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Continuous Time

Z ∞

t=0
ln c(t) e�ρtdt

s.t. k̇(t) = f (k(t))� c(t)� k(t)
f (k(t)) = Akα(t)

k̇(t) = lim
∆!0

(k(t + ∆)� k(t)) = f (k(t))� c(t)� k(t)

k0 > 0 given

0 < ρ < 1, [exp(�0.04) = 0.96 = β]
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Hamiltonian

H = e�ρt ln c(t) + λ(t) [f (k(t))� c(t)� k(t)]
First Order conditions:

Hc = e�ρt1/c(t)� λ(t) = 0

Hk = λ(t)
�
f 0(k(t))� 1

�
= �λ̇(t)

Transversality condition:

lim
t!∞

λ(t)k(t + ∆) = 0

(SUFE) Advanced Macro Spring 2010 3 / 7



L =
Z ∞

t=0
ln c(t) e�ρtdt + ...

+λ(t � ∆) (f (k(t � ∆))� c(t � ∆)� k(t))
+λ(t) [f (k(t))� c(t)� k(t + ∆)] + ...

λ(t � ∆) : (k(t)� k(t � ∆)) = f (k(t � ∆))� c(t � ∆)� k(t � ∆)
λ(t) : (k(t + ∆)� k(t)) = f (k(t))� c(t)� k(t)

FOC with respect to k(t) :

�λ(t � ∆) + λ(t)f 0(k(t)) = 0

λ(t)
�
f 0(k(t))� 1

�
= λ(t � ∆)� λ(t)

Hk = λ(t)
�
f 0(k(t))� 1

�
= �λ̇(t)
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Hc = e�ρt1/c(t)� λ(t) = 0

�ρt � ln c(t) = lnλ(t)

�ρ� ċ(t)
c(t)

=
λ̇(t)
λ(t)

Hk = λ(t)
�
f 0(k(t))� 1

�
= �λ̇(t)

λ̇(t)
λ(t)

= �
�
f 0(k(t))� 1

�
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Steady State

de�ne steady state ċ
c =

k̇
k = 0

f 0(k�)� 1 = ρ

k� = f 0�1(1+ ρ)

k̇(t) = f (k(t))� c(t)� k(t)
c� = f (k�)� k�
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Taylor expansion around steady state

ċ(t) = c(t)
�
f 0(k(t))� 1� ρ

�
ċ(t) = c�

�
f 0(k�)� 1� ρ

�
+
�
f 0(k�)� 1� ρ

�
(c(t)� c�)

+c�f 0
00
(k�)(k(t)� k�)

k̇(t) = f (k(t))� c(t)� k(t)
k̇(t) =

�
f 0(k�)� 1

�
(k(t)� k�)� (c(t)� c�)�

ċ(t)
k̇(t)

�
=

�
0 c�f 0

00
(k�)

�1 ρ

� �
c(t)� c�
k(t)� k�

�
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