=1
= M(Q(cu, Oél))Z,zlet
Then det(Q?) = det(Q*) det(M)?. Since M € GL(n,Z) we know det(M) = +1. O

Lemma 6.7 Suppose Ly D Lo are lattices in V such that [L, : Ls] = m (as abelian groups)

then
DiscgLy = m? - Discg Ly
Proof. We simply compute. Let v, ..., «, be a basis for L1. Since L is a sublattice, there are (integers)
m; so that myaq, ..., my,aq, forms a basis for L.

Discg(Ls) = det ((miij(&i,a] e 1) = <H ml> det((Q (v, o;))i—1) = m*Discg(Ly)

The first equality is a definition. In order to verify the second equality, recall scaling a row or column
of a matrix by a matrix by a also scales the determinant by a. Notice that (m;m;Q(c, «;)) is formed
from (Q(ai, @j))i;=; by scaling row i and column i by m;. The determinant is scaled by m? for every
i, giving the second equality. The penultimate equality follows form the fact that [[ m; = m. One way
to see this is to count the cosets of Ly (this is, after all, exactly the index of Ly in L;). There are m;
cosets in the i-th direction so taking a product tells us how many ‘fundamental domains of L;’ fit inside
a single fundamental domain of L, (see ). O

Here are some examples and non-examples of lattices to keep in mind

1. Z C Qs a lattice

13



A

- L

Figure 1: Example of lattice containing sublattice with m; = 3 and my = 2

2. Q C Qs not a lattice (as it is not finitely generated)
3. Z[1/p] € Q for a prime p is not a lattice

4. (1/p1,1/pa,...) where py,ps,... form a sequence of primes is not a lattice

Definition 6.8. The trace pairing trg /g : K x K — Q given by

trg/o(z,y) = trr/o(zy)

is a bilinear form on K.

Lemma 6.9 The form tr g is non-degenerate. In other words, for every x € K \ {0} there is
some (non-zero) y such that trg q(x,y) # 0.

Proof. The proof is quite easy. Since x is non-zero we can take y = 1/x to get

trro(7, y) = trig(l) = dimg(K)

Although a fairly trivial lemma, it is important in view of the following result.

Lemma 6.10 /fV is an n-dimensional Q-vector space and ) : V x V' — Q is a non-degenerate
quadratic form, then Discg(L) # 0 for any lattice L C V.

Proof. Let ¢g : V' — V* be such that (¢o(z))(y) = Q(z,y) (one can think of g (z) as filling one of
the components of ) so ¢g(x) = Q(x,-)). Then

@ non degenerate < Vx € V' \ {0}3Jy € V such that Q(z,y) # 0

& Vo e V\ {0}g(e) £ 0
& 1)q injective
& 1) isomorphism

14



Let aq,...,qa, be a basis for V and oY, ...,«a its dual basis in VV*. Recall that given a basis and its
) ) 1> » ' g

dual we can express any ¢ € V* with respect to this dual basis by ¢ = }_; ¢(aj)ay. Thus taking
¢ = 1g(a;) we have

ZwQ a;) (o) ZQ (0, aj)a

Therefore (Q(as, a;))7 =, is the matrix for g : V' — V* with respect to the «; and its dual basis.
Since v is an isomorphism this matrix must have non-zero determinant which is exactly saying that the
discriminant of the lattice L = («, ..., ay,) with respect to @ is non-zero. ]

Finally we have the following proposition to justify the discussion of lattices and discriminants.
Proposition 6.11 Let K be a number field. The ring of integer O forms a lattice in K.

Proof. Let ay, ..., a, be a Q-basis for K. Recall we can scale each «; (by an integer in fact) so that it
lies in Of. Thus we can assume that ay, ..., a, themselves lie in Ok. This tells us that O definitely
contains a basis of K. It remains to show that Ok is finitely generated.

Let o, ..., be the dual basis to ay,...,a,. Since tri g is a non-degenerate bilinear form, we
know that ¢, defines an isomorphism from V' to V*. In particular then, there exist 1, ..., 8, such
that (; is sent to ). This means that

wtrK/Q(ﬁi)(aj) = 61]
which just means
trxo(Biay) = 6i;
Now suppose 7 € Og. Then since ya; € Ok so the trace of the product is integral for every i. On the
other hand, we know /3, ..., 3, form a basis of K so v = ) ¢;3; for some rational numbers ¢;. We

show that in fact the ¢; must be integers. This is easy to do since the «; essentially allow us to pick out
the j-th component.

7> tI'K/Q(’)/CEj) = tI"K/Q (Z CiﬁiOZj> = ZCZ'(SZ'JO&]' =Cj
i=1 i=1
This holds for all j so v € (f1,...,5,). Thus we conclude
<617"'7BTL> D OK D) <Oél,...,Oén>

But this means that Ok must also be isomorphic to Z". Thus O is a lattice. O

Definition 6.12 (Discriminant of a number field). The discriminant of a number field Discy (or
sometimes simply D) is DisctrK/Q((’)K).

In fact the discriminant can be useful a tool for calculating the ring of integers.
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Example 6.13. Let K = Q(1/7). We want to find the ring of integers which we know is a lattice.
Consider the lattice L = <1, \/7> Since 1, \/7 are both algebraic integers, it follows that L C Ok.
The question becomes whether this containment is strict. If it is, then L is a sublattice of Og and
so by we know

Discir ;o L = Disciry o (Ok) - [Ok L]?

In particular we can compute the left and hand side and consider the squares dividing it to restrict
the possibilities for [Ok : L].
The trace pairing matrix with respect to the basis {1,/7} is

2 0

0 14
which has determinant 28. Therefore DisctrK/Q(L) = 28. The only squares dividing it are 1 and 4
which means [Of : L] =1 or 2. Suppose the index is 2. Then the possibilities for O are

<1/2,\/?>, <1g> <1,1+2ﬁ>

(consider how you could parallelograms from the fundamental domain of L with ‘half the area’. The
notion of area is mostly for intuition here but we will make it more precise later!). However we can
immediately rule out the first 2 since 1/2 and 1/7/2 are not algebraic integers (notice the square of
V/7/2 si not an integer). For 1+Tﬁ we can see it satisfies 222 — 22 — 3 and thus its minimal polynomial
is not integral. Therefore [Ok : L] = 1 implying that L = Ok.

Theorem 6.14 (Stickleberger) If K is a number field with discriminant Dx then

Dk =0,1mod 4

Proof. Let ay,...,a, be a basis for O. Let {0y,...,0,} = Homg(K,C) (i.e. homomorphisms from
K to C that fix Q). Recall that the trx,g(a) can also be found as the sum of the conjugates of a. But
the o}, exactly allow us to find the conjugates of a! Thus combining these things we get

tricjgeias) = > on(aiey) =Y ox(ai)ox(ay) (6.1)
k=1 k=1

Then consider the matrix

0'1(061) O'n(Ckl)
M = A = (05(ai))i;

i,j=1
or(an) o onlan)

Then from (6.1) it follows that the trace pairing matrix (with respect to the «; basis) is given by M M*.
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Therefore Dy = det(M)?. But we can compute det(M) directly to get

det(M) = Z H ) o0 giy)

TESH 1
= Z H Uz Qir( z) Z H o) O57’(1
TESK % TESK )
N (ur=1 _
A B
=A-2B

Therefore Dy = (A — 2B)?. Both A and B are algebraic integers since they are sums and products of
algebraic integers. In fact A must be rational (and therefore an integer) since A is fixed by the Galois
group. Then Di = A%? —4AB + 4B?* = A% + 4(B? — AB). We know that B> — AB is an algebraic
integer since A and B are. Moreover, since Dy € Z this means that B? — AB is also a rational number.
Therefore we conclude B? — AB € Z allowing us to conclude that

Dig = A’mod4=0,1mod 4

7 Ring of integers as Dedekind Domains

In this section, we show that the ring of integers form a Dedekind domain. There are 3 properties that
Dedekind domains must satisfy. The first of these is integral closure.

Definition 7.1 (Integral closure). Let R be an integral domain and K be its fraction field. Then
a € K is said to be integral over R if there exists a monic polynomial f(z) € R[z] such that
f(a) =0. We say R is integrally closed in K if & € K being integral implies that « € R.

Here are a few equivalent characterisations, analogous to what we had for algebraic integers.

Lemma 7.2 Let R be an integral domain and « an element of its fractional field K. Then the
following are equivalent:

1. « is integral over R
2. « is contained in a ring S C K which is finitely generated over R

3. R[a] is a finitely generated R-module

| Example 7.3. As one might expect Z is integrally closed over its field of fractions Q

Example 7.4. For a non-example, consider R = Z[2i]. lts field of fractions is K := Q(z). In this
case, R is not integrally closed over K because i € K is integral (it satisfies z2 + 1) but i ¢ R.

17



Theorem 7.5 Let K be a number field. Then Ok is integrally closed in K.

Proof. Let a € K be integral over Og. Then by , we know that Ok [a] is a finitely generated
Og-module. But Ok itself is a finitely generated Z-module so Ok |[a] is a finitely generated Z-module.
Therefore by , v is an algebraic integer. O

The second property that Dedekind domains have is that they are Noetherian.

Definition 7.6 (Noetherian Rings). A ring R is Noetherian if every ascending chain of ideals

stabilises. In other words, if
Lcl,cl;C---

is a chain of ideals in R then there some k € Z such that I, = I 1 = Ijy1 = -+ -.

Lemma 7.7 The ring of integers O is Noetherian.

Proof. Let I C Ok be a non-zero ideal. Then I contains a basis for K as a Q vector space. This is
because we know O contains a basis and then multiplying this basis by some i € I\ {0} gets us a
basis for K in I as multiplication by a non-zero element maintains linear independence. Let (4,..., 3,
be this basis in I then. O

Definition 7.8 (Norm). Given a non-zero I C Ok, we define

Nm(/) := [Ok : I]

Lemma 7.9 Every non-zero prime ideal in Ok is maximal.

Proof. Let P C Ok be a non-zero prime ideal. Then Ok /P is an integral domain which is finite (as a
set) due to the finite index. We know finite integral domains are fields so P must be maximal. ]

Definition 7.10. A Dedekind domain R is an integral domain such thata

8 Fractional Ideals and Class Group

~

Definition 8.1 (Fractional ideal). A fractional ideal in K is a subset I C K such that [ is finitely
generated as an Og-module. Equivalently, [ is a fractional ideal if it is an Og-module and is

finitely generated over Z.

Example 8.2. The simplest (and fundamental) example is with X' = Q. In this case we know that
all the non-zero ideals are {nZ : n € Z~y}. Then given any ¢ € Q, we see that ¢Z forms a fractional
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| idea. In fact more generally, if I C Ok is an ideal and o € K* then «a/ is a fractional ideal.

Remark 8.3. Throughout this section, it will be useful to think of ideals as actual integers and
fractional ideals as actual fractions/rational numbers to orient yourself and get a sense for what
is actually going on.

In fact every fractional ideal can be scaled version to form an actual (or integral) ideal (analogous to
how one can always scale a rational number to get an integer).

Lemma 8.4 I/f ] C K is a non-zero fractional ideal then there exists an ideal J C O and
o € K* such that I = oJ.

Proof. The proof follows more or less immediately from the fact that [ is finitely generated as an O
module and that any element of K can be scaled to form an algebraic integer.

By definition I is finitely generated as an Ok module, so let ay, ..., «, be a finite set of generators.
Each «; can be written in the form «; = ¢;/d; for ¢;,d; € Ok (we know every element can be scaled
to be an algebraic integer so we can take this quotient for the ¢;, d;. In fact the d; can be taken to be
actual integers, see ). Take « to be the product of all the denominators so « = [[d;. Then
J := al is an Og-module contained in Og. But this is exactly saying that .J is an ideal. n

We have all the same operations with fractional ideals that we do with regular (or integral) ideals.

Lemma 8.5 [f1,J are fractional ideals then I + J, I.J and I N J are all also fractional ideals,
where recall

I+J:={i+j:iel,jeJ}
IJ:=(ij:iel,jeJ)y,
INJ={i:i€landicJ}

Proof. There exist aq, as such that a;1 and asJ are integral ideals of Of. But we can take a = ajas
to get the same conclusion for al and «.J. In other words, we can scale both I and J by the same
element to get them to be actual ideals in Ok . With this we are done since
I+ J=aYal +aJ)
IJ=a?(al-alJ)
INJ=aYalNal)
m
To continue the theme that fractional ideals are just like fractions, notice how their addition is just
like how addition of fractions works.
In the case where K = QQ, we see that the set of fractional ideals is {¢Z : ¢ € Q¢ } which interestingly

forms a group (under multiplication of course). In fact this is the case more generally. This is particularly
easy to see in the case where O is a PID.
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Proposition 8.6 Let K be a number field. Suppose O is a PID. Then

1. The set of non-zero fractional ideals I; forms an abelian group (under multiplication).

2. Explicitly I = K*/O%

Proof. Define the map

¢IK*—>IK
Oél—>OéOK

Clearly ¢ preserves the multiplication since

p(aB) = (aB)Ok = (aOk) - (BOK)

We also claim that ¢ is surjective. Let I C K be a (non-zero) fractional ideal. Then we can find
a € K* and J C Ok an ideal so that I = aJ. Since O is a PID there is some [ so that J = SOk.
But then I = a0k which is to say I = ¢(af).

Now we can show quite easily that I forms a group. Associativity is clear (it holds for ideal
multiplication in general). The identity element is Of itself. It only remains to show fractional ideals are
invertible. Let I € I. Let « € K* so that I = ¢(a). Take J = ¢(a™'). Then IJ = ¢(a)p(a™!) =
»(1) = Ok.

In order to verify the second statement, we only need to compute the kernel of ¢.

ker(¢p) = {a € K : ¢p(a) = Ok}
:{QGK*:OCOK:OK}
:O%

Let us prove the statement in the more general case.
Theorem 8.7 Let K be a number field. Then [ forms an abelian group.

Proof. As above, the only thing we need to check is the existence of inverses. Suppose we know that
integral ideals have inverses. Then if [ = «J with [ a fractional ideal and J an integral ideal then
a~'J71is an inverse of I. So it suffices to show we can invert fractional ideals. Consider again the
prototypical case of K = QQ where if we know how to invert integers, we immediately know how to invert
any other rational number as well.

Step 1: Reduction to prime ideals
We claim that if J C O is a non-zero ideal, then there exist non-zero prime ideals Py, ..., P, such
that their product P, - - - P, is contained in J.

If this is not the case, then by Noetheirality there exists a maximal J which does not have this
property. Certainly J cannot be prime (if it were then we could take m = 1 and P, = J). Therefore J
is not prime so there exists a, f € Ok \ J such that aff € J.
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Consider J; = (o, J) and Jo = (B, J). By construction J; 2 J and Jy 2 J but J;Jo C J. Since
J was maximal with respect to the above property, we know J;, .Jo contain a product of primes. To be
precise, there exist Q1,...,Q, and Q, ..., Q"% all prime such that

HQi C Ji, HQ; C Jo

<H Qi) (H Q;) ChJoCJ
Step 2: Inverting prime ideals

Let P C Ok be a non-zero prime ideal. Define

but then

P :={a€ K:aP C Ok}

As you might imagine P~ will be the inverse to P but first, let’s verify that P~ is a fractional ideal,
i.e. a finitely generated Ogx-module. It is easy to see that P~ is an Og-module. Let 5 € Ok and
a € P~. Then (af)P = aP C Ok (closure of P~ under addition and additive inverses is similarly
easy to check). In order to see that P~ is finitely generated (as an Ox-module) it suffices to show it is
contained in a finitely generated Og-module. By definition of P~ we know that for every t € P we have
tP~ C Ok. Then taking t to be non-zero we get P~ C ¢t~ 'Oy which is of course a finitely generated
Og-module.

We naturally have O € P~ and P C P- P~ C Ok which means that PP~ is an ideal in Ok (any
R-module contained in the ring R is an ideal). Since prime ideals are maximal in Dedekind domains, we
conclude that PP = P or P~ P = Og. We will show that we cannot have the former.

Suppose we had PP = P. This forces P~ = Ok. Letr € P~. If PP = P, then in particular
multiplication by r defines a ring homomorphism from P — P which we can write out as a matrix
with integer entries (thinking of P as a Z-module). By the minimal polynomial for 7 is the
characteristic polynomial for this matrix which is in particular a monic polynomial with integer coefficients
and r as a root. Thus r is an algebraic integer. Thus in order to have a contradiction, we simply need
to show there exists r € P~ \ Ok. This will take some effort.

Take any non-zero 3 in P and consider the ideal (5) = SOk generated by 5. By Step 1 above, we
can find prime factors of (/3). In other words, we can find prime ideals P, ..., P, so that [[ P; C (5).
Let m be minimal with respect to this property (i.e. no product of less than m prime ideals lies in (53)).

Since S is in P, we know () C P. Then

[[PcBcP

Primality of P immediately implies that one of the P, must be P itself (this is analogous to the case of
integers where if a prime divides a product of primes then it must appear in the product). If this were
not the case then we could choose a; € P;\ P to get [ a; € P but this contradicts primality. Therefore,
without loss of generality, we can assume P, C P and since prime ideals are maximal we have P, = P.
Since m above was chosen to be minimal, we know

I[P <®

1=2
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Therefore we can choose v € %, P; \ (3). Notice this means

wpcp-I[r=]IAnc® =5 0k
1=1

1=2

Rearranging this we get (y87!)P C Oy which is to say y3~' € P~. But also 737! ¢ Oy since we
chose 7 to lie outside () = fOk. This concludes Step 2.

Step 3: Inverting (integral) ideals
Suppose not every ideal is invertible. Then (by Noetheirality) there is a maximal ideal J which is not
invertible. Let P be a maximal (hence prime) ideal containing J. By above we know that P has an
inverse P~. Consider P~J. We know 1 € P~ (indeed P~ contains all of O) so P~J D J. Either
P~J = J or, P~ J is strictly bigger and so, by maximality of .J, it has an inverse.

We know there exists r € P~ \ Ok which means that J ¢ J (if it was then multiplication by
r would be a Z-homomorphism so by the same argument as above would force r to be in the ring of
intgers). Therefore P~.J cannot be J. Thus P~J has an inverse ). This means QP is an (so the)
inverse of J since

Ok =Q(P~J) = (QP7)J

With the previous theorem we actually get unique factorisation of ideals.
Corollary 8.8 Every (non-zero) integral ideal J C Oy is a finite product of prime ideals.

Proof. As we've done before, suppose the statement does not hold and take J to be a maximal ideal
so that it cannot be expressed as a product of prime ideals. Let P be the maximal (equivalently, prime)
ideal containing it (clearly J itself cannot be prime). Then J = (JP~)P. We know from above that
JP~ is an ideal strictly containing J so JP~ can be expressed as a product of primes but this means
that J can be expressed as a product of primes. O

Theorem 8.9 Every non-zero integral ideal factors uniquely as a product of prime ideals (up to
the usual shenanigans of reordering).

Proof. The proof runs the same as in the usual integer setting.
Suppose

m

[I7=1]%
i=1 j=1

with P;, (); non-zero prime ideals. Suppose min{m,r} is minimal with respect to having different

factorisation. Notice we have . .
pol[r=1]@
i=1 j=1

thus primality of P, implies that it contains at least one of the ); (if not we could take a; € Q); \ P, to
get [[ a; to lie in P, despite none of the terms lying in ;). Without loss of generality we can assume
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j = 1 and since prime ideals are maximal we conclude P, = ();. Then we can multiply both sides of the
equation above by P~ (= Q) to get

r

HPZ‘: Q;

i=2 =2

But this contradicts minimality of min{m, r}. O

With all this theory being built up, it is useful to work with some examples to see it in action.

Example 8.10. Consider K = Q(v/—6). In this case, one can calculate that Ok = Z[\/—6]. This
ring is a standard example of where the ‘classic’ unique factorisation statement does not hold since

2:3=6=—v—6-v/-6

but 1/—6 does not divide 2 or 3 and neither 2 nor 3 divide v/—6. The ‘problem’ is that the ideals
generated by these elements are not prime. Indeed we see that

(2,V—6)(2,v/—6) = (4,2v/—6,—6) = (2)

where for the last equality, the inclusion C is clear (all the generators are multiples of 2) and to see
D note that 2 = —(4 + (—6)). Similarly we have (3,1/—6)? = (3). Therefore

(6) = (2)(3) = (2,V=6)*(3, V-6)*

is the prime decomposition of the ideal (6).
As a bonus we have, basically, computed the inverses of (2,/—6) and (3,1/—6). Notice

(3)evev=-(3)e-o

Therefore

e (e (59

2
(3,v/—6)"' = (1, @)

and similarly

It's also useful to keep counterexamples in mind where things don't work out to appreciate how
things can go wrong. Here we see why it is important that we work with ideals of Ok (or, slightly more
generally, with ideals of Dedekind domains).

Example 8.11. Consider K = Q(i) and R = Z[2i] := {a+bi : a € Z,b € 2Z}. In this case, we will
show that the ‘fractional ideals’ of R could not form a group. Consider I = (2,2i)r and J = (2)g.
It is clear that .J is properly contained in I (for example 2i ¢ .J). However

I? = (4,4i,—4) = (4,4i) =1 - J

Thus we don’t even have cancellation of ideals so we certainly could not form a group from the ideals.
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Definition 8.12. If I, J are non-zero ideals, we say I|.J (read “I divides J") if there exists an
ideal M C Ok such that IM = J.

Given two ideals I, J, their greatest common divisor (GCD) is an ideal D such that D|I and D|J
and if D’ is any other ideal dividing both I and J then D’|D. Their lowest common multiple
(LCM) is an ideal M such that I|M, J|M and if M’ is any other ideal satisfying this then M'|M.

Lemma 8.13 The GCD and LCM of non-zero ideals exists and

GCD(I,J) =1+ J
LCM(I,J)=1nJ

Remark 8.14. The main idea is to note that the divisibility relation is equivalent to containment.

IlJeI1>J

Proof. Suppose I|.J. Then there exists M such that J = IM C I. Conversely suppose I D J. Then
JI= C II7' = Ok. Therefore JI~! is an ideal in O so we can write M = JI ' to get J = I M.
Thensince INJ C I,J C I+ J, it's certainly true that I + J is a divisor of I and J and that both
I, J divide I N J. Suppose D|I and D|J. Then D D I and D D J. Then D D I + J (since D is an
ideal) so D|I + J. Similarly if I|M and J|M then I D M and J DO MsoINJ>DMsolINJM. O

Remark 8.15. Another way to find the GCD and LCM of ideals is to use their prime factor
decomposition as one would with integers. To be precise, if

]:Hf)fi? J:HPZfz
i=1 i=1
with ¢;, f; > 0 and P; distinct prime ideals of O, then

GCD(1,J) = ]‘_[Pimin{ei,fz‘}7 LCM(I, J) = Hpimax{ei,fi}
=l i=1

Lemma 8.16 Suppose I, J are fractional ideals. Then I O J if and only if JI7! C Ok.

Proof. Suppose I O J. Then JI~' C IT' = Ok. Running this in reverse gets us the other direction
(this requires cancellation which is possible since I is a group). Alternatively, note that J = I-(JI)™! C
I Ok =1 O
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Corollary 8.17 For all I,J € Ik, we have

[-J=(+J)-(InJ)

Proof. The statement is easy to see for integral ideals. We note that
I-J=GCD(I,J)-LCM(I,J)

This can be seen by writing the GCD and LCM in terms of the prime decomposition of  and J.
Now suppose I, J are fractional ideals. Then we can find & € K* and (integral) ideals I, J' C Ok
such that I = al’ and J = «J’. Then

1J=a’T') =*I'+J)-(I'nJ) = (oI +at)(al' Nat)= (I +J)- (INJ)

We also have (unique) factorisation of fractional ideals.

Proposition 8.18 Let I be a fractional ideal. Then we can write

I= f[ P
=1

where P, are prime ideals and e; are integers. Moreover this decomposition is unique (up to the
usual reordering stuff).

Proof. Existence of such a decomposition is easy to see. Let o be such that o/ is an integral ideal.
Then
I=al- (a)™

and we can decompose both terms into a product of primes.
In order to see uniquness, suppose

n n

Hpiei _ H_szz

i=1 i=1
with P, prime ideals and e;, f; integers (we are allowing some to be 0). Let N be such that N+e;, N+ f; >
0 for all 2. Then multiplying both sides by [T\, PV we get

n n

HPGiJrN _ HPfi"FN

=1 =1

Both sides are now integral ideals so by uniqueness in this case we conclude ¢; + N = f; + N for all
Q. ]
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Corollary 8.19 (Chinese Remainder Theorem) Let I = [[\_, P{* be an ideal with P; distict prime
ideals and e; positive integers. Then

¢: Ok /T — [ O/ P
=1

given by the natural map is an isomorphism.

Remark 8.20. The map is given by [z]; — ([z]|pe1, [2]pe2, ..., [#]pen). This is well-defined
because I C Pf* for all i.

Proof. Consider the map 5: Ok — [[ Ok/P;". We claim that this map is onto and its kernel is I.

In order to see that this map is onto it suffices to show that elements of the form ([0],...,[1],...,[0])
can be lifted since these generate the target space as an Ox-module. Let E; denote such elements (i.e.
E; has [1] in the i-th component and [0] everywhere else). We will show how to lift £, and the argument
for the remaining FE; is analogous.

Define .J := []’_, P;’. Notice that ;" is relatively prime to .J so

Pe 4+ J = GCD(P, J) = Ok

Therefore there exist 5 € P/*,y € J such that 5+~ = 1. Then ¢(y) = E;. In other words,
[V]per = [1]per since the difference of the representatives lies in P;*. O

We take some time to explore the properties of ideal norms. Recall in we defined the
norm of an ideal I as the index [Of : I].

Theorem 8.21 Let K be a number field and I, .J non-zero ideal in Og. Then

Nm(/J) = Nm(/)Nm(J)

Proof. We will prove this lemma using 2 claims:
Claim 1: The statement holds when I and J are relatively prime, i.e. when GCD(I, J) = Ok.
Claim 2: The statement holds when I = P is prime and J = P".
Notice that these two claims along with prime decomposition of I,.J allows us to conclude the
statement for all ideals. In particular if I =[], P/ then

Nm([])

m(P") (by claim 1)

m(P;)* (by claim 2)

ﬁ N
i=1
ﬁ N
=1



Proof of Claim 1. By definition Nm(/.J) is the index of the ideal I.J (viewed as a subgroup) in Ok.
This is exactly the cardinality of Ox/I.J. Then coprimeness of I, .J implies, using the
, that

Ox/1J = Ok /T ® O]
Therefore
Ok /1J| = |0k /1| |Ok/J|
—_— —— Y——
Nm(1J) Nm(I) Nm(J)

Proof of Claim 2. This statement takes a bit more work to prove. We want to show that Nm(P") =
Nm(P)". Notice that this statement is slightly easier to prove if P is a principal ideal. There are a
few different ways of proving the statement in this setting but one way that generalises quite nicely is to
consider the map

¢: Ok — (p)/ (")
a — [pal

Clearly this map is onto and primality implies that its kernel is exactly (p). So Ox/(p) = (p)/(p?). In
fact we can consider the same map on (p") for n > 1

¢: (") = (") (")
a — [pal

Once again primality implies the kernel is (p"*1) so (p™)/(p"™') = (p"™')/(p™"2). Notice this means
that

Ok /()] = |(0)/(P*)] =+ = (") /("]

Now we can just combine all this information using the third isomorphism theorem (repeatedly). The
theorem gives us

Ox/(®")| = |Oxk/(®)| - |(p)/(p")]
=10x/®) - |()/ )] - [(0*)/ ("]

= |Ok/)| - |(0)/ )| - |(*)/®*)] - ")/ ("]
= |0k/(p)["

Of course not every (prime) ideal is principal so we still need to consider how to deal with those
ideals. But notice the main thing we used above was the map ¢ : P* — P"*!/P"*2 (for n > 0) and
that its kernel was exactly P"*!. With some work, such a map is not too hard to find and in fact can
be made to look exactly like ¢ above, i.e. multiplication by a single element. Let 7 € P\ P?. Then
exactly one factor of P appears in the factorisation of (7), i.e. (7) = PQ where P and () are coprime
ideals (i.e. GCD(P,Q) = (1)). Then we define

¢ : Pn — Pn+1/Pn+2

a — [ral
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We claim that the kernel of ¢ is exactly P""!. In order to see this suppose [ra] = 0 in the quotient
which is exactly saying (7o) C P"*2 so P"*? | (ra) = (7)(a) = PQ(«). Therefore P"|Q - () and
since @ is relatively prime to P we must have P""!|(a) so a € P"TL.

Therefore with this map the exact same argument as with the principal ideal case hold. In fact this
is a general technique that one might use to move arguments on principal ideals to general ideals in
Dedekind domains. O

We can naturally extend the notion of norms to fractional ideals.

Definition 8.22. Let I be a fractional ideal. Then we can write I = AB~! for some integral
ideals A, B (we can do so by ). Then we define
Nm(A)
Nm(/) =
m() = N (B)

This extension of the norm has many of the properties that you would expect.

Proposition 8.23 The norm for fractional ideals satisfies the following properties:

1. The norm is well defined. If AB~' = CD~! then AD = BC and so Nm(A)Nm(D) =
Nm(B)Nm(C)

2. The norm is multiplicative for fractional ideals as well.

3. IfI > J then Nm(J) = Nm(I)[I : J]

We have two notions of norm: one for ideals and one for elements of the number field itself. The
two notions agree when they should.

Lemma 8.24 Let o € Ok \ {0}. Then

Nm((a)) = [nmgg ()]

Proof. Notice by definition Nm((«)) = |Ok/aOk|. Consider the map m,,

My : K — K

B = ab
By definition nmg g(a) = det(my,). Since o € O we know m,(Ox) = a0k C Ok. Since aOk s
free abelian group contained in a free abelian group Ok, there exists a basis {51, ..., .} of Ok such

that {d1/1,...,d,5,} form a basis of O for some dy,...,d, € Ok. With respect to these bases,
the matrix of m, forms a diagonal matrix with the d; down the diagonal. Then the determinant of m,,
is [ d;. On the other hand we also know that [[d; = [Ok : aOk] (see once again). O

From this the result for fractional ideals follows.
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Corollary 8.25 Ifa € K* then

Nm(aOk) = nmgg(a)

Proof. Simply scale « so it lies in O and then use the previous lemma. O

9 Real and complex embeddings

Definition 9.1. We say L C R" is a lattice if
1. L = 7" as an abelian group

2. L contains an R-basis for R"

When dealing with lattices of (Q-vector spaces we only needed the first condition. However when
going to R-vector spaces the second condition is a necessary addendum as the following counterexample
demonstrates

Example 9.2. Consider L = ((1,0),(v/2,0)), C R% Then L is indeed isomorphic to Z* (as an
abelian group) but clearly should not be a lattice.

Clearly what is going wrong above is that the subset is not discrete and you have points in L that are
arbitrarily close together. If this is not the case then we should have a lattice as the following theorem
shows.

Theorem 9.3 Let L C R™ be isomorphic to Z". Then the following are equivalent:

1. L is a lattice

2. L C R" s discrete

3. There is some M > 0 so that for all ¢ € L\ {0} we have |¢{| > M

Proof. (2) = (3). This follows immediately by applying discreteness to the point 0 € L. In particular
by discreteness there is some d > 0 so that Bs(0) N L = {0} so we can take M = .

(3) = (2). The third condition is basically discreteness at 0 and its fairly easy to deduce discreteness
around all other points by translation. Let ¢ € L and let ¢’ € By (¢) N L. Since L = Z" we know
¢' — ¢ € L and since |¢' — ¢| < M we conclude ¢/ — ¢ = 0.

(1) = (3). If L is a lattice then it contains a basis {ei,...,e,} of R". Let {fi,..., f.} be the
standard basis and let ¢ be the vector space isomorphism taking f; to e;. Then Z™ C R" is sent to L
under this isomorphism. Notice that ¢ is not only an isomorphism but also a homeomorphism. Therefore
since Z"™ C R" is discrete so is its image L.

(3) = (1). This is the most non-trivial implication. We will show the contrapositive. So suppose L
does not contain a basis of R™. We will show there exists points in L that are arbitrarily close to 0.
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Since L does not contain a basis, it lives in an (n — 1)-dimensional subspace of R". Let ¢ : R"™! —
R"™ map into this subspace. To be precise, % is a linear injective map so that L C (R"'). Let
fi =1¥—1(e;). Let A = max;{|f;|}. For any B € Z we can consider

S = {Zaifi ca; € Z such that — B <aq; < B}
i=1
Notice that |S| = (2B+1)" and S C B, 45(0). The volume of B, 45(0) is strictly less than the volume
of B,ap+1(0) which in turn is some constant multiple of (nAB + 1)"~!. Notice that |S| grows faster
than the volume (as we allow B — o0). This will force points to occur arbitrarily close.
To make things more concrete, suppose we place balls of radius 0 < § < 1 around all the points in
S. Then the total volume over all these ball is C,,_;|S|6"~! where C,,_; is the volume of the unit ball.
All of these balls are contained in B,45.1(0) and if all of these balls were disjoint we would have

Cpn1(2B+1)"6" "t < Cp_1(nAB +1)"1 (9.1)
However

nAB + 1

PEE R

as B — oo. Thus by choosing B sufficiently large we can find a § > ( nABEL__ arbitrarily small so

QB+1)7L/(7L+1)
that the inequality in (9.1) is flipped. For such ¢, the d-balls around the points in S cannot all be disjoint
so there must be some s1,s, € S C L so that |s; — se| < 20. Since d can be taken to be arbitrarily

small, we are done. O

10 Embedding map

Definition 10.1. Let K be a number field of degree n. Let r; be the number of real embeddings
of K (i.e. the number of homomorphisms o : K — R that fix Q) and 2y the number of ‘non-real
complex’ embeddings (i.e. the number of homomorphisms ¢ : K — C that achieves non-real
values at some points). This quantity is always going to be even because such maps always come
in complex conjugate pairs. The quantities we are going to be most interested in are r; and r5.

Example 10.2.
1. K=Q(2) thenr; =2and 7, =0
2. K=Q(v/—1) thenr; =0and rp, =1

3. K=Q(v/2) thenr; =1and r, = 1
Then we can define

c: K —=R"gpC?
ke (ou(k), ... o0 (k), (k). .. 70y ()

where o; are the real embeddings and 7; are ‘non-real complex’ embeddings.
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Proposition 10.3 o¢(Ok) is a lattice

~Y

Proof. We already know Ok = Z" and o is an isomorphism onto its image. So we only need to show
0(Ok) contains an R-basis of R™ @ C" = R". We will do so by showing ¢ has non-zero determinant.

Let aq,...,a, be a Z basis for Ok (and hence also a Q-basis for K'). With respect to this basis the
matrix for o is given by

o) - op(an) m(an) -0 T(an)

(@) o on(an) Ti(an) ()

This is an n x (11 +12) matrix. |deally we would like a square matrix and its easy to do so with our usual
identifications of C with R? via the real and imaginary parts of a complex number. Then the matrix
becomes

or(ar) -+ op (1) Re(ri(ar)) Im(mi(a1)) -+ Re(m,(cu)) Im(7, (1))

1(an) - (@) Re(r(an) Im(r(an) - Re(r(an) Im(m(an)

which has non-zero determinant if and only if 0 does.
By performing column operations we can get 7; and 7; along the columns. This gives us the matrix

oi(ar) -+ op(an) mi(ar) Ti(ar) o0 Tp(an) To(oa)
N — . . . . .
o) o on(an) m(an) Til(an) -0 Tl(an) (o)
Let us relabel (o1,...,0,) == (01, ., 00, T1,T1s -+, Ty, Trp) SO that now the o; are simply all the

embeddings of K. This means that

o(ar) -+ on(ar)
N — . .

o1(an) o onlan)

It suffices to show that N has non-zero determinant.
Now notice that

n
ij=1

= (trigaleing)),

NNT = (o1(ai)or(a) + -+ + onlai)on(a;))

Therfore det(NV)? is the discriminant of K. We know the discriminant of a number field is never zero
(combine and ). O
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10.1 Volumes

Recall what a volume form is.

Definition 10.4 (Volume form). Suppose V is a real n-dimensional vector space. Then a volume
form w is simply a (non-zero) top form on V. More concretely,

w=cdzr; A ANdzx,

for ¢ # 0.

Let L C V be a lattice. Then we know that as (topological) groups we have V/L = R" /7" = (S)™.
We define the volume of L by
| @
V/L

where w descends to a form on V/L as it is translation invariant. In practical terms, the covolume of L
is simply the area/volume of a fundamental parallelopiped.

cov(L) :=wvol(V/L) :=

Lemma 10.5 /f L’ D L then cov(L) = cov(L’) - [L' : L.

Proof. Let m: V//L — V/L' be the natural projection (notice this is well-defined since representatives in
the domain differ by elements of L and since L C L’ in particular they differ by elements of L’). Notice
that by construction is 7 is [L’ : L]-to-one (this is essentially the definition of index. This statement
may become more convincing by considering an example, e.g. V =R, L' = 2Z and L = 4Z). Notice
also that 7 is O

Another simple observation we can make is

Lemma 10.6 /fT :V — V is linear and L C V is a lattice then cov(T(L)) = cov(L) - |det T'|.

Proof. This is a simple application of the change of variables formula

/ w / T w / w
T/V(L) V/L V/L

In order to apply these results about volume forms to our previous discussion, we need to choose a
volume form on R"™ @ C"™. On the copies of R we choose the standard volume form dx and on the
copies of C we choose 2dx A dy (where C is identified with R & R as usual). With this choice we get
the following lemma

cov(T(L)) =

= |det(T)|

= |det(T")| cov(L)

]
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Lemma 10.7

cov(c(Ok)) = /|Dk]
Proof. We essentially did this calculation in the proof of : m

11 Class Group

The class group is an important object for studying rings of integers and measures to some extent how
far the ring is from being a PID.

Definition 11.1 (Class Group). Let Ix be the group of non-zero fractional ideals of a number
field K. Let Px C Ik be the group of principal fractional ideals (i.e. Px = {aOk : a € K*}).
Then the class group of K is

ClK):=Ix/Pk

A highly non-trivial fact about the class group is that it is always finite (which is to say rings of
integers are never 'too far' from being PIDs). A key tool in proving this statement is Minkowski's
Theorem.

Lemma 11.2 (Minkowski's Theorem) Let V' be an n-dimensional real vector space equipped
with a volume form. Let L C V be a lattice. Let S C V be a set that is convex, bounded,
closed and symmetric about the origin (i.e. v € S = —x € S). Then if vol(S) > 2"cov(L) then
SN (L\{0}) is non-empty. In other words, S necessarily contains a non-zero point of L.

Proof. We consider 2 cases. When vol(S) is strictly greater than 2"cov(L) and when it is equal. Let's
start with the former case. In this case we have vol(S/2) = 27"vol(S) > cov(L). Consider the
projection 7 : S/2 — V/L. Notice that this is locally a volume-preserving homeomorphism. However
7 can certainly not be injective, as we conclude by simply comparing the volumes of the domain and
codomain. Thus there exist s; # so € S/2 such that 7(s;) = m(s2). This means that

281 — 282
2

Notice that 2s; and —2s, are in S (by symmetry of S) so convexity of S implies that (2s; — 2s9)/2 is
also in S.

Suppose vol(S) = 2"cov(L). For 0 < € < 1 we can consider S. := (1 + ¢€)S. This has volume
strictly greater than 2"cov(L) so by above we know S, N (L \ {0}) is non-empty. Taking ¢ = 1/n, we
form a sequence {a,} of points in S; N (L \ {0}) which is a compact set. Thus we find a converging
subsequence the limit of which must lie in SN (L \ {0}) by construction. O

L981—82:

Now we can prove the main theorem.

Theorem 11.3 Given a number field K, its class group C1(K) is finite.
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Proof. We will show there exists A > 0 such that every ideal class in the class group has a representative
which is an integral ideal of norm at most A.

Let 0 : K < V := R™ ¢ C2 be the embedding of K. Then we know that cov(c(Ox)) = |Dx|"*.
Then if I C Ok is an integral ideal then cov(a(I)) = cov(o(Ok))[Ok : 1] = |Dk|"* Nm(I). This
implies that the identity cov(c(I)) = | Dy |"> Nm([) in fact holds for all I € Ix. Why? Recall that if
I € Ik then there exists @ € K* so that af is an integral ideal. Let's see how both sides scale with
multiplication by . On the right hand side we gain a factor of Nm((a)) = nmg/ (). On the left
hand side, using the fact that o is a homomorphism we get cov(o(al)) = cov(o(a)o(l)). Viewing
multiplication by o(c) as a linear map on V, we see that its determinant is nmy g(c). Therefore by

, both sides scale by the same amount so can be cancelled out, preserving the equality.

Now we properly begin. Let I € I arbitrary and let S be a convex, bounded, symmetric, closed

subset of V. Define
. 2"cov(I1) 1/n
o vol(S)

so that vol(AS) = 2"cov(I~') (for example you could take a closed ball centered at the origin of
appropriate radius). Consider the map ¢ on S given by

(T1y ooy Ty 21y ey Zp) > 1| o |2 | |z1|2-~-|zr2|2

This is obviously continuous so has a maximum M by compactness of S. Notice that given a € K such
that o(a) € S, we have ¢(o(a)) = |nmy/g(c)| since the norm of an element is simply the product of
its conjugates which is essentially exactly what ¢ computes.

While we may not be able to find such an « for S (since S may not contain any elements of the
lattice 0(Of)), we can find such an « for \S as given by . So fix some non-zero
a € o(I71) N AS and observe that nmy/g(a) < MA™ (notice that ¢(Az) = A\"¢(x)). Then with this
we have

Nm(al) = Nm(/)Nm((«))
< Nm(I)M\"
2"cov(I71)
vol(S)
2" |Dy|* Nm(I~)
. vol(S)

= MNm(I) -

= MNm(I)
M2 | Dkl
 wol(S)

Notice that the final quantity is independent of /. Therefore every element of C1(K) has a representative

that is an integral ideal (notice I C Ok since « € I™1) that has norm at most M2" | Dy |2 vol (S) L.
[l

We now have a bound for the norm of a representative but we can refine it further by choosing S
appropriately. In fact what one finds is that the optimal S is

Si={(z1,. ., Ty 215y 2m) T+ | |+ 2|2+ 22, <1}

Using this .S we get the following corollaries
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Corollary 11.4 Every element of C1(K) has an integral representative J such that

A4\ " nl
Nm<J>s(—) 2 |,

T

Proof. This is exactly what we did in the proof above. Given an ideal I, we found « so that ol has
norm at most M2" | Dy|"? /vol(S). By using S as above, we get a corresponding bound on M which
gives the statement above. O

The right hand side of the inequality is called the Minkowski bound.

Corollary 11.5

1/2 n_n T\
D7 2 n! (4)

Proof. Use the previous corollary with the fact that 1 < Nm(.J) for any ideal J. ]

The previous corollary shows that in particular the discriminant of a field extension is always strictly
greater than 1.
Using factorisation into prime ideals we get

Corollary 11.6 The class group Cl(K) is generated by prime ideals of norm at most
4\" n!

(5) e ai
T) n

Thus we would like to find prime ideals of some norm and the following lemma highlights a way of
finding candidates.

Lemma 11.7 IfQ C Ok is a prime ideal, then Q|pOk for some prime integer p. In this case,
we have Nm(Q) = p? for some 1 < d < [K : Q).

Proof. If () C Ok is prime then ) NZ is a prime ideal of Z. Since () C Ok has finite index, QNZ C Z
has finite index. Thus in particular @ NZ # {0}. Therefore Q NZ = pZ for some prime integer p.
Therefore p € @ and so @@ D pOk which is equivalent to saying @ | pOx. Notice that the norm of the
latter ideal is pl“@ so Nm(Q) is also a power of p by multiplicativity of norms. O

This essentially gives an algorithm for finding generators of the class group. By , We only
need to find prime ideals of some bounded norm. If such prime ideals exist then they must divide pOg
for some prime p. So by considering factors of pOx we can find all possible candidates for generators of
the class group. Then it amounts to finding the relations between. We do a few examples below.

Example 11.8. Let's do an example of a class group computation. Take K = Q(v/—3). This is a
quadratic extension. In this case we know that Dx = —3 and O = Z[%?g] (since —3 = 1 mod 4).
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In this case then the Minkowski bound is

4\ 22 41
Z) L /3<Z2.2./3<2
(71’) 2! V3 < 3 2 V3 <

In particular this means that every element of C1(K) has an integral representative of norm at most 1.
The only ideal of norm 1 is O itself. In particular this means that every (fractional) ideal in K differs
from Ok only by a principal ideal so itself must be principal as well. In other words, |C1(K)| =1

Example 11.9. For a less trivial example, consider K = Q(v/—6). Then Ox = Z[v/—6] and
Dy = —24. Then the Minkowski bound is

4\ 22 4 1

) VUM< .2 5<4

(w) 2] S3727°°

The only primes less than 4 are 2 and 3. This means CI(K) is (possibly) generated by prime factors
of 20k and 30k. Factorising ideals simply amounts to looking at ideals that sit over them. We can
find these by studying the ideal structure of the quotient. To make this more concrete, first notice
that Z[\/—6] = Z[z]/(z* + 6) where the “=" is given by the isomorphism which sends z to /—6.
Then

Ok /20x = Zla) (2 + 6)/(2) = Falz)/(«?)

We know that 22 = z -z in Fy[z] (or indeed in any polynomial ring) which means that (2,2)? =
2 - Z|z](x? + 6) which is exactly saying

(2,V/—6)? = 20k

Thus Q5 := (2,+/—6) is the unique prime ideal dividing 20 and hence is a (possible) generator for
C1(K). We will need to check that it is not principal before we can be certain that it is a generator,
but assuming it is, the above computation also tells us that this generator has order 2 since its square
is a principal ideal.

Now we factorise 3O . Repeating the same steps as above we get

Ok [30x = Z[z]/(2* + 6)/(3) = Fa[z]/(2?)
Thus as before we conclude Q3 := (3,+/—6) is the unique factor dividing 3Ok where
Q3 = (3,V—6)* = 30k

Therefore we have 2 potential generators for the class group ()5, ()3. We need to check that they are
non-trivial in the class group (i.e. non-principal) and then determine the relations between (), and
Qs

It is easy to see that Q2 and 3 are non-principal. For example Q)2 has norm 2 (as an ideal. One
way to see this is to use the multiplicativity of norms with respect to Q3 = (2) where the right hand
side is norm 4). and the norm any a = m + ny/—6 is m? + 6n%. But there are no integer solutions
to m? + 6n% = 2. The same argument applies to ()3 which has 3. Now we need to determine the
relations between (> and (3. Let's begin by computing their product.

Q2Q3 = (2,V/—=6)(3,vV—6) = (6,2v/—6,3v—6,—6) = (vV/—6)

Therefore Q2Qs is trivial in the class group. This means that [Qs] = [Q2] ™' = [Qs].
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12 Unit Groups
12.1 Dirichlet’s Unit Theorem

Dirichlet’s unit theorem gives us a way of (at least abstractly) getting a handle on the group of units of
Ok.

Theorem 12.1 (Dirichlet’s Unit Theorem) Let K/Q be an extension of degree n with ry real
embeddings and ry (pairs of) complex embeddings. Let O be the group of units of Of. Then

OIX{ = Wi X ZT1+T2_1

where wy is the group of roots of unity in Og.

It's useful to keep in mind what the isomorphism actually is. What we're saying is that there are

m =11y + 1o — 1 units in O, which we label uy, ..., u,, such that every other unit is of the form
wuyt ™
for some root of unity w and integers nq,...,n,,. The u; are called fundamental units of Og. Some

examples might help make this more concrete.

Example 12.2. Consider the case of any real quadratic field K where we have r; = 2 and r, = 0.
In this case we have 1 + 73 — 1 = 1 and the only roots of unit in a real field are 1. Therefore there
exists some unit u € Ok such that every unit in Ok is of the form +u" for some integer n.

Even more concretely we can consider the case where K = Q(+/2). In this case we see that 14 /2 is
a unit (since (1++/2)(—1++/2) = 1). We will show later than that 1+ /2 is in fact a fundamental
unit so every unit is of the form (1 + v/2)".

Lemma 12.3 /fa € Of then Nm(a) = £1.

Proof. We have that o and a~! are in Ok. Therefore Nm(«) and Nm(a~') are in Z and hence by
multiplicativity of norms we conclude Nm(«) is a unit of Z which are exactly +1. ]

By Dirichlet's unit theorem, we see that the group of units of a quadratic imaginary field is exactly
the group of roots of unity.

Lemma 12.4 Let K = Q(v/—D). If D > 5 then O = {£1}.

Proof. This follows readily from the the previous lemma since the only elements of norm 1 are exactly
+1. [
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12.2 Example: Finding group of units

Here we find the group of units of K = Q(v/3). In this case we know that Ox = Z[/3]. We begin
by finding a unit which amounts to finding an element of norm 1 or integer solutions to m? — 3n? = 1.
Checking some numbers we find an example solution with m = 2,n = 1.

In fact we claim that u := 2 + /3 is a fundamental unit. In order to see this, suppose 2 + V3 =
(m + n\/3)P for some integer p. Since p is at least 2 and 2 4+ v/3 > 1 we have

‘m—i—n\/g’ <\/2+\/§

By taking conjugates we know 2 — /3 = (m — n\/§)” and since the left hand side is less than 1 (in
absolute value) we conclude
‘m — n\/§’ <1

Then by the triangle inequality we conclude

V24+V3+1
’m‘gf

~146--- <2

Thus the only possibilities for m are &=1. But it is easy to see that the only solution to m? — 3n? =1
with these m is n = 0 and clearly —1, 1 are not fundamental units.

One reason to explictly find unit groups is that it gives us tools for determining whether or not a
given ideal is principal. For example notice Q(+/3) we have

(11) = (11,5 — V3)(11,5 + V3)

The question becomes is (11,5 — /3) (or its conjugate) principal? If it were principal we would have
some o :=m +nv3 € O = Z[\/g] such that

+11 = nmg g(a) = m* — 3n

In fact by reducing mod 3, we see that there are no solutions to 11 = m? — 3n? (since squares are always
either 0 or 1 mod 3 while 11 = 2 mod 3). Thus we are looking for integer solutions to

—11 = m? — 3n?

Pick a unit u in Of. Above we found that 2 — v/3 is a fundamental unit in O which makes this a
particularly convenient choice for u. Notice that because u is a unit we have —11 = aa = (au)au.

12.3 Relative Units

Definition 12.5. Let K be a number field. Let S be a finite set of non-zero prime ideals of Ok.
Then we define
Oks :={x € K :2 =0 or () has denominators in S’}

38



13 Ramification

We want to study how primes (and indeed ideals) behave when lifted to field extensions. We begin with
the following theorem which gives us a relationship between the degree of the extension and the ‘amount
of splitting’.

Theorem 13.1 Let K be a number field and [K : Q] = n. Let p be a prime integer. Then pOk
is an ideal in O so we consider its factorisation

m

pOk = H Py

=1

where the P; are distinct prime ideals. Define f; := [Fp, : F,| where Fp, := Og/P, (this makes
sense because 7, C Oy and pZ C P; so we have containment of quotients as well Z./pZ C O/ F;).
Then

m

n = Zeifi

=1

Proof. This is easy to prove by taking norms of both sides and using multiplicativity of norms

pn = Nm(pOK) = HNm(R)el
=1

= H ‘FPi
=1

— pZ eifi

€

]

We call f; the residual/inertial degrees and the e; the ramification degrees.
We want to kind of general these (and some previous constructions) to arbitrary extensions L/K as
opposed to just extensions of Q. We begin by discussing lifts of ideals

Definition 13.2 (Lifting ideals). Let L/K be a field extension and I C O an ideal. Then we
define

]L o= IOL
where the right hand side is the ideal generated by I in Oy.

Remark 13.3. Typically one thinks of these in terms of generators. Then the generators of [
and [, are the same. For example if we take (2) C Z and lift it to Z[i] C Q(¢) we get the ideal
(2). However in the former case we have (2) = {2n : n € Z} while in the latter case we have
(2) ={2a +2bi:a,be Z}.

39



Remark 13.4. We have
(IJ)L = ILJL

This can be argued by considering generators since on either side we are simply considering products
of the same generators on both sides.

The map defined above from ideal in K to ideals in L is injective.

Proposition 13.5 Given an extension L/K and I C Ok an ideal we have
I;NOg=1
Proof. By construction we have I C I;, N Ok. It remains to show the reverse inclusion. Let’s first show
the case for principal ideals. In other words, we claim that
CYOL N OK = OéOK
This is easy since
fe€a0,NOk < f/lacOpand € Ok
@éeoLandﬁeOK
«
& p is an algebraic integer and in K
«
& e Ok

Now given an arbitrary ideal I C Ok we can use the finiteness of the class group to conclude that
I™ is principal for some (positive) integer m. Then by above we have (I™);, N Ok = I" = (INOk)™.
On the other hand

(]m)L NOx = [ZL NOk D (IL N OK)m
Therefore I™ = (I, N Ok )™ and therefore we conclude I = I, N Ok. ]
If I C K is a fractional ideal we can consider

I, =10, CL

Definition 13.6 (Norms). Let L/K be number fields and I C Oy. Let M be a normal closure

of L. Then we define
Nmy,g(I) = 11 o(Ip)

o€Gal(M/K)/Gal(M/L)

(notice with the quotient we simply mean the cosets in the Galois group as opposed to an actual
quotient since the subgroup may not be normal).
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Remark 13.7. Notice that as defined this norm sends an ideal in O, to an ideal of O,;. This is
rather unsatisfying and we will fix it soon.

The simplest examples to think of are naturally cases where L/K is Galois in which case we are
simply multiplying by all the conjugates of I;.
Example 13.8. Consider K = Q(+/5) and the (non-principal) ideal 7 = (11,5 — v/3). Then
Nmy o(I) = (11,5 — v3)(11,5 + V3)
= (121,11(5 — v/3),11(5 + V/3),22)

Notice that the gcd of 121 and 22 is 11 and every generator is a multiple of 11. Therefore we have

Nmygo(f) = (11) = 11Z
A couple properties of the norm are immediate from the definition:
[ ] NmL/K(IJ) = NmL/K(I)NmL/K(J)

e Let « € Op. Then

NmL/K(aOL) = H O'(Oé) OM: nmL/K(a)-C)M

c€Gal(M/K)/Gal(M/L)

e Similar to above, it follows that if a € I then nmy k() € Nmy, k(1)

Another natural definition of the norm, without needing to go the normal closure is

Definition 13.9 (Norm). Given field extensions L/K and I C Oy, an ideal, we define
Nk (I) == (nmp(e) e € 1) € I

In other words, we look at the ideal of O generated by the norms of all o € I.

In fact these two definitions of norms coincide. In order to prove this statement we need the following
lemma.

Lemma 13.10 Let I, J be non-zero ideals of Ok . Then there exists « € I such that Oy = -1’
where ged(1,I") = Ok.

Proof. We first decompose I and J to their prime factors

k

k
=1

=1
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(notice we are using the same primes for both ideals so some of the m; and n; may be 0). Now consider
the map

k
OK — @OK/P;M-H
i=1
which we know by the is onto. In particular then there exists & € Ok such
that a € P\ P/™*! (choose an element of I that is not sent to 0. By construction not all of I can
be sent to 0). Since a € I we know (a) C I which is equivalent to saying I | (a). In particular then
there exists an integral ideal I’ such that /I’ = («).
We claim that I’ is coprime to J. Suppose P" | J and P™ | [. If P | I’ then P™"! | II' = (a) but
this contradicts the above choice of a. ]

Theorem 13.11 Given I C Oy, an ideal, we have

—

Nmp/r(I) = (Nmp/x (1)) m

Proof. We know nmy k(a) € Nmyp,x(]) for every a € I so in particular we conclude
Nimyic(1) 2 (N (D)
Thus there exists an ideal J C O, such that
J-Nmyx(I) = (Nmy g (1))

Notice that since the other two ideals are Galois invariant, so is J. We will use this below. Using the
above lemma choose « € I such that Oy = 1’ and I’ is coprime to J N Or. Then we have

NmL/K(I) : NmL/K(I’) = NmL/K(a(’)L) = NmL/K(a) . OM
Since nmy, k(@) € ﬁ?nL/K(]) we have
J - Nmy () = (Nmp (1)) | nmpg (@) - On = Nmy (I Nmy, /(1)

Therefore J | Nmy /x(I').
Now recall that I’ is coprime to J N Op. Therefore their lifts to M are also coprime: i.e. I), is
coprime to J. This is equivalent to saying

Iy +J =0y
Applying a Galois automorphism to both sides and using the fact that .J is Galois invariant, we get
o(ly)+J=0(0n)=0un
Thus J is coprime to all conjugates o([};) of I},. Since J|Nmy k(I’') we conclude that J = Oy;. [

From now on we will use Nmy, /i (/) to mean ﬁ?nL/K(I) (although we will often think of it using
the original definition as the product of its conjugates). The main benefit is that Nmy, /(1) is actually
an ideal in K now. Let's explore some more of its properties.
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Proposition 13.12 Let L D K D F be number fields. Let I be an ideal of Oy, Iy an ideal of
Or and o an element of L. Then

(a) Nmp,p(aOr) = Nmy,p(a) - Op
(b) Nmyp(Nmpx (1)) = Nmg,p(I)
(c) Nmp((lo)s) = 15"

(d) Norm(Iy) - Z = Nmyyq(lo)

Proof.  (a) This holds essentially by definition

NmL/F(aOL) = (NmL/F Oéﬁ) : 5 S OL)
)

(
= (NmL/F(a . NmL/F(ﬂ) . 6 € OL)
= NmL/F(a) : OF

(b) Let M be the normal closure of L. Then

(Nmp i (1)m = 11 o(In)

o€Gal(M/K)/Gal(M/L)
Thus

(Nmy)p(Nmy, (1)) m = I1 T((Nmy/k (1))
T€Gal(M/F)/Gal(M/K)

= 11 11 7(0(Im))

r€Gal(M/F)/Gal(M/K) o€Gal(M/K)/Gal(M/L)

= H o' (1)

o'€Gal(M/F)/Gal(M/L)
= (Nmyp(I)m

(c) Let m > 0 be an integer so that [y = aOp. Thus

(Nmp/r(lo)r)™ = Nmp/r((Lo)])
= Nmy,r((I5")r)
= NmL/F(OéOF)

— a[L:F]OF

_ I(r]n[LF]

Thus by uniquness of prime factorisation, since their m-th powers are equal, we conclude
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(d) Once again choose m so that IJ* = aOp so we have
Norm(Iy)™ = Norm(I§") = Norm(aOp) = [nmp/g(a)|
Therefore we have
(Norm(Iy) - Z)™ = nmp/g() - Z = Nmp/g(aOr) = Nmp/g(lo)™
where the penultimate equality follows from the first property in the proposition. Thus we have
Norm(ly) - Z = Nmp,g(1o)

O

A consequence of the above properties is the following useful proposition. This is a useful way of
turning a given ideal into a principal ideal when raising it to a sufficiently high power (as we've done
before) may not be useful.

Proposition 13.13 Let K be a number field and I C Ok an ideal. Then there exists a finite
extension L/K such that Iy, is principal.

Proof. As we have so often done, choose m > 0 so that I"™ = aOk. Let L = K () where (3 is such
that ™ = « (in other words (3 is an m-th root of ). Then we have
I = (Oz(’)K)L =a0 =p"0L = (ﬁOLyn

Thus
I, = B0

Let L/ K be number fields. Let @ C Of, be a (non-zero) prime ideal. Then P = Q N Ok is a prime
ideal of Ok. Then Fg := OL/Q and Fp := Ok/P are fields with the former containing the latter. So
we consider the degree of this extension which, as we will see, is a very important quantity.

f = []FQ : Fp]

Theorem 13.14  (a) Nm; ¢ (Q) = P/

(b) Given P C Ok prime, we can consider the prime factorisation of P,
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Define f; := [Fg, : Fp]. Then

g

i=1

Proof.  (a) First let's show that Nmy /(@) is a power of P. From we know
Nmp (Pr) = PEEL Now since P C @ (by definition) we have P, C Q. Thus Nmyp x(P) C
Nm, k(@) which is equivalent to saying

Nmyx(Q) | Nmypx(P) = PFH

Thus by unique prime factorisation of ideal, we conclude that Nmy, /x(Q) = P™ for some positive
integer m.

Recall from that

Nmg/o(Nmy/k(Q)) = Nmyq(Q)

In particular this means Norm(Nmy,x(Q)) = Norm(Q) = [Fg| (where by |-| we mean the
cardinality of the set, this equality holds by definition of Norm and Fp). On the other hand we
have

[Fg| = Norm(Nmy x(Q)) = Norm(P™) = |Fp|™
Therefore m = [Fq : Fp.

(b) The second statement follows by taking norms of both sides of the factorisation.

g

PEEl = Nmy i (Pr) = HNmL/K(Qi)ei = H(Pfi)ei

=1 =1

We get the statement be equating the exponents.
O

Example 13.15. Take L = Q(i), K = Q. Take P = 2Z. Then P, = 27Z][i]. We begin by factorising
this ideal. This amounts to factorsing 2 in Oy, = Z[i]. Thus we have

P = (1+)00) = Q°

where ) := (1 +7)Op. In this case we have g = 1 and e = 2 which forces f = 1. Alternatively we
can also compute f directly. Notice Fp = Z/(2) = F5. Similarly

Fo = Z[z]/(2z2 + 1)/(1 + 2) = Z[z] /(1 + 2)/(a* + 1) = Z/(2) = Fy

Thatis Fg =Fyso f = [Fg : Fp] = 1.
On the other hand take P = 3Z. Then P, = 30y is prime. We can find this by considering the
quotient

OL/30, = Z[e)/(z* + 1)/(3) = Fula]/ (2 + 1) = Fy

Therefore f = [Fg : F3] = 2. In total we have g = 1,e =1, f = 2.
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The final behaviour we could have is when the prime (ideal) splits into distinct primes. For example
take P = 13Z. Then P, =130, = (2+3i)Op - (2 —3i)Or. In this case we have g = 2 so we must
haveelzflzland 62:f2:1.

Example 13.16. Things were fairly simple in the previous example because of the small degree. For
a slightly more complicated example let's take K = Q (again) and L = Q(¢) where ( is a fifth root
of unity. In other words ( satisfies

1+¢+C+ ¢+t =0

We will prove later that the ring of integers Oy, is Z[(] = Z[z]/(x* + 2 + 2> + z + 1).
Consider P = (19). We compute

OL/190;, = Z[z])/(z* + 23 + 2® + 2+ 1)/(19) = Fyo[z]/(2* + 2® + 2° + 2 + 1) = Fyg[]/(2* + 5z + 1) (2*

Therefore we have g =2, e; = ey =1 and f; = fo = 2.

The factorisation of the polynomial over F1g may be difficult to do. There is another way of seeing
why the quartic would split into a product of quadratics. Factorising f(z) = 2 + 23 + 2% +x + 1
over [Fyq is essentially asking what extension of [Fig has a fifth room of unity. We deduce this using
the very useful fact that F'*, for any finite field, is a cyclic group. This immediately tells us that
F19 has no fifth roots of unity since such an element would have order 5 in the multiplicative group
but |Fi5| = 19 — 1 = 18 so Fjy cannot have an element of order 5 (in other words the polynomial
f(z) has no solution in Fig). On the other hand |F},| = 192 — 1 = 360 certainly does have an
element of order 5 and this element is of course a fifth root of unity. Thus we conclude that although
f(x) has no linear factors, it does have a quadratic factor from which it is immediate that it must be
the product of two quadratics. Since the polynomial is separable, it must be the product of distinct
quadratic polynomials.

Example 13.17. Finally, let's look at a non-Galois example. As the classic example of such cases,
let's take L = Q(v/2) and K = Q. We have proven previously that Oy, = Z[v/2]. Take P = (41).
Then

OL/POL = Fylz]/(x* — 2) = Fylx]/(x — 5)(2® + 52 + 25)

Thus the prime factors of Py, are @)1 = (41, V2 — 5) and Q2 = (41, VA4 592+ 25). In other words
we have g =2, =1, f; =1l,eo =1 and fy, = 2.

Once again, even without explicit factorisation, we can deduce that f(x) = 2 — 2 splits as a product
of a linear and a quadratic term. First we can simply try all the elements of F4; to check whether
any are cube roots of 2. Alternatively, notice that }]FL’ = 40 is not a multiple of 3. Thus cubing is
an isomorphism of | so in particular there is an element (in fact it is unique) whose cube is 2. This
also shows that there are no other linear factors since we only found the unique cube root of 2 in [Fy;
while the polynomial is separable (notice f(x) and f’(x) are coprime in Fy;). Therefore f(z) must
be a product of a linear and quadratic factor.

Alternatively, notice we have a cube root of 2 in [Fy; and the remaining cube roots differ by cube
roots of unity. Using the same argument as in the previous example, one can check that although F;
does not have any cube roots of unity, F4;2 does. This means we must have a quadratic term in the
factorisation.
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13.1 Decomposition and ramification groups

In this section, unless otherwise specified, then L/K is a Galois extension and G will often be used to
denote the Galois group Gal(L/K).

Theorem 13.18 Let P C Ok be a non-zero prime ideal. Let Q,Q' C O be prime ideals
dividing Pr,. Then there is some 0 € Gal(L/K) such that o - Q) = Q'. In other words, the Galois
group Gal(L/K) acts transitively on the prime factors of Py,.

Proof. Suppose
9
P, =]J @
i=1

One of the @); is @ and one of them is )’. Without loss of generality we can assume ) = ()1 and
Q' = Q. From we know that P | Nmy,x(Q). For any ideals I, J C Ok we have

I|J@IL|JL

(one way to see this is by recalling that divisibility of ideals is equivalent to containment). Therefore, we
have

[T =Pl (Nmy(@)= J[ o-@Q
i=1

oc€Gal(L/K)

Thus by primality we know there exists some o in the Galois group such that Q' | o - Q1. But since o is
an isomorphism and @)1 is prime, o - ()1 must also be prime (and maximal) so we have Q' = o - Q. O

Corollary 13.19 Suppose L/K is Galois. Let Py, = [[{_, Q5. Then
61262:"':€g andf1:f2:---:fg
where, as usual, f; = [Fo, : Fp|. In particular we have

[L:K]=efg

Definition 13.20 (Decomposition Group). Let L/K be an extension which, as usual in this
section, we assume to be Galois. Let P C Ok and @ C Oy, be prime such that @ | P.. Then we
define the decomposition group

Dg:={ceGallL/K):0-Q=Q}

Notice that if () and )’ are both primes dividing P, then by the above theorem, we know there is
some o in the Galois group taking @ to ' and so

Dg = aDQafl
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Thus all these decomposition groups are isomorphic (and indeed are conjugate in the Galois group).

Every element o of the Galois group gives an automorphism of the ring of integers o : O, — Op. If
o € Dg then o descends to a quotient @ : Or/Q — OL/Q. Notice also that we have O C O, and
P C Qso Og/P C Op/Q. Moreover since o is in the Galois group, we know it fixes K and hence it
fixes Ok. Putting this altogether we see that 7 : O /Q — O /Q is a field automorphism fixing O /P,
which is to say @ € Gal(Fg/Fp). In fact we will soon see that every element of Gal(Fq/Fp) arises in
this manner. Before we get to this, let's look at some examples.

Example 13.21. Consider L = Q(i) and K = Q. Take P = 5Z. Then its lift 5O, is not prime and
splits into the product (1 + 27)Op, - (1 — 24)Oy,. Let’s take the first term to be ) and compute Dy,.
The Galois group Gal(L/K) is the group of 2 elements {1,0} where o is the conjugation map.
Obviously 1 € Dg so it only remains to check whether o fixes () or not. We compute

Thus the decomposition group Dy, in this case is trivial, simply {1}.

Example 13.22. For another example, consider the same setup as above with L = Q(i) and K = Q
but with P = 7Z. In this case 7Oy, is prime so Dg must be everything. This is because the Galois
group acts transitiviely on the primes over P but since there is only one prime, all elements of the
Galois group must send it to itself.

Theorem 13.23 The map Dy — Gal(Fg/Fp) is onto.

Proof. Choose o € F( such that Fp(a) = F (recall that a finite field extension of any finite field is

simple). Let
g
Py =Jor
i=1

be its prime decomposition as usual with () = ();. Using the , we choose «
a lift of & such that

a mod
o=
0 mod @; fori > 1

Notice for o € Gal(L/K) \ Dg we have o € o' - Q. This is because we know elements of the
Galois group also act as maps on the set of prime factors of Pr. Since o' does not fix @ (since o does
not fix ()), we conclude that 0! - Q = Q; for some i > 1. But by choice of a we know a € Q; for all
i > 1. Thus we have oo € o~ - Q or, equivalently, oo € Q. Now consider

h(x) = H(x —oaq)

where G is the Galois group Gal(L/K). As this polynomial is fixed by the Galois group we conclude
that h(z) € Ok[z]. Let h(x) be its reduction mod ). Then we have

E(x):H(x—@): H(x_@). H (z — 7a) = H(x_m)-xya\DQy

oeG o€Dg 0€G\Dg oe€Dg
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Notice that h(a) = 0 (this is because the identity is always in Dg). Since h(x) is a polynomial in
[F,(x). All the conjugates of & are also roots of h(z). To be precise, h(7a) = 0 for all 7 € Gal(Fg/Fp).
But we can see all the roots of E(m) in the decomposition above. Therefore we conclude that for all
7 € Gal(Fg/Fp) we can find 0 € D¢ such that a = 7a. This is exactly saying o(a) = 7(a) and
therefore @ = 7 since « is generating. O]

As one might expect the kernel of the above map is important and interesting.

Definition 13.24 (Inertia Group). Given L/K Galois and a prime P C O with Q@ C Of, a prime
over P, we define the inertia group I, to be the kernel of the homomorphism Dy — Gal(Fq/Fp).

There are some immediate properties we can conclude about the inertia group.

Corollary 13.25 Let L/K Galois and a prime P C Ok with Q C Op, a prime over P. Then I
is a normal subgroup of Dg. Moreover |Dg/Ig| = f and hence |Ig| = |Dg| /f = e.

Proof. The first statement is immediate from the fact that I is the kernel of a homomorphism. The
second statement follows from the second isomorphism theorem and the fact that |Gal(Fq/Fp)| =
[Fo : Fp] = f. For the last part we need to show that |Dg| = ef. In order to prove this, recall from

that |G| = [L : K| = efg. Since the Galois group acts transtively on the prime factors
of Pp, (see ) we get

|G|
Dg|l=—=c¢€f
[ Dq| J
O
Corollary 13.26 D /I, is cyclic of order f.
Proof. This is simply because the Galois group for any finite field is cyclic. m

There is another way to think of the inertia group.

Proposition 13.27
Io={0c€G:foreverya € Op,0a—acQ}

Proof. For the first inclusion let o € I and o € Op. Since o is in I it acts as the identity element
in the Galois group Gal(FFo/Fp). Therefore o(@) = o(a) = @ where @ is the image of o in F. But
o(a) =@ in Fq is exactly saying o(a) — a € Q.

For the reverse inclusion, suppose o is an element of the Galois group Gal(L/K) such that ca—a €
() for every a € Op. First we show that o € Dg. This is easy to see since cov = a + (o — ) so if
a € @ then the left hand side is also in () since we can express it as a sum of things in (). Now we need
to check how 7 acts on Fy.

Let @ € [Fg be arbitrary and « some lift of it. Then by assumption cao — a € ). Thus cax = @ in
Fg. Thus @ acts as the identity map so lies in the kernel of the map Dy — Gal(Fq/Fp). O
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We can then also define the ramification group.

Definition 13.28. As with our usual setup let L/K Galois with P a prime in Ok with @) a prime
in Op, over P. Then we define the ramification group by

Vo :={0 € Gal(L/K) : for every a« € Op, 000 — ax € Qz}

Remark 13.29. Although we don't do so here, one can also investigate higher ramification groups
by asking cae — o € Q™ for bigger and bigger n. This produces a chain of subgroups that can
contain important information about the extension.

Theorem 13.30 (a) Vy is a normal subgroup of I
(b) lo/Vo — Fg

(c) Vi is a p-group and in fact is the unique p-Sylow subgroup of I

Proof.  (a) Since Dy fixes @ it also fixes Q. Thus Dg acts on O, /Q?* and the kernel of this action
is exactly Vi by construction. Therefore Vi, is normal in D¢ so must also be normal .

(b) Consider the Or-module Q/Q* On this module Q acts as 0 and thus scaling by Or,/Q is well-
defined on QQ/Q?. In particular then, Q/Q? is an Fg-vector space. Let's determine its dimensions

02:Q] _ Norm(Q)
01 Q% ~ Norm(Q?)

Therefore Q/Q? is a 1-dimensional vector space over Fg,. In fact we claim o € I defines a vector
space isomorphism of this vector space. The first thing we need to check is that o is well-defined
with respect to the quotient. We only need to check that o sends Q2 to Q. But every element
of Q* is (possibly some linear combination of) elements of the form a8 where a, beta are both
elements of Q. We know o sends Q to Q so o(a3) = o(a)o(f) lies in Q2.

We already know o respects addition so it only remains to check that o respects scaling in Fg,.
Therefore let o € F and t € Q/Q?. Then we have

Q/Q*| =Q: Q% = = Norm(Q) = [IFq|

o(at) = o(a)o(t) = ao(t)
where we use the fact that o(«) = @ mod ). Thus we have the map
¢ Ig — Aut(Q/Q*) =F;

We claim the kernel of this map is exactly I (this gives the statement of theorem by the first
isomorphism theorem). One of the inclusions is easy. Suppose o € V. Then o(t) = t mod Q?
which is to say o acts trivially on Q/Q?. The converse takes a little more work.
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Now suppose o € ker(¢). This means for all « € @, we have o(a) = a mod Q*. Since o € I,
it also acts trivially on Fg. In order to show that o € Vj; we will argue that o acts trivially on
O1/Q?. We claim we have

OL/Q* = (OL/Q*)* U (1+ (OL/Q%))

In order to see this let @ € O /Q?. Notice that the only ideals in Or/Q? are {0},01/Q and
O1/Q? (if there were any other ideals then there would be a (non-trivial) ideal dividing Q* different
from Q). Then (@) is either O1,/Q or O /Q? (of course it is non-zero). If (@) = O1/Q* then &
iS a unit since it generates the entire ring. Now suppose @ and 1 — @ are both non-units. Then
(@) = (1 —@) = OL/Q. Since they generate the same ideal we conclude @ = u(1 — @) where u
is a unit in O /Q*. But this gives

l=a+(l-a)=ul-@)+(1-a)=1-a) (u+1)

So that 1 — @ is a unit contradicting our assumption. Thus at least one of @ and 1 — @ must be
a unit.

The next lemma shows that (O;/Q?)* = FS @& Q/Q?. Therefore o fixes (O /Q?)* and by the
above decomposition it must fix all of O /Q*. Therefore o € Vj.

()

Lemma 13.31 Let 7 : OL/Q* — OL/Q = Fg be the projection map. Then (Or/Q*)* =
=1 (Fy) and in fact
(OL/Q*)* = Q/Q* ® ¢(Fy)

where ¢ : Ty — (O /Q%)* is given by ¢(cr) = aM™@) where & is a representative of «.

Proof. For notational convenience, define R := O1/Q?* and N := Norm(Q). If a € R* then certainly
m(a) € Ty since homomorphisms carry units to units. Thus we immediately get R* C 7~ '(F). In
order to get the reverse inclusion let o € 7' (IF,) and consider the ideal I = («). The only possibilities
for I are I = R or [ = Q/Q? as these are in the only non-zero ideals in R. We cannot have [ = Q/Q?
since that would imply that a € @) so m(a) = 0 would not be invertible. Thus we must have [ = R.
Since « generates the entire ring it must be a unit of R. This gives the exact sequence

0—Q/Q* =R - F5—0

where the map Q/Q* — R* is given by ¢t — 1+ t. Notice this is indeed a homomorphism where the
operation on the domain is addition and on the codomain is multiplication. So for example the inverse
of 1+tis1—tsince (1+¢)(1—t)=1—1t>=1¢€ Rsince t* € Q*.

We define a map ¢ : F, — R* given by ¢(a) = a where & is any representative of .. This is
well-defined. If a; and ay are two representatives of a then

- - - - N\ n_1,~  ~
ay = (wtay + (G — @)Y = a + N(ay — ay) + (Q)Ozf[ Yag —ay)* + -+
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Notice that every thing after the first term lies in Q? (in particular ay — @; € @ since they represent
the same element of F and N lies in () since the norm of any ideal lies in the ideal). Thus the exact
sequence splits and we conclude
R*=Q/Q" @ ¢(Fy)
O

Example 13.32. The lemma above and its proof may solidify if we consider an example. Consider
the case where L = Q(\ﬁ) Then O, = Z[\/ﬂ Let's take Q = v/7-Op. Then R = Z[\/ﬂ/(\/?)2 &
[F[t]/(¢*). Then the exact sequnce is given by

0 — tF,[t]/(t*) — (F7[t]/(t*))* — F7; — 0

Let's describe all the units in F7[t]/(t?). By the above lemma this group of units is isomorphic to
(t)/(t*) @ F5. We can describe this isomorphism explicitly. Given o € 7, we define & = o + 3t for
any g € F;. Then

Proposition 13.33 Let L/K be a Galois extension and Q) C Oy, a prime lying over some prime
in Ok. Then the ramification group Vg, is a p-group and pZ = ) N Z.

Proof. Let o € Vg O

The next thing to consider is how the decomposition groups, inertial groups and ramification groups
behave with one another when we have a chain of Galois extensions. In fact the relationships are exactly
what one would expect. So let L/K/F be Galois extensions and R C Op, prime. Define Q := RN Ok
and P := RN Op. Let G := Gal(L/F) and H := Gal(L/K). We use Dy, I1/Kk, V5 /K to denote
the decomposition, inertial and ramification groups for 12 over K and similarly define Dy, I p, Vi/p
for the corresponding groups for R over F'.

Theorem 13.34 (a) Dyjx = DyypNH
(b) IL/K = IL/F NnH

(c) Viyk =V prNH

Proof. (a) Dyyx={c€H:0-R=R}={0c€G:0-R=R}NH=DyrNH

(b) [L/K = {O' € DL/K . U’FR is trivial} = {U € DL/F : U‘FR is trivial} N DL/K = [L/F N DL/K =
IL/FﬂH

(C) VL/K = {U < ]L/K : 0|@L/R2 is trivial} = {O’ € IL/F : O’|OL/R2 is trivial} N [L/K = VL/F ﬂIL/K =
VL/FﬂH

[l

Since K/F is Galois we can also consider the groups Dy /p, Ix/r, Vi r relative to Q) over F. These
groups are exactly the projections of the groups for R over F.
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Theorem 13.35 Let 7 : G — G/H be the projection map (since K/F is Galois we know H is
normal in G). Then

(a) Dr/x = n(Dr/F)
(b) Ik = 7(IL/F)

(c) Viyx = 7(Viyr)

Proof.

(a) Let 0 € Dyp. We want to show that 7(o) fixes Q. Since o € Dy /p by definition we have
0 - R = R. Therefore

O’(Q) :O'(RQOK) :U(R)QO'(OK) :RQOK:Q

For the reverse inclusion, let 7 € Dg,p C Gal(K/F) = G/H. By definition, we have 7-Q = Q.
Let 0 € 77 (7). We would like to say o fixes R which would give us o € Dy, p. Of course
this need not be the case but we can modify o so that this happens. Notice that because (o)
fixes Q) we have o(R) D 0(Qr) = Q. Therefore o(R) | Q. In particular then R and o(R)
are both prime factors of ()1, so by we conclude there exists 0y € H such that
oo(c(R)) = R. Therefore 090 € Dy,p and w(0g0o) = w(0g)m(0) = 7 (notice m(0p) = 1 since
0g € H)

Suppose o € Ir/r. Then, by definition, we know o acts trivially on Fg. But since Fy C Fg this
means that o also acts trivially on Fg. Thus we get m(0) € Ix/p. For the converse inclusion, let
7 € Ix/r C Dgjr = m(Dyrp). Thus we can choose some o € 7~ (1) N Dy,p. Although o might
not lie in Iy, we show we can modify it by something in H so that the composition lies in Iy p.
In order to be an element of /1, we would need o to fix Iy (this is the definition of the inertia
group). Although o does indeed act on Fy (since it lies in Dy /r), there is not reason it needs to
fix it. On the other hand, it does fix Fo C Fp (since 7(0) € Ix/r). Thus o defines an element,
say a, of Gal(Fr/Fq)

Notice by definition, o acts on Fp (because it is an element of Dy ) and fixes F (because
m(0) € Ik/r). Thus o gives an element of Gal(F/Fg) which we denote a,. Recall the map
Dk — Gal(Fgr/Fg) is onto (by ) which we means there exists 0g € Dy, C H
such that it is sent to a,. Then oo fixes Fg so ogo € Ir/r and w(0y ') = n(0) = 7.

Consider the map 7 : I1/)p — Ix/p. We know V7, p is the unique p-Sylow subgroup of I, (by
)- Then since m, is onto we have m(Vy/r) C Ik r is the unique p-Sylow normal

subgroup (this is a purely group theoretic fact). Therefore wo(Vy/p) = Vi /K.
]

Lemma 13.36 Let G, H be groups and pi : G — H a surjective group homomorphism. If
M <1 G is a (unique) p-Sylow subgroup, then w(M) is a (unique) p-Sylow subgroup.
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Proof. Since 7 is onto we certainly have that (M) is a normal p-group of H. Thus 7 induces a
(surjective) map G/M — H/n(M). Since M was p-Sylow we know p |[/|G /M| and thus p |/|H/7(M)|.
Therefore m(M) is a p-Sylow subgroup of H. O

Definition 13.37. Let L/K be number fields and Q C Ok a prime ideal and Q; = [[7_, P
its factorisation (in L). Then we say @) ramifies in L if there exists some e; > 1. Equivalently, @
ramifies in L if it is not squarefree.

Theorem 13.38 Let L/Q be an extension of number fields and p a prime integer. Then pZ
ramifies in L if and only if p divides Disc(L).

Proof. Define R := O /pOy. Since R is an F,-vector space so we can consider Disc(R, trp/r,) defined
analogously to the the discriminant of fields over Q. In fact, we have that Disc(L) = Disc(R, trg/r,) mod
p. Thus by , we have

p| Disc(L) < trgyr, : R x R — T, is degenerate

where recall degeneracy means there exists some non-zero x such that for every y we have trg /s, (2,y) =
0.

Now suppose we have the factorisation pO, = [[{_, Q5* so that by we
have

N——
R;

g
R=0./p0, = 0L/Q5

i=1
First suppose p does not ramify in L. Then we will show the trace is non-degenerate. Since all
the e; are 1 we know R; = O /Q; is a field Fp,. Let & € R be any non-zero element. By the above
identification we can write & = (o, ..., q,) where each a; € F(,. Since « is non-zero, there is some
j such that a; is non-zero. Then set 8 = (f1,...,08,) where 3; = 0 for i # j and 3, = 04]-_1. Then
af3 is 1 in the j-th coordinate and O everywhere else. Thus in particular R; C aR. We claim that

trg,/r, : 2 — I, is onto so in particular we can find some 3 € R such that trg/r,(af3) is non-zero.

Lemma 13.39 IfF,./FF, is a finite field extension, then try . v, : Fgn — Fy is surjective.

Remark 13.40. This is a non-trivial statement. The trace map for the extensions I, (t)/F,(t?)
is 0.

Proof. Recall that the trace is sum of all the conjugates of an element. Further recall that the Galois
group Gal(FF,»/F9) is the cyclic group of order n generated by the Frobenius map = — x%. Thus if
x € [Fyn, its conjugates are 29, 27, ... so that the trace map is given by

tr(z) =z + 27+ 27 4+ 427!

This is a polynomial with at most ¢"~! distinct roots so there must be some « such that tr(a) is
non-zero. Since the codomain is one-dimensional this means that the trace map is onto. O
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Now suppose p ramifies in L. Then without loss of generality, we can assume that e; > 1. Then
consider 1 € Q; \ Q3. Then we can consider T € Or/Qf* which is non-zero. Notice we have o =
(7,0,...,0) is nilpotent since @* = 0. Then a3 is nilpotent for every 5 € R. Since nilpotent elements
have trace 0, we conclude that the trace map is degenerate in this case and thus p | Disc(L). ]

Although we don’t prove it there is a slightly stronger version of the statement.
Theorem 13.41 Let p be a (positive) prime integer. Let L/Q be a field extension and pO; =

[[1Q5 a factorisation. Then

1_ pZ(ei_l)fi

Disc(L)

2. > (e;—1)f; is the exact power of p dividing Disc(L) if and only if p t e; for all'i (if p divides
some e; we say that p is wildly ramified)

14 Cyclotomic fields

Let p be an odd prime. Let (, € C be a p-th root of unity. Then we define K, := Q((,). Notice that
K, automatically contains all the other p-th roots of unity since they are simply the powers of (,. Thus
we get the following nice statement.

Corollary 14.1 The extension K,/Q is Galois and has degree p — 1.

Proof. K, is the splitting field of 27 — 1 thus it is Galois. The calculation of the degree takes a bit more
work. It is immediate that the degree of the extension is at most 2P — 1 has a factor of degree p—1. [J

Proposition 14.2 [fp is a prime integer then [K, : Q] = p—1. The ideal P := (1 —(,) is prime
and Fp = T,.

Proof. The fact that the degree of the extension is at most p — 1 is clear, since ” — 1 has a factor of
degree p — 1. In order to see that the degree is exactly p — 1, consider

P —1 -1 —92 a
Thus we have the relation ,
-
p=rO=T[0-¢) (14.1)
a=1

Notice we have 1 — (, | 1 — (7. But since (7 is also a generator for the p-th roots of unity so there
exists b such that ((%)" = ¢,. This means 1 — (% | 1 — (¢%)? = 1 — ¢, (another way of thinking about
this is all the p-th roots of unity are algebraically indistinguishable from each other so any relation like
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the above one should be symmetrical). Therefore we get (1 —(,) = (1 — () as ideals in Ok,. Then

define P := (1 — (;,) so by taking ideals of both sides of we get

(p) =P
Recall the relation efg = [K, : Q] (see )- By the above relation, we have e must be
at least p — 1. Since [K, : Q] < p — 1, we conclude the degree is exactly p — 1 with e = p — 1 and
f=1,9g=1. Therefore P must be prime since g =1 and since f =1, we have Fp = F,. m

Let's begin by computing the ring of integers. In this case, it is exactly what one would expect.

Proposition 14.3 Oy, = Z[(,]

Proof. We will prove this by first computing the discriminant of Z[(,| and show no (proper) sublattice
of it can be the ring of integers.
Consider the basis ((,,(2,...,¢27") for Z[(,). Then we have trg, (1) = [K, : Q] = p — 1 and

ter/@(Cg) = i;} C;’f = —1 for every j. Thus we have

Disc(Z[¢,]) = det (tr(C:¢)7S L))

1 - =1 p-1
=det _.1 pfl __1
oo
p—1 -1 - =1
permute rows (_1)(p_1)/2 det —-1 pi 1 _.1
-1 —1 —i p—1
1 1 1
replace row 1 with sum of al rows (—1)P-D/2 et -1 p - 1 . -1
-1 -1 —i p—1
11 -1
Add row 1_t>o all rows (_1)(p_1)/2 det 0 p 0
00 0 p

— (_1)(10*1)/2pr2

There are a couple different ways to finish from here. The easiest way to finish is to appeal to

. By the proof of , we know pO; = PP~! thus by we

conclude that p?~2 must divide the discriminant and hence Z[(,] must be the ring of integers itself (any
sublattice would necessarily only be divisible by a smaller power of p).
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Alternatively, we can argue as follows so we don't have to resort to an unproven theorem. Suppose
Z[Cp) is not the entire ring of integers O, but rather a strict sublattice of it. Then we can find an
element that lies in 1/pZ[(,] \ Z[(,] (in other words some y which lies outside of Z[(,] but py lies in
Z[Cp))- In order to see why, notice the discriminant of Z[(,] is a power of p, we know [Ok, : Z[(,)]
is also a power of p. So in particular, there is some b such that pbOKp C Z[¢p]. Thus if we take any
y € Ok, \ Z[(), we can find minimal ¢ > 0 such that p°y € Z[(,]. Replacing y with p°~'y we get the
desired element.

But now recall (1 —(,)P~! = pOk. Thus we have (1 — (,)P" 'y € Z[(,]. Let ¢ > 0 be minimal such
that (1 — ()% € Z[(,]. As before, we can take z = (1 — (,)“ 'y. This gives an element that lies in
1/(¢ — 1)Z[¢p) \ Z[(p). But this means 1/(¢, — 1) is an algebraic integer but we know this cannot be
the case since, for example, its norm is 1/p which is not an integer. O

Let’s finish with some discussion of class groups in quadratic fields which are simple enough to be
easy to calculate and play with but remain complex enough to have interesting patterns and relations.

Let D be a square free integer. Let K = Q(+/D) and Dy be the discriminant of this field. In other
words

4D if D equiv2,3 mod 4
ET\DifD  equivl mod 4
Let p be a prime dividing Dg. Then by , we know p ramifies in K. Since the degree
of the extension is 2, we must have pOx is a square (use )- Let M, be the ‘square root'’
of the ideal. In other words M? = pOj. Thus we have

2
M pr— O pr—
11 44 11 »0x {DKOKisz1mod4

p|Dk p|Dk

With the notation set up, we have the following theorem.

Theorem 14.4 Let D < 0. Then {[M,)] : p is a prime dividing Dk} span an [Fy-vector space of
dimension w(Dg) — 1, where w(Dy) is the number of primes that ramify in K, or equivalently,
the number of primes dividing D .

Remark 14.5. It's perhaps worth discussing what exactly the statement of the theorem means.
Label the prime factors of Dy by py,...,p,. Thenif eq,..., e, are any integers then the product
(M, ] - - - [M,, ] is any element of C1(K'). Actually, by construction each [M,,] has order 2 in
CI(K) so we only need to consider powers up to multiples of 2, i.e. ey,--- , e, lying in Fy. This
is the sense in which the [M,, ] span an Fs-vector space.

Proof. In order to show that the [M,,] span an [Fy-vector space of dimension w(Dg) — 1 we need to
show that the collection of all [M,,] satisfies exactly one linear relation. It is easy to find such a relation

i
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(because we are working over Fy this simply amounts to finding a product that is trivial in the class

group).
Notice we have

2

[[M,| =DOk(VDOk)?

p|D

By prime factorisation of ideals we conclude

[[, = VDO«

p|lD

and hence this product is trivial in the class group (as a side note, notice that the prime factors of D
and are almost exactly the prime factors of D, with the possible exception of an extra 2 occurring if
Dy = 4D. Other than that all prime factors appear exactly once as D is square free).

Now we show that there are no other relations among the S (i.e. any other collection of the [M,)] is
linearly independent). So suppose S C {p: p| Dk} such that

HMp :aOK

peS

for some o € O. We will show this leads to a contradiction.
We can write o = a + byv/D. Suppose D = n
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