MAT324: Real Analysis — Fall 2016
ASSIGNMENT 10 — SOLUTIONS

Problem 1: Let A, Ay and 1 be measures on a measurable space (X, F). Show that if \; < u
and A2 < p then (A 4+ A\o) < p.

SOLUTION. Suppose E € F is such that u(E) = 0. Since A\; < p and Ao < p, A1 (E) = \a(E) =0,
s0 (A1 + A2)(E) =0, thus A\; + Ao < p. O

Problem 2: Let X = [0,1] with Lebesgue measure and consider probability measures p and v
given by densities f and g as follows

wE) = [ fam and u(B)= [ gam

for every measurable subset E C [0,1]. Suppose f(x),g(x) > 0 for every = € [0, 1]. Is v absolutely
continuous with respect to p (that is v < p)? If it is, determine the Radon-Nikodym derivative
%' Is u absolutely continuous with respect to v (that is u < v)?

SOLUTION. Let E be a Lebesgue measurable set and let m denote the Lebesgue measure. Notice
that since f > 0, w(E) = [ fdm = 0 iff m(E) = 0. In particular, if y(E) = 0, then v(E) =
Jz gdm =0, for m(E) =0, so v < p. The argument to show that p < v is similar. Furthermore,
since v < pu < m, by proposition 7.7, (ii) in the textbook,

v _ dvdp
dm — dpdm’
SO g—; = 5. ]
Problem 3: Suppose p is a o-finite measure on ([0, 1], F) and Ej, Es, ..., E9p14 are measurable
2014
subsets of [0,1]. Define v on F by v(E) = (EN Ey). Show that v < p and find the Radon-
k=1

Nikodym derivative g—z
SOLUTION. Notice that
,u(EﬂEk) = / XEkdm,
E

So for each measure vy, defined by v (E) = u(E N Eg), we have vy < m. By problem 2, v =
Ziff vp < m. In addition, from vy (E) = 3, x g, dm, we know that %’; = XE,- By proposition 7.7
(i) in the textbook, 5—7’; = Ziozlfl XE},- O
Problem 4: Let Aj, Ag, u be measures on a g-algebra F. Show that

a) If Ay L pand Ag L pthen (A + Ag) L p.

b) If Ay < pand Ay L g then Ao L Aj.



SOLUTION.

a) If Ay L p and Ao L p then there exist disjoint sets A;, B;, i = 1,2, such that 4, U B; = X,
w(A;) = 0, \i(B;) = 0. Then the sets A = A; U A2 and B = B; N By satisfy X = AU B,
ANB =10, and

1(A)
(AL + A2)(B)

W(A1) + p(Az) = 0
)\1(31) + )\2(32) =0

VARVAN

This implies that (A1 + A2) L p.

b) Suppose A\ < pand Ao L p. Let A, B € F be disjoint sets, AU B = X, and A2(A) = 0,
u(B) = 0. Since A\ < pu, we also have A\;(B) =0, so A2 L Aq. O

Problem 5: For a point x, define the Dirac measure d, to be

1 ifzeA
633(14)_{ 0 ifz¢ A

For a fixed set B define the Lebesgue measure restricted to B by mp(A) = m(A N B). Let
p =01+ mpp4 and v = dp + m(y ). Show that v L pu.

SOLUTION. p and v are concentrated on disjoint sets, namely {1}U[2, 4] and {0}U(1, 2), respectively,
so they are mutually singular. O



