RWJGM& in Gmup:
”oeivaél'rj Zoesélm What dbes a random 2x2 mabric look (ike?

5&,0 is Suvy!y F’:T"'"a oot wlai Ehe ZM£I'M mears. How dogw fl¢l< a_tandom maé)ix? And what do we
mean 6 w}\a{ i# “["l(s w«“? Lct‘s ('Onsialu HJ. laHJer 7(,{5{]'0;. ?irsi-

Let's begin by rebricting wunseloes 4o SLC22). Beig discice, Hhis makes thins slhth acer . Griven o mabi
A= (D D6502) , e o Hink of ks o isbis boefomabinof be e el ploc 215 50
We con il imagine such smps giving . clone meming b Hinkig aboof. what it boks like. Thee ase 3 dikick
cages 1) A has 2 disbict real eionnlors,2) A has < spentel Creal) eenvalse and 3) A Les o conplex conjomate pai- of oucles
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T ntrodoction fo Teichmd e 75,,1{
LeE X be a Bemm soncc (ie a 2-dim mﬁu witha rp»),[lx sbucém)

¥t Y

I 9«4 Sine X is & Swgne, we kron Hoe is a (éfotgfrc{) soaa S which X is mem,a‘v’c b.
A bomesmaghisn £ X35 induas an fsomaphin B, : TiC) = TL5). T Fack given on isomerphim
T(x) — Ti(s) we an remsbrel the [vmf»m/.fsm F (up bfsobﬂ) H\ngln Somelhing called the

A marked. Ricoam surbaee is a Riemam Surfie X Q(l'] with a mavking rap (ie. homtomarphisn) £: S =X wleve
Sis simply 0 bplaicel suflee o gens g. Ter TQiJuwlhrs,mz is basically the spae of all markel Rienten Sorfas i ¢
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We would bk b b a tophyy on TT5) . Thot a e difh wags of doing ths. O vey bo o s

Reall thek He nifommicebin theotam blat e anly singly comectid Rimam sefhes ave. the opper hale plore Cepev
dik), the. cangly plwe and Hhe Ricmam sphere. Giiven @ marked Riemars soface S—2X, we can Lift e
bomtomarphitn $o a homeomerphisn of thir wmivrzal wvers and for g sorfoc besidhs the sphoe ad borvs, e
Uricersal, caer is qoing o be H

We ko fhet T(s) ack on b onivnrsal canr § ond e by b above idmbifiabice Ts) achs an H* Tn fud
it st ack eotally (sie Ti06) ack coencly n K) ond the conformal vags on - e exactly e isonelris of
U Lo sty shat Bl wie can ik o a marked Ricmam srfue as @ group homomarphin Tl5) = ["€ Toom (1),
Tn fout provided that [ ok discebely and fredy on ', W'/ i exactly X- Hence we can bhink of Teichoodlr

spae ds

T2 5:T065) = Taan(t] s 1l gpop b ” -
rosp Fomo e € yocer can move
ﬂ 05/?(11[5;3 acts } Con J’vﬁ HI* around
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We @n g a Lvnlm b s mac easilj. Svﬁaa? ThGs) is 3‘“"‘“ LJ a,..,an- Tk @ rcfmq,,&lhn /i is near
. it ola) are all )
A Pf:(%’ e e A

(ﬂ. (aw) /’)(an‘
K 2
B a¢jk (cojge
clasies of) 2x2 real, mabrg!

Thew is a sbj‘nfé, differcat w:cp reosoring the ‘dicbonce’ bebnian 2 cnRirmal, sbochres $uffo.«. X ad Y ae 2 Riewam
Svrfms ﬂ HM is a Congmml map Hm H!m Uu Hujm UQM TP there is a.lm'r(] Cﬂ'“rml' »ap ln"wmv tem then
H\!J e r.wg #tm Am.-lg co.fpwm‘ mag is m”eo[ o lloasi whﬁm:‘ map.

R«au H\«f cowpamal. maps ore maps w'\kﬂ heve @ non-zere compbx cterival‘ivc eva'ywlnere. This means 'Hné
Ccngurml ingps take Csmall) cireles b cireles.
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n-290 camplex
k Mmber go mi‘

hﬂ SCalivv MJ 'ﬁé{:l'oh

A lloasicongsrml. map, Uu, Can Bc uno‘a—sfozd a5 one flaé {‘al«; Cire {e; ‘l‘o euifm'. Ne car. m’:e b('y sﬁw

ore pw;ke.



we ancé_,y 'Hihkb#
this as €
vV ¢

We knon $hat i‘nc i? :Rz") ﬂzl is Jiﬁ’cm.éiﬂlb ) H&'F{;)B o Linae mag (Frm 'Q’i’t—”-' R* fe 7;0:"2’3'?9
An Lvear tnap (from B £ B") tan be writhen as the sum of @ helsmmphic map Calio knonn as honotichy in this cae)

o an aoilamaphi map. T, cthar words for euery A R K" Linear, Hoe exich onige 2,6 € such bt

obstrucdion
\/- bo b&-nq

Az— = oz +ﬂ"' canformal

s 3 Hen is exactly Vo chibuckion bo being conormal. Since vie. dont rally e abonk salsg e ofte
casile.the ?w\m, Pt as b dups o ohehctin. T e case et vt ha o diflonille ke P
bhis quabil is 22 (Recall byt CuclyReman opes bhi £ el olamnhic exactly whn 253 =0).

83
T form DT is cld e Belbos derodicl: T Hi v we get o 11 s bbtn snafl
defermting of conbirmad chuckae (roughly speakivg @ Seall. qon bhd in 70) arowd sme X ) arch Belloami differebily Lo otier
werds, thy tangent spaq of T5) ot some poirk X an ke identifed with Yo gaa of Gelbrani diffembial ond Sk
rtangort space Cie. fhe dual bo e spe of Betbrami diffeedicl) is the space of qeadrabic diffoeials.

Quedotic difaabils
Giiven a Riemam s'-vpm X, a Yom(ra“ic dicpaerfiz( q on it is & form which (xal{y (ic. wher viewed ona chat]
[ooks qu)Jz'L whete cL(a) s a ho(omorpbic fomction.



| |

A quadradic difeential i really just o holomorphe Fnchion on evey chart As aloays bhe real
inbeuching quesin is how ae bso sl ugebher. Whak bhe clz® symbol. bells cs i bhat the tranibi
mops are given, nok by duvbivs Uike Az as wold be b case B IRy bt rbher by the spae
of he dovicbive

q ()3 = ?z(w)dwz / Sfuare A dyivabive
q,(i') qz[W) (é?) & {i/(\;?e o‘(‘

Now the nabirol. question is why do we cae about quadbc diffeenbiols? Whet do By giv us © For- ome. Ehing
theg give o5 a Fuclidian mebic (anay from cerbain bod poic). We will see et amay fros the bud poick Gukich
Speciially ave the zeroes oF bhe diPueict) we can Find chards o bhe dBenbiel Looks Like iz Cbbe holamorphic
Punchion in front s just 1)



Notice the form dz® has the nice property that ift we look at its absolite valve we have
céﬂ( mulLipliatin
v ’ (not Md[éfﬁzéu)
ldz’! HZI = 0{3 c’e '(O(N-de) (dx.-'lc{y) dx 'HJ«
K—- E. al.n'/m m:'[wc
Hoh. (an we choose a nice J\ar{ lik a\ls whese He 7«6&:«1‘&. dBeadtil 15 given by val: dz—tz Soﬂm’e Lowt(y
ou- ?oJm{"b differndial s given by g d2* whert ¢ 5 non-200. Then define

w(2) = j’%da o Jw = jﬁ

With this wcrf
2
(2) = §lw
102) = {0 )
q(z) :%"{«.} 7(2/
[ = %’(w]

24ves of ¢ (the quad difY)
/M Weu'ﬁ'c#ﬂd and o‘fs:nﬁ

Nofice in orcks o tale the spoare rost we neal q(a) to be ron-zers. Muvoer we hoe 2 chaies of some st Chor )
and e con transhte w by a constot (e 1< that cves with inkyuk)- b really bhese ave He enly choces we. b
What: ths e isthat f we pik grod chas Han b bilin: maps are of, e form w t—s2wwtc. On ang given chart
we koo whi the hyirstel and vrbical divedios are. In gencral thse art. ot well-deflned across the mani ld, howeses,
as ah arLil‘rav holomarphic function Cuhich is whak Ehe bypical. trapsiticn fomclion locks Like) can send herizontial and verbicd

Lines l’oau sa’ffac sz\y“hf- Hmv’er i'c U'C t""‘ﬂ'é"‘h gﬂ\téims art aa 3:'»(» ‘J frqdkéim‘ and Nﬂ(tﬁb«; Uw. ‘m‘w&L



ard vetinl diecbins o wake seme. L surmary bhen, if we hag @ Reman e X with o gudhetc oifferestia g, we can vse
4 b0 find charts en X' such Hhat the churks ave of He fom w +—3 8w sc. T His way, we get @ Euclidian sbrctio

on X. In fat we 3¢f sliht: monc: we kno wheik the hovizabal and verlionl dicchions we (if} For example, we allowed robalins

{his wod o e e ). s vl oll of Bl an only e ot amy Bom b 20005 of 3. S whie the brwailion e

w givon by Wi ae callid half-banglebin sfuces. Tn fack we cn go bhe other woy a5 well. Given & half-tondotin
surfaa, the formn de* i preseeved ondar . brangition waps So is. welldefid ontle sirface. Let s [k of om cxample

\B \/ c:{linﬂ{(r

Ad* d
> d §w

b by half- banckebio
’\‘Zim ﬂ‘l"f“‘l
{7’r Vs

We can form a gens 2 swluae as a half tranchabion surfoe L_q bllrinj 2 bvi (which ase translation sufuces) and
3‘0"'3 H'l., via @ lefdlr ( wﬂ,‘ck “ also Q M}m ar'ﬁva Il:'s 3lw"’ of He cy(l'l'&r te H! ﬁn’ w‘ilc‘ r(rn'rts the llalte bms‘vén)
LJ aﬂ;lg a sm on eark toms. Thus we JCL an GM EuClidfah ct'htt'vn-e en a ,5"“‘ Z-S«frf«e, in p«ri‘ic:obr anag '9».
'Fﬁsiuj mnry pvlf Asaue nJLl ﬂues Ut pnuo. M ocCuy %a‘{, af the hau: Lrang latins



Totl e =37 o oold b ke Euelidemat bk i

Leb's leok o He case of He baws in a Lyf mo leml

LC{ S L; Ue bpolcsm( fons. LCE-QIS') be £he space of l'%rh;on the bors. OF conse 'ﬁ'ms repure 2 avhrmel
shche 50 m[!, Hese -‘;m, ot witha lvw’tia” map. In other veards thn vie have
Riemm swgrf Aol

Xeo X
) I v 1f0xl=[xd
)= { W1 SX b}/ 7O
wF O

Sine S isa s we aan descebe ths spaz much more simply. Everg Riemarn snfua X which is horssmarphic foa
fors is gien by €A where A< isa (llice. Suth a lafhice 75 debrmied ba 2 R- Lineorly indeponlest cmplex mambrs: tv
Now suppose. co s a [-fam on X2 €/ This Lifls do.a |- fam on b universal cotr € sohic is inparizl: ol A. A |-
on € i jub $6)dz and sine the M s imvinat L), £ muct be donbly puidic (o) = £C2) and oy sFel) s Play
is & holomerghc fachin that is boudd on € and hence muct be o cntait- Hene w = cda for sare c€ €. Nofice in ot

in te case
( of §= borvs

Wl\k{ we y‘l ‘U&\ % Bt ﬂ“) &mc a M‘( ovtr T(S)gH’. wiU\ ‘pilmji\m\ Lﬂ the ol.#w.{ ,"P‘ms one @an hwean o
3MRM srfaa X which in Hhis case is given ly ¢
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| '
TRere is @ diflod wag for us by weluchad 1205), a5 sitking inside H'(5,€) = § Linear His,22- €3 Toded, bt
°‘J/8 fom a basis for H(5,2). AA'JW in H(S,€) is corrlefc(y determined by whee % ar sent ana(given
some (X,0) € 0(5) Hewe are  “obrios’ complex rombers Ehat %, B can be sent fo, namely
. )
< 2 gl

-";is MS wé 3€£ (43 lmv -Q(S) - H.CS)C). 1{;5 Map is in‘jecél've Sl'acgJ b‘)‘ H;l AZOMIIL’ MM
an iSomorfLisns Ts)— Ac ¢ (whee A is Iaﬁ‘ie) Lebs us recover the Mdr/q'-':] mag. However thi
"“f is nob Onfa ( ‘ﬁ»‘ txa»rplc poinls on dia 7m( of c would Mt aQ d'lgamd[e lattice which does neb give vs a
Riemana srface). I the Wy we se{'a COa(J',ui:e SJslfem ﬁr 06) ml[eal peml CvarJiMé—’S )

We an alio defire coordinates on S5 using meacuredl foliabins. Soppose. we are given (Xew)e 205). Lfe
loow Bt X= € /> whare u=b2 v =% and comcls (or som. comploc mibe o his b Hhi
is ot so imqulldné- There is an Shvias’ foliatin of T thet desiends £ X. A foliakion is a wag fo dsompes
our spaa. vk @ nion of lower dinersimel wanifolth in sh o way Yok locally Yhings bk lle o predets of o menitold
(thee are the Lewes of the foliafion) and an opm nbereel. This 15 mch easier- o understad pideeiely.

(X8

3 Xam{:L of Bliatien
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Tre shviows’ Foliction on € Hun is to use bhe Pod ot CXRAR his o produt stacdoe (s0 amy “nice’ kit
will have a local prkf stirchee). Tn fact ese ax 2 bvins Felcbios o0 €, navely the horizmkel one and
Ye verlial o and hoth of Yo will desand b X T woudd be i ift e cold Bind bhese folicbins ithoot Kaving
b go b € and jct osc fe data given. Todeed we cn — bhiagh eo. Recall we art taking 0= da. Then if wt prie
2= xtiy ve hove RUdp)sd ard Tolds) =y, T vobind blidin s ghen by bae) (For g sl bugen: ve
duis O- This defines & veckor Fidd which is infegrable and henat defines b regied sobmanifldls). e will diote this verdial
hlictin by 1. We. sggestinely dmote He Soliotion vsing b nobatio of massacs besase the foliction comes equippel wilh
a bronsese messnt naely oy ibseld Todutd i€ 7 is an arc bransvese b ke lickin thon [ gives the

'l;'wsverse Ltlga: of 7. Notice ‘Hus meascre is invariant under isoion °l"‘J leaves.

' frhl give $ransverse loyth
of 7, uhig is sant as e

(Orﬂyl o’ ’r'
Compltfe‘ly WM op course d3 2 Im(w) defines a Im—izo,.fcl, foliation an X which we ell S
Now we want some coordiates for Lhis Spoce. We can encode the £ by, information of o foliction on a feres via jls slepe.

Te slope d") a g’[ial‘lou is the s[ope o‘P “/l tine apqny (i-ﬂ oFf q leef. Thes we con fio,)c(pgica[b .‘Miﬁ a 'thﬂ'm 'y
a pviu'l’ in RP'ZS" Swe we wad measured \(ua'alims, we nee] M“i“i'ma’!, 0 ""‘"",fﬁ" real moder ¢ which ‘7:3« Hhe méasert
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dy (or dy if e puf). T 5 @ facl tht the only measrs on Blintions of a bores are scalings of He Lebosgoe messne.
Tos tegme bs like RN} /1 (e gt [oug] delprmins @ skpe (nabice Coig) and (-3,y) give the same shye. ) ordl Fe
length V53 gives Y mansure). Netice this is homsomeaphic fo R*\Ee} (by bhe map 21 %). The enly mensire foliction we
¢ misingnow 5 Y ‘200 flitin” heh osign Laghh O do all crves. This mense Rlistion does ot digend on te il
bpobogeal Bliaton and ho. nafurall st af He aign (imeging faking o mensursd flibion and making bl mevsre. mallr Vi e
vap s treces ot o pall towack O ond naborally b Hhe livi wodd e 0). Tn other word: then MIFCS) the spar. of measured
Blictions 01 a oros s homesworphic & K.

Finall, i s usehd Lo ke bhat we can detemine Y slope of @ Solicbin withook haing fo sk ot L. Toceeol

iF U is debmined by e Cas above) e have
Shye ) = ,jfzfi
dx

ANJ Su'vd(acb o# ursg we W‘J fil‘ H\( S(cf( og l’k ’pnmu f%lal'pn /l,, 67 ""3 Jj lcfnl. I:. Swnmay an, he Aﬂvc

a e map
rdi"ﬂ’"qL

CLCsy —>(Hresy stiresy)\ &

Xw) > (/(“/4-)

In Buck e wmp s -1 and onfe ot el b e b dioprul. o o sine v vebind ol izl it comct be b
Sane)- Suppoe. we. are. gien @ pair (py, ). Then we. can recwer bhe Riemam sufhoe and [-Ferm as fellows
Te I-form is easy b wover by w= pr 4, (recall thmeasires a simply scalings of bl Lebeggue measure s fhe
som bae is qoing o e helmaphic. For the Ricmmn sufoce X, we define it dobe € /ciuy by Rl =d, Rer)zJ;”—
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T (u) =LK« and ImG) =J}‘"*- Tn ths vay we Jci’ a wup £2(5) = ME)xMFs)-a — R Which aives

*ft m‘U\b viay a’ 3:\-}»] me{& L 0.

\n/e' wooU L('(C Lo define a mexsre on Mrcs), yuspnofmwud‘ foliations on a bors. There is « nice way b b if

oor 'LOMS Comse’uwal with a leth" #tnf“’;u‘m#q:lf clesed cupves- rec«” on a lovos the st opsimfl cbosed coe b bo

nt* don¥f e uu'orl!ﬁhtlln

tSotlbpy) can be idufified with ‘Ru{u} $e kt v Q- R, be onr b’ﬂ finction. We can ected Hhis & a Gmﬁ faction
aurﬂk l’j ruruin'ua P bo be Homgams ad cortimons (a poin{'in QR is te rfpmmb:l b « puir (pyg) d?to’rl'me lh{m the
st{' o? au raML Slvpcs is dense () bJQ(wc wn exéwlln 40 R,) Wm we (an 'Fw exm,:(c Jtﬁne

Num sirnf?{c
closed cerwes

/
M, ({(xlj):ﬁ&)g)é'?) = Lilh 1{7@1 2(7& ;) QL?I cf [anb'l L
T ' L>e0 L fould
'S hvmmi'lr-s v Rt
grew 1uqdm'£1m” (sin@ T\nelloh

& dlivcde by 12—F-2res)

Cmﬁdl.v ch exmrpl: where /"%j) = %" (the veval Euclidean mebric)

?

wrime (pit)
how 15 this nuinber
3rr.w."3 in L7

. .
.
.
.
/

/L

I is known thet Lm f_‘p,f)é 2" p () th [ (the number of Latfice pom{s in the dik is exd'ﬁ pnprbar.l to &de ane).
L
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Now we want & Memjlgyudnﬁ{y fQc2’ (.Hnaht ofas aoprlmcnirs)- Notin. we aun wrike
ﬂd" 3:11:7' gfd:g-..

£ L/
2': QuiQuiQu---

San»se ® ha Juwéa d Then 2@ has 4nsi€~, %‘ (expmolinj the st redvces the dunsiy, in proprbior to the area since we are

o the f'ar-e)- Similm/} I® has dd‘@ 43 and 0 cn. S e(]vaﬂ"g the densities on both sides we get

(s this is an imprecise, heoritic arpntnl bt the statement i bree nevertheles).

I sommary then we have to ways of giving coodincles bo S105). \We have the period mdiates given by 215 H{5e)
by itepating agaivet ) and we have £1C) ~ MF()XMFTS). By chovsing a bods for homolagy we @ icknbify HS,6) with € The
Usial volime form on € defires & measure on S205) called the Masor-Vesh measvre. Atternatively, if we hae a lengh fomcioncn S
we can define @ measne on MF(5), which gives anotler way of gelbing a measre on (269). D;@erit Lenghh fomcions will give iRt

measures (in fect bhere s cne cheia of /o which will give bhe Masur-Veedh volome)

We would like 4o do m“wg similar for QD(S),Hupaae apunm{k. differediol o a srface S Chere we genvinely mean an
meJ Sw'ﬁte S and M‘J&S" “1 foms). Peri-u( mera&s ara ME S0 easy b Jctm F’w pﬂlmfk Jcﬂ’en"hlc (cmwel\ we wia Jo if).

I'LW qwdm{"c J:q’mlnlf do defice (siryl«) teasvred foliabions 9 we shoull be au bs ose #a.‘ ymg{'odzg'm a mare on QUG).
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