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Abstract— The condition number of a mechanism’s Jacobian
matrix can be considered as an indicator of its dexterity.
However, the unit-inhomogeneity problem existing in the Ja-
cobian matrix of some mechanisms with both translational and
rotational degrees of freedom discourages the designers from
using this index. Addressing this issue, this paper furthers
the earlier work and presents a new general method for
deriving the dimensionally homogeneous Jacobian matrix of
mechanisms. The deriving process includes two steps: deriving
the conventional Jacobian matrix, and then mapping the general
velocity of the end effecter onto the linear velocities of three
points on the top plate plane. A 6-DOF hybrid mechanism is
used to demonstrate this deriving process, and its dexterity is
initially analyzed.

Index Terms— Jacobian matrix, unit-homogeneous Jacobian
matrix, condition number, dexterity.

I. INTRODUCTION

The condition numbers of the Jacobian matrices of mecha-
nisms have been usually utilized to measure their dexterity.
Salibury and Craig [1] as the earliest used the condition
number of the Jacobian matrix as an optimization criterion
to obtain ideal dimensions for the fingers of the Stanford/JPL
articulated hand. However, as first pointed out by Lipkin and
Duffy [2], the condition number of a Jacobian matrix whose
entries bear different physical units is of little practical signi-
ficance. Thereafter quite a few papers have been published in
succession to target this issue. And most of these approaches
can be classified into three types as follows.

Gosselin [3] presented a new homogeneous Jacobian ma-
trix that maps the actuator velocities onto the linear velocities
of two or three points on the end-effector for serial planar or
spatial mechanisms, respectively. Kim and Ryu [4] presented
a new formulation of a dimensionally homogeneous Jaco-
bian matrix for parallel manipulators with a planar mobile
platform by using three end-effector points that are coplanar
with the mobile platform joints. Pond and Carretero [5]
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recently furthered the earlier work to obtain a nonredundant
normalized Jacobian matrix with independent entries.

Tandirci et al. [6] normalized the Jacobian matrix by
dividing a “characteristic length (CL)” out of all translational
elements in it. The CL that minimizes the condition number
of the homogeneous Jacobian matrix was dubbed as the
“natural length (NL)” by Ma and Angeles [7]. And Angeles
[8] and Angeles et al. [9] used the NL as a design variable
to obtain isotropic and nearly-isotropic architectures.

Stocco et al. [10], [11] presented a new design matrix
normalizing technique to handle the problem of nonhomo-
geneous physical units and to provide a means of specifying
a performance-based design goal. Then Stocco et al. [12]
applied this technique to the optimal kinematic design of a
haptic pen. Bowling and Khatib [13] developed the “dynamic
capability equations (DCE)” to combine the analysis of the
end-effector accelerations, velocities and forces. And one
of its three major contributions is the treatment of the
unit-inhomogeneity issue, namely, to map representations of
translational and rotational quantities with different units onto
representations of actuators with the same units.

The above three types of normalizing techniques are ma-
thematically different and are all proved to be effective to
some degree. However, it is difficult to apply the methods
belonging to the first type to serial mechanisms and parallel
mechanisms whose subchains are each actuated by more than
one actuator. To address this issue, this paper presents a
general method that can be used to obtain the homogeneous
Jacobian matrix of various mechanisms. This method essen-
tially comprises two steps. Firstly, the conventional Jacobian
matrix is obtained by using the method of kinematic influence
coefficients or other methods. Secondly, the general velocity
of the top plate is mapped onto the translational velocities
of three points which are coplanar with the top plate and
centrosymmetric about the center of the top plate. Obviously,
by multiplying the two mapping matrixes obtained separately
through the last two steps, the normalized Jacobian matrix
can be ultimately attained.

To demonstrate the deriving process, the rest of this
paper presents the process of formulating the homogeneous
Jacobian matrix of a three-subchain 6-DOF hybrid parallel

1-4244-0828-8/07/$20.00 © 2007 IEEE. 3051

Proceedings of the 2007 IEEE
International Conference on Mechatronics and Automation

August 5 - 8, 2007, Harbin, China



(a)

o o

o

b b

b

(b)

Fig. 1. Model of the mechanism. (a) CAD model. (b) Kinematic model.

mechanism [14] and the corresponding dexterity analysis of
this mechanism.

II. DERIVATION OF THE CONVENTIONAL JACOBIAN

MATRIX

This mechanism [14] illustrated in Fig. 1(a) is mainly
composed of a base plate, three identical subchains and a top
plate. Each subchain is composed of a pantograph mechanism
driven by two servomotors fixed on the base plate, a RRR-
type spherical joint, a connecting bar, and a revolute joint.

For the convenience of analysis, the RRR-type spherical
joint is treated as a conventional ball-in-socket joint. Regar-
ding one subchain, it is further assumed that the center of the
spherical joint coincides with the top rotational joint of the

TABLE I

KINEMATIC PARAMETERS

rb l1 l2 l3 rt
96 mm 90 mm 90 mm 180 mm 96 mm

pantograph mechanism, and that the radius of the base plate
is reduced to the radius of the top plate. These assumptions
are apparently rational and the reduced kinematic model is
shown in Fig. 1(b).

Actually, one subchain of this hybrid mechanism can be
seen as composed of two kinematic subchains. For example,
there are two kinematic subchains in the first subchain,
namely, BC1D11E1F1O and BC1D12E1F1O.

The kinematic parameters include the radii of the base
plate (denoted by rb) and the top plate (rt), the lengths of
the bottom bars (l1) and top bars (l2) of the pantograph
mechanisms, and the length of the connecting bars (l3). And
the assumed values of these parameters are shown in Table
I and will be used for the dexterity analysis in Section IV.

The conventional Jacobian matrix is obtained here by the
method of kinematic influence coefficients [15], [16]. The
general velocity of the top plate is denoted by

VO =
[
v

O

ω
O

]
=

[
vox voy voz ωox ωoy ωoz

]T ∈ R
6

(1)
where v

O
and ω

O
, respectively, denote the linear velocity

along the three axes of the base coordinate system and the
angular velocity about the three axes of the base coordinate
system.

The angular velocities of the six joints of one of the six
kinematic subchain are denoted by q̇i ∈ R

6, the general
velocity of the top plate can be given by

VO = [ Gqi

O ] q̇i (2)

where

[ Gqi

O ] =
[
Si1 × (Pi −Ri1) · · · Si2 × (Pi −Ri2)

Si1 · · · Si2

]

∈ R
6×6

(3)

where, Sij is a vector denoting axis of jth joint of the
ith kinematic subchain, Pi is the position vector of the
top plate under the coordinate system of the ith kinematic
subchain, and Rij denotes the position of the top plate under
the coordinate system of the jth joint of the ith kinematic
subchain.

Thereby,
q̇i = [ Gqi

O ]−1 VO. (4)

The first row of [ Gqi

O ]−1 is denoted by [ Gqi

O ]−1

1: . And
the angular velocity of the actuated joints is denoted by θ̇.
We have
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Fig. 2. Three points on the top plate plane.

θ̇ =
[

Gθ
O

]
VO (5)

where

[
Gθ

O

]
=

⎡
⎢⎢⎢⎣

[ Gq1
O ]−1

1:

[ Gq2
O ]−1

1:
...

[ Gq6
O ]−1

1:

⎤
⎥⎥⎥⎦ ∈ R

6×6 (6)

which is the so-called conventional Jacobian matrix.
For further use, Eq. 6 is rewritten as

VO =
[

Gθ
O

]−1
θ̇. (7)

III. DERIVATION OF THE DIMENSIONALLY

HOMOGENEOUS JACOBIAN MATRIX

After mapping the angular velocities of the servomotors
onto the general velocity of the top plate, we now try to
map the known general velocity to the linear velocity of
three points which are on the plane of the top plate and
centrosymmetric about the center of the top plate.

As shown in Fig. 2, the three points on the top plate plane
are denoted by Hi (i = 1, 2, 3), and the vectors

−−→
OHi are

denoted by hi.
Under the mobile coordinate system (O–xoyozo), the vec-

tors hi can be expressed as

hiO
=

[
h cos(α + 2

3π) h sin(α + 4
3π) 0

]T
(8)

where h is the length of hi.
Then hi under the base coordinate system (B–xoyozo) can

be given by

hiB
= RhiO

=
[
hix hiy hiz

]T
(9)

where R ∈ R
3×3 is the rotation transformation matrix of the

top plate.
Thereby the velocity of Hi can be expressed as

v
Hi

= v
O

+ ω
O
× hiB

= v
O
− ĥiB

ω
O

(10)

where

ĥiB

def=

⎡
⎣ 0 −hiz hiy

hiz 0 −hix

−hiy hix 0

⎤
⎦ ∈ R

3×3. (11)

Rewriting the expression of v
Hi

in matrix form gives

v
Hi

=
[
I3 −ĥiB

]
VO (12)

where

I3 =

⎡
⎣1 0 0

0 1 0
0 0 1

⎤
⎦ . (13)

Writing the expressions of v
H1

, v
H2

and v
H3

into an
integrated matrix form gives

VH = JrVO (14)

where

VH =

⎡
⎣v

H1

v
H1

v
H1

⎤
⎦ ∈ R

9 (15)

and

Jr =

⎡
⎣I3 −r̂1

I3 −r̂2

I3 −r̂3

⎤
⎦ ∈ R

9×6. (16)

Therefore, inserting Eq. (7) into Eq. (14) gives

VH = J θ̇ (17)

where
J = Jr

[
Gθ

O

]−1 ∈ R
9×6 (18)

directly maps θ̇ onto VH and is the normalized Jacobian
matrix.

IV. DEXTERITY ANALYSIS

The dexterity of the mechanism can be measured by the
condition number of the normalized Jacobian matrix, i.e.,

κ(J ) =
σmax

σmin
(19)

where σmax and σmin respectively represent the maximum
singular value and maximum singular value of the nonsquare
normalized Jacobian matrix. And κ(J ) depends only on the
pose of the mechanism when the architecture and kinematic
parameters of the mechanism are already determined. A
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Fig. 3. Condition number representation when the top plate center moves
on a circle.
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Fig. 4. Condition number varying with the radius h.

pose with smaller condition number corresponds to better
dexterity.

With the top plate’s orientation described by the Euler
angles (0 0 0), the center of the top plate moves on a
circle whose center is at (0 0 270 mm) and radius is 60 mm.
The corresponding dexterity curve under the polar coordinate
system is shown in Fig. 3, with the polar angle representing
the position of the top plate and the polar radius representing
the condition number. It can be noticed that polar angles 60◦,
180◦, and 300◦ corresponds to smaller condition numbers,
which indicates that mechanism at these poses has better
dexterity.

Although the elements of the homogeneous Jacobian ma-
trix vary with the value of the angle α, the corresponding
condition number is not affected.

However, the radius h could influence not only the ele-
ments of the Jacobian matrix but also the condition num-
ber. As far as this property is concerned, the first type of
normalizing technique is similar to the second type, since
the characteristic length has a similar effect on the Jacobian
matrix.

When the center of the top plate is at (0 0 270 mm), the
condition number of the normalized Jacobian matrix varies
with the radius h, which is shown in Fig. 4. As h increases,
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Fig. 5. Condition number representation when the top plate center moves
on a cylinder.

the condition number decreases and its change rate decreases
and tends towards 0. And when h is larger than 100 mm, the
variation rate becomes moderate.

The center of the top plate moves on a cylinder whose
radius is specified. And the three-dimensional (3-D) graphical
representation of the corresponding condition numbers is
obtained and shown in Fig. 5, with the z coordinate being the
height of the top plate. It indicates that when the top plate
moves higher, the dexterity of the mechanism improves.

Then the joystick rotates about the axis y
O

by a specified
angle γ, and rotates about the axis z

B
by an angle β which

ranges from 0 to 2π. This orientation can also be described
by a modified set of Euler angles [17] [18], i.e., with the
roll angle being 0 and the tilt angle being specified, the
azimuth angle ranges from 0 to 2π. The advantages of
this modified set of Euler angle were presented in [19].
With γ = 5◦, the corresponding planar and 3-D graphical
representations are respectively shown in Fig. 6 and Fig. 7.
The 3-D representation also shows that the larger height of
the top plate means better dexterity.

V. CONCLUSIONS

A general two-step method has been proposed which nor-
malizes the conventional Jacobian matrix. Although a specific
6-DOF hybrid parallel mechanism was used to demonstrate
this process, the deriving process can be applied consistently
to serial and parallel mechanisms.

The graphical representations of the condition numbers
the Jacobian matrix can be drawn and used to indicate
that the performance of the mechanism at some poses is
relatively better. Therefore they can be further used to
write a guidebook of the mechanisms for the users. The
normalized Jacobian matrix can also be further used to
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Fig. 6. Condition number representation when the top plate is at
(0 0 270 mm) and has a specified tilt angle 5◦.
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Fig. 7. Condition number representation when when the top plate is at
(0 0 z) and has the specified tilt angle 5◦ and moves vertically.

optimize parameters or obtain dexterous workspace.
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