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Solving for the speed of convergence

Derive the Euler equation: F (kt , kt+1, kt+2) = 0
u0 [f (kt )� kt+1]� βu0 [f (kt+1)� kt+2] f 0(kt+1) = 0
k� is a steady state , F (k�, k�, k�) = 0
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Linearize the Euler equation

De�ne k̂t = kt � k�, and using �rst-order Taylor approximation derive
a0, a1, and a2 such that

a2k̂t+2 + a1k̂t+1 + a0k̂t = 0

βu00(c�)f 0(k�)k̂t+2

�
h
u00(c�) + βu00(c�)

�
f 0(k�)

�2
+ βu0(c�)f 00(k�)

i
k̂t+1

+u00(c�)f 0(k�)k̂t
= 0

k̂t+2 �
�

1
βf 0(k�)

+ f 0(k�) +
u0(c�)f 00(k�)
u00(c�)f 0(k�)

�
k̂t+1 +

1
β
k̂t = 0
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A �rst-order system

Write the Euler equation as a �rst-order system: A di¤erence
equation of any order can be written as a �rst order di¤erence

equation by using vector notation: De�ne xt = (
k̂t+1
k̂t
) and then

xt+1 = Hxt�
k̂t+2
k̂t+1

�
= H

�
k̂t+1
k̂t

�

H =

 
1+ 1

β +
u 0(c �)f 00(k �)
u 00(c �)f 0(k �) � 1

β

1 0

!
βf 0(k�) = 1
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Look for eigenvalues

From the characteristic polynomial given by

jH � λI j = 0

Using spectral decomposition, we can decompose H as follows:

H = VΛV�1 =) Λ =

�
λ1 0
0 λ2

�
λ1 and λ2 are (distinct) eigenvalues of H, V is a matrix of eigenvectors of
H
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A change of variables

xt+1 = Hxt

V�1xt+1 = V�1Hxt = V�1VΛV�1xt = ΛV�1xt

let zt � V�1xt , zt+1 = V�1xt+1, zt = (z1tz2t)

zt+1 = Λzt = Λtz0

z1t = z10λ
t
1

z2t = z20λ
t
2
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Solve k

We can go back to xt by premultiplying zt by V :

xt = Vzt

= V
�
z1t
z2t

�

xt = z10λ
t
1

�
V11
V21

�
+ z20λ

t
2

�
V12
V22

�
=

�
k̂t+1
k̂t

�
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Eigenvalues

����� 1+ 1
β +

u 0(c �)f 00(k �)
u 00(c �)f 0(k �) � λ � 1

β

1 �λ

����� = 0
λ2 �

�
1+

1
β
+
u0(c�)f 00(k�)
u00(c�)f 0(k�)

�
λ+

1
β
= 0
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Eigenvalues

Let

F (λ) = λ2 �
�
1+

1
β
+
u0(c�)f 00(k�)
u00(c�)f 0(k�)

�
λ+

1
β

F (λ) is a continuous function of λ
F (0) = 1

β > 0

F (1) = � u 0(c �)f 00(k �)
u 00(c �)f 0(k �) < 0

F (∞) = ∞ > 0

9>=>; =) λ1 < 1, λ2 > 1
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A convergent solution

�
k̂t+1
k̂t

�
= z10λ

t
1

�
V11
V21

�
+ z20λ

t
2

�
V12
V22

�
k̂t = c1λ

t
1 + c2λ

t
2

A convergent solution to the system requires c2 = 0. The remaining
constant, c1, will be determined from

k0 � k� � k̂0 = c1λ01 = c1

kt � k� = λt1 (k0 � k�)
kt+1 � k� = λ1 (kt � k�)

It can thus be seen that the eigenvalue λ1 has a particular meaning: it
measures the (inverse of the) rate of convergence to the steady state
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