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Section 1 Introduction to point-set topology

This section includes material covered in Lectures 1 through —.

1.1 Defining topological spaces

Definition 1.1.1 — Topology (in class’s notation). Given a set X, we can define a topology 7 on
X as any collection of subsets of X such that:

1. 9, XeT

2. The union of the elements of any sub-collection of T is in 7T .

3. The intersection of the elements of any finite sub-collection of 7 isin 7.

® The professor recommends thinking of topology as a ‘collection’ rather than as a set, but also
made a remark that, for the purposes of this course, the notion of considering topology as a set
would also be acceptable. Hence, for the remainder of these notes we consider 7 C P(X). In
exams, however, it would be best to use the notation of collections instead.

Definition 1.1.2 — Topology. Given a set X, we can define a topology 7 on X as 7 C P(X) such
that:

1.9.XeT;
2.(Vva€AU€T) = |JUa €T

aeA

n
3{UuieTI<i<n} = (UieT
i=1

Definition 1.1.3 — Topological space. A topological space (X,7 ) is an ordered pair (2-tuple)
consisting of a set X and a topology T defined on X.

Definition 1.1.4 — Open set. For a set X and a topology 7 defined on X, we say that a subset
UCXisanopensetof X if U € T.

Note using this terminology, we can restate the above axioms as: the empty set and the set itself are
open; any arbitrary union of open sets is open; any finite intersection of open sets is open.

» Example 1.1 Let X = {1,2,3}. We will define a few topologies on X.
1. Consider T = {¢,X}. Is T a topology? It satisfies the first requirement by definition. Further-
more, ) UX = X € T so it satisfies the second requirement too. Next, ¢ N X = ¢, and so it
satisfies the third requirement as well. Hence, T is indeed a topology.
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2. Consider 7 = {¢,X,{1},{2}}. Is T atopology? No, because note that {1} U{2} ={1,2} ¢ T,
hence failing the second requirement.

1.2 Introducing different topologies
Definition 1.2.1 — Discrete and Indiscrete topology. Let X be some set.
1. The collection 7 = P(X) is defined to be the discrete topology.
2. The collection 7 = {¢,X} is defined to be the indiscrete topology. It is also sometimes
referred to as the trivial topology.

I Lemma 1.2.1 For any set X, the discrete topology and indiscrete topology are well-defined topolo-
gies on X.

Proof. First we consider the discrete topology. By definition of the power set, the discrete topology
contains the empty set and the set X itself. Additionally any union and intersection of subsets of X are
still subsets of X, hence they remain in P(X) proving that the discrete topology is indeed a topology.
The case for the indiscrete topology has been shown above. |

on X, 7y, is defined as the collection of all subsets U C X such that X — U is either finite or all of X.

Definition 1.2.2 — Finite complement topology. Let X be a set. The finite complete topology
This is also known as the cofinite topology.

Definition 1.2.3 — Countable complement topology. Let X be a set. The countable comple-
ment topology on X, 7, is defined as the collection of all subsets U C X such that X — U is either
countable, or all of X. This is also known as the cocountable topology.

I Lemma 1.2.2 For any set X, 7y and 7. on X are indeed well-defined topologies.

Proof. Let us show that 7 is a topology. First we note that ¢ € 7; since X — ¢ is all of X. Additionally,
we note X —X = ¢ which is finite. Thus 7 satisfies the first condition for being a topology.
Suppose Uy, € Ty for o in index set A. Then

X=UJUs=[NX~-Ua)
acA aEA
If all X — Uy are just X then their intersection is also all of X, so (Jycp Ug Would be in 7. If this is
not the case, then at least one of the X — U, must be finite so the above would have to be a subset of a
finite set so must be finite itself. This implies the union is open in 7.
Suppose U; € Ty for 1 <i < n for some n € N. Then

n n
Xx-Nui=Jx-u)
i=1 i=1
If even one of X — U; is all of X then U; = ¢ so the intersection is just empty which is indeed in 77 by
above. If this is not the case, then all X — U; are finite so the above is a finite union of finite subsets so
is itself finite, implying that (;_, U; is in T;. Thus we conclude that 7 is a topology (the proof for 7.
being a topology is entirely analogous). |
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Definition 1.2.4 — Comparing topologies. Let X be a set with topologies 7 and 7'. We say that
T is finer than 7' if T D T'. If T C T', we say that T is coarser than T".

1.3 Bases and subbases
1.3.1 Bases
Definition 1.3.1 — Basis. Let X be a set. A basis B of subsets of X is a collections of subsets that
satisfies:
¢ For every x € X, there exists a B € B such that x € B
¢ If x is an element of B; N B, for two basis elements By, B, from B, then there is a B3 € BB such
that x € B3 C BN B3

Definition 1.3.2 — Topology defined by basis. Let X be a set and B be a basis. Then a set U is
open in the topology generated by B if for every x € U there exists a B € B such thatx e BC U.

Immediately, this means that every subset in a basis is open.

I Lemma 1.3.1 The topology generated by a basis is indeed a topology.

Proof. Let T be the collection of sets that satisfy the above requirement. We will show that 7 is a
topology.

The empty set ¢ is in 7 as it vacuously satisfies the statement. The set X itself also clearly satisfies the
statement since every basis element is a subset of X and hence X is also in the topology. This means
that 7 satisfies the first requirement for being a topology.

Let Uy for @ € A be a collection of sets in 7. Let x in (Jycp Ug. Then x is an element of some Uy, (at
least one). By definition there is a B € B such that x € B C Uy C |Jyep Ua Which means that the union
is openin 7.

Let Uy,U, € T and x € U; NU,. Then by definition there must exist By, B, € I3 such that x € By C U
and x € B, C U,. By the second property of basis, there is a B3 € I3 such that x € B3 C B; N B,. This
implies that Uy NU, is in 7. We can then use induction to prove that this holds for all finite intersections
of open sets. |

Lecture 1 content ends here.

m Example 1.2 Here, we look at examples of bases.
1. Show that the collection of all open disks in a plane forms a basis for the plane X = R?.

* Letx € X. Then, for any r > 0, we know that x € B(x,r) € B where B(x, r) is the (open)
ball of radius r centered at x. In other words B(x,r) = {y € R?|d(x,y) < r}

* For arbitrary aj,a; € X,r1,r2 € R, let By = B(ay,r1) and By = B(ay, r2) be the open disks
of radius r; and r, respectively, centered at a; and a, respectively. Let x € B N By.
We define r = min{r; —d(x,a;),r» —d(x,a2)}. Let B3 = B(x,r). Clearly, B3 € B, by
definition. We want to show that B; C B| N B».
Let y € B3 be arbitrary. Then, we have:

d(y,ar) <d(y,x) +d(x,ar)
<r+d(x,a)
=min{r| —d(x,a;),r, —d(x,a)} +d(x,a;)
<n
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Hence, y € By and by symmetry, y € B.
2. The same approach shows that the collection of all rectangular regions in a plane forms a basis.

m Example 1.3 B = {{x} : x € X} a basis for the discrete topology 7 on a set X. .

Lemma 1.3.2 Let X be a set, and let 3 be a basis for some topology 7 on X. Then 7 equals the
collections of all unions of elements of B.

Proof. Let X be a set, and let B be a basis for some topology 7 on X. Let 7' be the collection of all
unions of elements of 5.
1. Let U € T. For any x € U, denote by B, the element in 5 such that x € B, C U. Hence, we note
that U = Jyepy Bx € T'. Therefore, T C T".
2. LetU € T', which implies that we can write U = |J,ca Bo for some index set A where for all
o € A, By € B is open with respect to 7. Thus, U is open with respect to 7 also, and so, U € T
|

Lemma 1.3.3 Let (X,7) be a topological space. Suppose that C is a collection of open sets of X
such that for every open set U C X and every x € U, there exists C € C such that x € C C U. Then,
C is a basis for T .

Proof. We first show that C is indeed a basis. Clearly, the first requirement for being a basis is satisfied
by C. Now, let x € C; N C,, where C;,C; € C. Since C; and C; are both open with respect to 7, it
follows that C; N C; is also open. Hence, by definition of C, this implies the existence of some C3 such
that x € C3 C C; N C,. This shows that C is indeed a basis.
Since C is a basis, it generates some topology 7'. We now show that 7/ = T .
1. To begin with, suppose that U € 7 and let x € U be arbitrary. By definition, there exists some
CeCsuchthatxc CCU and thus, U € T".
2. Next, let U € T'. From the previous lemma, U = |J,c Co- However the Cy, are also open in 7'
by assumption. Since the arbitrary union of open sets is open, U € T.
|

Lemma 1.3.4 Let 3,3’ be bases for the topologies T, 7", respectively, on the set X. Then, the
following statements are equivalent.

1. T is finer than 7.

2. For each x € X and each B € BB such that x € B, there exists some B’ € B such that x € B’ C B.

Proof. First, we prove that the first statement implies the second, and then we prove the converse.

1. Suppose that 7" is finer than 7, ie. 7 C 7. This implies that, if U is open with respect to 7,
then it follows that U is also open with respect to 7.
Now, let x € X and B € BB be given. Since B is open with respect to T, it is also open with respect
to 7. Since B is open in 7" there must be a basis element in B’ such that x € B’ C B.

2. Suppose that for each x € X and each B € B such that x € B, there exists some B’ € 3’ such that
xE€B CB.
Now, let U € T and x € U be arbitrary. By definition of 13, there exists some B € B such that
x € B C U. Furthermore, by the assumption, we know that there exists some B’ € B’ such that
x€B CBCU. Thus, U is also open in 7.
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1.3.2

14

Lecture 2 content ends here. Lecture 3 content starts from the next definitions.

Sub-bases
I Definition 1.3.3 — Sub-basis. A sub-basis S for a topology X is a collection of subsets of X whose

union is equal to X. The topology generated by S is defined to be the collection T of all possible
finite intersections of elements of S.

I Lemma 1.3.5 The topology generated by a subbasis S is indeed a topology.

Proof. 1t suffices to prove that the collection of finite intersections of the elements of S forms a basis.
Let us denote this collection as BB. Since the union of all elements of S is X, there is some S € S such
that x € S. By definition S € B, hence the first condition for basis is satisfied. Now suppose x € B} N B,
for some By,B, € B. We note that B; N B, € B since B and B, are both finite intersections of the
elements of S and hence their intersection is also a finite intersection of elements of S. Hence there
does indeed exist B3 € B such that x € B3 C B; N By, namely B N B, itself. Thus B, the collection of
all finite intersections of elements of S, is indeed a basis. [ |

Exercise 1.1 Show that the topology generated by a subbasis S is equal to the intersection of all
the topologies that contain S. =

The exercise above shows that we can equivalently define the topology generated by a subbasis S
to be the weakest/coarsest topology on X containing S.

Topologies on R
Definition 1.4.1 — Standard topology on the real line. This is the topology generated where
| we take the basis to be the collection of all open intervals on R. The standard topology is usually
simply denoted as R.

I Exercise 1.2 Show that the standard topology has a countable basis. n

Definition 1.4.2 — Lower Limit Topology on the real line. This is the topology generated where
| we take the basis to be the collection of half-open intervals of the form [a,b). The lower limit
topology is usually denoted as R;.
Exercise 1.3 Show that the basic sets defined above for R; are closed in R;. (See section 1.6).
(Harder) Exercise: Show that R; does not have a countable basis (Hint: Show that for every x € R
there must exist a basis element B such that x = inf(B)). .

Definition 1.4.3 — K-topology on the real line. We define K = {1|n € N}. Then we take as
basis all open intervals (a,b) as well as sets of the form (a,b) — K. The K—topology is usually
denoted Rg.
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Lemma 1.4.1 The lower limit topology R; and the K—topology Rk are both strictly finer than the
standard topology but they are not comparable with one another.

Proof. Let x € R be arbitrary and (a,b) be some interval containing x. Then [x,b) C (a,b) is a basis
element of R; hence by Lemma 1.3.4 R; is finer that R. The proof is even simpler for Rg since all open
intervals are defined to be open in Rk as well.

Now we show that R; and Rg are not comparable. Let x € R be arbitrary and consider the basis element
[x,b) for some b > x. Then there is no basis element B in Rk such that x € B C [x,b). Thus Rg cannot
be finer than R;. Conversely, consider some basis element of Rg around 0 of the form (a,b) — K. Then
there is no basis element in R; that contains 0 and is a subset of (a,b) — K. n

1.5 Important topologies

1.5.1 Product topology
Definition 1.5.1 — Product Topology. Let (X,7;) and (Y,72) be two topological spaces. The
product topology on X x Y (usual Cartesian product) is topology generated by basis B={U xV|U €
T,V € T2}

Lemma 1.5.1 Given two topological spaces (X,7;) and (¥, 7;), the collection B={U x V|U €
T1,V € T2} is indeed a basis.

Proof. Let (x,y) € X XY be arbitrary. Then there is an open U C X and open V C Y such that x € U and
y € V. Therefore (x,y) € U x V. Now suppose (x,y) € (U; x Vi) N (Uz x V2). We simply note, using
elementary set theory, that (U; x V1) N (U2 NV,2) = (U NU,) x (Vi NV,). Since the finite intersection
of open sets is open, the second requirement for a basis is also satisfied. |

p It might be tempting to say that 5 defined above should be the topology on X x Y rather than
simply a basis, however this collection fails to be a topology (for example, the union of two
arbitrary rectangles is in general not a rectangle). Therefore we go for the next best thing.

Theorem 1.5.2 If B is a basis for the topology on X and C is a basis for the topology on Y, then the
collection D = {B x C|B € B,C € C} is a basis for the product topology on X x Y.

Proof. Let (x,y) be some point in X x Y. We know by definition of basis, that there is some B € B and
CeCsuchthatx € Bandy € C thus (x,y) € BxC € D.
Furthermore, let (x,y) € (B; x C;)N(By X C2). Then x € ByNB, and y € C; NC,. Then there are
By e Band C; € C such that x € B3 C B NBy and y € C3 C C;NC;,. Thus (x,y) € B3 x C3 C (B] X
Cl) N (Bz X Cz).
Now we need show that that this basis indeed generates the product topology. Using Lemma 1.3.3, all
we need show is that for every open set U in the product topology and x € U, we have set D € D such
that x € D C U. By Lemma 1.3.2, we know that all open sets are just unions of elements of basis, so
without loss of generality, we can assume that the open set U is of the form V x W where V is open in
X and W is open in Y. Choosing any (x,y) € V x W we know there is a basis element B € B and C € C
suchthatxe BCVandy € C CC. Thus (x,y) EBXCCV xW=U.

|
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1.5.2

1.5.3

1.6

maps onto the individual spaces. We define 7; : X x Y — X where 7 (x,y) = x. Similarly we have

Definition 1.5.2 — Projections. Given the product of two spaces X x Y, there are two very natural
m: X XY — Y, m(x,y) =y. These maps are called projections.

Theorem 1.5.3 The collection S = {7, '(U)|U € Tx}U{m; ' (V)|V € Ty} is a subbasis for the
product topology on X x Y.

Proof. LetU € Tx and V € Ty. Then 7, '(U) N7, (V) = U x V which is a basis element for the
product topology. |

Exercise 1.4 Show that A = {(x,y) € R?|x+y = 0} is closed in R; x R; (endowed with the product
topology of course). =

Order topology
Definition 1.56.3 — Order Topology. Suppose X is a set with an order relation. Then there is a
topology that is induced by this order relation. We define the basis to be the collection of open
intervals (a,b) := {x € X :a <x < b} for all a,b € X such that a < b. Alternatively we can take as
subbasis the collection of all open rays (b,e0) :={x € X :x > b} and (—e0,b) = {x € X : x < b} for
beX.

Subspace topology
Definition 1.5.4 — Subspace Topology. If (X,7) is a topological space and we have Y C X,
the 7 induces a topology on Y. Namely, we consider (Y,7y) as a topological space where Ty =
{UNY|U € T}. If Y C X is endowed with the subspace topology, we say Y is a subspace of X.

Exercise 1.5 Consider R with the standard topology. Show that N C R as a subspace has the
discrete topology. Does the same hold true for Q C R? u

Closed sets
Definition 1.6.1 — Closed sets. Given a topological space X, we say D C X is closed if X — D is
open

» Example 1.4 The closed intervals [a,b] are closed in the standard topology. "

m Example 1.5 Finite sets are closed in the finite complement topology on any set. n

m Example 1.6 All subsets are closed in the discrete topology. n

R As the final example shows, being closed does not prevent a set from being open.

Proposition 1.6.1 Let X be a topological space. Then the following statements hold:
1. ¢,X are closed
2. Finite unions of closed sets is closed
3. Arbitrary intersections of closed sets is closed

Proof. This is just an exercise in applying De Morgan’s laws to the properties of open setsin 1.1. W



1. Introduction to point-set topology

Theorem 1.6.2 Let Y be a subspace of X. Then a set A is closed in Y if and only if there is a closed
set F'in X such that A=FNY.

Proof. Suppose A is closed in Y. Then ¥ — A is open in Y. Hence there exists a U C X open such that
Y—-A=UNY.ThenX —UisclosedandA = (X —-U)NY.

Conversely suppose F'is closed in X and A = F NY. We wish to show that A is closed in Y or in other
words that Y — A is open in Y. This is true because ¥ —A = (X — F) NY which is open by definition. W

Theorem 1.6.3 LetY be a subspace of X. If A is closed in Y and Y is closed in X then A is closed in
X.

Proof. Let A CY be closed in Y. Then there exists F C X closed in X such that A = FNY. Since F
and Y are closedin X, FNY = A is closed in X. |

Definition 1.6.2 — Interior & Closure. Let A be a subset of X. The union of all open sets contained
in A is the interior of A. This is usually denoted int(A). The intersection of all the closed sets that
contain X is the closure of A, which is usually denoted A.

Properties:
* Interior of a set is always open
* Closure of a set is always closed
e int(A) CA
s ACA
* Ais open if and only if int(A) = A
s Ais closed if and only if A = A

p) IfY CXand A CY, then the closure of A with respect to Y is not necessarily the same as the
closure of A with respect to X.

The above remark tells us that closures depends on the space they sit in. This of course makes sense
since closed sets in subspaces are not the same as closed sets in the larger space. However the following
theorem tells us that the second natural statement we would want for closures in subspaces does hold.

Theorem 1.6.4 LetY be a subspace of X. Let A be a subset of Y. Let A be the closure of A in X.
ThenA =ANY.

Proof. Proof by "seems correct enough". TODO |

Theorem 1.6.5 Let A be a subspace of a topological space X. Then
1. x € A if and only if every open set containing x intersects A
2. If the topology is generated by a basis B, then x € A if and only if every basis element
containing x intersects A.

Proof. 1. We will show the converse of the statement. Namely that x ¢ A if and only if there is an
open set containing x that does not intersect A.
Suppose x ¢ A. Then x € X — A which is open and cannot intersect A since A C A so we are
done. On the other hand let x € X be such that there is an open set U containing x that does not
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1.7

1.8

intersect A. Therefore X — U is closed set that contains A. Since x ¢ X — U, it cannot be in the
closure which is defined to the intersection of all closed sets that contain A.

2. Suppose x € A. Then by above, every open sets containing x intersects A. Since basic sets are
open, this also holds for all basic sets that contain x. Conversely, let x € X be such that every
basis element containing x intersects A. Let U be any open set containing x. There is then a basic
set B that contains x and is contained in U. By assumption B intersects A, therefore U intersects
A. As this holds for all U, x € A by above.

|

n Example 1.7 X =R and A = (0,1],B={}[n € N},C = Q. ThenA = [0,1],B=BU{0},C=R. =

Limit Points
Definition 1.7.1 Let X be a topological space. Let A C X and x € X. Then x is a limit point of A if
every neighbourhood of x intersects A in some point other than x. In other words, x is a limit point
of A if x € A — {x}. The set of limit points of a set A is often denoted A’.

= Example 1.8 If X =R,A = (0,1) then A’ = [0, 1] n

n Example 1.9 If X =R,B = {1|n € N}, then B’ = {0} .

Exercise 1.6 It might seem as if x € A means that x must be a limit point of A. Give an example
where this is not true. In other words, give an example where x € A but x ¢ A’ u

I Exercise 1.7 Prove or disprove: any subset of a topological space has limit points. =

Theorem 1.7.1 Let A be a subset of a topological space X. Then

A=AUA

Proof. We will first show that A C AUA’ and then show the reverse inclusion holds.
Letx € A. If x € A, we are done. So suppose x ¢ A. Then every neighbourhood of x intersects A and
since x ¢ A, it must intersect at a point different from x. Thus x is a limit point of A.
Conversely suppose x € AUA’. If x € A, then x € A since A C A. If x € A’ then every neighbourhood
of x intersects A at a point different than x. In particular, every neighbourhood of x intersects A hence
x € A by Theorem 1.6.5. |

Hausdorff Spaces

Definition 1.8.1 — Hausdorff Spaces. A topological space X is Hausdorff if for every pair of
distinct x,y € X we have open sets U and V suchthatx e U andy e Vand U NV = ¢.

‘ Theorem 1.8.1 Every finite point set is closed in a Hausdorff space.

Proof. 1t is sufficient to show that the singleton sets are open since the finite union of closed sets is
closed (see Proposition 1.6.1).
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Suppose X is a Hausdorff space and let x € X be arbitrary. For every y € X — {x}, we have an open set
Uy that does not contain x by Hausdorff hence is contained in X — {x}. Therefore X — {x} is open so
{x} is closed. [ |

Theorem 1.8.2 X is Hausdorff if and only if A = {(x,x)[x € x} C X x X is closed in X x X.

Proof. Suppose X is Hausdorff. We will show that X x X — A is open. So let (x,y) € X x X —A be
arbitrary. Note x and y must be distinct so by Hausdorff there exist open sets U and V such that x € U
andy € Vand UNV = ¢. Then (x,y) € U xV C X x X — A. Hence the complement of A is open so A
itself is closed.

Suppose A C X x X is closed for some topological space X. Let x,y be distinct elements in X. Then
(x,y) € X x X — A. Since the complement of A is open, we can find a basic set U xV C X x X — A
such that x € U x V where U and V are open in X. Then x € U and y € V and U NV must be empty
since if it wasn’t, their product would intersect the diagonal. |

I Exercise 1.8 Show that if X is Hausdorff then so is X x X. m

1.9 Separation Axioms

We want to be able to distinguish points in our topologies (consider how in the trivial topology all
points ‘look’ the same). Hausdorff spaces give us one such way of doing this, however there are also
other axioms we could have, some stronger and some weaker. One such axiom is the 77 axiom.

Definition 1.9.1 — 7} axiom. A topological space satisfied the 77 axiom if for every pair of distinct
points a,b € X, we have open sets O, and O}, such thata € O, and b € Op buta ¢ Op and b ¢ O,.

The 77 axiom is equivalent to saying that singleton sets are closed. When proving that singletons are
closed in Hausdorff spaces, we in fact only used the 77 property. Hausdorff itself is the 7, axiom. Note
that clearly Hausdorff spaces satisfy the 77 axiom.

Exercise 1.9 Show that if X is a 77 space, then singletons are closed in X. What does this say about
topologies on finite sets that satisfy the 77 axiom? =

Theorem 1.9.1 Let X be a space satisfying the 77— axiom. Let A be a subspace of X. Then x is
limit point of A if and only if every neighbourhood of x contains infinitely many points from A.

Proof. Let x be a limit point of A and U be some neighbourhood of x. Then by definition of limit
point, there exists some x; € U N (A —{x}). Note that U — {x; } = U N (X — {x;}) which is open since
singleton sets are closed in 7} spaces. Hence U — {x; } is another open neighbourhood of x and so there
must exists some x; in U — {x,x; }. We then simply proceed inductively. |

p ) It seems like we are implicitly assuming that X is an infinite set. In fact the theorem is also true
for finite sets. The exercise above should help explain why. (Hint: this is something of a trick
question).
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I Exercise 1.10 Give an example of a space that satisfies the 7; axiom but is not Hausdorff. m






Section 2 Continuity and Metrizability

2.1
2.1.1

Continuity

Sequences

Although there is little to say about sequences at the moment, they certainly play an incredibly vital
role in topology (we may see later how sequences provide an alternate way of thinking about open
and closed sets, given sufficiently nice conditions on the topology). For now we limit ourselves to
definitions and simple theorems.

Definition 2.1.1 — Sequence. A sequence of points in X is a map f : N — X. We often denote
sequences as (x,)qeN, where x, = f(n).

Definition 2.1.2 — Convergence. We say that a sequence (x,),en converges to x € X if given
any open neighbourhood U of x, there exists an N € N such that for all n > N we have x,, € U.

Note that with our simple definition of topology and our definition above, a sequence can in fact
converge to more than one point. Consider any sequence on a set X endowed with the trivial topology.
Then any sequence will converge to every point in X. This is of course not ideal, which is where our
separation axioms come in.

Theorem 2.1.1 If X is a Hausdorff space, then a sequence of points of of X converges to at most
one point of X.

Proof. Suppose (x,)cn converges to some x € X. Let y # x be arbitrary. We wish to show that the
sequence cannot converge to y.

Since X is Hausdorff and x and y are distinct points, we know there exist disjoint open sets U and V
such that x € U and y € V. Since (x,),en converges to x, there is some N € N such that for all n > N
we have x, € U. Since U and V are disjoint this means that for n > N, x,, ¢ V. Thus (x,),en cannot
converge to y. |

I Exercise 2.1 Show that the 77 axiom is not enough to guarantee uniqueness of limits. n

Continuous Functions
I Definition 2.1.3 — Continuous Functions. Let X,Y be topological spaces. A function [ : X — Y

is continuous if for every open set V C Y, we have that f~!(V) is open in X.

= Example 2.1 Consider the identity function i : R — R; (where the domain is R with the standard
topology). Note that this function is in fact not continuous since i ! ([0, 1)) = [0, 1) which is not open
in the standard topology on R. u

We have a few equivalent characterisations of continuous functions that can sometimes be more useful.
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Theorem 2.1.2 Let X and Y be topological spaces and let f : X — Y be a map. Then the following
are equivalent:

1. fis continuous (i.e. preimages of open sets are open)

2. VA C X, we have f(A) = f(A)

3. VB C Y, where B is closed, f~!(B) is closed

4. Vx € X and for every neighbourhood V of f(x), there is a neighbourhood U of x such that

fu)cv

Proof. (1 = 2) Letx € A. Then we need to show that f(x) € m Let U be an open neighbourhood
of f(x). Then f~!(U) is an open neighbourhood of x by continuity of f. Since x € A, we know that
f~Y(U)NA is non-empty. Let y be an element in this intersection. Then f(y) € U N f(A) implying
f(A)NU is non-empty. Hence f(x) € f(A).

(2 = 3) Let B be closed in Y and let A = f~!(B). We will show that A C A which will allow us to
conclude that A = A hence it is closed. Let x € A. Then

fx) e f(A)=f(A)=f(f'(B)CB=B

Since f(x) € B, this means that x € f~!(B) = A.
(3= 1) Let U be some open setin Y. Then Y — U is closed so f (Y —U) = f~1(Y)— f1(U) is
closed. Since f~1(Y) =X, f~'(U) is open.
(I = 4) Let x € X be arbitrary and let V be some neighbourhood of f(x). Then we can just take
U=f1v).
(4 = 1) Let V be some open set in Y. Then for every x € f~!(V) we have an open neighbourhood U,
of x such that f(U,) C V. Then

uv= {J U

xef=1(V)
|

Definition 2.1.4 — Homeomorphism. Let X,Y be topological spaces. We say that f: X — Y isa
homeomorphism if

1. f is bijective

2. f is continuous

3. f~!is continuous

We certainly require f~! to be continuous. Consider for example the identity map from R, to R, which,
as we have seen before, does not have a continuous inverse.

For topologists, if there is a homeomorphism between two spaces, then the two spaces are essentially
the same. Note by definition, homeomorphisms provide a 1 — 1 correspondence between the open sets
in the two spaces. However the data for a topology is exactly the collection of all open sets. So the
existence of a homeomorphism tells us that we can go from one topological space to another by simply
‘relabeling’ the elements in some way.

Exercise 2.2 Explain why there can never be a homeomorphism between R and R; or between R
and Rg. n
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2.2

Exercise 2.3 Show that any two circles in the plane are homeomorphic (with the induced topology
from the standard topology on R? of course). =

ous. Consider Z = f(X) as a subspace (i.e. endowed with the subspace topology). If f: X — Zis a

Definition 2.1.5 — Topological Embedding. Suppose we have f : X — Y injective and continu-
homeomorphism, then f is an embedding.

Exercise 2.4 (Hard) Let T denote the unit circle in the real plane, i.e. T = {(x,y) € R? : x> 4y =
1}. Show that there is an embedding of T? in R? (Hint: To every point on a circle, you are associating
another circle. Think geometrically about what such a shape would look like. If you're getting tired
of thinking, go grab a snack!). =

Properties of continuous functions
Let X,Y,Z be topological spaces.
1. Constant functions, f : X — Y, f(x) = yo for all x € X, are always continuous
2. If A C X is a subspace, then inclusion map from A to X given by a — a is continuous (and
injective)
If f: X — Y is continuous and g : ¥ — Z is continuous, then go f : X — Z is continuous
If f: X — Y is continuous and A C X is a subspace then f|4 is continuous
5. Let f: X — Y be a map and {Uy} be a collection of sets such that X = (J, Uqy. If fly, is
continuous for each « then f is continuous.

B w

Theorem 2.1.3 — The Pasting Lemma. Let X be a topological space and A,B C X closed such
that X =AUB. Let f: A — Y and g: B — Y be continuous functions to another topological space Y.
Suppose additionally that f(x) = g(x) forallx € ANB. Then h: X — Y, given by

h(x) = {f(x),xeA
g(x),x€B

1s well-defined and continuous.

Proof. The fact h is well-defined follows from f and g agreeing on A N B. We will show that £ is
continuous by showing that the preimages of closed sets are closed.

Let C be some closed set of Y. Then 2~ (C) = (f~1(C)NA)U(g~'(C)NB) where f~!(C) is closed in
A (with the subspace topology) and g~!(C) is closed in B (again in the subspace topology). Then by
Theorem 1.6.3, =1 (C) is closed in X. |

Product Topology

We have already looked at taking finitely many products of topological spaces and feel reasonably
confident in working with them. Now we wish to generalise this to being able to take infinitely many
products (both countable and uncountable).

Recall that we have two different definitions for the product topology in the finite case. We can consider
the collection of all products of open sets as basis or we can consider the collection inverse images of
open sets under projection maps as a subbasis. Although both of these generate the same topology in
the finite product case, this does not remain true when we take infinite products.
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Definition 2.2.1 — j—tuple. LetJ be any index set. Then we can define a j—tuple of elements of
X as a function x : J — X. We often denote x(a), for some o € J, as x, and write the j—tuple as

(Xoc)aeJ~

Definition 2.2.2 Let {Ay } e/ be an indexed family of sets. Then let X = (J,c;Aq. We define the
Cartesian product as

ITJAa ={x:J = Xx(a) €An} = {(xa)aers|xa € Aa}

Now that we have some idea of what it means to ‘multiply’ infinitely, we can generalise our previous
definitions for the product topology.

p ) It might seem a bit strange to consider such spaces but what we are doing here is studying the
so called ‘function spaces’ (since the elements are functions) which is an incredibly important
subject, for example in the study of differential equations.

Definition 2.2.3 — Box topology. Suppose {X} is an indexed family of topological spaces. Let

B= {HUa : Uy 1s open in Xa}
[0

Then B is a basis and the topology it generates is called the box topology.

Definition 2.2.4 — Product topology. Suppose {Xg }qes is an indexed family of topological
spaces. For f € J, define

Spg = {ﬂEl(Uﬁ) : Ug is open in Xg }
Then the topology generated by {Sg}gc, as a subbasis is called the product topology.

Let us take a moment to consider what the basis for the product topology looks like, which will also
make it clear why the two topologies are different. In order to get a basis from a subbasis, we simply
take all possible finite intersections of the subbasis elements. Thus we can express a basis element B of
the product topology as

B=]]V«

acJ

where for all but finitely many o € J, we have V, = X,. From this perspective, it is clear that the box
topology is in fact finer than the product topology. While it may seems like we would want the finer
topology (since it contains the other one), it turns out the box topology is in fact a bit too fine for our
tastes (think about how little use the discrete topology gets despite being the finest possible topology).
The exercise below might help illustrate why the increased fineness of the box topology is not all that
nice.

Exercise 2.5 Let X = [[4cs X« Show that a sequence (x,),ecn converges in the product topology
if and only if 7y (x;), e (x2),. .. converges for each o € J. Show that the same does not hold true
for the box topology. =
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The two spaces aren’t entirely dissimilar, however. Below we note some of the things they share in
common.

Theorem 2.2.1 Let Ay be a subspace for X, for every @ € J. Then [],c;Aq is a subspace of
[1gaecs X in both the product and box topology.

Theorem 2.2.2 If each X, is Hausdorff then, [, Xy is Hausdorff in both the product and box
topology.

Proof. Let (xq), (yq) be distinct points in []X,. There exists some & such that xg # yg. Since Xg is
Hausdorff, there exist disjoint open neighbourhoods U,V of xg and yg respectively. Then 7 ! (U) and
75! (V) are disjoint neighbourhoods (in either topology) of (x) and (ye) respectively. [ |

Theorem 2.2.3 Let {Xg } qes be an indexed family of topological spaces. Suppose for each o € J,
we have A, as a subset of X,. Then

[T4e =TTA«

Proof. As is typical, we will show that we have inclusion in both directions.

Letx € [JAq and let U C [[ X4 be a neighbourhood of x. For every o, we know that 7, (U) intersects
Ag (since projections maps open sets to open sets in both topologies). Thus we can choose a y, from
each o (U) NAg to see that y = (yq) € UN[]Aq. Therefore x € [[Aq.

Now suppose x € [[Aq. Let Uy be a neighbourhood of x,. We know that 7, ' (Uy) intersects [[Aq.
Thus Uy NA 1S non-empty. |

Given any map f : A — [[Xq, we can express this map in terms of its ‘coordinate’ functions. Namely
f(a) = (fu(a)) where each fy is a map from A to Xg. This leads us to (one of) the properties that
makes the product topology so appealing.

Theorem 2.2.4 Let f: A — [[ Xy be given. Then f is continuous if and only if each fy : A — X is
continuous in the product topology.

Proof. Suppose f is continuous. Then f, = 7y o f. Since the composition of continuous maps is
continuous, f, is continuous.

Now suppose that each f,, is continuous. In order to check continuity of f, it is sufficient to check that
the preimages of open sets is open. In fact, it suffices to show that the preimage of subbasis elements is
open since for any function g : A — B and C,D C B, we have g~!(CN D) = g~ (C)Ng~!(D) (this has
nothing to do with continuity or topologies at all. This is a purely set-theoretic statement).

Let ' (Uy) be a subbasis element of the product topology. Then f~! (771 (Uy)) = (mg 0 f) "' (Uy) =
fo' Ua). u

The above does not hold for the box topology. Consider for example f : R — R® (where R® =[],y R
given by f(t) = (¢,t,t,...). Clearly each f; is continuous so f is continuous if we endow R® with
the product topology. However this does not hold for the box topology. Consider, for example,
B= HneN(_%’ %) which is open in the box topology. However f~!(B) = {0} which is not open in R.
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2.3 Metric Topology
Definition 2.3.1 — Metric. Given a set X, a metric is a function d : X x X — R such that
1. (Positive definite) d(x,y) > 0 where we have equality if and only if x =y
2. (Symmetric) d(x,y) = d(y,x)
3. (Triangle inequality) d(x,z) < d(x,y) +d(y,z)

This allows us to define the notion of open balls on a set. Namely, we get B, (x,€) = {y € X|d(x,y) < €}.

Definition 2.3.2 — Metric Topology. The topology generated by considering the collection of all
open balls as a basis is called the metric topology.

» Example 2.2 On any set X we can define d(x,y) = 1 if x # y and d(x,y) = 0 if x = y. This generates
the discrete topology "

» Example 2.3 R with the standard topology is also generated by a metric, d(x,y) = |x—y|. .

Definition 2.3.3 — Metrizability. A topological space X is said to metrizable if there exists a metric
d that induces the topology on X.

Definition 2.3.4 — Bounded Sefs. Given a metric space (X,d), we say A C X is bounded if there
exists some M € R such that d(x;,x2) <M for all x;,x, € M.

Although metric are very useful, one should keep in mind what properties arise from a metric and
distinguish them from the properties of the topology. Boundedness, for example, is a property of the
metric rather than the topology.

Proposition 2.3.1 Let (X,d) be a metric space. Then there exists a metric d that induces the topology
on X and relative to which every subset of X is bounded.

Proof. We define

d(x,y) = min{d(x,y), 1}
and show that it is indeed a metric.
Symmetry and positive definiteness are clear. All that remains is to check whether d satisfies the
triangle inequality. In particular, we wish to show that

d(x,7) <d(x,y) +d(y,2)

for all x,y,z € X. Thus let us take x,y,z to be arbitrary points of X. If d(x,y) > 1 or d(y,z) > 1 we are
done since d(x,z) is at most 1. So suppose d(x,y) < 1 and d(y,z) < 1. Then

d(x,z) <d(x,2) <d(x,y)+d(y,z) =d(x,y) +d(yz)

Hence d does indeed satisfy the triangle inequality.
The topology induced is the same the “small balls” in both metrics are the same (i.e. those with radius
less than 1). |

Lemma 2.3.2 — Comparing metric topologies. Let d,d’ be two metrics on X that generate
topologies 7, 7" respectively. Then 7" is finer than 7 if and only if for every x € X and € > 0, there
exists a & > 0 such that By (x,8) C By(x,€).
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2.3.1

Proof. Suppose T is finer than 7. Let B;(x,€) be an open ball in 7. We wish to show there exists
some & > 0 such that By (x,8) C By(x, €). Since 7" is finer, we know by Lemma 1.3.4 that there exists
some y € X and 8’ > 0 such that By/(y,6’) C By(x,€). Then we simply take 6 = 8’ —d’(x,y)

Now suppose the given condition holds. Let B,(x, €) be arbitrary and let y be some point in this ball.
Take &’ = € —d(x,y). Then By(y,€') C By(x,€). By assumption, there exists some & > 0 such that
By (y,8) C By(y,€') C By(x,€). Once again we invoke Lemma 1.3.4 to complete the proof. |

Uniform Metric
Definition 2.3.5 Given x,y € R’, with x = (x4 )ges and y = (v ) qes We define,

P (x,y) = sup{d(xa,ya) : & € J}
This is known as as the uniform metric.

Although the name is rather suggestive, we should confirm that p is indeed a metric.

Proposition 2.3.3 P is a metric on R’.

Proof. Positive definiteness and symmetry are clear. All that remains to check is that it satisfies the
triangle inequality. Let (x¢)acs, (Va)aes, (o) acs be points in RY. We know that for any given a, we
have

3(-x()hzl)t) S E(xa,}’a) +z()’aaza) S 5(&}’) +ﬁ(y72)

Thus p(x,y) + P(y,z) is an upper bound for d(xq,z4) as we vary o implying that

P(x,2) <p(x,y) +P(12)

as desired. [ |

As with any topology, it is useful to know what the basis sets looks like. In this case, we wish to study
what the open balls in the uniform metric look like.

Proposition 2.3.4 If we have R/, where J is any indexing set then

Bs(x,€) = U H(xa —0,x¢+9)

s<eas

Proof. Suppose we have y € Us ¢ [Tges(Xa — 0,X¢ 4+ 0). Then y € [Tycs(xq — 8,x¢ + &) for some
8 < &. This means that |x, — | for any o is less than 8. Thus p(x,y) = sup{d(xq,yq): @ €J} <5 <.
Hence y € B5(x, €).

On the other hand, suppose y € B (€). We define 8 = sup{d(xq,ya) : & € J} which we know is less
than €. Then we know thaty € [Ty (xq — 6,x¢ + 8). [ ]

Now that we have topology when taking products (at least those of R), we should compare it with our
previous topologies.

Theorem 2.3.5 The uniform topology on R’ is finer than the product topology and coarser than the
box topology. These topologies are all different when J is infinite.
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Proof. Let B be a basis element of the product topology containing a point x = (xg)ges We recall
that B = [[4c;Us where all but finitely many U, = R and the remaining are open sets of R. Let
o4,...,0, be the index values where Uy, # R. Since these are open, we can find g; for each o; such
that B;(xq,, &) C Ug,. We take € = min{g;}. Then it holds that B5(x,€) C B. It is also clear that the
two must be unequal when J is infinite.

Now we show that the box topology is finer than the uniform topology. Let B5(x,€) be an open
ball in the uniform topology and y = (y¢)aes be an element of it. Then by the previous proposition,
Y € [1ges(xq — 8,x¢ + O) for some & < €. As this set is open in the box topology we are done.

In order to see that the inequality is strict in the infinite case, we simply note that

1 1)
B= — =
(-

cannot be open in the uniform topology. |

Theorem 2.3.6 Let X,Y be metrizable spaces with metrics dy and dy and f : X — Y be a map.
Then f is continuous if and only if for every x € X and every € > 0 there exists a 6 > 0 such that
dx (x,y) < 6 implies that dy (f(x), f(y)) < €.

Lemma 2.3.7 — The Sequence Lemma. Let X be a topological space and let A C X. if there is
a sequence of points of A that converge of x, then x € A. The converse holds if X metrizable.

Proof. Suppose x, is a sequence of points in A that converges to some x € X. Let U be some
neighbourhood of x. Then we know that there exists some N € N such that for all » > N, we have
X, € U. Thus U NA is non-empty so x € A.

Now suppose X is metrizable and x € A. For every n, we choose a point from A N B(x, %) which we

know to be non-empty. This gives the desired sequence. |

The converse holds if we loosen the restriction and simply require X to be first countable. We
will see what this means later.

The sequence lemma is useful for deciding what spaces are not metrizable, by using the contrapositive.
We see an example below.

Proposition 2.3.8 R® with the box topology is not metrizable.

Proof. We will show that R® does not satisfy the sequence lemma. Let A = {(xy,x2,x3, - : Vi.x; >
0}. It is clear that 0 = (0,0,0,...) € A. However no sequence of elements in A converges to 0.
Suppose we have a sequence (a,),eny Where a, = (ay,,a2,,a3,,...) converges to 0. Then we take
U = (—ayy,a11) X (—ax,a) X ... which is a neighbourhood of 0 but by construction contains none
of the elements of the sequence. n
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Theorem 2.3.9 R® with the product topology is metrizable with

D(x,y)=sup{3(xi—,’yi):i€N}

Proof. The fact that D is positive-definite and symmetric is follows from d being positive-definite and
symmetric. Then we only need show that it satisfies the triangle inequality. Let x,y,z € R®. Then we
wish to show that

D(x,z) < D(x,y) +D(y,2)
We know for any i € N that

d(xi‘»Zi) < d(xi.v}’i)_i_d(}’i‘azi)
l l l

< D(x,y)+D(y,z)

Thus D(x,y) 4+ D(y,z) is an upper bound for all d021) hence D(x,z) < D(x,y)+D(y,z2).

1
Now we show that this metric does indeed generate the product topology. Let Bp(x,€) be an open ball

in R?. We know there exists some N € N such that 1%, < €. Then we define

where
B;(x,ig), i<N
U=
R, i>N
Note that U is open in product topology (since all but finitely many of the terms in the product are R).
Lety € U. We claim that D(x,y) < €.

D(x,y) :sup{M :ieN}

:max{sup{M:i<N},sup{M:i2N}}

Recall that d is at most 1 so the second term in max is at most 1%, which is strictly smaller than €. On
the other hand, by construction for i < N we have

d(x;,yi) < i€

Therefore D(x,y) is certainly less than €. Thus U C Bp(x, €).
Now suppose B is basis element of the product topology. In other words

B= fIB,-
i=1

where there exists some N € N such that B, =R forn > N. |
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Theorem 2.3.10 R’ with the product topology is not metrizable if J is uncountable.

Proof. We will show that R’ is not metrizable by showing that is does not satisfy the sequence lemma.
Let A := {x € R’ : xo = 1 for all but finitely many a}. Then we claim that 0 = (0,0,0,...) € A. Let

[1Uq be a basis element containing 0. Then there exists some a1, ..., a, such that U, = R for all
o ¢ {a,...,a,}. Then the point y = (yq)qes defined by yo =0if @ € {a,...,,} and 1 otherwise
isin [TU, NA.

Now we show that there is no sequence in A that converges to 0. Suppose not. Let (a,),cn be such
a sequence. For each a,, there exists S, := {a € J : a,, # 1}. By definition of A, we know that S,, is
finite for all n. Hence |J,cy S, is countable so cannot be all of J. We choose some 8 € J — ,,cny Sn
and consider 75 '((~=1,1)) which is clearly a neighbourhood of 0 but cannot contain any element of

(an)nen as all elements of this sequence have 1 in the 8 coordinate. [ |

Theorem 2.3.11 Let f: X — Y be a map between topological spaces X and Y. If f is continuous,
then for every convergent sequence x, — x, we have f(x,) — f(x). The converse holds if X is
metrizable.

Proof. Let (x,)nen be a sequence that converges to some x € X. Let U be some neighbourhood of f(x).
By continuity of f, we know that f~!(U) is a neighbourhood of x. Hence there is some N € N such
that for all n > N, we have x,, € f~!(U). This means that for all such n, we have f(x,) € U.

Now suppose X is metrizable and we know that f is a map where (x,),cn converging to x implies that

f(x,) converges to f(x). We will show that f is continuous by showing that f(A) C f(A) (see Theorem

2.1.2).
Let A C X and let x € A. We know that there exists a sequence (x,),cn that converges to x. Then we
know that f(x,) converges to f(x). Since f(x,) is a sequence in f(A), then f(x) € f(A). |

m Example 2.4 Counterexample: Let R¢ be the countable complement topology on R and R be the
standard topology on R. Define 1 : Rc — R to be the identity map. Then every converging sequence
in R¢ (these are exactly the sequences that are eventually constant) is also convergent in R. However
171((0,1)) = (0,1) is not open in R¢ hence 1 is not continuous. .

Exercise 2.6 Show that every convergent sequence in R¢ is eventually constant. What other
topology on R has the same set of convergent sequences? =

Exercise 2.7 Let X be a set with the topologies 7 and 7’ where (X,7) and (X,7") are both
metrizable spaces. Suppose that a sequence converges in 7 if and only if it converges in 7. Show
that 7 = 7" (Hint: Recall the Sequence lemma). =

Definition 2.3.6 — Uniform Convergence. Let f, : X — Y be a sequence of functions from X to
a metric space Y. Let d be the metric in Y. Then f, converges to f uniformly if for any € > O there
exists some N € N such that for all n > N, we have d(f,,(x), f(x)) < €.

Theorem 2.3.12 Let f, : X — Y be a sequence of continuous functions from a topological space X
to a metric space Y. If f,, converges to f uniformly, then f is continuous.
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Note now we have two ways of viewing convergence RX (recall this is the set of all functions from X
to R). We can talk about uniform convergence of the functions or convergence in the uniform topology.
These two notions of convergence are in fact the same.

Connectedness and Compactness
Definition 2.4.1 — Connected. A space X is connected if the only subsets of X that are open
and closed in X are ¢and X. Equivalently we can say that a space X is connected if there do not
exist disjoint open sets U and V such that U LUV = X. If such a U and V do exist, we call them a
separation of X.

I Exercise 2.8 Verify that the definitions above are indeed equivalent. =

Lemma 2.4.1 If Y is a subspace of X, then a separation of Y is a pair of disjoint non-empty subsets
A, B of Y whose union is Y and neither of which contains the limit points of the other. If there is no
separation then Y is connected.

Proof. Suppose A, B form a separation of Y. We will show that neither of them contains the limit point
of the other.

Since A, B form a separation of Y then A is clopen in Y. This means that in particular A is closed in Y.
Recall that the closure of A in Y is ANY (where A denotes the closure of A in X). As A is closed in Y,
we conclude that A = ANY. This means that

¢ =ANB=ANYNB=ANB

As the closure of A contains its limit points, we conclude that B cannot contain the limit points of A.
By symmetry one can conclude that the A cannot contain the limit points of B either.
Now we show that if we have a pair of disjoint non-empty subsets A, B of ¥ whose union is Y and
neither of which contains the limit points of the other, then they form a separation of Y. We know that
ANB=¢. Then

ANY =AN(AUB) = (ANA)U(ANB)spi=A

Therefore the closure of A in Y is A implying that A is closed in Y. We similarly conclude that B is
closedinY. AsA =Y — B and B=Y —A, they must also be open in Y and thus form a separation.

|
» Example 2.5 The set {a,b} with the trivial topology is connected. .
» Example 2.6 As a subspace of R, [—1,0) U (0, 1] is disconnected. .

Lemma 2.4.2 If the sets C and D for a separation of a topological space X and Y is a connected
subspace of X, thenY C CorY C D.

Proof. We know that C and D are both open in X so CNY and DNY are open in Y. If neither is empty,
this contradicts the connectedness of Y. |
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Theorem 2.4.3 The arbitrary union of a collection of connected subsets of X that have a point in
common is connected.

Theorem 2.4.4 Let A be a connected subspace of X. If B is also a subspace of X such that A C B C A,
then B is connected.

Proof. Suppose B=CUD where C and D are disjoint sets that do contain each other’s limit points.
We will show that one of them must be empty. As A is connected, we know that either A C C or A C D.
Without loss of generality, assume A C C. Then A C C. Thus BND = ¢. |

In particular, this means that the closure of a connected set is always connected, as one may expect.

Theorem 2.4.5 The continuous image of a connected set is connected.

Proof. Let f: X — Y be a continuous map where X is a topological space. Let Z = f(X) be the image
of X, with the subspace topology. Suppose U,V are non-empty open sets whose union is Z. We will
show that their intersection must be non-empty. This is clear as f~!(U) and f~!(V) are non-empty
and open in X, hence connectedness of X implies that their intersection is non-empty. But then the
intersection of U and V is non-empty as well. |

Theorem 2.4.6 A finite Cartesian product of connected spaces is connected.

2.4.1 Connected spaces of the Real Line
Definition 2.4.2 — Linear Continuum. Let L be a simply ordered set with more than 1 element. It

is called a linear continuum if it satisfies:
1. The least upper bound property: every non-empty bounded subset, has a least upper bound
2. If x <y, then there exits a z € L such that x < z < y.

It is clear that R is a linear continuum.
Definition 2.4.3 — Convex Sets. Given an ordered set A, we say a subset T is convex, if given any
x,yeT,wehavethatz€ T forall x < z < y.

Theorem 2.4.7 If L is a linear continuum in the order topology, then L is connected and so are
intervals and rays.

Proof. We have shown previously that given a subset of an ordered set, we can endow it with the order
topology and the subspace topology which in general will not be the same. It is something to be verified
that these topologies do agree if the subset if convex.

We will thus show that all convex subsets of a linear continuum are connected. Let ¥ be a convex
subset of L. Suppose it is not connected. Let U,V form a separation of Y. By assumption these two are
non-empty, so we choose some x € U and y € V. Consider the closed interval [x,y] as a subspace of
Y. We take Uy = U N [x,y] and Vp = V N [x,y]. Note that Uy is bounded from above, hence has a least
upper bound which we will call c. We will show that ¢ cannot be an element of Uy or of V;.

Suppose ¢ € Uj. As Uy is open, there exists some d € L such that [¢,d) C Up. This contradicts ¢ being
an upper bound. We get a similar contradiction if ¢ € Vj. |
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Theorem 2.4.8 — Intermediate Value Theorem. Let f : X — Y be a continuous map where X is
connected and Y is ordered. If a,b € X and r € Y such that f(a) < r < f(b), there exists ¢ € X such
that f(c) =r.

Proof. Consider A = f(X) N (—oo,r) and B = f(X) N (r,0). We know that A, B are non-empty, disjoint
and open in f(X). If there is no ¢ € X such that f(c) = r then we would have that AUB = f(X). But
then A and B are disjoint which contradicts the connectedness of f(X). |

Paths and Components
Definition 2.4.4 — Path. Given some x,y in a topological space X, a path from x to y is a continuous
map f : [a,b] — X such that f(a) =x and f(b) = y.

Definition 2.4.5 — Path-Connected. A topological space X is path connected if there exists a
path between any two points in X.

» Example 2.7 §" ! = {(x},...,x,) € R"x? +...x2 = 1} is connected and path connected .

= Example 2.8 The punctured plane, R*\{(0,0)} is connected and path connected .

» Example 2.9 S := {(x,sin(1/x)|0 < x < 1} which is connected and path connected whereas S =
SU ({0} x [—1,1]) is only connected and not path connected. .

Proposition 2.4.9 Path connectedness implies connectedness but the converse is not true.

Definition 2.4.6 — (Path-)Connected Components. Let X be a topological space. We define
a relation on X, namely x ~ y if and only if there exists a connected set containing x and y. The
equivalence classes produced by this relation are called the connected components of X.

We can also define a relation where x ~, y if and only if there exists a path from x to y. the
equivalence classes produced by ~, are called the path-connected components of X.

I Exercise 2.9 Verify that the above are indeed equivalence relations. n

Compactness

Definition 2.5.1 — Open cover. An open cover of a topological space X is a collection of open
sets whose union is X. An open cover of a subset A of a topological space X is a collection of open
sets whose union contains A.

Definition 2.5.2 — Compact. A topological space X is called compact if for every cover of X,
there exists a finite subcover.

= Example 2.10 R is not compact as we can take our cover to be i = {(—n,n) },en which clearly has
no finite subcover. u

= Example 2.11 X = {0} U{1|n € N} is compact as any open set containing 0 will contain all but
finitely many of the % "

I Lemma 2.5.1 The closed subspace of a compact space is compact.
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Proof. Let X be a compact space and let F be a closed subspace of X. Let A be an open cover of F.
To this open cover, we add the set X — F which we know is open. The compactness of X tells us we
need only finitely many of these to cover X. From this subcover, we remove X — F (if necessary) in
order to get a finite subcover of F as desired. |

p ) Compactness is a topological property. If two spaces are homeomorphic, then one is compact if
and only if the other one is.

I Lemma 2.5.2 Every compact subspace of a Hausdorff space is closed.

Proof. Let X be a Hausdorff space and Y a compact subspace. We will show that Y is closed by
showing that X —Y is open.

Choose some ¢ € X —Y. For every y € Y, there exist disjoint open sets Uy and V; such that ¢ € U, and
y € Vy. Clearly the collection {V,},cy forms an open cover of Y. Compactness allows us to obtain
a finite subcover, say Vj,,...,V;, of Y. Then ;L U,, is an open neighbourhood of ¢ contained in
X-Y. |

p ) Above we have in fact proven the following: given a compact subspace Y of a topological space
and a point ¢ not contained in Y, we can find disjoint open sets U and V such that ¢ € U and
Y C V. In other words the point ¢ and compact subspace Y have ‘disjoint neighbourhoods’.

= Example 2.12 (a,b) C R and (a,b] C R are not closed hence not compact. u

m Example 2.13 If R is endowed with the finite complement topology, then every set is compact. =

I Lemma 2.5.3 The continuous image of a compact set is compact.

Proof. Let f: X — Y be a continuous map with X being a compact space. Let {Ug } be an open cover
of f(X). Then {f~!(Uy)} is an open cover of X. Hence the compactness of X means we only need
finitely many of these to cover X, say {1 (Ug)}",. Then {Uq, }", is a finite subcover of f(X). W



Section 3 Introductionto Algebraic Topology

Having studied so much topology, we want to lift our gaze a bit and consider how many different
topologies are possible which is to say, we would like to classify topological spaces, up to homeo-
morphism. This is a very difficult question that still has no complete answer. However one way we
can begin is by associating topological spaces with certain groups in such way that if two topological
spaces have two different groups then certainly the spaces are not homeomorphic. This is, broadly
speaking, what one does in algebraic topology.

3.1 Fundamental Groups

The fundamental group is the set of all loops around a point, modulo homotopy. In the remainder of this
section, we will often say things like ‘the fundamental group of R” is trivial® or that ‘the fundamental
group of S is Z’. Of course what we mean by that is that the fundamental group of R” is isomorphic
to the group of one element and that the fundamental group of S! is isomorphic to Z. Even more
fundamentally, what we mean by this is that the method of ‘combining’ loops, on a circle for example,
behaves the exact same way as adding two integers (for example, the integers are a cyclic group
generated by 1 and —1. Similarly, the fundamental group for the circle is generated by one element and
its inverse (try and guess what these might be)).

Admittedly, I am restating definitions (and possibly the obvious) again and again, however I do this
because I think this is an important thing to keep in mind if you ever feel lost. We are associating an
algebraic structure to our space and this structure is directly related to our space by telling us how we
can combine loops. Remember that is our goal throughout.

3.2 Covering Spaces

Covering spaces are a common tool used in finding fundamental groups and such.

Definition 3.2.1 — Covering Space. Let E, B be topological spaces and p : E — B a continuous,
onto map. An open set U C B is said to be evenly covered by p if p~!(U) = ||, Vo Where Vo C E
are disjoint open sets such that p|y, is a homeomorphism onto U.

If (E,B, p) are such that for every x € B there exists an open neighbourhood of x that is evenly
covered by p, then E is said to be a covering space of B and p is called a covering map.

» Example 3.1 Let X be a topological space. Take E = X x {1,...,n} and define p: E — X by
p(x,i) = x. Then E is a covering space of X with p as a covering map. "

It is perhaps tempting to say, especially given the previous example, that E is disconnected as it can be
expressed as the disjoint union of open sets. However note that this is only the case locally. A useful
image is that of a spiral stair case which we take to be our covering space that covers the disk that lies
in the the ‘shadow’ of the staircase. For every point in this disk we can find a small neighbourhood,
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where the inverse projection looks like the disjoint union of a collection of open sets. However the
staircase itself is connected (This is a deliberately imprecise formulation but what I find to be a useful
image when trying to think of covering spaces).

A few remarks to be made about covering maps: covering maps are open maps (they map open sets
to open sets) and the preimage of a single point under a covering map has the discrete topology. The
staircase image should hopefully make both of these statements obvious. p is quite similar to being a
projection and this is one way of asserting that. Furthermore in order to find the preimage of a point
under p one can imagine drawing a vertical line that passes through the given point. Then the points in
the preimage are exactly where the staircase intersects the line which is clearly just a discrete collection
of points. See this demo for the staircase visualisation.

I Lemma 3.2.1 Covering maps are open maps.

Proof. Let A C E be open and choose some x € p(A). We wish to show that there is a neighbourhood of
x contained in p(A). Let U be a neighbourhood of x that is evenly covered by p. Then p~!(U) = | |Vy
for some Vi, open in E. Let y € A be such that p(y) = x. As the V,, are disjoint, there exists exactly one
Vi containing y. Now we know that A NV, is an open in V;, (and in particular contains y). Since ply,
is a homeomorphism, p(ANVy) is open in U (the range of p|Vy). As U is open in B, it follows that
p(ANVy) is open neighbourhood of x that is clearly contained in p(A). |

Lemma 3.2.2 The preimage of a single point under a covering map has the discrete topology (as a
subspace of the covering space).

Proof. Let E be a covering space of some topological space B with p : E — B as a covering map. Let
b € B be arbitrary. Let U be a neighbourhood of b that is evenly covered by p. Then p~ ' (U) = || Vq
where each V,; is homeomorphic to U. This means in each V,, there is exactly one ey such that
p(eq) = b. Hence the singleton sets {eq } are open in p~!(b) as desired. |

A useful and recurring example will be that of the circle being covered by R.

Proposition 3.2.3 The map p : R — S! given by p(x) = (cos(27x),sin(27x)) is a covering map of S'.

Proof. Let U+ be the set of points in S' with a positive x coordinate. We can similarly define
Uy-,Uy+,U,-. Itis clear that each of these sets is open and every point in § ! must lie in at least one
of the above sets (most will lie in two). Now note that p~!(U,+) = | J,ex(n — §,n+ §). This means
that U,+ is evenly covered by p. We can similarly argue the case for the other three sets to conclude
that they are also evenly covered by p. Each forms a neighbourhood of some point in S' giving us the
desired conclusion. |

3.3 Lifts
Definition 3.3.1 Let p: E — B be a map (note we are not asserting that p is a covering map.
Although we will be using lifts for covering maps, the idea is more general and is used elsewhere as
well). If f: X — B is a continuous map (for some topological space X), then f : X — E is a lifting
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of fif po f = f. In particular, f is a lifting of f if the following diagram commutes:

i E

! lp

X — B
f

= Example 3.2 Consider the covering map of S' from Proposition 3.2.3. We define f(s) = (cos(7s), sin(7s))
(note this a path from (1,0) to (—1,0)). Then f(s) = 5. .

= Example 3.3 If g(s) = (cos(7s), —sin(7s)) (another path from (1,0) to (—1,0), then g(s) = —5. =
m Example 3.4 If i(s) = (cos(47s), —sin(47s)) (looping twice around the circle), then /(s) = 2s5. =

As suggested by the above examples, an important property of covering maps is that a lifting of a path
always exists. It is perhaps useful to return to our staircase analogy. Draw a path in the disk covered by
the staircase. Intuitively, it is clear that we can draw paths on the staircase such that projecting them
down gets us back the original path. In fact once we fix a starting point for the paths of this staircase,
the lifting becomes unique. We formalise this intuition below.

Lemma 3.3.1 Let p: E — B be a covering map with p(ep) = bp. Then any path in B beginning at
bg has a unique lifting to a path in E starting at e.

Proof. Let f:1 — Bbe apath in B. We first construct the lifting and then show its uniqueness.

we know that for every b € B there is a neighbourhood U, of b that is openly covered by p. This forms
an open cover of B. Then f~!(U,) forms an open cover of I = [0, 1]. We can then apply the Lebesgue
number lemma to partition / so that the image of each subinterval lies entirely within an open set evenly
covered by p. In particular we find so < 51 < --- < s, such that f([s;,s;+1] C Uy for some b.

We define f : I — E by first asserting that f(0) = ey (we want the path to start at ep). Now suppose
we have define f(s) for all 0 < s <'s;. We can then extend this to f to be defined on [s;, s;1]. We take
b = f(s;) and note that Uj, is evenly covered by p. Then p~!(U,) = | |V,,. We know that f(s;) is in
some particular V. As ply, is a homeomorphism, it is clear how to define f(s), namely

F(s) = ply, (£(5))

By the pasting lemma (see Theorem 2.1.3), defining f in this piecewise manner still gives us a
continuous function.

Now suppose g : I — E is another lifting of f that starts at ¢y. Clearly g(0) = 0 = f(0) Now suppose
g(s) = f(s) for 0 < s < s; for some s;. We will show that they must be equal on [s;, ;1 1]. As before we
know that f (s;) of some particular V, where Vy, is one of the disjoint open sets in U F(si)- AS [siy8i41] 18
connected, we know that g(s) € V,, for all s € [s;,5,+1]. Additionally we know by definition of lifts that
p(g(s)) = f(s). For s € [s;,si4+1] we can just as easily say that p|y, (g(s)) = f(s). However ply, is a
homeomorphism which means that g(s) = p|,, al (f(s)) = £(s). [ |

Now we wish to show that path homotopies can be lifted as well. This would mean that if two paths are
homotopic in B then they would be homotopic in the covering space as well.

I Lemma 3.3.2 Let p : E — B be a covering map with p(eg) = by. Let F : [ x I — B a continuous
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map with F(0,0) = by. Then there is a unique lifting of F to F' : I x I — E satisfying F(0,0) = e.
If F is a path homotopy then F is also a path homotopy.

Proof. The gist of the proof is the same as before hence we do not provide full details. We first
subdivide [ x [ into sub rectangles the images of each which under F lie in an open set that is evenly
covered by p. We can construct F piece wise as before by starting at the bottom left corner and working
our way to the top right.

Now we need show that if F is a path homotopy then F is a path homotopy. In particular we need
to show that /(0 x I) and F (1 x I) are both one-point sets. We know that F(0 x I) and F(1 x I) are
one-point sets as F is a path homotopy. Then p~!(F (0 x I)) has the discrete topology. The continuity
of F and connectedness of 0 x I implies then that 7 (0 x I) must be a one-point set. |

Note that two paths with the same starting point and ending point need not to be lifted to paths with the
same starting and ending points. We have already seen an example of this (where?). You may also wish
to use the staircase analogy to visualise why this not need be the case. However if the two paths are
homotopic, this is no longer an issue.

Theorem 3.3.3 Let p: E — B be a covering map. Let p(eg) = by. Suppose f, g are two path from
by to by in B with their respective liftings being £ and g. Then if f and g are homotopic then f and g
end at the same point and are homotopic.

Proof. Let F be the path homotopy between f and g. It is easy to see that F is a path homotopy
between f and g (we know that F is a path homotopy between two paths and by considering F (s, 0)
and F'(s,1) we can find the paths). [ |

Definition 3.3.2 — Lifting Correspondence. Let p: E — B be a covering map and let by € B.
Choose e € E so that p(ey) = by. Then given [f] € 7t (B, by) we can lift it to be path f in E (starting
at ep). By the above, f(1) is independent of the choice of representatives. Hence the map

b ﬂl(B,bo) —)pil(bo)
[f] = F(1)

is well defined. We call @ the lifting correspondence derived from the covering map p (note that it
depends on our choice of ep).

Theorem 3.3.4 Let p: E — B be a covering map. Let p(eg) = by. If E is path-connected, then ® is
onto. If E is simply connected, then & is a bijection.

Proof. Suppose E is path-connected. Suppose e; € p~!(bg) and we wish to show that there is some
[f] in 71 (B, bg) such that f(1) = e;. Let f be a path from eg to e;. Then po f is a loop in B based
at by (since p(0) = p(1) = bp) which lifts to f by construction and ends at e;. Therefore if E is
path-connected, ® is onto.

Now suppose E is simply connected. We wish to show that ® is injective, i.e. we wish to show that
®([f]) = ®([g]) then [f] = [g]. ®([f]) = ®(|g]) implies that f(1) = g(1). Thus f and & are paths in
E that start and end at the same point. Since E is simply connected, this implies that the two path
are homotopic. Composing p with the homotopy gets us a homotopy between f and g implying that
[f] = [g] as desired. |
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3.3.1

Theorem 3.3.5 The fundamental group of S' is isomorphic to the additive group of the integers.

Retractions and Fixed Points
I Definition 3.3.3 — Retractions. If A is a subset of a topological space X, then a retraction of X

onto A is a continuous map r : X — A such that r|4 is the identity. If such a map r exists, then A is a
retract of X.

Clearly a loop in A is also a loop in X. The existence of a retraction tells us that multiplying loops in
A is compatible with multiplying them in X. Thus we see that the fundamental group of A must be
contained in the fundamental group of X. We formalise this intuition below.

Lemma 3.3.6 If A is a retract of X, then the inclusion map j: A — X induces an injective group
homomorphism between the fundamental groups.

Proof. Let r be a retraction of X onto A. Then ro j is the identity on A so (ro j), = r, o j, is the identity
homomorphism. This means that j, must be injective. |

Lemma 3.3.7 Let /: S' — X be a continuous map. Then the following are equivalent:
* h is nullhomotopic
* hextends to a continuous map k : B> — X
* hx is the trivial homomorphism

Proof. (1 = 2) Suppose h is nullhomotopic. Let H be homotopy between % and a constant map. In
particular then H is map from S' x I to X. We define a quotient map as follows p : S' x I — B?, p(x,t) =
(1 —1)x. Then as H is constant on S' x {1}, it continuous map k from B> to X.

Let us unpack the above proof to be a bit more visual. Recall that S! x I is just a cylinder. The quotient
map allows us identity every point on the cylinder without its top rim with every point on the disk
without the origin. Finally we identify the top rim with the origin to complete the map. Now given any
map from S' x I we can easily interpret it as a map on the disk instead, provided that the top rim of the
cylinder (that is S' x {1}) is mapped to one point. If it’s mapped to more than one point then we don’t
know where to map the origin on the disk.

(2 = 3) Suppose & extends to a continuous k : B> — X. Let j : S' — B? be the inclusion map. Then
h = ko j (k is an extension is an extension of / so in particular they must agree on the domain of %
which is what j identifies for us). Then &, = k, o j,. As the fundamental group of S' is not trivial which
the fundamental group of B? is, it must be true that j, is trivial (i.e. maps everything to the identity).
Therefore h, is also trivial.

We translate this proof into the language of loops once again, with less formal precision. Suppose f is
aloop in S'. Then f is also a loop in B>. As h is a continuous map from S! to X, we can ‘push’ f to a
loop in X via h. However we can extend / to k which is a map on all of B>. As & and k agree on S!,
pushing f via A is entirely equivalent to pushing it via k. However, we can contract f to a constant loop
before pushing it which means we can contract the loop after its been pushed as well. This means every
loop we push to X via & is homotopic to a constant map as desired.

(3 = 1) Suppose #, is trivial. We wish to define a homotopy G : S' x I — X such that G(x,0) = h(x)
and G(x, 1) = c for some constant ¢ € X. Let pg : I — S' be given by po(x) = (cos27x,sin27x). Then
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ho pg is homotopic to a constant map. Let H be this homotopy. In particular, H is a continuous map
from I x I to X. Now we note that po x id; : I x I — S' x I is a quotient map. We wish to define
G(x,t) = H((po x id;)~'(x,1)). Note that py is nearly bijective so the above readily makes sense almost
everywhere. The only issue occurs at by as p, ' (bo) = {0, 1}. Hence (po x id;) = (bo,t) = {(0,1),(1,1)}.
However as H is a path homotopy H(0,7) = H(1,t) for all ¢ € [0,1]. This means that G is indeed
well-defined. It is then easily verified that G is a homotopy between 4 and a constant map. |

3.4 Deformation Retracts and Homotopy Type

Lemma 3.4.1 Let h,k: (X,x0) — (Y,y0) be continuous maps. If 4 and k are homotopic such that
the image of xp remains fixed at yg during the homotopy then 4., and k, are equal.

Proof. Let f be aloop in X based at xo. We wish to show that 4o f and ko f are homotopic. However
the homotopy between & and & gives us this exactly.

We provide some more details here. Let H be the homotopy from /4 to k that keeps the image of
xo fixed at yo. Then H : X x [ — Y is a continuous map such that H(x,0) = h(x) and H(x,1) = k(x)
and H(xo,t) = yo for all t € I. Now define H : I x I given by H(s,t) = H(f(s),t). Then H(s,0) =
H(f(s),0) = h(f(s) and H(s,1) = H(f(s),1) = k(f(s)) as desired. |

Consider a loop in R? — {0}. It is clear that any loop in this space is going to be homotopic to some
loop on the unit circle as we simply need to normalise all the points along the loop. Thus if we wish to
study the loops on this space, it suffices consider loops on the circle. We now formalise this idea and
generalise it to R” — {0}.

Theorem 3.4.2 The inclusion map j : §* — R"*! induces an isomorphism of fundamental groups.

Proof. We wish to show that j, is invertible so in particular has an inverse. Let r be the retraction of
R — {0} to $". Recall that this is given by
X
r(x) = —
[l

We claim that r, is the desired inverse.
First clearly ro j is the identity on S” hence 7, o j, is the identity homomorphism. This confirms that 7,
is at least a left-inverse.
Now we show that although j o r is not the identity, it is in fact homotopic to the identity. The map

X
H(x,t)=(1—1t)x+t I

gives a homotopy from the identity on R"*! — {0} to jor. We verify that H(x,t) is never O since

|H (x,0)|| = (1 —12(1 — m) ||lx|| which is never 0.

Additionally note that by = (1,0, ...,0) remains fixed during the homotopy. Then applying the previous

lemma, we see that j, o r, must be the identity homomorphism proving that r, is also the right inverse

of j, as desired. |

The above idea generalises to what are called deformation retracts. If X is a topological space, then
we say that A C X is a deformation retract of X if there exists a continuous map H : X x I — X such
that H |4« is the identity and H(x, 1) € A for all x € X. The map H is called a deformation retraction.
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(a) Figure-8 (b) Glasses

Figure 3.1: Two homotopically equivalent spaces

We see that r(x) = H(x, 1) is a retraction of X to A. We can use the above proof almost exactly to
conclude that given a deformation retraction, r, and j, are inverses of one another (where as usual j is
the inclusion map from A to X).

Theorem 3.4.3 Let A be a deformation retract of X and xo € A. Then the inclusion map
J:(Ax0) — (X,x0)

induces an isomorphism of fundamental groups.

With a deformation retract, we are in some sense removing the extra space that doesn’t matter, in the
sense that it doesn’t introduce any new, distinct loops. For example, consider a loop on the punctured
plane that goes around the origin. It is clear that such a loop is homotopic to the unit circle. Hence any
of the space that is not in the unit circle isn’t actually of any interest (at least if we’re only focusing on
the loops). That is what motivates deformation retractions and with a bit of practice, you will be able to
easily spot what a space should deform retract to.

Next we want to talk about homotopy equivalences. Recall, that we say two maps are essentially the
"same" if we can continuously deform one to the other (this of course made concrete with the idea of
homotopies). We want to use a similar idea to characterise spaces. Namely we should be able to distort
a space in some ways without that affecting the loop structure of the space.

Consider the example of glasses and the figure-8 as shown in Figure ??. We instantly see that neither
space is the deformation retract of the other. However, we can intuit that the fundamental group of
the two spaces must be the same since, from the perspective of loops, having a single connecting
point or having a single connecting line is the same thing. This means that the connecting line hasn’t
really added any meaningful structure to the space, when viewed from the perspective of loops (this is
similar to the discussion above of how deformation retracts allow us to remove what may be considered
redundant space). This is exactly what homotopy equivalence aims to capture.

Definition 3.4.1 — Homotopy Equivalence. Let f: X — Y and g: Y — X be continuous maps.
Suppose that go f : X — X is homotopic to the identity on X and fog:Y — Y is homotopic to the
identity on Y. In this case, f and g are called homotopy equivalences and are said to be homotopy
inverses of one another. Two spaces X and Y are said to be homotopy equivalent if there exists a
pair of homotopy equivalences between them.

As one may suspect, homotopy equivalence is indeed an equivalence relation. Two spaces that are
homotopy equivalent are also said to be of the same homotopy type.

We would like to prove that spaces of the same homotopy type have isomorphic fundamental groups.
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However, first we need to make a few statements about homotopies that do not preserve the basepoint
during the homotopy. In particular, we want to say that allowing a loop to move along a path starting at
the basepoint, doesn’t get us a different loop.

Lemma 3.4.4 Let i,k : X — Y be continuous maps with A(xg) = yo and k(xp) = y;. Let o be the
path from yg to y; given by o (1) = H(xo,t) where H : X x I — Y is the homotopy from % to k. Then

k*:aoh*

In other words, the following diagram commutes

HI(X,X() —) T Yy())

I

T (Y,y1)

Theorem 3.4.5 m (X x Y, (x0,y0)) is isomorphic to 7; (X, x0) % 71 (Y, o).

Proof. We wish to create an isomorphism between the space of loops on X x Y and the space of loops
on X and Y respectively (or more precisely on the product of the latter two spaces). The projection
maps gives a natural way to translate from one space to the other so it seems clear that they provide the
desired isomorphism. Let us write this more formally.

Letp: X XY — X and g: X XY — Y be the projection maps. We claim that the map

b T (X X Y, (XQ,yo)) — T (X,X()) X T (Y7y0)
17 p([f]) x g ([f])

is a group isomorphism.

The fact that ® is a group homomorphism follows from the fact that p, and ¢, are group homomor-
phisms. We then verify the surjectivity of ®, so let [g] and [A] be elements of m; (X,xp) and 7 (Y,y0)
respectively. Then the loop f given by f(s) = (g(s),h(s)) is such that ®([f]) = [g] X [A]. In order
to verify injectivity, we show that that the kernel is trivial. So suppose ®([f]) = id (the identity on
m (X, x0) X 7 (Y,y0) is of course the product of the identities on 7; (X, x¢) and 7; (Y, yo) respectively).
Then, by definition of & and the identity elements of fundamental groups, we know that po f and go f
are homotopic to the constant maps cy, and c,, respectively. Let G and H be the respective homotopies.
Then F(s,t) = (G(s,t),H(s,t)) gives us a homotopy from f to c(y, y,) as desired. |

The following theorem is a special case of the Siefert-Van Kampen Theorem which will be discussed
later.

Theorem 3.4.6 Suppose X = U UV where U and V are open sets of X and U NV is path connected.
Letxo € UNV. Let i, j be the inclusion mappings for U,V respectively. Then the images of i, and
J« generate 1 (X, xp).

Proof. Let f:[0,1] — X be a loop in X. We wish to express f as some product of loops in U and V
respectively. We first find a partition of [0, 1] such that 0 =7y <} < --- <t,_1 <1, = 1 where each
Sf([tisti+1]) is contained entirely within either U or V (the existence of such #; is guaranteed by the
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Lebesgue number lemma and compactness of [0, 1]). We would also like that each f(z;) liesin U NV.
We can get this by asserting that f([t;,#;+1]) and f([ti41,%12]) lie in separate sets (i.e. one lies in U and
the other in V). If this is not the case, we can simply remove ;| from the partition.

Let f; denote the path corresponding to f([t;,%:+1]), rescaled to have domain [0, 1]. Then

1= 1% fok o fui]

We know that f(z;) always lies in U NV which is path-connected. Then let o; denote the path from f(z;)
to xo. Let 0p and o, both denote the constant path at xo. Then

[fl=[00*fi*xO1xC1* faxOp%...0, 1% fr_1%0y]
=[O0 * f1* 01| *[O1 % frxOa] %...[Cp_1* fr_1 % O]

Each 0;_ * fi* 0; is aloop in U or a loop in V based at xp, as desired. |

Corollary 3.4.7 Suppose X = U UV where U,V are open and U NV is path-connected. If U and V
are simply connected (i.e. trivial fundamental group), then X is also simply connected.

Let use this corollary to prove something we may have suspected all along.

Theorem 3.4.8 If n > 2, then S" is simply connected

Proof. Let p,q be two distinct points on S” (often taken to be the north and south poles). Let U =
S"—{p}and V =8"—{g}. Then UNV = §" — {p,q}, which is path connected (given than n > 2).
Each of U and V are homeomorphic to R" hence are simply connected. This implies that S” is also
simply connected, by the previous corollary. |

p A common homeomorphism from §” — {N} to R" where N is the North pole is stereographic
projection, given by
1

T (X1, -0 52xn)

f(X1,...,xn+1) =

We now define a new and important space in algebraic topology: the (real) projective plane, RP2.

Definition 3.4.2 — Projective Plane. The real projective plane is the set of all lines that pass
through the origin in R3.

Although perhaps a seemingly bizzare space (points in this space are after all lines), this space (and
its related cousins) turn out to be quite important and have some lovely properties, especially when
considered as cell complexes (a story for another time, you can read up on these Allan Hatcher’s freely
available textbook Algebraic Topology). For now let us simply try and understand this space a bit better.
Every line can be characterised by 2 points hence every line passing through the origin in R? can be
identified by the pair of points it intersects on the unit sphere, S?. These are of course going to be
antipodal points. Hence we can equivalently describe RP? as the sphere where we identify antipodal
points. The quotient map in this case is also a covering map. The preimage of a point in RP? has
exactly two points in S? (the pair of antipodal points). Moreover the covering space, SZ is simply
connected, hence by lifting correspondence, we know that the order of the fundamental group is 2.
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There is only one group (up to isomorphism) of order 2, so we know that the fundamental group of
RP? is the cyclic group of 2 elements.

There is a useful way of drawing RP?. Recall that RP?> may be defined as the sphere with antipodal
points identified. Forgetting the equator for a minute, we can choose the open Northern hemisphere to
be the representatives of each equivalence class. The open hemisphere is homeomorphic to the open
disk. Now we fit the forgotten equator on the boundary of this disk and mark it to remind ourselves that
antipodal points on the boundary are identified with each other. This can be a useful illustration of the
projective plane.

Exercise 3.1 Venture a guess as to what a space with a fundamental group of 3 elements may look
like. If you are currently unable, to verify your answer the following theorem should help. =

Exercise 3.2 You might think that we skipped over something by jumping to lines in R when
lines in R? seem like a more natural starting step. Indeed one can identically define a space called
RP, known as the real projective line, which is the set of all lines in the plane that pass through the
origin (or equivalently define it as the circle with antipodal points identified). As it turns out this is a
space we are already intimately familiar with. What is it? =

3.5 Siefert-Van Kampen Theorem

It’s useful to start with an example that isn’t going to be exactly a demonstration of the theorem but
helps motivate the idea of the theorem.

Figure 3.2: Figure-8

We consider the example of the figure-8. We are trying to find the distinct loops on this space. We will
take our basepoint to be the point the circles have in common. One loop we could have is going around
the left circle, in a clockwise path say. Let us call this loop a. Then a generates all the loops we could
have on the left circle (we infer this from the case of the circle). Similarly we can have a loop that goes
around the right circle once, which we call b, which generates all the loops on the right circle. Intuition
suggests that a and b are not path homotopic so are indeed distinct (one can imagine that if such a path
homotopy were to exist it would have to go through the space within or outside the circles which is of
course not allowed). Then any string of @ and b (and a~'and b~!) is also a valid, and distinct, loop on
this space. This is known as the free group of two generators and is indeed the fundamental group of
the figure-8 (I like to think of the free group as taking a set and throwing everything into it that you
need in order to get a group with the operation being concatenation).

Note how we were able to infer the fundamental group of the figure-8, using the fact that we knew the
fundamental group of the different parts of it (namely the two circles). This is what the Siefert-Van
Kampen Theorem codifies for us.
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There are several ways of stating the theorem. We provide two here.

Theorem 3.5.1 — Siefert-Van Kampen. Let X = U UV where U,V are open in X. Assume that
U,V and U NV are path connected. Let xo be in U NV and let j : (U, xo) * 71 (V,x0) — 71 (X, x0)
be the homomorphism of the free product that extends the homomorphisms ¢;_, ¢,,. Then j is
surjective and its kernel is the least normal subgroup that contains all elements represented by

(01.(8) 2. (g)) for g € m (UNV,xo).

Theorem 3.5.2 Suppose X = U UV where U,V are open in X with U,V and U NV path connected.
Suppose we have the following presentations

ﬂl(UﬂV,XQ) = (S : R)
71'1(U,X0) = (Sl 2R1>
T (V,X()) = (Sz 8 Rz)

Define Rs = {{g1. (5)) = (¢2.(s))}. Then

71:1(X,x0) = <Sl US> :RiUR, UR5>

Let’s try and unpack the first statement a little bit. The loops in X are of course going to be given
by loops in U and V since X = U UV. We can perform any number of loops in U, followed by any
number of loops in V, repeated any number of times. This is why the domain of j is the free product of
m (U, x0) with ; (V,x0); we know 71 (X, xp) is ‘at most that big’. The problem is that, in general, this
will be an over count the loops (for example loops that lie entirely in U NV will be seen in both), hence
why j is surjective. The over count occurs from the loops in U N'V. Suppose g is a loop 7 (U NV, xp).
Then viewing g as a loop just in U or a loop just in V should be the same, so ¢;,(g) = ¢, (g). This
is equivalent to ¢, (g) !¢, (g) = e hence why this lies in the kernel of j. A similar breakdown of
the second phrasal of the theorem can be done and is recommended. You should be able to convince
yourself that the two statements really are the same.

This is the informal intuition behind the theorem, a formal proof is not provided but can be found in
almost any algebraic topology textbook.

m Example 3.5 Let’s try finding the fundamental group of the figure-8 using the Siefert-Van Kampen
Theorem. So let X be the figure-8. Let p be some point on left circle and ¢ some point on the right circle
(both distinct from xp, the common point of the two circles). We define U =X — {p} and V = X — {q}.
Note that U,V are open and that U NV is path-connected.

Consider U. The punctured (left) circle can be deformation retracted to xy leaving just the one circle.
Therefore 7 (U,xp) = (a: ¢). Analogously, m(V,xo) = (b: ¢). We see that U NV be deformation
retracted to xp, hence 7 (UNV,x0) = (¢ : ¢) {e}. Therefore the kernel of j must be trivial as well (or
Rs = ¢), therefore (X, xq) is 7 (U, x0) * 71 (V,x0) (or 71 (X,x0) = {a,b: ¢}) which is the free group
of two generators as claimed earlier. "

m Example 3.6 Let’s try a more interesting example and try to find the fundamental group of the torus
using the Siefert-Van Kampen Theorem.

We take U to be the interior of the space and V to be X — {p} where p is the point in the center. It is
clear that U NV is path-connected (being a punctured disk). Then U is homeomorphic to the open disk
therefore 7 (U,x0) = (¢ : ¢). We deformation retract V to its boundary. The boundary is the wedge of
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two circles (one for the horizontal edges and one for the vertical edges). Therefore 7y (V,xo) is the free
group of two generators. One the generators is going to correspond to the the horizontal edges and one
to the vertical edges. Of course xg itself is not on the boundary so its not exactly as simple as that but
not much more complicated either. We let o denote a path from x to the point that the wedge of circles
has in common. Then 7, (V,xp) = ([0 *axG|,[0*b* G| : ¢), where a and b are paths travelling along
the horizontal and vertical edges respectively. We define A = [0 *a* G| and B = [0 x b G| for the sake
of brevity.

As we mentioned, U NV is the punctured, open disk. Therefore 7 (U NV,x0) = (s : ¢), where s is a
loop that goes around the puncture. Then we only need to interpret s as words (or loops) in 71 (U, xo)
and 7, (V,xp). As aloop in U, this loop is trivial (as indeed all loops are). So in particular ¢, (s) = e.
However as a loop in V, it is not. One can imagine expanding s until it lies exactly on the boundary. We
then see that ¢, (s) = ABA™'B~!. Therefore 7; (X ,x0) = (A,B: ABA™'B~! = ¢). This is the abelian
free group of two generators, or simply Z x Z.
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