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Abstract
In single-agent dynamic discrete choice models, counterfactual behavior is identi…ed for some (but
not all) counterfactuals despite the fact that the models themselves are generally under-identi…ed.
We review recent results on the identi…cation of counterfactuals in dynamic discrete choice settings.
When it comes to dynamic discrete games, we conjecture that counterfactuals are generally not
identi…ed, even when analogous counterfactuals of single-agent models are identi…ed. Using the
example of a duopoly entry game, we explain why strategic considerations undermine the identi…cation
of counterfactual equilibria in dynamic games.
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Introduction

The main reason applied researchers estimate structural econometric models is to perform counterfactuals, such as hypothetical, or factual, policy interventions to the environment under study. Despite a
vast literature on the identi…cation of structural models, we know very little about the identi…cation of
counterfactuals associated with them. This issue is particularly important when the employed model is
not identi…ed, as in the case of dynamic discrete choice models (DDC). DDC models have proven useful
to analyze public policies in a variety of contexts (e.g. labor markets, …rm dynamics, health choices). In
this paper, we review recent results exploring when counterfactual behaviour of dynamic discrete choice
models are identi…ed. While such results have been developed only for the case of single-agent models,
they have strong implications for the identi…cation of counterfactuals of dynamic games. We then present
one such implication in the context of a simple duopoly dynamic entry game.
? and ? showed that DDC models, under very general assumptions, are nonparametrically not
identi…ed; one source of under-identi…cation is that there are always many di¤erent utility functions
which can rationalize observed choice behavior. Given this fact, ? claim that “the entire dynamic
discrete choice project thus appears to be without empirical content, and the evidence from it at the
whim of investigator choices about functional forms of estimating equations and application of ad hoc
exclusion restrictions.”
Whimsically imposed or not, the restrictions that allow researchers to estimate a DDC model might
not matter for the counterfactuals the researchers are ultimately interested in. Counterfactuals typically
involve a change in utility functions, in the process governing state transitions, and/or in the set of actions
and states available to agents. If every utility function consistent with the observed data generates the
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same behavioral response to a given counterfactual, then that counterfactual can be said to be identi…ed.
In other words, identi…ed counterfactuals are not sensitive to restrictions that are necessary to identify the
model. Recent work has shown that some (but not all) counterfactuals of single-agent dynamic models
are indeed identi…ed. ?, ?, ?, and ? give examples of counterfactuals which are identi…ed and examples
which are not. ? o¤er a full characterization of a broad class of counterfactuals.
After reviewing some of these recent results, we then investigate how previous results extend to a
dynamic entry game. We consider a duopoly game and the …rms’counterfactual response to a change in
entry costs. While the change in question produces an identi…ed response in a single-agent context (or
if the behavior of one of the …rms was held …xed), strategic considerations prevent the identi…cation of
the …rms’responses. In other words, the counterfactual equilibrium is sensitive to necessary identifying
restrictions imposed on the game’s payo¤ function. Lack of identi…cation is not the result of multiplicity
of equilibria. Non-identi…cation occurs even under a simple and correctly speci…ed selection rule. Given
this result, we conjecture that strategic considerations imply that all (practically relevant) counterfactuals
of dynamic discrete games will fall into a class of counterfactuals that are not identi…ed.
The rest of the paper is organized as follows. Section 2 provides an overview of the literature on the
identi…cation of payo¤s and counterfactuals in dynamic discrete choice models. Section 3 considers the
example of a duopoly entry game.
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Identi…cation in dynamic discrete single-agent models

In this seciton, we review the standard dynamic discrete choice modeling framework and summarize some
recent results on the identi…cation of counterfactuals in single-agent models.
In the standard dynamic discrete choice framework, an agent agent i chooses one action ait from the
…nite set A = f1; :::; Ag in each period t 2 f1; 2; :::g. The current payo¤ depends on the state variables
(xit ; "it ), where xit is observed by the econometrician and "it is not. We assume xit 2 X = fx1 ; :::; Xg,
X < 1; while "it = ("it (1) ; :::; "it (A)) is i.i.d. across agents and time and has joint distribution G.
A standard assumption on how state variables evolve is conditional independence, meaning the idiosyncratic error term " does not a¤ect the state variable x except through actions. Formaly, the conditional
independence means that the transition distribution function for (xit ; "it ) factors as
F (xit+1 ; "it+1 jait ; xit ; "it ) = F (xit+1 jait ; xit ) G ("it+1 ) ;
and the current payo¤ function is given by
u (a; xit ; "it ) = u (a; xit ) + "it (a) :
Agent i chooses a sequence of actions to maximize the expected discounted payo¤:
!
1
X
V (xit ; "it ) = E
u (ait+ ; xit+ ; "it+ ) jxit ; "it
=0

where 2 (0; 1) is the discount factor.
Following the literature, we de…ne the ex ante value function, which represents the expectation of the
value function before idiosyncratic shocks are realized:
Z
V (xit )
V (xit ; "it ) dG ("it ) ;
and the conditional value function, which represents the expected discounted payo¤s conditional on
particular action before the realization of idiosycratic shocks:
va (xit )

u (a; xit ) + E [V (xit+1 ) ja; xit ] :

The agent’s optimal policy is given by the conditional choice probabilities (CCPs):
Z
pa (xit ) = 1 fva (xit ) + "it (a) vj (xit ) + "it (j) ; for all j 2 Ag dG ("it )
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where 1 f g is the indicator function.
Researchers typically have data on actions and states. From such data, it is straightforward (in
principle) to construct estimates of CCPs – with su¢ ciently rich data, simple frequency estimates will
do. Studies on identi…cation typically take for granted that CCPs are known and then consider what can
be inferred about the model primitives (u; ; F; G; V; ) or endogenous functions of the model primitives,
such as counterfactual CCPs.
Identi…cation results clarify the role assumptions play in recovering primitives of interest. As previously noted, ? and ? showed that payo¤s in single-agent dynamic discrete choice models are nonparametrically not identi…ed. In particular, ? characterized the set of restrictions one needs to impose:
suppose we have J actions and X states and we are solving for the J X payo¤ elements. This system
has in…nitely many solutions so that the model is not identi…ed; indeed, since the researcher only has
(J 1) X linearly independent CCP estimates, the dimension of the set of solutions is given by the
cardinality of the state space X. As shown in ?, one possible way to represent the set of solutions is to
take the payo¤ vector of one action as the vector of free parameters (uJ ), and write the payo¤s for other
actions (uJ ) as linear functions of it:
ua = Aa uJ + ba (p)
(1)
where a; J 2 A are available actions , ua 2 RX is the (nonparametric) payo¤ of action a at all states
x = 1; :::; X, and
1
Aa = (I
Fa ) (I
FJ )
ba (p) = Aa

J

X X

(p)

a

(p) ;

where Fa 2 R
is the transition matrix conditional on action a, and a (p) is a known function of
observed choice probabilities.1 Notice that the right-hand side of equation (1) consist of the transition
matrix F , which can be estimated in a …rst stage, the discount factor , which is typically prespeci…ed,
and a known function of CCPs, which can also be estimate in a …rst-stage. Thus, equation (1) shows
how to estimate the full payo¤ function after …xing the payo¤s for a reference action J.
To reiterate, in order to obtain point identi…cation of payo¤ functions, one needs to add extra restrictions. This has been the typical solution adopted in practice. Common extra assumptions include
(combinations of) parametric functional forms, exclusion restrictions, and “normalizations.” Parametric
assumptions reduce the number of parameters to be identi…ed and impose some shape restrictions; e.g.,
payo¤s that are linear in observable states. Exclusion restrictions assume that some payo¤s do not depend
on all state variables; e.g., …rm entry and exit costs are often assumed state invariant. “Normalizations”
…x the payo¤ of some action in some states at some known value, as described in equation (1). Typically,
the payo¤ of the action we have least information about is set to zero; usually referred to as the “outside
option.” Note that …xing uJ equal to some pre-speci…ed level is di¤erent from imposing a normalization
in the traditional sense. For instance, if we set uJ equal to a zero vector, we implicitly assume that the
payo¤s to action J do not depend on the state – that is a substantive assumption, and not something
that can be arrived at through a positive transformation of the payo¤ function.
Nonidenti…cation of payo¤s seemingly poses serious challenges for counterfactual analysis. If di¤erent
restrictions imposed on the model can lead to di¤erent payo¤ functions which are both equally consistent
with the observed data, then it might seem that the output of dynamic discrete choice models is necessarily
sensitive to restrictions imposed by researchers. However, both of these models might agree in how the
agents respond to a given policy intervention. If all models consistent with the observed data agree on
the response to a given counterfactual change, then we can say that the counterfactual in question is
identi…ed.
Counterfactuals consist of transformations of model primitives, notably payo¤s and transitions. A
counterfactual that changes payo¤s u to u
e, is described by a known function, h : RjAjjXj ! RjAjjXj (so
that e = h ( )). A counterfactual can also change transitions F to Fe. ? show that counterfactual choice
probabilities are identi…ed if and only if speci…c relationships hold between the transition matrix and
counterfactual function. In other words, identi…cation hinges crucially on the counterfactual performed
1 For

a detailed derivation, see ?.
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and the primitive transitions; this is intuitive, given that all dynamics are captured in state transitions
conditional on today’s chosen action.
?, ?, ?, and ? give examples of counterfactuals which are identi…ed and examples which are not. The
following two results summarize two important common …ndings from these papers.
Result 1 In a single-agent setting, if Fe = F and u
e = u + , where
is a J
X matrix, then
counterfactual choice probabilities pe are identi…ed. I.e., the behavioral response to a lump-sum transfer is
identi…ed.

In interpreting Result 1, it is important to note that the change in utility
is very ‡exible in one
way, but quite limited in another. It is ‡exible in the sense that it allows for changes in utility to be
of any …nite size and conditioned arbitrarily on actions and states. This seemingly allows for arbitrary
changes in the payo¤ function, but
is not allowed to depend on u; thus, the researcher must be able
to specify before estimating the model.
To see why Result 1 holds, it is easiest to use Arcidiacono and Miller’s (?) Lemma 1, which states
that we can write the di¤erence between the ex ante value function V (x) and conditional value function
va (x) for an arbitrary action a as a function of conditional choice probabilities:
V = va +

a

(p)

(2)

where V , va , and a (p) are X-dimensional vectors.
The next step is to write out the de…nition of the conditional value function in vector notation,
va = ua + Fa V;
and then use Arcidiacono and Miller’s Lemma to substitute for the ex ante value function V :
va = ua + Fa (va +

a

(p)) :

This allows us to express the conditional value in terms of the payo¤ function and transition matrix:
va = (I

Fa )

1

(ua + Fa

a

(p)) :

(3)

Next, we consider equation (3) for the reference action J as well as another arbitrary action a, but for
the latter, we use equation (1) to express ua in terms of uJ :
va

=

(I

Fa )

1

vJ

=

(I

FJ )

1

(Aa uJ + ba (p) + Fa

a

(p)) ;
(4)

(uJ + FJ

J (p)) :

Finally, note that di¤erencing equation (2) allows us to write va
can di¤erence the equations (4) to write
J

(p)

a

(p)

=

(I

Fa )

1

vJ =

J

(Aa uJ + ba (p) + Fa

(p)

a

a

(p). Given this, we

(p))
(5)

(I

1

FJ )

(uJ + FJ

J (p)) :

Equation (5) expresses a di¤erence in continuation values in terms of only model primitives and functions
of conditional choice probabilities. It is satis…ed by the original conditional choice probabilities p, and it
must also be satis…ed by counterfactual conditional choice probabilities pe:
J

(e
p)

a

(e
p)

=

I

I

Fea

FeJ

1

ea hJ (u) + eba (e
A
p) + Fea

1
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hJ (u) + FeJ

J

(e
p)

a

(e
p)

(6)

where hJ (u) = u
eJ is the counterfactual vector of utilities for the reference action.
Equation (6) allows us to see why Result 1 holds. The question here is whether all payo¤ functions
u consistent with the observed data imply the same counterfactual CCPs (e
p). In other words, if we plug
di¤erent payo¤ functions u and u0 into equation (6), where both u and u0 are consistent with the observed
CCP data, will the equation be satis…ed for the same counterfactual CCPs (e
p)?
Result 2 In a single-agent setting, if Fe 6= F and u
e = u, then counterfactual choice probabilities pe are
not identi…ed.
(preliminary description on how Result 2 suggests cfs of dynamic games are not identi…ed)
? o¤er a full characterization of a broad class of counterfactuals.
(MORE on how KSS generalize above results)
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An entry game with non-identi…ed counterfactual equilibria

In this section, we consider a simple example to help explain why counterfactuals of dynamic games are
generally non-identi…ed even when analogous counterfactuals of single-agent models are identi…ed.
Consider a duopoly entry game with two players indexed by i = A; B. In each period t, the players
simultaneously choose whether to be active (ai;t = 1) or not (ai;t = 0). Associated with each player is
a state variable which equals the player’s action in the previous period: si;t = ai;t 1 . The state of the
game is simply the pair of states, (sA;t ; sB;t ). 2
The game is symmetric, and player i receives payo¤s which may depend on her own actions and state
variable as well as her opponent’s action and state variable. As a baseline case, we consider the following
payo¤ function:
8
0
if ai = 0; si = 0
>
>
>
>
>
x
if ai = 0; si = 1
>
>
>
<
c
if
ai = 1; si = 0; a i = 0
1
(7)
ui (ai ; a i ; si ; s i ) =
>
if ai = 1; si = 1; a i = 0
1
>
>
>
>
> 2 c if ai = 1; si = 0; a i = 1
>
>
:
if ai = 1; si = 1; a i = 1
2

We can interpret x as a scrap value, c as an entry cost, 1 as monopoly pro…ts, ad 2 as duopoly pro…ts.
The baseline parameterization is x = :1, c = :2, 1 = 1:2, and 2 = 1:2.
Note that the above payo¤ function represents a restrictive parameterization. In principle, payo¤s
when a player exits (ai;t = 0 and si;t = 1) might depend on the other player’s behavior and/or state variable. Table 1 makes this ore clear –in principle, there are sixteen di¤erent combinations of (ai ; a i ; si ; s i )
and therefore the payo¤ function’s parameter space is potentially sixteen-dimensional.
On the other hand, an equilibrium of the game will only involve up to eight linearly independent choice
probabilities (one for each player and state). For simplicity, we consider only symmetric equilibria, and
symmetric equilibria only involve four linearly independent choice probabilities. Thus, in a symmetric
equilibrium we will only be able to identify four parameters, and we need restrictions on the payo¤
function in order to identify the model. However, the question this note focuses on is whether we need
restrictions in order to identify counterfactual behavior. Perhaps any restrictions we might make in order
to identify the model will lead to the same results when we simulate counterfactual behavior; i.e., perhaps
some counterfactuals are identi…ed even though the model is clearly not.
We refer to the model with the payo¤ function described above as Model 1, and Table 1 speci…es the
payo¤s for each combination of actions and states. Table 2 describes a symmetric equilibrium for this
model. In this equilibrium, each player enters with probability :576 when both players were active in the
previous period. Each player remains active with probability :595 when both players competed in the
previous period. When only one player was active in the previous period, the incumbent remains active
with probability :842 and the other …rm enters with probability :305.
2 This

game was introduced by ?.
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Table 1: Entry Game: Payo¤ Functions

Given the under-identi…cation of the model, there are many other payo¤ functions that could rationalize this baseline equilibrium. One such alternative is based on the following parameterization, where
we restrict all payo¤s to be zero except when (ai ; a i ) = (1; 1):
8
>
0
if ai = 0 or a i = 0
>
>
>
>
>
< 00 if ai = 1; a i = 1; si = 0; s i = 0
ui (ai ; a i ; si ; s i ) =
(8)
if ai = 1; a i = 1; si = 0; s i = 1
01
>
>
>
if ai = 1; a i = 1; si = 1; s i = 0
>
10
>
>
:
if ai = 1; a i = 1; si = 1; s i = 1
11

Table 1 also describes parameter values for (8) which rationalize the baseline equilibrium.
While the baseline equilibrium is an equilibrium of both Models 1 and 2, it is not obvious a priori
whether the equilibria of the two models will coincide when the payo¤ functions are changed. We consider
a counterfactual in which entry costs are increased by :25 (in levels, not in proportional terms). Formally,
we consider the following transformation of the payo¤ function for each of the two models:
(
u (ai ; a i ; si ; s i ) :25 if ai = 1; si = 0
u
e (ai ; a i ; si ; s i ) =
u (ai ; a i ; si ; s i )
otherwise

The counterfactual payo¤s u
e increase the costs of entry relative to the original payo¤s u. In the parameterization expressed in equation (7) we could simply say that c increases by :25.
Before considering equilibria of the counterfactual games, we …rst consider how an individual player’s
best response would change if her payo¤ function changed from u to u
e and her opponent’s behavior
remained …xed in the baseline equilibrium strategy. These best responses are described by the “CF –
…xed opponent” columns of Table 2. They are identical for the two models – i.e., the di¤erent ways
of rationalizing the baseline equilibrium are equivalent when we consider these interim best responses.
This should not be surprising. As Result 1 tells us, lump-sum counterfactuals of single-agent models are
identi…ed, and this exercise could be described as a lump-sum counterfactual of a single agent model.
We can always look at the problem of solving for an individual player’s best response as a single-agent
problem, and if we hold the opponent’s strategy …xed, then the only change is the change in the payo¤
function from u to u
e. The counterfactual u
e here involves only a lump-sum change, so the results from
single-agent models apply, and we have identi…ed interim best responses.
However, as the …nal two columns of Table 2 describe, the identi…cation of interim best responses
does not lead to identi…cation of the counterfactual equilibrium. In the new equilibrium, the change
from u to u
e is no longer the only change in player i’s problem; player i must also consider the change
in her opponent’s strategy, and this is amounts to a change in the transition process for the dynamic
problem the player is solving. As Result 2 tells us, counterfactuals involving changed transition functions
are generally not identi…ed. For this reason, we conjecture that counterfactuals of dynamic games are
generally not identi…ed.3
Looking at the “…xed opponent”counterfactual best responses, one can see why the two models lead to
di¤erent counterfactual equilibria. Thus, before strategic considerations are taken into e¤ect, increasing
3 Formally, Kalouptsidi et al.’s (?) conditions could be applied to evaluate whether a counterfactual of a given dynamic
discrete game is identi…ed. However, those conditions depend on properties of the transition process in both the baseline
and counterfactual setting. For a single-agent model, checking the conditions amounts to checking primitives of the model
because the transition process can be taken as a primitive. But for a dynamic game, the transition process is typically an
equilibrium object, and therefore checking whether the conditions are satis…ed is not simply a property of the primitives
of the model, and Kalouptsidi et al.’s (?) conditions cannot be checked for a dynamic game without …rst solving for
counterfactual equilibria.
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Table 2: Entry Game: Choice Probabilities

entry costs decreases the rate of entry regardless of whether the opponent is active or not. In Model 1,
reduced entry makes incumbent monopolists even more likely to remain active than in the baseline, for
the risk of ending up in a duopoly, which comes with much lower pro…ts, is reduced. In equilibrium, the
increased appeal of becoming a monopolist increases the rate of entry in the state where both players
were inactive in the previous period. Ex ante, it is ambiguous whether increased entry costs will end up
increasing or decreasing the rate of entry when both …rms are inactive; in this case, the rate of entry
when both …rms have been inactive is increased.
In Model 2, the direct e¤ect of increasing entry costs is the same before strategic considerations are
considered. However, in this model, the …rm earns the highest pro…ts when both …rms are active, but
when the opponent was inactive before. This is perhaps a strange model, for incumbents like entrants.
The decreased rate of entrants challenging incumbents makes being a monopolist less appealing. The
decreased appeal of becoming an incumbent monopolist here lowers the rate at which incumbents stay
active and also lowers further the rate at which …rms enter when no …rms are active.
In summary, while the direct e¤ects of the increased entry costs are the same in both models, the
strategic e¤ects actually push entry rates in di¤erent directions. Taking a step back, counterfactuals of
dynamic games typically involve strategic considerations, meaning that …rms face changes in opponents’
expected behavior. Changes in opponents’expected behavior means that the transition process a given
agent faces changes. Thus, Result 2 suggests that counterfactuals of dynamic games are generally not
identi…ed.

Appendix
In this appendix, we sketch proofs of Results 1 and 2. First, we de…ne some notation and review some
basic results from the literature.
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