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1 Sequences

Let m ≥ 2 and let Nm = {0, . . . ,m − 1}, which is a discrete topological space.
Let I = Z≥1, for i ∈ I write Ai = Nm, and let νi be the probability measure on
Ai defined by νi({a}) = 1

m for a ∈ Ai. Let

Σm =
∏
i∈I

Ai.

Define πi : Σm → Ai by πi(x) = x(i). A cylinder set is a subset of Σm of the
form ∏

i∈I
Bi,

where Bi ⊂ Ai and {i ∈ I : Bi 6= Ai} is finite. In other words, a cylinder set
is an intersection of finitely many sets of the form π−1i (Bi) with Bi ⊂ Ai. Let
C be the collection of cylinder sets. The product σ-algebra is the σ-algebra
generated by C .

Assign Σm the product topology, the initial topology for {πi : i ∈ I}. Be-
cause Ai is finite, with the discrete topology it is compact and so Σm is compact.
The discrete topology on Ai is induced by the metric di(a, b) = |a − b|. For
x, y ∈ Σm let

d(x, y) =
∑

i∈Z≥1

di(x(i), y(i))

mi
=
∑

i∈Z≥1

|x(i)− y(i)|
mi

.

It is a fact that d is a metric on Σm that induces the product topology.1

It is a fact that the Borel σ-algebra of Σm is equal to the product σ-algebra.
(This is true for any countable product of second-countable topological spaces.2)

1cf. http://individual.utoronto.ca/jordanbell/notes/uniformmetric.pdf
2http://individual.utoronto.ca/jordanbell/notes/kolmogorov.pdf
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Let µm =
⊗

i∈I νi, the product measure:3 for
∏

i∈I Bi ∈ C ,

µm

(∏
i∈I

Bi

)
=
∏
i∈I

νi(Bi).

2 The left shift

Define σ : Σm → Σm by

(σx)(i) = x(i+ 1), i ∈ I.

For
∏

i∈I Bi ∈ C , let C1 = Nm and otherwise let Ci = Bi−1. Then

σ−1

(∏
i∈I

Bi

)
=
∏
i∈I

Ci.

This shows that σ is continuous. Moreover, this shows that for C ∈ C ,

(σ∗µm)(C) = µm(σ−1(C)) = µm(C).

It follows that
σ∗µm = µm. (1)

That is, σ is measure-preserving.
For k ≥ 1, Fix (σk) is the set of those x ∈ Σm such that for each i ∈ I,

x(i+ k) = x(i). Check that |Fix (σk)| = mk.

3 The circle

Let T = R/Z, which is a compact abelian group using addition, and let µ be
the Haar measure with µ(T) = 1. For m ∈ Z≥1 let Em : T→ T be

Emt = mt,

which is an endomorphism of the topological group T: Em is continuous, and
for s, t ∈ T, Em(s+ t) = Ems+ Emt.

Define φ : Σm → T by

φ(x) =
∑
i≥1

x(i)

mi
+ Z.

3http://individual.utoronto.ca/jordanbell/notes/productmeasure.pdf
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φ is continuous and surjective. For x ∈ Σm,

(Em ◦ φ)(x) =
∑
i≥1

m · x(i)

mi
+ Z

=
∑
i≥2

x(i)

mi−1 + Z

=
∑
i≥1

x(i+ 1)

mi
+ Z

= (φ ◦ σ)(x),

which means that
Em ◦ φ = φ ◦ σ. (2)

Thus Em : T→ T and σ : Σm → Σm are topologically semiconjugate.
Check that

φ∗µm = µ. (3)

Using (1), (2), and (3),

Em∗µ = Em∗(φ∗µm)

= (Em ◦ φ)∗µm

= (φ ◦ σ)∗µm

= φ∗(σ∗µm)

= φ∗µm

= µ.

This means that Em : T→ T is measure-preserving.
For k ≥ 1,

φ ◦ σk = (Em ◦ φ) ◦ σk−1 = · · · = Ek
m ◦ φ.

If x ∈ Fix (σk), then

φ(x) = (φ ◦ σk)(x) = (Ek
m ◦ φ)(x),

hence φ(x) ∈ Fix (Ek
m). Now, let z0(i) = 0 for all i and let z1(i) = m− 1 for all

i; z0, z1 ∈ Fix (σk). φ(z0) = 0 + Z and φ(z1) =
∑

i≥1
m−1
mi + Z = 1 + Z = 0 + Z,

so φ(z0) = φ(z1). Check that if x, y ∈ Fix (σk) are distinct and {x, y} 6= {z0, z1}
then φ(x) 6= φ(y). It follows that4

|Fix (Ek
m)| = |Fix (σk)| − 1 = mk − 1.

4Michael Brin and Garrett Stuck, Introduction to Dynamical Systems, p. 6, §1.3.
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