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B Social Planner

B.1 Boundary.

Submarket with Only Low-Type Buyers. Consider a submarket that has a queue A with
only low-type buyers. Then, the marginal contribution of these buyers is T1(0,\) = m/(A),
while sellers” marginal contribution is R(0,A) = m(A) — Am/()\). For future reference, we can
therefore define a function g which maps the marginal contribution to surplus of sellers to that
of low-type buyers. That is, for any A > 0, we have

(B.1) T1(0,\) = g(R(0, \)).

Alternatively, we can define ¢ explicitly as

| m (m—2m))"H(R)) for Re€[0,1)
9(k) = {O for R > 1,

1 d

where (m — Am/)"" is the inverse function of m — Am'. Since ZFR(0,\) = —Am”()\) and
LT(0,A) = —m()), we have

(B.2) g(R)=—= if R=m(\)—xm/(N).

When R > 1, we have ¢’(R) = 0. For the stochastic capacity meeting technology with m(\) =
M/(1+ \), one can verify that g(R) = (1 — vR)? when R € [0,1) and g(R) = 0 for R > 1.
Proposition |2| tells us that pooling is optimal if gl(Bl) > 0, i.e. the marginal contribution of
low-type buyers is greater in the segment with the high-type buyers than in a separate segment
with an € amount of low-type buyers and where sellers are optimally allocated. In the following,
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we are especially interested in the cutting-edge case where §/(Bl) in equation is exactly
zero. That is, (B, By + Bs) is a solution to the following equation

(B.3) Ti(p, A) = g(R(p, N)).

In this case, the planner’s solution is pooling, but (Bs, By + Bs) lies on the boundary of the
pooling area.

Among the solutions to equation (B.3)), we distinguish between two cases: i) R(y, \) < 1, and
ii) R(u, A) > 1, which implies T} (p, A) = g(R(u, A)) = 0. In the first case, by the definition of g,
there exists a \g such that R(u, A) = R(0, A\g) and T3 (p, A) = T1(0, Ag), which, by equations
and @, implies that

m(Ao) = mA) = (ho = A)m'(Ao) _ ¢, A) = pdu(p, A)
m/(A) —m'(Ao) — o, A)

By taking the derivative with respect to Ao, one can see that the right-hand side above is strictly
increasing in A with its infimum being 0 as Ay — A and its supremum being (1 —m(X))/m’()),
the Mills ratio of function m(\), as Ay — oco. For future use, we introduce a new function to
denote the solution of Ay to the above equation. Specifically, we define

(B.4)

Ao the solution in equation (B.4)), if

¢(M,)\)—M¢M(M7)\) l_m()‘)
—ox(A) = m')

A1, N) =Py (11, A) 1-m())
NSRS (0’ O )

(B5) Al \) = {

oo, if

Note that A(u, A) is not well-defined at points (i, \) where ¢,(p, A) > 0, i.e. the meeting
externalities are positive. To simplify exposition and to focus on the more realistic case where
buyers crowd each other out, we will therefore sometimes impose the following assumption.

Assumption 4. ¢y(p, \) <0 for 0 < p < A.

Note that the inequality in this assumption is strict, which means that it is satisfied by
the stochastic capacity technology as long as o < 1. Note that for any meeting technology,
»(0,\) = 0, which implies that ¢,(0,A) = 0 for any A. Hence in the above assumption we
require p > 0. [J

B.2 Special Cases
B.2.1 Stochastic Capacity Technology

Before solving the planner’s problem, we first calculate ¢(u, A), the result of which is given by
the following lemma.

Lemma 8. For the stochastic capacity technology, we have

1

(B:6) P, A) = l+op+(1—0o)X

Proof. The seller’'s meeting capacity ne follows a geometric distribution with support Ny and
mean (1 — o). That is, P(nc = n) = (1 —0)o™ ' for n = 1,2,.... Meanwhile, the number of
buyers who visit the seller, ny4, also follows a geometric distribution but with support Ny and
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mean \, i.e. P(ny = n) = —(:25)" for n = 0,1,2,.... The actual number of buyers that the

TEX\THX
seller meets, n, is then min{nc,na} € Ny. Hence P,(\) = P[min{n¢,na} = n|A]. Since the
capacity constraint n¢ is at least one, Py(\) = 1%\ For n > 1, we have
=1 A\ A\ o .
P,A)=(1-o0)o"" 1— o)’ L.
N =01 -0)o §1+A (1+A> T (1+)\) j;l( o)o

The first term on the right-hand side denotes the case where the number of buyers is (weakly)
larger than n while the meeting capacity equals n. The second term denotes the case where the
number of buyers equals n while the meeting capacity is strictly larger than n. Simplifying the
summations yields

L forn =20
B.7 P,(\) = H n ’
(B.7) ) {0"11%)\ (£5)" A+ (1 =0))) forneN.
Substituting (B.7)) into equation and simplifying the result yields equation . m

We now solve the planner’s problem analytically. We show that the outcome depends on
the extent to which sellers can meet multiple buyers, as determined by the value of 0. We
distinguish between three regions by specifying two cutoff values for o, i.e. og(x2) and oy (),
defined as

_Jm-l ym
(B8) 0'0(1[‘2) = \/@_{_1 < \/J;_2—|— 1 =

01 (l’g)

Low Sigma. We first consider the case in which ¢ < og(x2). Using the functional form for
¢(u, \) given in (B.6), a straightforward calculation yields

(1-0) (1+2)? (1-o02_ 1

(B-9) Hu N = = s 0o ront a0y~ 1o “5-1T

where the first inequality follows because the second factor in H(p, \) is strictly larger than 1,
and the second inequality is implied by o < o¢(z3). Consequently, the second-order condition
can never be satisfied in this case, i.e. a submarket (p, A) where 0 < g < A cannot be part
of the planner’s solution. Instead, perfect separation is obtained: one submarket contains all
high-type buyers and another submarket contains all low-type buyers.

The allocation of sellers depends on their marginal contribution to surplus, which equals

(ws = Dp(op + (1 =) A?
(I+opu+(1—0)A)? (14+XN)?%

(B.10) R(u, \) =

If R(By,Bs) > 1, then the planner will allocate all sellers to the submarket with high-type
buyers; otherwise both submarkets will be active.

Intermediate Sigma. We now consider the case o € (0¢(22), 01(22)], which is illustrated in
Figure [3a. The key object for determining the planner’s solution is the marginal contribution



to surplus of low-type buyers, i.e.

1 ro—1)(1—0
(B.11) Ty(p, \) = ;- (2 = (1 = o) .
(L4+A)?  (Q+ou+(1—0)N
First, we are interested in combinations of p and A for which T3(u,A\) = 0, as this is the

minimum requirement for a submarket with high-type buyers to also contains low-type buyers.
Straightforward algebra shows that, for any (z —1)™'(1 —0) < p < (22 — 1)7}(1 — )7, there
exists a unique A such that T (u, A) = 0. The locus of these points is represented by the green
curves in Figure[3aland Bb] Low-type buyers’ contribution to surplus is negative in points above
this curve, which therefore cannot be part of the planner’s solution.

Next, we are interested in the combinations of u and A for which 77 (u, \) = g(R(u, A)), as
this is where the planner is indifferent between keeping low-type buyers in the submarket and
sending them (with an optimal number of sellers) to a separate submarket. Using ,
and we can solve for p as a function of A, i.e.

= Vi(za —1)(1+N) 14+ (1 =0)A
V(e =11+ A) =20 o ‘

This solution is represented by the solid blue curve AB in Figure [3a} sending some low-type
buyers and sellers to form a new submarket is beneficial right but not left of this curve. The
end points of the curve, i.e. point A = (A4, 0) on the horizontal axis and point B = (Ag, Ag) on

the diagonal, can be obtained by solving (B.12) for 4 = 0 and p = A, respectively. The latter

yields A\g = O'%T\/f?) -1

For every point on the segment AB, there exists—by the definition of g—a corresponding
point (Ag, 0) on the horizontal axis with the same marginal contributions of sellers and low-type
buyers, i.e. R(u,\) = R(0,\) and T3(p, A) = T1(0,\g) where \g is given explicitly by the
function A(u, \) defined in in Appendix As we move from A to B, this corresponding
point moves from A to C' = (A¢,0), where Ac = A(Ag, Ap). The thresholds og(x2) and o (x2)
are determined by the location of point C: as o \ g¢(22), point C' approaches (0, 0); in contrast,
when o 7 01(x2), then A\¢ * 00.

We have thus fully characterized the case where the planner’s solution consists of two active
submarkets and one of two contains both types of buyers, which is the brown area in Figure [3a
After establishing the boundaries for this case, the other two cases (complete pooling and
compete separation) are also determined accordingly.

(B.12)

High Sigma. Finally, we consider the case o > o1(x2), which is illustrated in Figure .
The analysis is quite similar to the case with intermediate sigma. One key difference, however,
is that point B no longer lies on the diagonal but on the green curve where 7' (u, ) = 0.
As a result, another point plays an important role: the intersection between the green curve
Ti(p,A\) = 0 and the diagonal. This intersection is point D in Figure Note that at any
point on the segment BD of the green curve, we have Tj(u, A) = 0 and R(p, A) > 1. After fully
characterizing the brown area (two active submarkets where one of two contains both types
of buyers) and yellow area (two submarkets where one contains both types of buyers and the
other contains only low-type buyers and no sellers or high-type buyers) in Figure the other
two areas (complete pooling and compete separation) are determined accordingly. See the main



text for a detailed description.

B.2.2 Fixed Capacity

As an alternative to the stochastic capacity technology, we consider the following fixed capac-
ity meeting technology. The number of buyers that try to reach a particular seller follows
a geometric distribution but the maximum number of buyers a seller can meet is 2. Thus,

P.(N) = (33) (1%\)" for n < 2, and Po(A) =1 — Fy(A) — Pi(A). In this case, the function ¢ is

given by

_ I +23 —p)
(B.13) o, A) = S

By equations @ and , we have

2(re — DN — (w9 — 1) (A = D) + (A + 1)A\?

(B.14) R(p, A) = A+ 1)3
R S O )

To solve the planner’s problem, we first calculate the function H(u, A) defined by equa-
tion , which is given by

A =p)?—p

This is a quadratic equation in p. Note that H(0,A) > 0 and H (A, A) < 0, which implies that
the equation H (u, A\) = 1/(z2 — 1) has a unique root of p, which is given by,

1+2) 1 1+ A
. = = - - i >
(B.16) = h(\) 5 2\/1+4)\+4(x2 ) with A > A4

where A4 is the root of h(A\) = 0 and is given by

(B.17) My — 1—1—«/1—1—4(1:2—1)'

2(zg — 1)

The curve h(A) is represented by the red curve in Figure [1| where we set (zo — 1) = 1. The
Hessian matrix is negative definitive in the area to left of the red curve; the surplus function
S(p, A) is locally concave at any point in this area.

Next, we proceed to solve equation (B.3]). First, consider the equation Tj(u, A) = 0. By
equation , for any given p there exists a unique A such that 77 (u, A) = 0 (the converse is
false), and the solution is simply

Ltnu where p > ;
2(1s — D — 1’ H 2w — 1)

(B.18) A=p+

The above function is represented by the green curve in Figure [II Note that the upper branch
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Figure 1: Fixed capacity with zy = 2

approaches asymptotically to the diagonal line, and the lower branch approaches asymptotically

to the horizontal line p = 1/(2(x2 — 1)). When p < 1/(2(xz9 — 1)), T1 (1, A) is always positive.

A point (19, Ag) satisfies T’ (o, Ag) > 0 if and only if it lies to the left of the green curve.
Next, note that

R(0.0) = m()) — Am/(A) = <1%)2 and  Ty(0,)) = m'() = (1%02

which implies that
(B.19) g9(R) = (1 - VR)
We plug equations (B.14)), (B.15)), and (B.19)) into equation (B.3)). After some rearrangements,

we can find the solution, which is given by the following.

1+ (22 — D+ /14 4(zg — 1) + 2(z2 — D

(B.20) A= 2y 1) ,

where 0 < pu < up

and

3+ /9+16(x — 1)
B 4(xy — 1)

UB

The above function, (B.20)), is represented by the solid blue curve AB in Figure . It intersects
with the curve T7(u, \) = 0, equation (B.18]), at point (Ag, up), which is represented by Point
B in Figure . At Point B, Ty(up, Ag) = 0 and R(up, Ag) = 1.

Setting 1 = 0 in equation (B.20) gives A\ = %4_(;2_1), which is exactly point A from

equation (B.17), the same point where h(\) crosses the z-axis. This is no coincidence; it holds



for general meeting technologies. To see why, consider point S; that lies on the curve AB in
Figure[l] It has a corresponding point S3 on the z-axis. The marginal contributions to surplus of
sellers and of the low-type buyers are the same between the two points. Therefore, by Lemma/[5)],
S7 must lie to the left of the red curve where the determinant of the Hessian matrix is 0. Since
S1 is an arbitrary point on the curve AB, this implies that the entire curve AB must lie to the
left of the red curve. As point S3 moves towards point A, S, and hence S; also move towards
point A. In the end, all three points coincide at point A, which then implies that the blue and
the red curve intersect at the same point on the z-axis.

The above analysis has pinned down the boundaries of the relevant regions. The planner’s
solution is summarized by the following. Note that they satisfy the first-order conditions and
are hence optimal by Proposition [2]

Suppose that (B; + Bz, By) belongs to the blue area. Assume pooling initially, then the
marginal contribution of the low-type buyers is negative. Therefore, the planner will move the
low-type buyers to a second submarket and the queue in the first submarket will move horizon-
tally to the left till it reaches the green curve BD. At that point, there is one active submarket
where the marginal contribution of the low-type buyers is 0 and the marginal contribution of
sellers is larger than 1, and one idle submarket with only the low-type buyers.

Suppose (B; + Bz, By) belongs to the brown area. As we mentioned before, for each point
(A, p) on the curve AB, there is a corresponding point on the z-axis such that R and 77 are the
same between the two. Formally, the point is given by (A(u, A),0), where A(u, A) is defined by
equation . As we move from point A to point B, the corresponding point on the z-axis
moves from point A to infinity. The convex combinations between points on AB and their
corresponding point on z-axis cover the whole brown area. For each point in the brown area,
after representing it as a convex combination between a point on AB and its corresponding point
on the z-axis, the first-order condition of the planner’s problem is satisfied by construction, and
we have the optimum: two active submarkets where the queue in the first submarket must lie
on the AB curve (for example point S;) and the second submarket contains some sellers and
low-type buyers (for example point S3).

If (By + Bs, By) belongs to the white area, then the optimum is pooling. Note that curve
AB divides the area where T} (g, A) > 0 into two disconnected areas: T3 (u, \) > g(R(p, \)) and
Ty (s A) < g(R(p, A)), with curve AB being the boundary. The white area is the former, and it
is not socially beneficial to even move an € amount of low-type buyers to a second submarket.
Thus the optimum is pooling.

B.3 Comparative Statics
B.3.1 Changes in Screening Capacity

Analogous to the stochastic capacity technology case, we assume that the meeting technology
is indexed by a parameter o. To highlight the dependence of ¢, R, T} and E/(Bl) on o, we
append it to the arguments of these functions and write ¢(u, A, o), etc. We make the following
assumption about how ¢ varies with o.

Assumption 5. For any p and )\, %qﬁ(,u, A, o) >0, and %gb()\, Ao)=0.

Note that the above assumption holds trivially for the stochastic capacity technology. The
first part of this assumption states that a higher o leads to a higher probability of meeting



at least one high-type buyer. The second part states that the probability that a seller meets
at least one buyer is independent of . In other words, a higher o makes it easier to identify
certain buyers while holding the overall matching rate constant. Because of the second part of
the above assumption, we can continue to write m(A) = ¢(\, A, o).

We first consider the optimality of complete separation. As the following proposition estab-
lishes, Assumption [5| implies that if—for a given endowment of buyers B; and By and a given
buyer value dispersion z,—complete separation is optimal for some ¢®, then it is also optimal
for all 0® with 0% < ¢®. That is, the parameter range for which complete separation is optimal
is shrinking with o.

Proposition 8. Under Assumption [5, the area in which complete separation is optimal is
shrinking in o.

Proof. Because m() is independent of o (Assumption [f]), total surplus generated by complete
separation is independent of o. To see this, suppose that the planner allocates « sellers to the
submarket of xo buyers and the remaining sellers to the submarket of z; buyers, then total
surplus is am(22)(1 + (zo — 1)) 4+ (1 — a)m(;EL), which is certainly independent of . Thus

o 1
conditional on complete separation, the optimal «, o, is also independent of .
Next, consider a general allocation with L submarkets. When o = o®, by assumption we

have a*m(22)(1+ (2o — 1))+ (1 —a*)m(2L) > Zle afS(pt, N, o®), where S(uf, \¢, o?) is given

ar 1—a*
by equation and now depends also on o. Since for any p and A, ¢(u, X, 0%) > é(u, X, 0%),
we have S(u,A,0%) > S(u,A,0%). Therefore, a*m(22)(1 + (z2 — 1)) + (1 — a")m(:E:) >

1—a* —
Zle afS(ut N ab) > 25:1 afS(ut, N\, 0%). Thus complete separation is also optimal for o =
o’. O

Next, we consider the case of complete pooling. We are interested in the following question:
if—for a given endowment of buyers B; and By and a given buyer value dispersion xzo—pooling is
optimal for some o, then under what conditions will pooling continue to be optimal for o + Ac?

By Proposition , pooling is optimal at a given o if and only if §/(Bl,a) > 0. If this
inequality is strict, then by continuity with respect to o, it continues to hold for ¢ + A. Hence,
the more complicated case is the one in which E/(Bl,a) = 0; pooling then continues to be
optimal for o + Ac if and only if ?l(Bl, 0+ Ao) > 0, which is equivalent t

Ty (/L? A, U)
do

By equations and @, we have

OR(u, A\, o)

(B.21) o

Z g/(R<B27 Bl + B27 O))

T (:u7 )\7 U) aR(N> /\7 U)
0o Jo

Moreover, by equation (B.2)), we have ¢'(R(Bsy, By + Bs2,0)) = —1/A(u, A\, o), where A is defined
in and 1/00 = 0 by convention. As a result, we can rewrite (B.21)) as

- (xQ - 1)¢)\0’ and - (552 - 1) <¢O' - M¢;w - /\¢AU) .

1

(B.22) AGiho)—x (

bo = UPuo) = —Pro,

Note that the function g is independent of o because m()\) is independent of o.



which leads to the following result regarding the parameter range in which complete pooling is
optimal.

Proposition 9. Under Assumption[d},[3,[4, and[3, the area in which complete pooling is optimal
is expanding with o if and only if (B.22) holds for all (i, \).

Proof. See above. O

Next we show that (B.22)) holds for the stochastic capacity technology, so the result applies.
Since ¢(u, ) is given by equation (B.6]), equation (B.4)) which determines A(Az, A, o) can be
rewritten as
(1+XN)Ao—A)  Azo
24N+ 1l—o0

As a function of \g, the supremum of the left-hand side is 1 + A. Thus if {\f‘; < 14 A, the
solution to the above equation is given by

AMA+MN1—0)+oz(1+ X))
1+ N1 —0)—Azo '

(B.23) A(Az,\, o) =

Otherwise A(Az, A, 0) = oo. To verify (B.22)), we rewrite the above equation as

1 1+ N1 =0) = Azo
(B-24) AOs o) — A 2oea( 1)

Note that when 222 > 1 4+ X, the right-hand side of the above equation is still well-defined, and

1-o
it is negative (an underestimate of the true value, which is zero in this case).

Next, by equation direct computation gives

1+ (1+0—z20)A
(14 (1=0o(1l—=2))N)3
1+(2-0)z—(1—0))A
(14+(1—=0o(l—2))N)?3

oAz, N, 0) — A2dur (A2, A, 0) = 2%\° > 0

Oro (A2, A\, 0) = 2\

From the above equations we can see that ¢, — A\2¢,, is always strictly positive, but the sign
of ¢ is indeterminate. A sufficient condition for (B.22)) is thus we plug the right-hand side of

equation (B.24)) into (B.22)) irrespective of whether {\f‘; > 1+ A, which then gives

l+o+A+Xo(z—1))P+AN(2—-0)(1+ 20) +0?)
20+ 1)o(1+ (1 —o(1—2))A)3

(¢o - ,Uqb;w)
AAz, A\ o) — A

+ ¢Acr = \z
The right-hand side is always positive. We have thus proved (B.22)) for this meeting technology.

B.3.2 Changes in the Dispersion of Buyer Values

To highlight the dependence of §/(Bl), R and T} on x5, we append it to the arguments of these
functions and write S (By, x3), etc.



Consider complete pooling first. As established in equation , complete pooling is socially
optimal if and only if gl(Bl, x9) > 0. Pooling continues to be optimal for x}, with z, < z if
and only if 3’(31, x4) > 0. Thus, for the pooling area to shrink as x5 increases, we need that
gl(Bl,xg), as a function of x9, crosses the z-axis at most once and from above. As is well-
known in the literature, a sufficient condition for this is that 8‘%25/(31, x9) < 0 if gl(Bl, x9) = 0;
a necessary condition is that 8%2?’(31,@) < 0 if §'(By, ) = 0 (note the difference between
the strict and weak inequality). By equation ([14)),

0 — 0 , 0
3_x25 (Bi,x2) = a—szﬂBz, By + By, x3) — ¢'(R(B2, By + By, Sﬁz))a—sz(Bz, By + By, %)
1
(B.25) =ox+ (¢ — Bady — (B1 + Ba)oy),

A(By, By + Bs)

where we have suppressed argument (B, By + Bs) from function ¢, and function A is defined
by equation (B.5). It turns out that equation (B.5|) implies that the above equation is always
strictly negative, and we have the following result.

Proposition 10. Under Assumption[d},[3, and[4, the area in which complete pooling is optimal
18 shrinking in xs.

Note that Assumption [4] holds for the stochastic capacity technology, so the result applies.

Proof. If R(Bs, By + By,x3) > 1, then g(R(Bsy, Bs + By, x3)) = 0. 3,(31,1’2) = 0 then implies
Tl(BQ, BQ + Bl,xg) = g(R(BQ, B2 + Bl, ZEQ)) =0 and A(BQ, Bl + BQ) = 00. Since Tl(Bg, BQ +
By, x9) = m/(By + By) + (z2 — 1)¢x(Ba, By + By), we have ¢y(By, By + By) < 0. Thus is
strictly negative.

Next, if R(By, By+ By, x3) € (0,1), then g(R(By, By + By, x3)) € (0,1). Thus S (By, z2) = 0
implies that A(Bs, By + Bs) is defined by first row of equation and we have ¢, (B2, By +
Bs) < 0. It is easy to see that is strictly negative if and only if the following holds

—Pa ¢ — B¢
(A - 20)

=0 ~ m(A) —m(B1 + By) — (A — (Bi + By))m’(A)

A (A (Bi+ B,) m'(By + Bs) — m/(A) )
_(b)\ (A — (Bl =+ Bg)) m’(31 + BQ) — (m(A) — m(31 + BQ))

-2 ! (Bi + By) — (M) ) <o

where we have suppressed the arguments of A and ¢. For the equality in the second line we used
equation (B.4), and the last inequality is because m is strictly concave and A > By + By. [

Next consider complete separation. The logic is similar to the case for pooling. By equa-
tion , complete separation is socially optimal if and only if §/((), x9) < 0. For the area of
complete separation to expand with x5, we need that §/(0, T9), as a function of xq, crosses the
xr-axis at most once and from above.

Assume 3,(0, x9) = 0. Let Ay (resp. Ar) be the queue length in the submarket of high-type
(resp. low-type) buyers at the optimum. These queue lengths are determined by two equations.
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First, sellers’ marginal contribution to surplus must be the same between the two submarkets,
i.e.

(B.26) o (m(Ag) — Agm’'(Ag)) = m(AL) — Apm/(Ar),

Second, summing the number of sellers across the two submarkets must yield the total measure
of sellers, i.e.
By B
B.27 — +—=1
(B.27) SR
Nef/c, consider the marginal contribution to surplus of low-type buyers in the two submarkets.
Since S (0, x5) = 0, we have

(B.28) m'(Ag) + (x2 — 1)oa( A, Am) = m'(Ap)

where the left- and the right-hand denotes the marginal contribution of a low-type buyer in the
submarket with high-type and low- type buyers, respectlvelyﬂ

Now suppose that x5 increases to z,. We want to rule out the possibility that 3 (0,2) =
0. Suppose otherwise. Then at ), the new queue lengths Ny and )\L also satisfy equa-
tions , - and - Note that equations and are special cases
of equatlon @ and (4)), respectively. As before, we can comblne equatlons B.27)) and (| - ) to
eliminate x5 and the resultlng equation is simply (B.4 - where the Correspondence ispu=A= Ay
and Ao = Ar. Thus we have A\, = A(A\g, Ag) and N = ANy, Njy), where A(p, A) is defined by
equation and is independent of xs.

Conditional on full separation, the allocation of sellers is completely determined by equa-
tion ([B.26]). When x5 increases to x5, more sellers will vist the submarket with high-type buyers,
which then implies that Ny < Ay < A < ;. To rule out that A}, and )\ are also a solution to
equation , a sufficient and necessary condition is sirnply that A(u, p) is weakly increasing
in g, which then implies that if X}, < Ay, then X, = ANy, Ny) < A(Ag, Ag) = A, which
contradicts the above assertion that A\, > Ap. This leads to the following assumption.

Assumption 6. A(u, p), which is defined by equation (B.5)), is (weakly) increasing in p.

In equation (B.23), we give an explicit expression for A(u, A) for the stochastic capacity
technology, which verifies that the above assumption is satisfied.
We then have the following result.

Proposition 11. Under Assumption[d],[3, [{, and[6], the area in which full separation is optimal
15 expanding with Ts.

Proof. As we explained before in Proposition Assumption |§| ensures that §/(0, Tg) Crosses
the z-axis at most once. We now prove that if that is the case, §I(0, x9) must cross the r-axis

from above. Suppose otherwise. Then S (0,25) = 0 for some x5, and S (0,25) > 0 for all
xh > 3. As we mentioned before, more sellers will flow into the submarket of xg buyers as we
increase w9, and there exists some zy* such that the solution to equations (B.26)) and - is

2Note that although the submarket with high-type buyers does not contain low-type buyers, we can still
calculate the effect on surplus of a marginal increase in the number of low-type buyers.
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Ag = By and \;, = oo. If we increase x5 further, t_l}en Ay will stay constant and the right-hand
side of (B.28) will start decreasing linearly. So S (0,z3) can not stay positive for sufficiently
large x5, and we have a contradiction. O

C Uniqueness of Beliefs

The efficiency result in Section 4] assumes that sellers are optimistic. Without this assumption,
it is not clear how sellers should evaluate the expected payoft of deviations if multiple queues
are compatible with market utility. Here, we show that such a scenario is rather special in
the sense that—under mild restrictions on the meeting technology—the solution to the market
utility condition is in fact unique, rendering the optimism assumption redundant.

Uniqueness. The following proposition then presents our result regarding uniqueness of the
beliefs for a seller posting a second-price auction with a reserve price. To avoid the situation
where the optimal response of low-type buyers is indeterminate, we assume that their market
utility is strictly positive.

Proposition 12. Assume that U; > 0. Under assumptions [ and[3, for each seller posting a
second-price auction with a reserve price r, there is a unique queue (j, A) compatible with the
market utility function. Furthermore, for two sellers posting reserve prices v and r°, it holds
that \* > N\’ if and only if r® < r°.

Proof. Our proof consists of two parts: i) 7% < r® & A > X\| and ii) the queue length )
determines the whole queue uniquely. Denote by Vi the expected payoff of zj; buyers from
visiting queue ¢ where k = 1,2 and ¢ = a, b.

For i), we first prove 7 < r® = A% > \’. Suppose otherwise that A* < A\’. We distinguish
between two cases, r* < 1 and r* > 1. First, consider the case r* > 1. Then x; buyers will not
visit the two sellers since their market utility is strictly positive, so that both queues contain
only x5 buyers, and Vi = Q1(\%)(z2 — 1) > Q1(A\°) (22 — r%) > Q1(A\°) (2o — r®) = V2. We then
reach a contradiction. Consider next r* < 1. Then by a similar logic, we have

Vit = Qu(A")(1 — %) > max(Q:(\)(1 — "), 0) = V7

Thus z; buyers strictly prefer queue a, which implies that queue b does not contain x; buyers.
Note that Vit > Q1(\%)(zg — 1) > Q1(A\°) (29 — r?) = V2, where the first inequality is because
queue a may contain x; buyers and an x, buyer may enjoy a positive payoff even when he is not
the only buyer showing up, the second inequality follows the same logic as above, and the last
equality is because queue b only contains xs buyers. Therefore, x5 buyers also strictly prefer
queue a and we reach a contradiction again. The other direction is proved similarly. Thus
rt <1t e 2>\

For ii), suppose otherwise that there are two different queues a and b with the same length
A that are compatible with the auction with reserve price r. Without loss of generality, set
0 < u* < pb < X\ Note that V¢ = VP = Qi(\)(z —r) = Vi and the expected payoff of
an zo buyer from queue i is Vi = Vi + ¢, (1’ \)(z2 — 1) (see the proof of Proposition |5 for
the derivation of this equation). If Py(A\) + P (A) < 1, then ¢(u, \) is strictly concave in p,
which implies that Vj* > V. which gives the desired contradiction. If Py()\) + P;(A\) = 1, then
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du(p, A) = Q1(N), independent of y, and Vi* = V. Note that since Q1 (A\)(x2 — 1) = (Uy — Uy),
and r =1 —U;/Q1()), both A and r are uniquely determined for given market utilities U; and
U,. Thus it is a knife-edge case, and our statement is true for all r expect one special value. But
note i) this knife-edge phenomenon only occurs because buyer types are discrete, and ii) even
in our discrete buyer type framework, this knife-edge reserve price r will never be adopted by

sellers because by either increasing or decreasing the reserve price, sellers can obtain a strictly
higher profit. O]

If both sellers attract low-type buyers, then the expected payoffs for low-type buyers from
visiting any of the two sellers must be the same: Q;(A*)(1—7r%) = Q;(A\?)(1 —r®), which implies
that A\* > A\’ if and only if % < r°, since Q1()\) is strictly decreasing by Assumption . When
one seller attracts low-type buyers and the other does not, the latter seller must have posted a
high reserve price implying a shorter queue without low-type buyers.

Things are slightly more complicated when sellers post a second-price auction with an entry
fee. Below, we introduce one weak additional restriction on the meeting technology, which is
sufficient to guarantee that there exists a monotonic relation between meeting fees and queue
lengths. This implies that there exists a unique queue that is compatible with the market utility
function when sellers post an auction with an entry fee.

Assumption 7. (1 — Qo(\))/Q1(N) is weakly increasing in A.

If we rewrite (1 —Qo(N))/Q1(\) as 1+ > "2, Qr(A)/Q1(N), then this assumption states that
with a higher buyer-seller ratio, it is relatively more likely that a buyer will meet competitors
in an auction rather than being alone.

Proposition 13. Under Assumptions|1, [3, and[7, for each seller posting an auction with entry
fee t, there is a unique queue (p, \) compatible with the market utility function. Furthermore,
for two sellers posting entry fees t and t°, it holds that \* > \° if and only if t* < t°.

Proof. The proof is similar to that of Proposition and consists of two parts: i) t* < t* <
A% > X\°_and ii) the queue length X determines the whole queue uniquely. Note that part ii) is
exactly the same as that of Proposition |12]so we only need to consider part i).

For i), we first prove t* < t* = \¢ > \b. Suppose otherwise that \* < \’. We distinguish
two cases, t* < 0 and t* > 0. First, consider the case t* < 0 (entry subsidy). As before, denote
by V; the expected payoff of z; buyers from a queue ¢ where k = 1,2 and i = a,b. Then, we
have

Vi = Q1(A") — (1= Qo(A")t" > Q1(\") = (1 — Qo(A"))t*
> Q1) — (1 — Qo(A"))t
> Q1(A) = (1= Qo(\")t" =V

where the first inequality is because Q1()) is strictly decreasing, the second inequality is because
1 — Qo(N) is decreasing and t* < 0, and the final inequality follows from the assumption that
t* < t*. Thus x; buyers strictly prefer queue a and queue b does not contain 5 buyers. However,
Vi > Q1(A%) — (1 — Qo(A))t* > Q1(N°)xy — (1 — Qo(A\?))tb = VP, where the first inequality is
because queue a may contain x; buyers and an x5 buyer may enjoy a positive payoff even when
he is not the only buyer showing up, the second inequality follows the same logic as above, and
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the last equality is because queue b only contains x5 buyers. Thus, x5 buyers also strictly prefer
queue a, and we have a contradiction, which implies that A > \*. The other direction is proved
similarly.

Next, we consider the case t* > 0. Again suppose otherwise that A\ < A°. As above, we
have

Ve = Qu) = (1= Qo0 = @) (1= A ) = un (1 L5 %0

where the inequality in the first line is because @1()\) is strictly decreasing, the first inequality in
the second line is because of Assumption [7], and the second inequality in the second line follows
from the assumption that ¢* < ¢*. The remaining arguments then follow exactly the same as for
the case t* < 0. L

The intuition behind Proposition 13| is similar to that of Proposition [12| and readily follows
from the correspondence between the reserve price and entry fee: ¢t = rQq/(1 — Qo). Again,
consider two different queues a and b. We have shown in Proposition that \* > A\’ if and
only if r* < r®. Under Assumption , the two inequalities jointly lead to ¢ < t°.

Hence, we have established that under mild restrictions on the meeting technology, there
exists only one queue which is compatible with market utility when sellers post an auction
with a reserve price or an entry fee. Consequently, the assumption that sellers are optimistic is
redundant for a large class of meeting technologies.

D N Buyer Types

D.1 Surplus: Proof of Lemma

For later use, we prove a slightly more general version of equation (23) with a general, possibly
continuous, buyer value distribution.

Lemma 9. Consider a submarket with a measure 1 of sellers and a measure A of buyers whose
values are distributed according to F(x) with support [0,Z]. Total surplus then equals

(D.1) S\ F) = /Ozwu — F(z)), N)dz.

Proof. A direct proof. When a seller meets n > 1 buyers, the surplus z from the meeting is
distributed according to F™ (x). Thus the expected surplus per seller in the submarket is

Szgpn(/\)/omwdF"(x):g:an(/\) (E—/jF“(:p)dm) :gpn(x) (/Ozl—F”(x)dx),

where for the second equality we used integration by parts. Notice that F "(z) = 0 when n = 0.
We can add a zero term Py (A) (fy 1 — F°(z) dz) to the RHS of the above equation and start
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the summation from n = 0. Therefore,
S=>Y P,(\) (/ 1 —F"(x)dx) :/ 1= Py(N) F" (x)dx
n=0 0 0 n=0

_ /jwu _ P(@), Nda

where for the second equality in the first line we use the Dominated Convergence Theorem to
interchange integration with summation and for the last equality we used the definition of ¢
from equation ([1)).

An alternative approach. First recall the following fact from probability theory. Suppose
z is any random variable With cdf G ( ) and z € [0,Z]. Then the expected value of z can be
written as Ez = fo 2dG(z fo 1 — G(z)dz. This equation is well-known and can be proved by
integration by parts. We can use it to dlrectly derive our surplus equation.

(Back to our surplus equation.) Let z be the highest valuation among all buyers that a seller
meets. The event z > x happens if and only if the seller meets at least one buyer with valuation
higher than z, the probability of which is simply ¢(A(1 — F(z)),A) by the construction of ¢.
Therefore, by the above equation we have S = Ez = [ ¢(AM(1 — F(x)), A)dx O

In our discrete case, F'(z;) = pu;/p for j =1,..., N. The above equation reduces to (23)).
Next, we calculate Tj(p). Note that a marginal entrant of xj buyers increases p;, j =
1,...,k, by the same amount. Therefore,

Because total surplus function is constant-returns-to-scale, if we add one more seller and A
more buyers to the submarket while keeping the buyer value distribution unchanged, the added
surplus is simply S(A, F') in equation (D.1)). Thus the effect of adding one more seller only is

R=S- A% - /0 HA(1 — F(a)), \) = 222AU = F@), N

k N
Z j — Tj-1 ¢,u ,ujaﬂl +Z —Tj ¢A :uﬁljll)
7=1

Jj=1

O\
= /OI P = F(2)),A) = AL = F(2))¢u(M1 = F(2)), A) = Aoa(A(1 = F(x)), \)dx

which is simply equation in the discrete-value case.
Finally, we consider the Hessian matrix. We denote it by H and its negative is then —%H.

Also to save space, define 68, = G i), Oy = Gyaljies 1), and ¢, = dan (g ) for
k=1,...,N. We compute the Hessian matrix by directly calculating m;; = 0w (p)/Op;p;. Thus
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we have

Fy () — Zév O (s 1) (T — Tp—1), —%,\(372 —r1), o, —¢,JXA($N —Tn-1)
_ay — (2 — 21), —o;, (172—931% ,0
_(ﬁg)\(IN'_ TN-1), (.),7 R _Qbivu(xl\; - TN-1))

By Sylvester’s criterion, —H is positive semidefinite if and only if the determinants of the
following N matrices are positive: the bottom right 1 x 1 corner, the bottom right 2 x 2 corner,
.., and —H itself. It is easy to see that the bottom right n x n corner with n < N is always
diagonal and the diagonal elements are always positive since ¢(u, \) is always concave in p.
Therefore, —H is positive semidefinite if and only if its determinant is positive.
To calculate the determinant of —H, for each n > 2 we multiply column n by —¢7, /@7, and
add it to column 1. The resulting matrix is

@

—mi+ 3y (;A (Tx — 1), —Pop(w2 —21), -+, —=¢\(an —2N_1)
07 _¢;2¢u($2 —331), 70
07 07 Ty ¢MH($N_$N 1))

In this way, the matrix —H becomes upper triangular and its determinant can be easily calcu-
lated. The determinant is

det(~H) = <P6’(u1>:r1 5 <( )

Again since ¢(u, A) is always concave in u, det(—#H) > 0 is equivalent to that the first term in
the parenthesis at the right hand side is positive. Thus we have derived equation (26]).C]

5 ) (zr — 1’k—1)> I (= (zx — m1-1))).

D.2 Incentive Compatibility and Payoffs

When a monopolistic seller offers a selling mechanism, incentive compatibility requires that
buyers’ expected utility is intimately connected with their trading probabilities (see [Myerson),
1981} Riley and Samuelson, (1981)). This logic can be extended to an environment with competing
sellersf’| In such an environment, the expected payoff that a buyer receives from visiting a
submarket is equal to what he would get at a monopolistic seller with a random number of
buyers as in |Levin and Smith| (1994). However, buyers must also choose which submarket
to visit and this depends on the posted mechanisms which in turn depends on the meeting

technology.
In our analysis, it will sometimes be useful to consider buyers with a value x that is not
in the set {z1,...,xy}, who thus have measure zero. To do so, we define an extended version

of the market utility function U(x), which represents the highest expected payoff that a buyer
with value z can achieve, such that Uy = U(xy) for each k. Given any set of mechanisms
posted by sellers, denote the set of mechanisms that buyers of type z visit by Q°(x), pick an

3See [Peters| (2013)) for a similar treatment for an invariant meeting technology.
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arbitrary w®(z) € Q°(z) and denote by p(x,wb(z)) the probability that a buyer of type = who
visits a mechanism w®(x) trades. Of course, if buyers of type x choose to be inactive, then we
set w’(z) = 0 and p(x,0) = 0. The following Lemma then establishes the properties of the
market utility function. Its proof is closely related to the one in [Myerson| (1981).

Lemma 10. Given any set of mechanisms posted by sellers, p(x,w(x)) is non-decreasing and
the market utility function U(x) is convez, satisfying

Proof. The strategy of a buyer with value x is: (i) a probability distribution over the mechanisms
to visit and inactivity and (ii) a value to report when the mechanism is not inactivity. Given the
mechanisms posted by sellers, suppose that the set of mechanisms that a buyer with valuation
x visits is Q°(x), and the probability that the buyer receives the object when visiting seller
w € Q%) and reporting x by p(z,w), with a corresponding expected payment t(x,w).

First, we select one element w?(2) € Q°(2) for each z. Then, by the incentive compatibility
constraint (ICC), for any z, z,

(D.2) U(z) 2 2p(z,w'(2)) — t(z,w"(2)),

i.e. buyers with valuation x are always better of following their equilibrium strategies than

mimicking any other type z. Therefore,U(z) = max,e[y, 4y 2p(2,w’(2)) — t(z,w’(z)). Hence,

U(z) is the supreme of a collection of affine functions and must therefore be convex.
Furthermore, we can rewrite equation in the following way.

U(x) = ap(z,’(x)) — t(z,w’(2)) > zp(z,0°(2)) = t(z,w"(2))
= U(2) + p(z,°(2))(z — 2).

So, p(z,wb(x)) is the slope of a supporting line for the convex function U(z). Therefore,
p(z,wb(z)) is a non-decreasing function, and it equals the derivative of U(x) almost everywhere.
The latter then implies the integral representation of U(x) in Lemma ]

As the supremum of a collection of convex functions (expected payoffs from individual sub-
markets), the market utility function U(z) is always convex. Because of incentive compatibility,
a higher winning probability is associated with a higher expected payoff.

Buyers only visit sellers who offer them their market utility and the sellers are residual
claimants of the output. Competition forces sellers to post an efficient mechanism, i.e. a mech-
anism in which the buyer with the highest value trades if and only if his valuation exceeds that
of the seller. In other words, efficient mechanisms are the cheapest way to offer buyers their
market utility.

Consider a submarket with an efficient mechanism and a queue g = (u1,...,uy) where
the lowest type of buyers visiting the submarket is ¢. Consider a buyer with value x strictly
between x;_1 and x;, with k& > ¢+ 1. Since the posted mechanism is efficient, his winning
probability is ¢, (s, 1), which, by equation (2), is the probability that the buyer meets a
seller and has the highest value among all buyers who arrived at the seller. As in a monopolistic
auction, buyers’ expected value is a summation (or with continuous types, an integral) over their
winning probabilities. The expected value for the buyer is V(z) = Vi1 + ( — 2p—1)dp (i, 111)-

17



Since V(x) must be continuous, the expected payoff for a buyer with valuation x; visiting this
submarket is Vi, = Vi1 + (x) — Tx—1) ¢, ek, p1), which then implies

(D.3) Vi=V.+ Z — Tj-1 Cbu(ﬂynul)

J=t+1

The expected payoft for buyers in equation is similar to the corresponding payoff in a
monopolistic auction. Equation also shows that ¢, (1, 1) and @, (pk+1, 1) are subgra-
dients at point xj for the market utility function U(z), since V(z) lies below U(z) and the
slope for V(z) with © € (xy_1, k) is ¢, (g, pt1), and the slope for V(z) with z € (zg, Tp41) is
Gu(pir+1, 11). Two special cases are worth mentioning. Suppose that the lowest and the highest
value of buyers who visit the submarket are z and 7, respectively. Then Qq(u1) = ¢, (1, 1)
and 1 — Qo(p1) = ¢,(0, 1) are subgradients at point z and T, respectively. A buyer with value
x > 7 will always trade as long as he successfully meets a seller, which happens with probability

1= Qo(p1) = 6u(0, ).

Since the mechanism is assumed to be efficient, the expected seller value is given by

N
Z (e — pr41) Vi
k=t
N N
= Z Tk — Tp—-1)P(f; p11) Z [ — Pkt1) (V + Z — -1 ¢u(ﬂgaﬂ1)>
k=t k=.

j=u+1
N

= —#1V+Z$k (s 1) = Spns 1)) = Y (g — 251) G, 1)

Jj=t+1

where in deriving the last equality we changed the order of summation. Rewriting the above
equation yields

iy gy ) (5 — 1)
(D.4) =—mVi+ ) <xj A(ttj-1, 1) — G, 1)

J=t+1

) (@11, 1) = gy, 111))-

To make the comparison with the classic auction literature more clear, we take the limit of
the discrete buyer value distribution so that it converges to a continuous distribution F' with
density f. Then let A = py and we have pu; = A\(1 — F/(z;)). Let ; = and z;_; = x — Az,
then the summand in equation becomes

(x Cnp M= F@)u(A1 ~ F(x)), NAx
¢l = F(z — Ax)), A) = o(M1 — F(2)),\)

Letting Ax — 0, the first term becomes

A1 = F(2))du(A(1 = F(x)), Az 1 - F(z)

r— Ax — - T = ——,

Pu(A( = F(x)), Af(2) Az (=)

and the second term is the measure of the distribution function 1 — ¢(A\(1 — F(z)), A) between

) (A1 = F(z — Az)),A) — (A1 — F(x)),\)).
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x and x + Az. Therefore, we can rewrite equation (D.4)) in the more familiar integral form

(D.5) =i+ [ - 1;(—ﬁ;§”>d (1— 61— F(2)). ).

where \ = .

In a standard auction with n bidders, a seller’s expected payoff equals the virtual valuation
function integrated against the distribution of the highest valuation, see Myerson (1981). Our
setting is different in two ways: (i) because the buyer value distribution is discrete, the virtual
value function takes a slightly more complicated form, and (ii) the distribution of the highest
valuation of bidders depends on the meeting technology and is given by 1 — ¢(u;, i11), i.e. the
probability that there are no buyers with valuations above ;.

One may have expected that allowing for general meeting technologies would severely com-
plicate the payoff functions in (competing) auction theory. We have shown here that our alter-
native representation ¢ avoids such complications. In particular, agents’ expected payoffs retain
the same structure but simply depend on transformations of ¢.

D.3 Efficiency

Equivalence. To prove constrained efficiency of equilibrium, we show again that even if sellers
can buy queues directly in a hypothetical competitive market, they cannot do better than in the
decentralized environment. As in the case of two buyer types (see Proposition , the following
proposition shows that the relaxed problem and the constrained problem of the sellers are
equivalent.

Proposition 14. Given that the market utility function is convex, any solution p to the sell-
ers’ relaxed problem is compatible with an auction with an entry fee in the sellers’ constrained
problem, where the fee is given by

ij:l<xj - xj—1)¢A(Mj7N1)
1= Qo)

It 1s also compatible with an auction with a reserve price in the sellers’ constrained problem,
where the reserve price is given by

(D.6) t=—

S (@ — 2 ) oa(ig, i)
Q1(p11) '

Hence, the directed search equilibrium is constrained efficient for any meeting technology.

(D.7) r=—

Proof. In their relaxed problem, sellers select a queue p directly in a hypothetical competitive
market. The expected payoff for a seller in this market is the difference between the surplus that
he creates and the price of the queue. Suppose that a queue p solves sellers’ relaxed problem.
If queue g contains buyers of value z, then Ty (p) = Uy, where Tj(p) is given by equation (24));
if queue p does not contain buyers of value zy (pup = pgr1), then Tp(p) < Uy.

Note that when a seller posts a second-price auction with entry fee and ¢ is given by equa-
tion (21)), note that V, = T,(u), where ¢ is the lowest buyer value in queue p. The important
observation is that by equation and , for all & > 1 we have Vi, = Ti(p), where Vj is
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the expected payoff of buyers with value z; from the submarket and is given by equation .
Thus p is also compatible with a second-price auction with entry fee ¢ in the sellers’ constrained
problem.

The case with the reserve price is similar except for one difference. When a seller posts a
second-price auction with entry fee ¢ given by equation , Vi = Tp(p) for k > 1. But when
a seller posts a second-price auction with reserve price r given by equation , V, = T,(w)
where ¢ is the lowest buyer value in queue p. For k > ¢, Vj is again given by equation ([D.3))
and we have Vi, = Ty(u). For k < ¢, things are slightly more complicated: For r < z; < x,,
Vie=Q1(m)(zr, — 1) =V, — (1, p1)(x, — x3), which implies Vi, = Ty, (p). For z, <r, Vj =0
and Ti(p) < 0. In this case buyers with value x; will not visit the submarket. Thus queue p is
compatible with a second-price auction with reserve price r in the sellers’ constrained problem.

The sellers’ relaxed problem boils down to a competitive market for buyer types. Therefore,
the first welfare theorem applies and the equilibrium is efficient. Since the sellers’ constrained
problem is equivalent to the sellers’ relaxed problem, the directed search equilibrium is also
efficient. O]

D.4 Queues Across Submarkets: Proof of Proposition [6]

Again suppose that at the optimum, there are L active submarkets, and the lowest buyer type
is 2 and the highest buyer type is ‘. Suppose that the marginal contribution to surplus of
xy buyers is T} for k = 1,2,..., N. Thus T} = max(max,—; 1, Tx(p%),0), where T, (u") is the
marginal contribution to surplus of z; buyers in submarket ¢ and is given by equation ([24)).
In the following we write it as T} to simplify notations. Of course, if submarket ¢ contains
buyers at the optimum, we must have Ty = T}.

Step 1: Since ¢(u, A) is always concave in u, by equation T} is convex in xy, for each ¢
TE-T o TeT o TheThe

o = e = < e (if buyer types are continuous, then we

in the following sense:

would have the usual notion of convexity). Since 7} is the maximum of a collection of convex
functions, it is also convex.

Next, define ky as the largest index k such that 7} = 0, or set kg = 1 if 77" > 0. Then we
show that T} is strictly convex in the following sense: For k£ > ky we have

L -T¢ T -Ti,

LTh+1 — Tk T — Tk—1

To see this, note that since 7}7 > 0 for any ¢ > i, buyers of value z;, must visit some submarket ¢
in which pf > 41, i.e. the queue length of buyers with value z, must be strictly positive in the
submarket. In this case, ¢, (uf, 1f) < Gulpthyr, ph), Tf = T and Ty > T, and T, > T,
which implies that

e, =13 T —T¢ T¢ — Tt T — 1T

+1 k k41 k ] ¢ ¢ k k—1 k k—1
= = Ou(ppr1, 1) > Oulpty, 1) = > .

Thy1 — Tk Tht1 — Tk AL S T — Thk—1 T — Tk—1

Hence we have showed that T} is strictly convex when ¢ > 4.

Step 2: Claim: If u¢ > pb, then 2% < 2° and 7@ < 7°. To see this, recall that Q1(u;) =
¢ (11, 1) by equation (2). By Assumption , pé > b implies Q;(14) > Q1(ué). Note that
by equation (24)), that Q1(u!) is the slope of a supporting line (subgradient) for the function
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T¢ and hence the function T} at point z‘ for ¢ € {a,b}. Because of the strict convexity of Tj
(see Step 1 of the proof), the subgradient determines point z° uniquely, and Q;(1%) > Q1 (1)
implies z° > 2.

Similarly, recall that 1 — Qo(u1) = ¢,(0, 1) by equation (2). By Assumption [3| pu¢ > uf
implies 1 — Qo(p$) > 1 —Qo(p8). Note that 1 — Qq(uf) is a subgradient for the function T} and
hence the function T} at point Z* for £ € {a,b}. As before, the subgradient determines point z*
uniquely, and 1 — Qo(1$) < 1 — Qo(b) implies 7@ < 7°.

Step 3: Claim: Suppose a submarket ¢ contains buyers of xp, and xp, with ky > ki + 1,
then it must also contain buyers in between, i.e. buyers of value z, with k1 < k < ky. To see
this, suppose otherwise (without loss of generality) that submarket ¢ contains no buyers with
values between xj, and zy,. Then pg, 41 = -+ = pg,, which implies that T,f is a linear function
between x, and z,. We also know i) Ty = T} for k = k; and ks, and ii) from Step 1 that T}
is a strictly convex function. The above two observations imply that Tf > Ty for k; < k < ky,
which then leads to a contradiction.

Step 4: If ¢ < 2, then the proposition is true automatically. In the following, we will
thus assume 2? < 7% Therefore, we have z* < 2 < 7% < 7Z°. We consider some z; with
2’ <z, < T By equation (24), T} = T}_; + ¢ (ph, 1)) (@ — zp—1) for £ € {a,b}. Note that
z and z;_; buyers visit both submarket a and b by Step 3, then T = T} and Tf_, = T;_, for
{ = a or b. Therefore, we have

(D.8) S (i 1) = By (1 185)

We then prove the claim by contradiction. Suppose that ub/ué < ué/u$ for xb < zp, < 7. This
implies

b b
a a CL/’L a l’lj
b (1 1) < Py (ul—f,ul) < Py (u?—'g,ul{) = ¢, (1p, 113) ,
M1 M1
where the first inequality is because ¢ (u, p§) is strictly concave in g and the second is because

of Assumption |3l The above inequality is at odds with equation . Hence, we have reached
a contradiction. []
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