Advanced Macroeconomics |

Lecture 3 (5)

Zhe Li

SUFE

Spring 2010

Advanced Macro Spring 2010 1/10



Solving for the speed of convergence

@ Derive the Euler equation: F(k¢, ke+1, kev2) =0
U [F(ke) = kepr]) — Bu’ [F(kes1) — kego] £/ (key1) =0
@ k* is a steady state < F(k*, k*, k*) =0
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Linearize the Euler equation

o Define k; = k; — k*, and using first-order Taylor approximation derive
ap, a1, and a» such that

ackeso + arkes1 + agke =0

,B”H(C*)fl(k*)f(wz
= [u"(e) + Bu () [P/ (k)] 4 Bu ()" (k)| Ko
_{_u//(c*)f/(k*)l’%t

A 1.
k e
Br () }”1* =0

B
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A first-order system

@ Write the Euler equation as a first-order system: A difference

equation of any order can be written as a first order difference
equation by using vector notation: Define x; = (k;(“) and then
t

xe+1 = Hxt

(l}t+2) _ H(i(tfl)
ket1 k:

l u/(c*)fl/(k*) _l
H = ( 1+ 3+ vore B )
1 0

BF(k) =1
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Look for eigenvalues

From the characteristic polynomial given by
|[H—AlIl=0

Using spectral decomposition, we can decompose H as follows:

A1 0O
— -1 _ 1
H=VAV :>A—(0 7\2)

A1 and Aj are (distinct) eigenvalues of H, V is a matrix of eigenvectors of
H
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A change of variables

Xe+1 = Hx¢
Vi =V iHg = VIVAV I, = AV ix

— —1 _ -1 _ (Z
let zz = V7 ixe, ze41 = V7 i Xxe41, 20 = (ZZ)

ziy1 = Azp = AtZO

t
Z1t = 210)\1

t
2t = 2207\2
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We can go back to x; by premultiplying z; by V :

Xy = VZt

% V
Xt = 210)\5 (VZ) + 220)\5 (\éi)
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Eigenvalues

CACLC 1
L+ g+ a@rme — A 75 | =0
1 —A
1 u’(c*)f”(k*)] 1
A2 TR SV AN ARV I W
{ p "(c*)f!(k*) B
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Eigenvalues

Let
1 u'(c)f"(k* )] 1
F(A :)@— 1+ +7 At =
*) B u"(c*)f'(k*) B
F(A) is a continuous function of A
F0)=%>0
F) = -4Ebd <o p =M <1 A >1
F(o0) =00 >0
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A convergent solution
ket (Vi1 ¢ [ V12
“ = A A
( ki ) “10 1<V21> 22042 V22

~

ke = aAl+ oAb

A convergent solution to the system requires ¢, = 0. The remaining
constant, ¢, will be determined from

ko—k*E/’%o:qA(lJ:Cl

ke — k* = AL (ko — k*)
kl’+1 - k* - /\1 (kt - k*)

It can thus be seen that the eigenvalue A; has a particular meaning: it
measures the (inverse of the) rate of convergence to the steady state
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