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Exercise 2.1. Howard’s policy iteration algorithm

Consider the Brock-Mirman problem: to maximize

Fy Z B Incy,
t=0

subject to ¢; + ki1 < Ak{O, ko given, A > 0, 1 > a > 0, where {6,} is an i.i.d.
sequence with In 6, distributed according to a normal distribution with mean zero
and variance o2.

Consider the following algorithm. Guess at a policy of the form k; 1 = ho(Ak0,)
for any constant ho € (0,1). Then form

Jo(ko,60) = Eo » _ ' In(Ak§6, — hoAk;',).
t=0
Next choose a new policy h; by maximizing
In(Ak®0 — k') + BEJo(K', 6,
where k' = hy Ak“0. Then form

Ji(ko, 60) = Eo » _ B In(Ak§0, — hy Ak;'6,).
t=0

Continue iterating on this scheme until successive h; have converged.
Show that, for the present example, this algorithm converges to the optimal policy
function in one step.

Solution

Under the policy ki1 = hoAkY0,, we get:

]{31 = hQAk’gg() and In ]{'1 =In Aho + In 90 + aln l{g.

Similarly, derive In ko, In ks...which yields the following recursive equation for
In kt :

1_ t
S b, +alnby+- -+ o I+ ol In k.

Ink; = In (Ahyg)

—

Plug this recursive formula for In k; into the objective function £ ;> 5" In (Aky0; — hoAk{0;)
to derive Jy(ko, 6p) :

Jo(k0,00> = 111(1 — ho)A+lD90 +Oéll’l]{?0 —|—ﬁ[ln(1 — ho)A"‘Eh’lgl +Oéll’l/€1]
+... 0" In(1 = hg)A+ Elnb; + alnk] + ...

— Hy+ Hylnf+ —=Ink,
1—ap
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where Hy and H,are constants. Next, choose a policy h; to maximize
h’l(Akae - k,) -+ BEJo(kl, 01)

«

= W(Ak"0 —K) + BE | Hy+ Hylnf' + -

—

Ink'|.
B
The first-order condition for this problem is:

1 1
- SR )
Aked — k' 1—afFk
which yields: h; = af. Now, plug the new policy function &' = h; Ak*0 into
EY 2, 8 In (Ak0, — hi AkY0,) to derive Ji(ko, 0y). Firts, note that:

1—at

Ink, = In(Ahy) .

+Inb, +alnb,_1+---+a1nby+ allnk, for t > 1.
-«

Using this recursive formula, calculate J;(ko, 0p) :

«

Jl(k‘o,eo) :K0+K11H00+ 1 ﬁlnkm

—«

where K, and K;jare constants. Next, choose a policy hs to maximize
In(Ak“0 — k') + BEJy(k1,01)

«a

Ink'|.
1—ap .

= In(Ak®0 — k') + BE | Ko+ K1 In6' +

The first-order condition for this problem is:

1 1
- SRR ')
Ak — k' 1 —afk
which yields: ho = af. That’s exactly what he had obtained for h;! We have veri-
fied that our improvement algoritm has in fact converged after just one iteration.




